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Abstract

In this thesis, we propose a generic framework of localization theory for the propagation
of information in non-relativistic quantum mechanics. Specifically, for a large class of quan-
tum dynamics that are known to lack strict light cones, we prove the existence of effective
light cones, obtain explicit upper bounds on the maximal propagation speed of quantum
information, and derive long-time decay estimates for the probability leakage away from the
effective light cones. Our method, geometric in nature, is based on monotonicity estimates
and adiabatic approximations using certain observables that identify the spacetime localiza-
tion property of evolving states. Applications of our framework include energy-dependent
effective light cones for continuous Markovian open quantum systems and Lieb-Robinson-
type bounds for long-range interacting bosonic many-body quantum systems.

Resumé

I denne afhandling praesenterer vi en generisk teoretisk ramme af lokaliseringsteori for ud-
bredelse af information i ikke-relativistisk kvantemekanik. Mere konkret, for en stgrre klasse
af kvantedynamik som er kendt for mangel pa stringente lyskegler, beviser vi eksistensen
af effektive lyskegler, finder eksplicitte gvre graenser pa den maksimale udbredelsesfart pa
kvanteinformation og udleder langtids-henfaldsestimater for sandsynlighedsleekagen veek fra
de effektive lyskegler. Vores metode, som er geometrisk anlagt, er baseret pa monotonicitet-
sestimater og adiabatiske approksimationer ved hjelp af visse observabler som identificerer
rumtids-lokaliseringsegenskaben for udbredende tilstande. Anvendelser af vores teoretisk
ramme inkluderer energiafhaengige lyskegler for kontinuerte, markoviske abne kvantesyste-
mer, og Lieb-Robinson-type graenser for vekselvirkende bosoniske mange-legeme kvantesys-
temer med lang rackkevidde.
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Chapter 1

Introduction

1.1 Context and basic problem

The question of locality versus nonlocality is a fundamental issue of physics. It underlies both classical
and quantum theory of fields, which originated from attempts to dispel the nonlocal concept of action
at a distance. Einstein’s theory of relativity further stipulates that information propagates at a definite
velocity in any reference frame. Thus, one naturally expects that in any realistic physical model, the
state at each fixed spacetime depends only on information of the system within a finite spacetime region,
usually known as the causal or light cone.

As a manifestation of such light-cone localization, we consider a dynamical system with information
initially localized in a non-empty region

XCcRY d>1,

described by an evolving family of states supported in X at time ¢t = 0. If the system has local interac-
tions, then one expects that due to the principle of locality, information of the system should propagate
with finite speed in the ambiance space R%. Consequently, the evolving states should be supported, at
each time ¢ > 0, inside the light cone

Xot = {z e R : distx(2) < ct}, distx(z):= 15[; ly — x|,
y

for some fixed and finite ¢ > 0 independent of the initial state and region X.

This is indeed the case in classical and relativistic quantum physics. As for the corresponding mathe-
matical models, the finite speed of propagation is perhaps the most salient feature of solutions to the wave
equations and, in general, evolution equations arising from classical and quantum field theory. However,
it is more delicate to establish a maximal speed for the propagation of information in non-relativistic
quantum mechanics, because the dispersive structure of the governing evolution equations generally leads
to an apparent lack of locality in the restrictive sense above.

Suppose one defines, as usual, the maximal propagation speed as the infimum of all ¢’s such that states
initially supported in X C R¢ at time ¢t = 0 remains supported in X, for all times ¢ > 0. Then, even
for the simplest example of a free particle evolving according to the Schrédinger equation 10,9 = — A,
infinite speed of propagation can be observed by examining the Fourier transform of the solution and
using the superlinear growth of the dispersion relationE This general idea also leads to infinite speed of
propagation, with the usual definition above, for typical 1-body quantum evolutions described by a large
class of dispersive equations [7,/77].

LFollowing [7], we consider a sufficiently regular solution t; to 101t = —Ogz1+ on R with compactly supported initial
state 1. The Fourier transform of v is given by @t(k) = 1ﬁ(k)e’ik2t7 whose analytic extension satisfies 1/;,5(16 +ih) =
@(k—&-ih)e*i(k“h)?t, and so lim|;|_, o log |t (k+ih)| || =1 > |ht|. Consequently, by the Paley—Wiener theorem, 1); cannot
be compactly supported for ¢t > 0 .



1.1. CONTEXT AND BASIC PROBLEM

In the corresponding physical models, the evolution of states is described by wave functions ¢, t > 0
solving the initial value problem associated to a Schrodinger equation in a suitable Hilbert space h. For
any vector ¢ € h and subset X C R%, we denote by

X =R\ X

the complement of X, and
Prob(i € X) i= (i, 1xt),

the probability of finding the particle in X. Suppose we have a localized initial state, v, with Prob(y €
X¢) = 0. Then the consideration from the last paragraph shows that in general, we have Prob(y; €
Y) > 0 for any ¢ > 0 and test domain Y C RY, regardless of the distance between Y and the region X
of initial localization P

For quantum evolutions described by time-dependent Schrédinger equations with Hamiltonians H =
—A + V', where the potential V' is sufficiently regular, one approach to recover an appropriate sense of
locality is to introduce an energy cutoff adapted to the spectrum of H on the initial state, and then
show that the probability of finding the (microlocalized) state in the classically forbidden region vanishes
asymptotically in time. Thus, localization properties of evolving states are reformulated in terms of
propagation estimates for certain time-dependent observables identifying the spacetime support of states
at time ¢, and finite speed of propagation is established in terms of the resulting propagation estimates.

More precisely, V. Enss proved in his seminal works [23,/24] that if a particle with unit mass is
initially localized in a ball X at ¢t = 0 and has energy below ¢?/2, then the probability, p(t), of finding
the particle at time ¢ > 0 in the classically forbidden region X¢, = R%\ X; vanishes as a L' function, i.e.,
[ p(t)dt < co. This way one obtains effective light cones, viz., regions outside of which the probability
of finding the particle vanishes asymptotically in time. Notice that the effective light cones obtained
this way are energy-dependent, in agreement with the physical intuition that a particle should move at

a speed proportional to the square root of its energy.

The result of Enss was subsequently improved in [67,/70] and, more recently, [2], to Schrodinger
equations with time-dependent Hamiltonians. Such propagation properties have played crucial roles in
scattering theory, leading to important breakthroughs in the study of asymptotic completeness of N-body
problems by Enss [25026], Skibsted [71}/72], and Sigal-Soffer [63H66|, among many others. For reviews of
the development in scattering theory along this line, see [43[[44].

For quantum many-body systems, due to their intrinsic complexity, the localization properties are
even more relevant for practical understanding. Similarly as above, scattering states in interacting
particle systems cannot remain compactly supported in a nontrivial time interval, even with only local
(i.e. finite-range) interactions present. To remedy this apparent lack of locality in the strictest sense, Lieb
and Robinson discovered some 50 years ago a notion of approximate locality for quantum spin systems
[49] (or quasi-locality, using the terminology from [58]). The celebrated Lieb-Robinson bound implies
the existence of effective light cones for spin systems with finite-range interactions, by providing explicit
and time-decaying upper bounds on the commutators of localized observables with disjoint spacetime
supports.

Starting with Lieb-Robinson’s seminal work [49] and motivated by M. B. Hastings’ extension, using
the Lieb-Robinson bound, of the Lieb-Schultz-Mattis theorem in condensed matter physics to higher
dimensions [37], the search of approzimate locality in non-relativistic quantum mechanics has become
an increasingly active research area in mathematical physics. Attesting to the rapid development in
this field, we mention that within the past 15 years, Lieb-Robinson-type bounds have been obtained
for general finite-range lattice systems [62], XY chains [19,|20], long-range fermionic lattice systems
[22,/311|32}/51},/76], harmonic and anharmonic lattice systems [56}/59], continuous fermionic systems [33],
and the Bose-Hubbard model with unbounded finite-range interactions |28}[29/48], just to name a few.

The approximate locality has proved to be a powerful tool for analyzing the evolution of states and
observables in interacting particle systems. It has been demonstrated that Lieb-Robinson-type bounds

20ne could argue that physically, a more relevant definition of localized state is by requiring v to decay exponentially
away from X. But this could still fail for scattering solutions to Schrodinger equations with long-range (i.e., polynomially
decaying) potentials, for which typical localized initial states generate solutions with only polynomially decaying probability
tails |2].
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impose direct constraints on state transport [27}/28], error in quantum simulation algorithms |75}/76], equi-
libration in condensed matter physics [34], existence of dynamics in the thermodynamic limit [52,/53,55],
and scrambling time for the dispersal of local information [15{47,[60]. Further applications of the approx-
imate locality in the study of quantum many-body systems include, among many others, the exponential
clustering theorems in gapped ground states [40,54] and quantum messaging, correlation creation, scal-
ing and area laws for the entanglement entropy, and belief propagation in quantum information theory
[8,/91/21}38}39]. We refer the interested readers to [46L[57,[58] for more detailed reviews of recent develop-
ments along this line.

In this thesis, we propose a generic framework that provides effective light cones and other approx-
imate locality results for a large class of quantum evolutions. Our method is based on the analysis
of the monotonicity properties of certain adiabatic observables that identify the spacetime localization
property of evolving states. This method originated from the classical works of Sigal and Soffer’s [63-67]
in scattering theory, where the authors proved that for general time-dependent Schréodinger equations,
evolving states admit effective light cones that spread out in space at a finite rate. The results of the
seminal works [64,/67] were improved in [2,/41}[70] and extended to non-relativistic QED in [6] and, most
recently, to condensed matter physics in [28}[29].

To fix ideas, let h be a complex Hilbert space with inner product (-, -). We consider a quantum
system described by a Hamiltonian (i.e., self-adjoint operator), H, with a dense domain D C hE| The
evolution of a state, ¥ € D, is governed by the Schrédinger equation 10,4, = H1), with initial condition
Y¢|i=0 = ¥. The basic problem we study in this thesis is twofold:

o (Effective light cones.) Show that, up to asymptotically vanishing probability leakage, a compactly
supported state 1 is essentially localized in a light cone. In symbols, we seek ¢ > 0 such that for
all non-empty subsets X C R? and initial states ¢ with suppv C X,

tlim Prob(y, € Xg,) =0, (P1)

where, recall, X¢y = {# € R? : distx (z) < ct}, X§ = R?\ Xy, and Prob(yy € X&) = (¥, 1xe,1).
Then determine long-time decay estimates for the probability leakage in the Lh.s. of (P1]

e (Maximal velocity bound.) Derive explicit upper bounds on the maximal propagation speed of the
effective light cone. In symbols, we seek explicit constants x > 0 such that

inf {¢ > 0 : ¢ satisfies (P1))} < k. (P2)

In the next section, we illustrate our methodology to tackle the problem above for abstract quantum
dynamics.

1.2 Methodology

In a nutshell, the approach proposed in this thesis, pioneered in [2}|6][28][29}/41,/67,/70], is based on
differential inequalities for certain propagation-identifying observables and commutator expansions. It
is convenient for our purpose to consider the ‘Heisenberg picture’ and study, for a fixed state ¥ € D, the
evolution of a family of observables (i.e., bounded operators), A(t), t > 0. To this end, we define the
Heisenberg derivative
0

Dy A(t) := aA(t) +i[H, A(t)], (1.2.1)
and consider the evolution of observables, A, dual to the Schrédinger equation iy = Hy, w.r.t. the
coupling (A,v) — (¢, A), given by

In the remainder of this section, we break our tasks (P1))—(P2) into a modular paradigm.

3In what follows, one could also take H = H(t) to be a time-dependent Hamiltonian with a common dense domain D
for all times, or a many-body Hamiltonian acting on a Fock space over b.
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1.2.1 ASTLOs

Fix a test light-cone slope ¢ > 0. In the Heisenberg picture, (P1]) is equivalent to
S—limt_mo ]-Xat(]-th)]-X = 0, (123)

where, recall, 15 denotes the characteristic function of S C R%. Our goal is to establish long-time decay
estimates on the evolution oy (A(t)) for suitable time-dependent observables, A(t), which are designed to

control the Lh.s. of (1.2.3)) for large ¢.

Let s > 0 be a large adiabatic parameter and ¢ a densely defined self-adjoint operator on h. For
times 0 < ¢ < s and smooth cutoff functions x in a suitable class X C C*° N L*°(R,R>¢) (see Figure
below), we define the adiabatic spacetime localization observables (following the terminology of [28,/29]),
or ASTLOs, as

S

At X) = x <¢ - “) . (ASTLO)

Note that A,(-) is an operator-valued function defined by functional calculus of the self-adjoint operator

s (¢ —ct).

1r., (1) ; — x(w)

Figure 1.1: A typical function xy € X compared with the characteristic function of Rso. Here 6 > 0 is a
parameter entering the definition of X’ through (RME]) below. In essence, x is a smoothed-out version
of 1g~o with derivative supported in (0, ).

The precise definition of the class X" is given in (3.0.2)).

We say that Ag(t, x) is adiabatic since, for a test light-cone slope ¢ = O(1) and a large adiabatic
parameter s > 1, the velocity

O As(t,x) = —es T A (LX) = O(s™h)

varies at a slow scale. To see that As(¢, x) identifies the spacetime localization property of states, let
¢(z) := distx(z) = dx for some X C R?. Then A,(t,x) = x (&=<) is localized away from the light

S

cone Xo = {dx(z) < ct} (see Figure[L.2).

]

n

Figure 1.2: Schematic diagram demonstrating the localization property of A4(t, x) for ¢ = dx. Here
7 = 0s 4+ ct > ct where § is as in Figure In essence, A(t,x) is a smoothed-out version of the
characteristic function on X,.
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Geometrically, from Figs. we see that with the choice ¢ = dx in (ASTLO)), A;(¢, x) identifies
the probability leakage outside the light cone of X in the sense that, for n > ct,

A0,X) < Txe,  Lxe < Ay(t0)- (1.2.4)

For functions x in appropriate classes, relations (|1.2.4]) are formulated with details and proved in Propo-
sition 3.3

In view of (|1.2.3), we note that since the evolution «; is positive-preserving, decay estimates for
at(As(t, x)) along ¢ give control of ax(1x) through relation (1.2.4).

1.2.2 Monotonicity estimates

Our goal now is to derive decay estimates for a;(As(t, x)). As a starting point, we assume that Aj
satisfies the following differential identity w.r.t. some autonomous reference Hamiltonian Hy on D(Hyp):
for all s, t,

atat(As(t7X)) = at(DHoAs(t7X))v (H)

where Dp, is the Heisenberg derivative with Hy in place of H. Note that if we take Hy to
be the system Hamiltonian H, then follows immediately from definitions 7, since
Ot(ae(A(t))) = ae(Du(A(t))) on D for any differentiable family of bounded operators A(t). But in
general, we do not need to take Hy = H in . See discussions in Section and concrete examples in
Section [

Our main technical assumption is given in terms of the commutators of the reference Hamiltonian
Hy from identity and the self-adjoint operator ¢ entering the definition . For some n > 1,
we require that the multiple commutators adZ(Ho), p=1,...,n+1, extend to bounded operators on fﬂ
and satisfy, for some k1,...,Kkp4+1 >0,

|t (mo) | <rp =1, ), (A)
In particular, condition with p = 1 implies that identity extends to all of b.
Let
K = K1, (1.2.5)

so that k = ||i[Ho, ¢]||, the norm of the ‘group velocity operator’. Then we have:

Theorem 1.1 (Recursive monotonicity estimate for As(t, x)). Suppose the evolution oy satisfies identity

, and condition holds for somen > 1. Then, for any ¢ > k and x € X, there exists C >0, € X
such that for § :==c— kK >0 and all s, t:

6t04t (As<t’ X)) < - 65_1at (As(tv X/>) + CS_Zat (AS (t? 5/)) + Cs_(n+1)' (RME)

This theorem is proved in Section [3.1

The differential inequality is ‘recursive monotone’ because the second, remainder term on the
r.h.s. is of the same form as the leading, negative term. Notice that (more precisely, the proof of
it) is the only place where information of the evolution oy is used. The only property we require of the
underlying evolution is the differential identity , which establishes a relation between the operators
Orar(As) and the reference Heisenberg derivative Dy, As = 0y As + i[Ho, As]. Using this relation and
the commutator bounds in the main technical assumption , we can derive an expansion formula for
i[Hp, As] in terms of the bounded multiple commutators entering . Combining this expansion with
the explicit form of 9y A, then yields .

Through (RMEJ|), we control the growth of A(t, x) by the following:

4We define adZ(A) on D(A) N D(¢) (as quadratic forms) iteratively as adg(A) = A and adg+1(A) = [adZ(A), 9.

10
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Theorem 1.2 (Approximate monotonicity of A (¢, x)). Suppose (RME) holds for n > 1. Then, for any
c>k and x € X, there exists C > 0, £ € X such that for all s > 1,t > 0:

g (As(t, X)) < As(0,x) + 571 A(0,€) + Cts~ (T, (ME)

This theorem is proved in Section [3.2

Estimate (ME]) shows that the expectation of A(t, x) is bounded by a time-decaying envelope for
large s > 1 and all 0 < ¢ < s. To see this, we evaluate the expectation of both side of (ME) on a state
1 € D and use the duality (¢, oy (A)Y) = (¢, AYy) (see (1.2.2))). Thus we find

(e, As(t, X)) < (1, Ag (0, X)0) + 57 (10, A(0,€)) + Cts~ D ||| (1.2.6)
see Figure [I.3] below.

ll?

(W, Ag(0, X)) p == === oo
0 t

Figure 1.3: Schematic diagram illustrating the monotone envelop on the r.h.s. of (1.2.6).

Estimate (ME) is derived from bootstrapping (RME]), roughly as follows. First, we integrate (RME]
and drop certain non-negative terms to find

t t
58_1/ ar (As(t, X)) A0, %) + Cs2 / ap (As (8,8)) + Cts™ "+, (1.2.7)
0 0

t
o (As(t X)) <AS(0,X) + Cs 2 / n (As (£, €1)) + Cts— (D). (1.2.8)
0

Since the Lh.s. term in (1.2.7) is of the same form as the second term on the r.h.s.;, we can apply the
same estimate to the latter, while introducing another cutoff function 7 in the same class X as x and &.

Next, we iterate this procedure n times on ([1.2.7]) until no integral is present in the r.h.s. to obtain
t

/ Qy (As(ta X/)) < c <5AS(03 X) + As(oa 6) +eee Si(niz)As(Oa 77) + tsin) ) (129)
0

for n cutoff functions &, ...,n € X. Lastly, we apply (1.2.9) to bound the integral in the r.h.s. of (|1.2.8).
This, together with some additional algebraic properties of the ASTLOs, yields (ME]). See Section
for detailed derivations.

1.2.3 Approximate locality

Suppose, for the moment, that both x and £ are sharp cutoff functions supported in (0,00). Then, for
s>1and 0<t< s, estimate (1.2.6) implies

(1, Prgsenytr) < 20, Prgsoy) + Ct™ 9],
where the operator Py}, identifying the localized part in the spectral subspace {¢ > a}, is given by
Pigsay i=0(¢ —a), 0(p) := 1rso(p). (1.2.10)

If, moreover, the initial state v is supported within the spectral subspace {¢ < 0}, then the leading term
above vanishes and we obtain an O(t~") estimate on the probability leakage outside the ‘spectral light
cone’ {¢ < ct}. This can be made rigorous using the geometric properties of A (¢, x) (c.f. Figure|l.1{and
(1.2.4))) as follows:

11



1.3. COMMENTS ON THE METHODOLOGY

Theorem 1.3 (Approximate locality of states). Suppose (ME) holds for n > 1. Then, for any ¢ > k,
there exists C' > 0 such that the following holds for all t > 1:

[ (P{¢>ct}) <C (P{¢>o} + tin) . (1.2.11)

This theorem is proved in Section Notice that the statement of (|1.2.11)) does not involve the
ASTLOs.

In particular, with the choice ¢(x) = dx(z) for X C R? in (ASTLO]), we derive from estimates
(1.2.11)) the following effective light-cone localization:

<1/)t, P{dx(z)>ct}¢t> <ct™" H1/)||2 for initial state ¢ with suppvy C X. (LC)

By definition, P4, (2)>ct} = 1x¢,. Hence, the Lh.s. of (LC) coincides with the probability leakage outside
the line cone as in (P1)). This shows that (P1]) holds with the test light-cone slope ¢, with probability
leakage of the order O(¢~™). Moreover, since (LC]|) holds for all ¢ > k, we conclude that

inf {¢ > 0 : ¢ satisfies (LC)} < x. (1.2.12)
This, together with (1.2.11)), shows that x from (1.2.5) is a desired maximal velocity bound as in (P2]).
P1)—(P2)

Thus we have completed the tasks set out in (|

1.3 Comments on the methodology

We are interested in the localization theory of general quantum evolutions in the sense of 7.
We have proposed a modular paradigm that accomplishes this goal, as long as the underlying evolution
satisfies with a reference Hamiltonian that satisfies @ In fact, we have achieved more: It is evident
from the previous section that the same paradigm yields general localization property of evolving states
w.r.t. the spectral decomposition of the self-adjoint operator ¢ entering (ASTLO]) and establishes the
generalized locality estimate in terms of the ‘spectral light cone’ {¢ < ct}.

Our method is based on the connection between monotonicity estimates of certain time-dependent ob-
servables (the ASTLOs) and the propagation properties of states (solutions to the Schrodinger equation).
In hindsight, this general philosophy is prevalent in the analysis of dissipative equations, especially in the
context of geometric flows. For exmaple, it is curious to compare the role played by the (expectations of)
ASTLOs to that by Huisken’s F-functional [42] and Colding-Minicozzi’s entropy [16] in the analysis of
the mean curvature flow. In these contexts, the equations of interest all lacks strict localization theory.
Nonetheless, one could recover approximate locality (or pseudolocality by the geometers, see e.g. [14])
theorems for the evolving states (manifolds in the geometric context), which are rather difficult to control
directly, based on monotonicity estimates of appropriate quantities.

Our method is geometric in nature, as it traces back to the line of works by Enss, Hunziker, Sigal,
Skibsted, Soffer and others, who have laid out the foundation of the geometric method for scattering
theory of the Schrodinger operators (see [43)/44] for reviews). Indeed, the asymptotic localization theory
of general quantum evolutions 7, which we consider here, bears an intrinsic similarity to the
scattering theory of the standard Schodinger operators. Both problems concern with the semiclassical
behaviour of particles for large time. Notice however that the parameter s > 0 in (ASTLO)), essentially
a semiclassical parameter, does not come with the model 7, but is imposed by the problem
directly. In essence, as we are interested in the long-time behaviour of states, we can choose s = O(t)
for large t. The precise choice of s is given in .

1.4 Extensions

A main technical advantage of our localization theory based on the analysis of ASTLOs lies in its
flexibility. Whereas strictly monotone quantities along a given evolution equation are rare to find,
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1.5. ORGANIZATION OF THE THESIS

the approximately monotone ASTLOs are rather easy to engineer. One reason is that the underlying
evolution does not enter directly into our analysis, but only through assumption on a reference
Hamiltonian and differential identity for the evolution.

For example, consider a system Hamiltonian of the form H = Hy + V', where Hy with D(Hy) = D
satisfies and [V,¢] = 0 on D (e.g., when V and ¢ are both multiplication operators). Then the
multiple commutator between ¢ and H satisfy ad} (¢) = adly (¢) for all p. Thus DyAs = Dy, As,
where D, is the Heisenberg derivative defined in . Therefore the ASTLOs satisfy the differential
identity with the reference Hamiltonian Hy. Since the evolution only enters our analysis through

(RME) and the latter depends only on and (H]), we conclude that (RME]) and all subsequent modular
theorems hold. See Section [l for more details.

Moreover, since the system Hamiltonian does not enter directly into the main technical assumption
7 but only through its commutators with ¢ in 7 we can derive conditional localization
properties when the commutator assumption fails for the obvious choice of ¢. Consider the case
Hy = —A acting on R?. Let dx be a smoothed distance function to a smooth bounded domain X. The
obvious choice ¢ = dx does not satisfies , since [-A,dx] = —Adx —2Vdx -V is unbounded. However,
with an energy cutoff ¢ = gg(Hy), where E € o(Hy) and gg is a smooth cutoff function supported in
R<g, one can check that, with the microlocalized position operator ¢ = gdxg, the (microlocal) group
velocity i[Hp, @] (together with higher commutators) is bounded. Using this microlocalized version of
¢ in and running the paradigm above, we obtain energy-dependent effective light cones for
Hy = —A. See [10] for concrete results of this nature, with applications to Markovian open quantum
systems.

Lastly, since our method is based on monotonicity estimate in the form of differential inequalities, we
can reduce localization theory for quantum many-body problems to the corresponding 1-body problems.
Consider an abstract second quantization map, dI', mapping 1-body observables A acting on h to many-
body observables A acting on a Fock space F over . We assume the map dI' is positive-preserving, i.e.,
for any self-adjoint 1-body operators A, B,

A<B — A<B, (1.4.1)

and, with &; denoting the many-body evolution of observables on F,

Then, applying dI" on both sides of (ME])) yields the many-body approximate monotonicity estimate
iy (As(t,20)) < A(0,3) + C(s71 AL (0,€) + 15 THIN), (1.4.3)

where N = dI'(1) is the number operator. This allows one to derive approximate locality theorems for
many-body states and observables without knowing the detailed structure of the underlying Fock space
F. See [68] for related results with detailed proofs based on this technique for quantum many-body
systems.

1.5 Organization of the thesis

We have given a brief overview of the machinery behind our method and illustrated its main technical
advantages. The remainder of this thesis is devoted to detaild proofs and various applications of the
general framework to concrete quantum dynamical systems for which strict light cones are absent.

In Chapter [2] we present some technical estimates that are needed to establish certain key expansion
formulae. Using these, in Chapter [3] we prove our main results, Theorems

In Chapter[d] we illustrate the application of our framework to certain continuous nonlocal Schrédinger
equations. The model under consideration there has a favourable property that it satisfies with ¢
given by the distance function. This should be viewed as a toy model since the Laplacian Hy = —A does
not enjoy this property, as we have discussed above.

13



1.5. ORGANIZATION OF THE THESIS

In Paper A (Ref. |10]), we study a more realistic nonlocal continuous quantum dynamical system, in
which the particle interacts with the rest of the world (i.e., open quantum system). Here suitable energy
cutoff is introduced to remedy the failure of with ¢ = dx and Hy = —A.

In Paper B (Ref. [68,/69]), we give applications of our localization theory to general discrete quan-
tum many-body dynamical systems, including those with unbounded and long-range (i.e., power-law)
interactions. We give physically relevant applications of our approximate locality theory, which leads to
Lieb-Robinson-type bounds for general quantum many-body systems (including long-range interacting
bosons).

14



Chapter 2

Preliminaries

2.1 Remainder estimates

In this section and the next one, we present some estimates and commutator expansions, first derived
in [67] and then improved in [44}/70] etc. Below, we adapt some of the arguments from [44] and results
from [10].

Throughout this section we fix an integer v > 0. For integers p > 0 and smooth functions f €
C"*2(R), we define a weighted norm

v+2

N =3 [ @ 1) (2.1.1)
m=0

Note that

p<p = N(f,p) <N(f.p), (2.1.2)
and we have the following property:
Lemma 2.1. Let p > 0 be an integer. Suppose f € C*+2(R) and there exist Co, p > 0 such that for
m=0,...,v+4+2,

[y f(m)(ar)HLm < Co. (2.1.3)

Then there exists C > 0 depending only on p, Cy, v such that
N(f,p) <C. (2.1.4)

Proof. We have

v+2

N0 < 3 @ f@)| [ 07 da
m=0
g(y+3)co/ (z) "' P da,
R
and the integral converges for p > 0. O

Write z = z + iy € C and 9; = 9, + i0,. In what follows, as in [44] eq.(B.5)], for f € C*T2(R), we
take f(z) to be an almost analytic extension of f defined by

v+1

R ) () )"
o= () e (2.15)
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2.1. REMAINDER ESTIMATES

where 7 € C2°(R) is a cutoff function with n(u) =1 for |u| < 1, n(p) =0 for |u| > 2, and |n'(1)| < 1 for

all . This f(z) induces a measure on C as
~ 1~
df(z) := —2—85f(z)d:c dy. (2.1.6)
™

In the remainder of this section, we derive integral estimate for various functions against the measure
(12.1.6).

The next result is obtained by adapting the argument in |44, Lem. B.1]:

Lemma 2.2 (Remainder estimate). Let 0 < p <wv. Let f € C*T%(R) satisfy (2.1.4). Then the extension
f from (2.1.5)) satisfies the following estimate for some C = C(f,v,p) > 0:

/ [47()] ()"0 < ¢ (2.1.7)

Proof. Differentiating formula (2.1.5)), we obtain the estimate

= y \ Iy &y \ e
) <n () ol s o () i [ Om) e
where
p(i) = 0’ ()] (1) (2.1.9)
is supported on 1 < |u| < 2.
For each fixed z, we define
Gla) = po. [10:0G) 1ol dy (2.1.10)

by integrating (2.1.8) against |y|_(p+1). Using that n(y/(xz)) = 0 for |y| > (x) and p(y/(z)) = 0 for
lyl < (x) or |y| > 2(x), we find

" ( y ) )
=, B sl
) <@ (v + D \(z) (@) ( )
v+1 y ‘y|k—p—1 1 "
i / P (> dy‘f (@) (2.1.12)
Since 0 < n(p) <1 and v > p, the integral in line converges and can be bounded as
v ( Y ) (p+2) 2<$>V7p+1 (p+2)
AN) dy‘fp x‘gi‘fp x‘ 2.1.13
/yS<w> (p+ 1! \ (=) (@) p+ 1) (z) ( )

To bound line ([2.1.12), we use that p(y/ (z)) < /5 and |y|* 77" < (@) 27 for (z) < |y| < 2(x),
0<k<p+1 (see (2.1.9)). Thus each integral in line (2.1.12]) can be bounded as

Iil /(x)<|y|<2<ac> P (é)) |ykk!pl @ '<117>f(k) (fE)

k=0
p+1 k—p—1 v+1 — k—p—1
45 (x)" " (k) V5 28t () (k)
< _ . 1.
BT g R B2 T ) g
k=0 k=p+1
Combining (2.1.13)—(2.1.14) in (2.1.12)), we conclude that
v+2
G@) < CF(), Fla)i= Y @)™ /(). (2.1.15)
m=0
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2.2. COMMUTATOR EXPANSIONS

Let Ga(z) := 11—y yJG(z) with A > 0. Then G € L' and |G (z)| < CF(x) for any \. By assumption
([2:1.4) and definition(2.1.1)), we have ||F||;, = N(f,p) < co and so F € L'. Therefore, sending A — oo
and using the dominated convergence theorem yields G € L! with

1Gllr < CHFl - (2.1.16)
Recalling definition (2.1.10)), we find (27)~! |G|/, =Lh.s. of (2.1.7). Thus we conclude ([2.1.7) from
@1.16). -

2.2 Commutator expansions

In this section, we take f(z), df(z) to be as in (2.1.5)—(2.1.6).

We frequently use the following result, taken from [44, Lems. B.2]:

Lemma 2.3. Let f € C*T2(R) satisfy [2.1.4) for some p > 0. Then for any self-adjoint operator A on
b,

1 = —(p+1
3 (p)(A):/Cdf(Z)(Z_A) (p+1), (2.2.1)

where the integral converges absolutely in operator norm and is uniformly bounded in A.

Remark 1. Condition (2.1.4) ensures that f() is bounded independent of A and the remainder estimate
in Lemma [2.2 ensures the norm convergence of the r.h.s. of (2.2.1).

We call equation (2.2.1)) the Helffer-Sjostrand (HS) representation. The HS representation (2.2.1)),
together with the remainder estimate (2.1.7)), implies the following commutator expansion:

Lemma 2.4. Letn > 1. Let f € C""3(R) satisfy (2.1.4) with p=1. Let A be an operator on by. Let ¢
be a densely defined self-adjoint operator on h. Let fs := f(s71(¢ — a)) for some fized o and all s > 0.

Suppose
By :=adj(A) € B(h) (1<k<n+1). (2.2.2)

Then [A, fs] € B(h), and we have the expansion

ps "

(A, fs] = Z(—l) i Bipf® 4 (=1)" s~ (D Remyo (s) (2.2.3)
k=1 ’
~ s ~(n+1)
=y 7 B+ s Rem,igne (), (2.2.4)

b
I
—

where the remainders are defined by these relations and given explicitly by (2.2.12)—(2.2.13)).

Moreover, there exists ¢ > 0 depending only on n and N (f,n+ 1), such that

<c|| Bl (2.2.5)

[Remiege (5)]] o + [[Remuigne (s) ][, <

Remark 2. Note that f needs not to be bounded. By (2.1.3)), it suffices for f to have strictly sublinear
growth.

Proof of Lemma[2.} Within this proof we write R = (z — ;) ™! with 2, = s7(¢ — ).
Since R is bounded, it follows that
[A,R] = s 'Rad4(A)R (2.2.6)

holds in the sense of quadratic forms on D(A). Since ads(A) is bounded by assumption, the r.h.s. of
(2.2.6) is bounded and so [A, R] extends to an bounded operator on h. Using (2.2.6)), we proceed by
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2.2. COMMUTATOR EXPANSIONS

commuting successively the commutators By := ad](;(A) to left and right, respectively.Iteratively, we
obtain

=
=

]

(=1)*s * By RF 4 (—1)"Fls~ ("D RB, ,  RMH (2.2.7)

-

=
Il

1

s *RFB), 4+ s~ ("FURMIB R, (2.2.8)

-

>
Il
—

which hold on all of § since By’s are bounded operators by assumption (2.2.2]).

Let n* € C2(R), A > 0 be cutoff functions with n*(x) = 1 for |z| < A, n(z) =0 for |u| > A+ 1, and
|7 || gnss < C for all X, Set f*:=n*f. Since f* € CIF3, it satisfies (2.1.4) for all p > 0. (Note that f
itself, a priori, does not satisfy (2.1.4)) with p = 0.) Thus the HS representation holds with p =0
and so

A= [aP @A, (2.29)
which holds a priori on D(A). Plugging expansions (2.2.7)—(2.2.8) into (2.2.9)) yields
A, f2]
n —k .
= Z(—l)k%Bk/de(z)Rk“ + (=1)" s~ DRem), (s), (2.2.10)
k=1 ’
LI v Vi 1 A
- Z B /de(Z)R " Bk + 57(n+ )Remright(s)v (2211)
k=1
where
Remig (s) = / df*(z) RBni1 RO, (2.2.12)
Rempyp, (s) = / df*(z)R™V B, 1 R. (2.2.13)

Since the operator By, is bounded independent of A, z, and ||R|| < |Im(z)| ", we have

[Remiiu ()| + || Remga(s)|
<3| By / ()[R
<2 B | / | (2) |m(z)| =+ (2.2.14)

Similarly we could bound the sums in ([2.2.10)-(2.2.11). Thus we see [A, f] extends to a bounded
operator on h for each .

By (2.1.2)) and the assumption N'(f,1) < C, f satisfies condition (2.1.4) withp =1,...,n+1. Hence,

sending A — oo in (2.2.10)—(2.2.13)) and using (2.2.1]) for p = 1,...,n and remainder estimate (2.1.7)) for
p =n+ 1, we conclude that [A, fs] € B(h) and expansions (2.2.4) and estimate (2.2.5)) hold. O
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Chapter 3

Proofs of Theorems 1.1-1.3

To begin with, we make precise the definition of (ASTLO]).

Fix a real number ¢ > k with s from ([1.2.5)), together with a densely defined self-adjoint operator ¢.
For each s > 0, we define a class of observables by functional calculus:

.AS : RZ()XLOC(R) — B(f))

et 3.0.1
(tx) — x(d’st) (3.0.1)
For a parameter 0 < § < 1, we define a class X = X as follows:
supp x C (0,00), X' >0,
X :={x € C™(R,Rx) ( ) . (3.0.2)
VX' € C%, supp X’ C (0,6)

Then, for all s,¢, the operator A4(t, x), x € X is bounded and non-negative definite, with ||A,(t, x)|| <
Ix|l ;- Typical examples of functions in X are suitably smoothed characteristic functions of R>q. Here
we note two properties of the space X', which can be readily verified:

(X1) If £(z) = [ w?(y) dy for some w € C2° with suppw C (0,0), then £ € X.
(X2) For any &1, & € X and ¢ > 0, there exists £ € X with £ > & + ¢&.

3.1 Proof of Theorem [1.1]

Let & := (K1,...,kn+1) as in (A). The main result of this section is the following differential operator
inequality:

Theorem 3.1. Suppose the assumption of Theorem[I1] holds. Then, for all ¢ > k, x € X and Lipschitz
@, there exists a constant C = C(n,R,Lip(¢),x) >0 and & = &k(x) € X, k=2,...,n (dropped if n =1)
such that for allt >0, s > 0,

Orary (As(t, x))

< —6s” (X)) —|—Zs ay (As (8,6,)) + Cs~ (D), (3.1.1)
where oy is the Heisenberg evolution given by (1.2.2) and ¢ :== ¢ — k.

This theorem is proved at the end of this section. Estimate (3.1.1]), together with property m (X2)|and
the relation A (t, x1) +As(t, x2) = As(t, X1+ x2), implies Theorem 1.1} In the remainder of this section,
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3.1. PROOF OF THEOREM|L.]]

we write H = Hj in and

DA(t) = %A(t) +i[H, A(t)], (3.1.2)
so that becomes
O (A(t)) = ar(DA(R)). (3.1.3)

Remark 3. Identity (3.1.3) plays a crucial role in our analysis, and it is precisely in (3.1.3)) that the
Hamiltonian structure of (4.1.1)) is used. Indeed, for a heat-type equation 0;u = —Hu with self-adjoint
H, we have, instead of (3.1.3]),

Do (A(t)) = 0, A(t) — {H, A},
where the brace denotes the anti-commutator. The change [-,-] = {-,-} renders key expansion formulae

below unavailable.

We first prove the following lemma:

Lemma 3.2. Suppose the assumption of Theorem holds. Then there exist & = & (n, R, Lip(4), x) €
X,k =2,....,n (dropped if n = 1), together with a constant C = C(n,R,Lip(¢),x) > 0, such that as
bounded self-adjoint operators on b,
i[H, As(t, X))
—1 / - —k / —(n+1) (3.1.4)
<s ﬁAS(ux)—l—Zs Ag(t, &) +Cs™\" (t>0,s>0).
k=2

(The sum in the r.h.s. is dropped if n =1.)
Proof. Within this proof, we fix ¢ and write A;(x) = As(t,x). Also, we set By, = +i ad];(H) for
k=1,...,n+ 1. (The sign is irrelevant for our argument.)
1. By condition , there exists C = C(n, K, Lip(¢)) > 0, such that
|Be| <C, k=1,....,n+1. (3.1.5)

This, together with the definition of X' (see (3.0.2)), implies that the hypotheses of Lemma are
satisfied for x € X. We apply this lemma to A;(x) by adding commutator expansion (2.2.4) to its
adjoint and dividing the result by two. This way we obtain

i[H, As(x)] =1+ 1T+ 111, (3.1.6)
1
[=2s7" (As(X)Br + BLA(X). (3.1.7)
1 sk
I (k) S A ()
=33 (A B+ B A D)) (3.18)
111 :%s_("'H) (Rot1+ R pq), (3.1.9)

where the term II is dropped for n = 1 and, by (3.1.5)) and the remainder estimate (2.2.5)),
Ryl < C, (3.1.10)
for some C = C(n, &, Lip(¢), x) > 0.

2. We first bound the term I in line (3.1.7). Let u := y/X’, which is well defined and lies in C2°(R)
by (3.0.2)). Thus, by (3.1.5), expansion (2.2.4)) holds for w. This expansion, together with the fact that
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3.1. PROOF OF THEOREM|L.]]

adfz,(Bk) = By, implies

AS(X/ By + BEAS(X/)

)
)2B1 + Bl.As(’LL)2

+ 37 % (A B A () + A ) B A ()

+ 57" (Ag(u)Rem; + Remj Ag(u)),
where line (3.1.11)) is dropped for n = 1 and, by the remainder estimate ,

[Remy || < C,
for some C = C(n, &, Lip(¢), x) > 0.
We will bound the terms in 7 using the operator estimate
+(P*"Q+Q"P) < PP+ Q"Q.

For the terms in line , we use with

P=Au), Q:=Bi A V), 1=1,...,n—1,
yielding

57! (As(u) BrnAs (V) + As () B As ()
<57 (As(w)? + [ BralH(Asw))?).
For the remainder terms in , we apply with
P = As(u), @ =Rem;,

to obtain

s " (As(u)Rem; + Rem Ag(u)) < s~ (As(u)2 + ||Rem1||2) )

Combining (3.1.16) and (3.1.18) in (3.1.7) yields

I < st As(u)BrAg(u)
1=t =41

*3 I
=1

This bound the term I (3.1.7)).

1 —(n
(As()? + [ Bid2(A (u®))?) + 55~ [ Remy |2

3. For n > 2, the term II in line (3.1.8) is bounded similarly as in Step 2. For k = 2.

0% € C°(R) with
supp#* € (0,0), 6% =1 on supp a2
We claim that for some bounded operator Remy = O(1),
s (AS(X(’“))B/c + BZAS(X(’“)))
=7 (A () BrA (6%) + A, (0) B A (D) ) + 5~ Rem.
For this, it suffices to show that

A "By, = As(x™) Br Ay (68%) + s~ "1 =" Remy.
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3.1. PROOF OF THEOREM|L.]]

Using relation ([3.1.20), commutator expansion (2.2.4]), and the fact that adﬁb(Bk) = B4, we have

AS(X(k))Bk
= -AS(X(k))AS(ek)Bk
= As(xXM)BrA (0%) + A, (x M)A (6%), By

A,
= As (X(k))BkAs (Gk)

n—k

S

+> TAS(X(’“)AS((G’“)(”)BW + 57 FI=R) A () Remy, (3.1.23)
=1

where the [-sum is dropped for k£ = n and
Rem, <C, k=2,...,n, (3.1.24)
for some C' = C(n, R, Lip(¢), x) > 0.
Since 6% = 1 on supp(x*)), we have supp((#¥))Nsupp(x*)) = @ for all I > 1 and so in line ,
A (X" A("YNBeyy =0, 1=1,...n—k.
Estimate follows from here. Thus we conclude claim .
Now, we apply estimate on the first term on the r.h.s. of with
P=A,x"), Q= BrA(6"), (3.1.25)

and then sum over k£ to obtain

II<

|~

n—1 _p

s 1 _
D (AN + 1B (As(89))%) + 557+ [Remy . (3.1.26)
k=1

This bounds the term II in line (3.1.8)).

4. Plugging (3.1.19), (3.1.26) back to (3.1.6) and using bounds (3.1.5), (3.1.10), (3.1.13), and (3.1.24),
we find that for some C' = C(n, R, Lip(¢), x) > 0,

i[H, As(x)] < 571 A (u) BiAs(u) (3.1.27)

+ O 57 (A ) + (A )% A D))+ (A(0)?) + O™,

Now, for k = 2,...,n, we choose, with C, u, 8* from (3.1.27)),

wg € CF,  suppwy C (0,9),
wi >C <u2 + (w2 4 (2 4 (9’“)2) , (3.1.28)

which is possible since the r.h.s. of (3.1.28) is supported in (0,d) by construction. Then the function
x
&p(x) == / wi(y) dy (3.1.29)
0

lies in X' by identity Thus, by (3.1.27), the desired estimate (3.1.4) holds with the choice of &
from ((3.1.29). This completes the proof of Lemma O

Proof of Theorem[3.1 To prove estimate (3.1.1)), we first apply the differential identity (3.1.3) with
A(t) = Aq(t, x) for each s, x. This yields

O (As(t, X)) = (0 As(t, X)) + cu(i[H, As(t, x)])- (3.1.30)
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By definition (3.0.1)), we find

Ot As(t, x) = —s te As(t, X). (3.1.31)
By estimate (3.1.4]), we find
i[H, As(t, X)) < s mA0X) + D sTRA( &) + Cs™ ), (3.1.32)
k=2

where C = C(n, R, Lip(¢), x) > 0, and the second term in the r.h.s. is dropped for n = 1. Plugging
3.1.31) and (3.1.32)) back to (3.1.30)) and using the positive-preserving property of evolution «; yields
3.1.1).

O

3.2 Proof of Theorem [1.2

Within this proof, all constants C' > 0 depend only on n, x, Lip(¢), K, and 6 = ¢ — k. For simplicity, we
write

A (t’ X) = at(-As (t7 X)) (3'2'1>
Note that A,(0,x) = A44(0,x).

To begin with, we claim the following holds: There exist & € X, 2 < k < n (dropped for n = 1),
depending only on n, &, Lip(¢), x, such that for all ¢ > 0,s > 0,

/ Ay < C <sAs<o,x> +3 s A0,6,) + t) , (3.2.2)
0

k=2

where the sum is dropped if n = 1.

To prove (3.2.2), we bootstrap the recursive monotonicity estimate (3.1.1)). For each fixed s, inte-
grating formula (3.1.3)) with A(t) = As(¢, x) in t gives

As(t, x) — /0 0 As(r, x) dr = Ag(0, x). (3.2.3)

We apply inequality (3.1.1)) to the second term on the Lh.s. of (3.2.3) to obtain, after transposing the
leading term,

t
Ay(t,x) + 5716 / A(r, ) dr
0

n t
<A0,x) + > s7F / Ag(r, &) dr + Cts™ "+ (3.2.4)
0

k=2
where § = ¢ — &, & = &k (n, R, Lip(¢), x) € X, and the second term in the r.h.s. is dropped for n = 1.
Since 5,6 > 0, estimate ([3.2.4) implies, after dropping A,(t, x) on the Lh.s., which is non-negative-

definite due to the positive-preserving property of evolution (4.2.2)), and multiplying both sides by s§—! >
0, that

t 1 n t
/ As(r,x') dr < 5 sAs(0, x) + Zs‘k"’l/ As(r, &) dr + Cts™™ |, (3.2.5)
0 P 0
where the second term in the r.h.s. is dropped for n = 1.

If n =1, then (3.2.5) gives (3.2.2)). If n > 2, we proceed to apply (3.2.5)) to the term fot As(r,&4) dr

up to (n — 1)-th order to get

n—1

t t
[ Awgar<; <8A5<o,52> +Y s [ A+ Cts-<”—1>> L (320
0 0

k=2
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3.3. PROOF OF THEOREM][1.3

where C' = C(n, R, ¢, Lip(¢), &) > 0 and
=) =m)eX, k=2,...,n—1
Plugging ([3.2.6|) back to (3.2.5)), we find

/.Arx

<3 < A0, %) + A (0,&) + Zs—’”l/o Ag(r, i) dr + <1+ ;) Cts‘") , (3.2.7)

k=3

where the third term in the r.h.s. is dropped for n = 2 and the functions p; € X, pp > &k + %77/@ for
k=3,...,n (see|X2)). Bootstrapping this procedure, we arrive at (3.2.2)).

Now we use (3.2.2)) to derive the desire estimate (ME]).

Dropping the second term in the L.h.s. of (3.2.4)), which is non-negative since § > 0 and A4(r,x') > 0
for all r, we obtain

Ag(t, x) < As(0,x) + Zs / As(r, &) dr + Cts™ ("), (3.2.8)
k=2

where the second term is dropped for n = 1 (in which case we are done). If n > 2, then for each
k=2,...,n, we apply estimate (3.2.2) to the k-th summand in the second term in the r.h.s. of (3.2.8]),
with remainder expanded to (n — k + 1)-th order. This way we obtain

n n—k

Ayt x) < As(0,x) +C <ZZ$ =1 A,(0,&) + s~ (”’“Q)AS(O,&J)) + Cts~ D (3.2.9)

k=2 [=2

where the k-sum is dropped for n = 1, the [-sum is dropped if n— &k < 1, and C, EkJ are chosen according

to G2,

Since s > 1, using property |(X2)| we can choose £ € X such that for C, ék, Ek,l as in (3.2.9),

£=C (ZZ =2 A,(0, &) + s~ A0, §kz)> (3.2.10)
k=2 (=2

With this choice of &, we conclude the desired estimate, (ME)), from (3.2.9). This completes the proof of
Theorem O

3.3 Proof of Theorem [1.3

Recall that ¢ is a densely defined self-adjoint operator on h and P44} denotes the spectral cutoff
operator defined in . We first prove the following proposition:

Proposition 3.3. Let §, ¢ > 0. For functions f(t) > 't and n € C'(R,R>0) N L>=(R) with

n#0, suppn C (0,00), suppn’ C (0,4), (3.3.1)
let
s=0(f(t) =), Alt,n) = n(s" (¢ —t)). (3.3.2)
Then the following estimates hold (c.f. ):
Inll 7~ A0, 1) < Pigsoy, (3.3.3)
Pios sy < Inll o At m). (3.3.4)
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3.3. PROOF OF THEOREM][1.3
(3.3.5)

Proof. First, by (3.3.1)), we have suppn(g) C (0,00) for s > 0. This implies
Il A7) = linllz 1 (8/s) < 0(6) = Prosay,
where 6 : R — R is the characteristic function of R~ (see Figure [3.1)). Thus (3.3.3) follows.

! -1
© el n(%)

.
®e

0
Figure 3.1: Schematic diagram illustrating (3.3.5))

Next, again by (3.3.1)), we have ||17||201o n(p) =1 for > § and so, by definition ([3.3.2]),
1 -1 (b —c't
LAt = ol g (6-2= ) =1, 3.3.6
Il At = Il 0 (6752 (3.36)
(3.3.7)

on the subspace Ran Py f(1)}- Since Py~ ¢1)y = 0(¢ — f(t)), estimate (3.3.6) implies
Iz~ At ) = 06 — £(1)),

see Figure[3.2] Thus (3.3.4) follows.
" -----------
e 06 — (1))
"
¢
f(t)

c't
Figure 3.2: Schematic diagram illustrating (3.3.7)).

This completes the proof of Proposition [3.3
We now use Proposition [3.3] and Theorem [I.2] to prove Theorem
(3.3.8)

First, for ¢ > k as in the statement of Theorem we set
1 /
0:==(c—k)>0, ¢ :=kr+I.
Fix x € X5 (see (3.0.2)). We apply Theorem with ¢/ > k to get a constant C' > 0 and a function
& € X such that
ap (As(t, X)) < As(0,x) + 571 A:(0,8) + Cts™ " HY. (3.3.9)
Next, we apply Proposition [3.3] with
fit):=ct>ct, s:=6tc—)t>t, (3.3.10)
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3.3. PROOF OF THEOREM][1.3

where the inequalities are ensured by the choice (3.3.8]). The function x clearly satisfies condition (3.3.1]).
If the function ¢ # 0 in (3.3.9)), then ¢ also satisfy (3.3.1)). (If € = 0 then we drop the second term in the

r.hus. of (3.3.9)). Hence, applying (3.3.3)—(3.3.4
the desired estimate, (1.2.11)), from estimate (3.3

This completes the proof of Theorem

with n = x,£ and A = A, as in (3.3.2)), we conclude

.9).
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Chapter 4

Applications to nonlocal
Hamiltonians

In this chapter, we illustrate the general localization theory laid out in Chapter [1| by analyzing a model
of nonlocal quantum evolutions.

4.1 Setup

We consider the following nonlocal non-autonomous Schrodinger equation:
i0iu = H(t)u. (4.1.1)

Here u = u(-,t), t € Ris a path of functions in the Hilbert space b := L?(R¢,C), d > 1. The Hamiltonian
H(t) = Hy + V(t) consists of a nonlocal part

Hofile) = [ (ua) — u(w) K(z.) (4.12)

for some symmetric integral kernel K with K(y,x) = K(x,y), together with a time-dependent potential
V(t). As a standing assumption, we assume that Hy is self-adjoint on a dense domain D = D(H) C b
and V(t) is bounded for all ¢. This way H (t) is self-adjoint on D and, by elementary perturbation theory,
admits bounded propagator U (¢, s) with ¢,s € R.

Our main technical assumption for (4.1.2)) is the following: For some integer n > 1, the first to
(n + 1)-th moments of K are all finite. Precisely, we assume

sup  sup / |K (z,y)] |z —y|’ <k <oo (4.1.3)
1<p<n+1zeRe JycRd
for some x > 0.
Condition ([4.1.3) stipulates the long-range interaction in Hy decays as power-law. Such condition

arises naturally and is widely used in the study of interacting quantum dynamical systems, see e.g. |28
29,/741[76]. We note that condition (4.1.3]) unfortunately excludes the fractional Laplacians, which are of

the form (4.1.4) with J(z) = 2|72 0 < s < 1, due to insufficient decay at infinity.

An important class of operators satisfying (4.1.2)) are the nonlocal diffusion operators

Hy=1-—Jx, (4.1.4)
where J is a non-negative radial function with profile satisfying
sup / rPHA=L I (r) dr < 0. (4.1.5)
1<p<n+1J0
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Typical examples are J(z) = (1 + |z|*)~%/2 with @ > d +n + 1. By interpolation, we can also handle

mild singularity at 0 such as J(z) = O(|z|™") with b < d + 1.

Evolution equations involving nonlocal operators of the form (4.1.2), subject to similar conditions
as (4.1.5), have received much research attention in recent years. In particular, using the mean value
property, one can view the usual Laplacian as an infinitesimal version of (4.1.4]) with

1

) = 215.0)

X (Be(0)) (z)

and € — 0+ [61].

For recent results concerning evolution equations involving subject to similar conditions as
, see e.g. [12,/13}/17,/18,/45L(73] and, for applications to natural sciences, [1,|11], as well as the
references therein. For regularity theory of nonlocal evolution equations, see [304[35/36] For an excellent
recent review on nonlocal diffusion operators with integrable kernels, see [61]. Note however that all
of the cited works above are concerned with, instead of Hamiltonian evolution equation as in ,
gradient flows of the form 0;u = —Hwu with H of the form . This distinction should be made
clear since the Hamiltonian structure of is used crucially in proving the recursive monotonicity
estimate for Ag(t,x) (wherefore in all other results from Section as well), see Remark

Equation (4.1.1) arises from the study of nonlinear nonlocal Schrédinger (NLS) equations of the form
iy = Hou+ Wu+ f(Ju>)u, f e CRso,R), (4.1.6)

where W is a bounded external potential (possibly time-dependent). Eq. (4.1.6) has a Hamiltonian
structure inherited from the nonlocal generalization of the Ginzburg-Landau free-energy functional in
the presence of external potential:

B = [[ K@) ~a@P + [ W+ P, P =

Indeed, if v; € LN L? solves (4.1.6)), then v; satisfies (4.1.1)) with V(¢) :== W + f(|v¢|) bounded for each
t. This convolution-type model for phase transitions was proposed in [5] and the associated L2-gradient
flow (the nonlocal Allen-Cahn equation) has been studied in [3-5},/13,/45]. See [4} Sect. 1] for a discussion
on the connection between E(u) above and the classical Ginzburg-Landau energy functional.

Lastly, we mention that results concerning the asymptotic localization of states are recently announced
in [50] for general nonlinear non-autonomous Schrodinger equations similar to , but with the
standard Schrodinger operators, i.e. —A in place of Hy. See also [10] for similar propagation estimates
for open quantum systems involving the standard Schrédinger operators.

4.2 Results

In this section, we take the ambient Hilbert space to be h := L2(R?), d > 1. Denote by D = D(Hy)
the (dense) domain of H(t) in ([&.1.1). For a Lipschitz function ¢, denote by Lip(¢) the infimum of all
L such that |¢(x) — ¢(y)| < L |z — y| for all x,y € R%. For a measurable set S C R?, denote by 1g the
characteristic function of S. Without specification, ||-|| denotes either the L?-norm [[[l5 or the operator
norm ||-||;_,,. We make no distinction in notations between a function and the associated multiplication
operator acting on f. Our results below are valid for the von Neumann equation 0;p = i[H, p] with
pt, t > 0 given by a path of density operators under the same assumption .

By the standing assumption, the evolution of a state u € D according to (4.1.1]) is given by
u = U(t,0)u, (4.2.1)

where U(t, s), s,t € R is the propagator for H(t) = Hy+V(t) in (4.1.1)). For self-adjoint Hy and bounded
V(t), the propagator U(t, s) is bounded on § by elementary perturbation theory. The evolution of an
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observable A, dual to the evolution of states u — U(t,0)u w.r.t. the coupling (A, u) — (u, Au), is given
by
a(A) ==Y (t,0)AU(t,0), (4.2.2)

where Y (¢t,s) = U(t, s)* is the backward propagator.

Recall the definition

X = {X € COO(R,RZ()) (423)

supp x C (0,00), X" =0,
VX' € C, suppx’ € (0,0) |
For X C RY and dx(z) = inf,ex |z —y|, denote by 1x the characteristic function of X, the set

X¢={zeR?:dx(z)>a} fora >0, and X¢ = X§. We define, according to (3.0.1)), the multiplication
operators

Aty x) == x(s Hdx — ct)). (4.2.4)

Observables Ay (¢, x) play the role of ASTLOs, as described in Section Indeed, if we view each y € X
as a cutoff function supported in (0, o), then A, (¢, x) roughly amounts to a cutoff function supported on
the set X¢,. Controlling the evolution of A(t), therefore, amounts to controlling the probability inside
the evolving exterior regions X¢,.

Let ¢ € D, ¢y = U(t,0)¢. Our main result is the following:

Theorem 4.1 (Propagation estimates for (4.1.1)). Suppose (4.1.3) holds for n > 1. Then, for every
c > k with k from (4.1.3), there exists C = C(n,c,x) > 0 such that for all subset X C RY, function
f(t) >ct, and t > 1,

(1 O ) — ety ) el + CHIE) — ety 2. (4.2.5)

H Lxs e

Theorem [£.1] is proved in Section [3.3]

Remark 4. Estimate (4.2.5) is a consequence of Thms. and Proposition [3.3| with the choice
¢ = dx. To see that (4.2.5)) implies the localization of evolving states according to (4.1.1)), fix e > 0 and
define f(t) = (¢ + €)t. Assuming the initial condition ¢ is localized in X in the sense that [|[1xcp| <,

we conclude from (4.2.5) that HlxgtaptH?LQ Se+t ™t + et for all t.

Proof of Theorem[[.1 Fix X CR4, ¢ > 1, and x € X with x(u) =1 for u > 1. Below, all estimates are
independent of these parameters.

First, let ¢ := dx = inf {|z —y|: y € X} in (ASTLO) (see (3.0.1))). We verify the assumptions of
Theorem Since H = Hy+V in with [V, ¢] = 0, the evolution condition is satisfied with H
given by (4.1.2)). By Corollary the Hamiltonian Hy from and ¢ = dx verify the commutator
condition (A)), with x,’s independent of X. We have shown that the assumptions of Theorem hold.

Thus, by Theorem Theorem estimate (ME]) holds.

Next, define s = s(t) := f(t) — ¢t > 0 and write A(t, x) = As(t, x) with this choice of s for the
observables from (3.0.1). Then, by estimate (ME]), there exists a constant C' > 0 and a function £ € X
such that

(o, At X)pe) < (o, A0, x)) + (F(t) — ct) ™" (o, As(0,€)e0)
+ Ct(f(t) — ct) " o) . (4.2.6)

Lastly, we use Proposition The function x clearly satisfies condition (3.3.1]). If the function £ £ 0
in (4.2.6)), then £ also satisfy (3.3.1)). (If £ = 0 then we drop the second term in the r.h.s. of (4.2.6)).
Hence, applying (3.3.3)—(3.3.4) with n = x, ¢ in (4.2.6), we conclude the desired estimate, (4.2.5)), from

estimate (4.2.06|). O
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As a consequence of the localization estimate (4.2.5)), we have the following a priori estimate on the
propagation speed of traveling wave solutions to the nonlinear nonlocal Schrodinger equation (4.1.6):

Corollary 4.2. Suppose ([4.1.3) holds for n > 1. Suppose ¢, € L> N L>, t > 0 solves the NLS equation
[@.1.6) and ¢ = U(-— jt) for some fized velocity 3 € R? and profile U with the following property: There
exists a bounded subset X C R* such that |[1x-U|*> < |U||* /2. Then |B| < k.

Proof. Since ¢; solves (4.1.1) by freezing coefficients, ¢; satisfies (4.2.5)) and therefore we have that
[1xe, U = B0)[|* < UJ* 2+ €27, (12.7)

for all ¢ > k. Suppose now || > . Then, on the one hand, we can choose ¢ € (k, |8]) such that
holds. On the other hand, since ¢ < |f], there is a large T' > 1 depending only on |3| — ¢ and diam(X)
such that

[1xe,U(- = B0)||° > [11xU|* > U] /2 (4.2.8)

for all t > T (see Figure [4.1)). This is a contradiction to (£.2.7).

C
Xct

Figure 4.1: Schematic diagram illustrating relation (4.2.8)).

4.3 Multiple commutator estimates

In this section, we prove that condition (4.1.3)) implies uniform estimates on mutiple commutators adI;(H )
for eeach 1 < k < n + 1 with (multiplication operator by) Lipschitz ¢. In particular, (2.2.4]) holds with

Hy from (4.1.2) and ¢ = dx.

Lemma 4.3. Let n > 1. Suppose A is an operator acting on LQ(Rd) as
Alu)(z) = /Rd(V(ﬂf)U(ﬂﬁ) —u(y))K(z,y) dy (4.3.1)
for V€ L>(RY) and integral kernel K (x,y) satisfying
i s (sw [ Kool
1<p<n+1 \zeRd JyecRd
x | sup / |K (x,y)| |z —y|" | < oo. (4.3.2)
yeRE JzeRd

Then for every Lipschtiz function f on R? such that for some L > 0,

[f(z) = f(@)| < Llz—y| (2,9 €RY), (4.3.3)

there holds
HmﬂmHSﬁM'agkgn+n. (4.3.4)
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Proof. We first prove that for each fixed f : R — C and all 1 < k < n + 1, we have
df(A)fu) = = [(F0) = £ K e 9)u(w) d. (435)

We prove this by a simple induction. Clearly, the V' term in (4.3.1) does not contribute to the commu-
tators ad/;(A), since [V, f] = 0. Hence below we take V' =0 in (4.3.1)

For the base case k = 1, we compute, for fixed f and every w,
——/K(fc,y)f(y)U(y) dy,
F@)Alu)(@) =~ [ F@K @ uly) dy
Taking the difference yields with £ = 1. Now assume holds for k. Then we have
ad’(A)[fu](z) = /’<yy—fw»EK@sz@wAmd%
f@)adi(fa) = = [ F@)Fw) - @) K y)u(y) dy

Since ad];"'l(A) = [adfc (A), f], taking the difference of the last two expressions yields (4.3.5) for k + 1.
This completes the induction.

Formula (4.3.5)), together with the Schur test for integral operators, implies

i) < (sun [ il - sl

xGw/’|Mamum—ﬂmﬁ. (4.3.6)
y€eRE JxeRd

Now we compute, using assumptions (4.3.2]) and -, that

k
wpéwJmeMNw—wa

zeRd

<thswp [ K@)l -yl < 240
z€Rd JycR4

This bounds the first term in the r.h.s. of (4.3.6). Similarly we can derive the same bound for the second
term in the r.h.s. of (4.3.6). Plugging the results back to (4.3.6|) yields estimate (4.3.4)). O

Corollary 4.4. Suppose H in [d.1.1)) satisfies (#.1.3). Then for every X C R?, the distance function
dx(z) = dist({z}, X) we have

Jads (|| < v (@ <k <),

Proof. All dx satisfies (4.3.3) with L = 1. O
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ABSTRACT. We consider Markovian open quantum dynamics (MOQD). We
show that, up to small-probability tails, the supports of quantum states evolv-
ing under such dynamics propagate with finite speed in any finite-energy sub-

space.

More precisely, we prove that if the initial quantum state is localized in
space, then any finite-energy part of the solution of the von Neumann-Lindblad
equation is approximately localized inside an energy-dependent light cone. We
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also obtain an explicit upper bound for the slope of this light cone.
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1. INTRODUCTION

While non-relativistic quantum theory does not possess the strict light cone of
relativistic theories, it has been shown in many contexts that its dynamics nonethe-
less exhibits a maximal speed bound up to small-probability leakage. By analogy,
one speaks of a (system-dependent) light cone also in these cases. Existence of
such light cones has been rigorously derived in standard QM [4, 21, 36, 39], for
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non-relativistic QED models [5], and for nonlinear Schrédinger equations [3]. Fa-
mously, Lieb and Robinson [27] first derived the existence of light cones in quantum
spin systems. Their eponymous Lieb-Robinson bounds have developed into an ex-
tremely active research area starting in the early 2000s [18, 19, 20, 28, 29] and
continues to grow in scope, e.g., with recent extensions to lattice fermions [17, 30,
lattice bosons [13, 14, 26, 35, 38, 42, 43] and long-range interactions [15, 17, 41].
The existence of a maximal speed bound in a quantum theory is a fundamental
statement about its non-equilibrium properties which serves as the backbone of
many proofs. For instance, it played an essential role in scattering theory [10, 37]
and, in quantum information theory Lieb-Robinson bounds were used to prove the
celebrated area law for entanglement entropy [18] and bounds on quantum state
transfer [11]. They are also central to the notion of quantum phase defined via
quasi-adiabatic continuation [20, 31].

In this paper, we consider quantum particles governed by the Schrodinger opera-
tor H = —A+V that interact with an environment. We show that the correspond-
ing Markovian open quantum dynamics (MOQD) exhibit an energy-dependent light
cone, i.e., initially localized states propagate at most with a maximal speed. Previ-
ous results about maximal speed bounds of MOQD either concerned lattice systems
(where the mechanism for maximal speed is different [32, 34]) or it excluded the
most interesting case when the Hamiltonian H is a standard Schrédinger opera-
tor [7]. In this paper, we resolve this question and show that coupling quantum-
mechanical particles to an environment cannot lead to acceleration of any finite-
energy portion. For this purpose, we develop microlocalization techniques involving
functions of noncommuting operators H and z;. To fix ideas, we work on L?(R?)
but we expect that our approach could be extended to abstract Hilbert space with
abstract noncommuting self-adjoint operators H and z;.

1.1. Setup and main result. We study the long-time behaviour of solutions to
the von Neumann-Lindblad (vNL) equation:

O

(1.1) i

= ilH, o]+ 5 3 (W5, pW;1 4+ Wype, W),

j=1
Here p;, t > 0 is a family of density operators (i.e. non-negative-definite operators
with unit trace) on a Hilbert space H, H is the quantum Hamiltonian, a self-adjoint
operator on H, and the {W;} are bounded operators, arising from interaction with
the environment.

We show that, for any FE, there exists k = k(F) > 0 such that, for any initial
condition pg localized in X C R? and for any ¢ > &, the probability that the system
in the state p; is localized in ‘H N X, is arbitrarily small, asymptotically as ¢ — oo,
where H g is the spectral subspace

Hp :={H < E} = Ran(1(_ g (H))
and X¢, = R?\ X, with
(1.2) X = {sc e R?: dx(x) < ct}

the light cone corresponding to a smoothed out distance function dx(-) defined in
(1.11) below. Put differently, there exists an energy-dependent light cone for (1.1)
with slope k.

37



Paper A

LIGHT CONES FOR OPEN QUANTUM SYSTEMS 3

Throughout this article, we let H = L?(R?), d > 1. We make no distinction
in our notation between functions and the operators of multiplication defined by
those functions. For an operator A on H, denote by D(A) C H the domain of A.

‘We now set out the main assumptions in this paper. We take the Hamiltonian
H in (1.1) to be the standard Schrédinger operator,
(1.3) H=-A+V(z), V:R' SR

Then, for some fixed integer n > 1, we assume

(H) There exist p > 0 and C' > 0 such that
(1.4) 07V (2)] < C{a) 17 (@ e R, 0 < Ja] < m).

Here and below, we write (-) = /1 + |-°.

Remark 1. If V satisfies (H), then it is bounded and therefore H is self-adjoint on
D(—A) (see e.g. [8]) and bounded from below.

For the operators W;, j > 1 in (1.1), we assume, for the same integer n > 1 as
in (H):

(W1) For all integers j > 1, W; € B(H) and the series Y72, W;W; converges
strongly in B(#) (and consequently, z;’il WiW; € B(H));
(W2) Let Ca =ada: B — [A, B] and p; = —i0,,. Then, for every 1 < ¢ < d,

(1.5) > > T et enwill? < e

ki, £;>0

Remark 2. Assumptions (W1) and (W2) can be ensured for example by taking
the W;’s to be suitable pseudodifferential operators. See also [7, Section 1.4] and
[12, Section 4]

Remark 3. Let S stand for the Schatten space of trace-class operators. Conditions
(H) and (W1) guarantee global well-posedness for (1.1) in the space

(1.6) D:={pe8 | pD(H) C D(H) and [H, p] € S1},

see below.

For each subset X C RY, let X¢:=R%\ X and Xf‘x stand for the characteristic
function of X. The main result of this paper is the following:

Theorem 1.1 (Main result). Suppose Assumptions (H) and (W1)-(W2) hold.
Let X C R? be a bounded and closed subset. Suppose py € D (see (1.6)) is supported
in X in the sense that

(1.7) Tr(xepo) = 0.

Then (1.1) has a unique solution p; € D, t >0, and for any E € o(H) and ¢ > k
with k as in (1.17), this solution satisfies

(1.8) Tr(g(H)xce, 9(H)pt) < Co ot ™",

for all t > 0 and all smooth cutoff functions g with supp(g) C (—oo, E] and 0 <
g <1, where X§, = (X)® and Cy, g is a positive constant depending on n and E.
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Remark 4. For the energy-dependent speed « defined in (1.17), we have the follow-
ing estimate:

(1.9) k< C(1+|E|)Y? for some fixed C > 0 and all X ¢ RY, E € R.

Moreover, the constant C,, g in (1.8) grows polynomially with E.

Theorem 1.1 solves an open problem from [7], namely, to derive a light cone
for MOQD when the Hamiltonians is a standard Schrodinger operator —A +V (a
situation not covered by the methods in [7]).

Theorem 1.1 is proved in Section 3. Theorem 1.1 implies that “microlocally” the
propagation speed for (1.1) is finite, and yields an upper bound for the maximal
speed of propagation of initially localized states. Indeed, define the probability

(1.10) Prob,, (V) := Tr(ge(H)x% 9 (H)p:)

for the system in the state p; to be in the part of the state (phase) space where
x €Y and H < E. With notation (1.10) and, recall, X¢, = (X.), the exterior of
the light cone X in (1.2), Theorem 1.1 says that

Prob,, p(X&) < Cp st ™",

The constant C,, g in (1.8) depends on the difference ¢ — k > 0 (through (2.49)
below). For brevity of notation, we do not display the dependence on ¢ — k.

In equations (1.16)-(1.17) below, we provide an explicit formula for the number
# in Theorem 1.1. Physically, x bounds the propagation speed (also called “speed
of sound”) in the energy-constrained open quantum system. Naturally, x depends
on the system parameters and the energy cutoff.

We first introduce some notations. For each closed set X C R%, we define the
smoothed distance function to X, dx € C*°(R?) in the following way. Let ¢y > 0
be a fixed parameter (the estimate (1.8), in particular, depends on this arbitrary
parameter). Let

=0, dist x (z) = 0,
(1.11) dx(x) =dx,e ()¢ =0, 0 < distx(z) < cieo,
=dx(z) — e, distx () > c1eo,

where §x € C®(R?) satisfies c; distx (z) < dx(x) < cp distx () for some ¢, co > 0,
and
(1.12) dist'?I ™ (@) [0%dx ()] < Co (€ R%, 0 < |a),

for some absolute constants C, > 0. In one-dimension, such functions are easy to
construct, see the schematic diagram Figure 1. In any dimension, one can proceed
as follows. By the extension theorem of Whitney (see e.g. [40, Theorem 6.2.2]),
there exists a function dx defined in X ¢ such that

ey distx(z) < dx(x) < codistx(z), forallz e X€
Sx is C> in X° and distl?! ™! (2)0%6x (2) < Ca, for all 2 € X and |a| > 0,

where ¢y, ¢a, C,, are positive constants independent of X. Let f., : R = R be a C*
function such that f,(z) = 0if < €/2, and f,(z) = x — ¢ if x > 9. We can
then define

dx () = fe, (6x(2))

and verify that it satisfies the conditions above.
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ot

distx (x) dx(x)

.
’

Rd

FIGURE 1. Schematic diagram illustrating dx = dx e in (1.11).

We fix E € o(H) and a function g € C*°(R) satisfying 0 < g <1 and, for some
small € > 0,

(1.13) gluy=lforu<E—e€ g(pu)=0forpu>FE,
and define the smooth energy cutoff operator

(1.14) g:=g(H).

Remark 5. Since g(H) = (gx?f‘yk(H))(H)7 the values of g outside of o(H) are irrele-

vant. Since, moreover, H is bounded from below by (H), one can always take g to
have compact support if needed.

Considering the multiplication operator dx by the smoothed distance function
dx (x), introduced in (1.11) above, we define the spectrally localized distance func-
tion

(1.15) d% = gdxg defined on  {u € H:gu € D(dx)}.

Now, we define the energy-dependent velocity operator

(1.16) v =y(X,E) :=i[H,dE] + 5 > (W dR, Wy + Wy, dE W),
Jj=21

It is shown in Section 4 that 7 is bounded on H:
(1.17) ni= Il < o,

provided assumptions (H) and (W2) hold. Notice that the bound on & is inde-
pendent of X, see (1.9). Formally, the velocity operator (1.16) has a simple origin:

(1.18) v =X, E) = L'(dX),

where L’ is the operator acting on the space of observables B(#), which is dual to
the operator L defined by the r.h.s. of (1.1), see (1.21) below.

Under a different set of assumptions, an estimate similar to (1.8) is shown in
[7] with O(¢t~™) remainder for any n > 1. The assumptions made in [7] exclude in
(1.1) the Schrédinger operators (1.3).

It is straightforward to show that under the conditions (W1),
(1.19) V(z) in (1.3) is A-bounded with relative bound strictly less than 1,
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and for any pg € D (see (1.6)), Eq. (1.1) has a solution in D. For more detailed
discussions, see Appendix A below and Refs. [9, Section 5.5, [12, Appendix A],
[33]. Note that Condition (1.19) holds e.g. for every V € L?(R%) 4+ L>(R%) and is
much weaker than (H).

One can show further (see [1, 9, 12, 24, 25] and Appendix A) that the operator
L defines a completely positive, trace-preserving, strongly continuous semigroup of

contractions. In particular, for any initial state py € D, the solution p;, t > 0, to
(1.1) satisfies

(1.20) pe >0, if pg>0, and Trp; = Trpo.

Finally, we give the explicit expression of the operator L’ in (1.18) and its domain.
Let L be the operator defined by the r.h.s. of (1.1) on its natural domain D (see
(1.6)), and L’ be the operator acting on the space of observables B(H), which is
dual to L with respect to the coupling (A, p) := Tr(Ap), i.e.,

(1.21) Tr(ALp) = Tr((L'A)p),

for p € D(L) and A € D(L') € B(H). ! Explicitly, the dual vNL operator L’
defined in (1.21) is given by:

(1.22) L'=Ly+d&, LyA =i[H, A],
1 * *
(1.23) GA:§§]WHAWH+M%MW%
i>1

with domain
D(L') = D(Ly) = {A € B(H)| AD(H) C D(H) and
(1.24) [H, A] defined on D(A) N'D(H) extends to an operator on D(H)}.

Notation. In the remainder of this paper, || - || stands either for the norm of vectors
in H, or for the norm of operators on H, which one is meant is always clear from
the context. For two bounded operators A, B, the notation

(1.25) A=0(B)

means that [|A|| < C, g||B] for some C, g > 0 independent of A,B,t,s. As
above, we will write

X, = {z eR?:dx(z) <a} fora>0, &= (Xep)C.

In all our estimates, it is understood that, if n = 1, the sums Y ;_,(---) should be
dropped.

2. RECURSIVE MONOTONICITY ESTIMATE

We work in this section in an abstract setting, with H a self-adjoint operator
on a Hilbert space H and, for j = 1,2,..., W; bounded operators in H such that
> i>1 W W; strongly converges in H. We consider the vNL operator

Lp=—ilH, pl+ 5 > (W5, W5 T+ (W, W),
i>1

% generates the dual Heisenberg-Lindblad evolution 8; A = L’ A+ of quantum observables.
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defined on the domain (1.6), as well as the dual operator L’ defined as in (1.21)-
(1.24).

We consider in addition a self-adjoint operator ® on H, semi-bounded from
below. We assume that
(2.1) (® +¢)"'D(H) C D(H),

for some ¢ > 0 and there is an integer n > 1 such that, for all k =1,...,n+ 1,

(22) M :=1+ Hadg(H)HQ I wrwil+ ‘adg(Wj)HQ < 0.
j>1 j=1

Hence
2.3 = M,
(2.3) Hn zgrl?gr}fﬂ k
is finite.

Later on, H will be the Schrédinger operator (1.3) satisfying (H), W; will be
bounded operators satisfying (W1)—(W2) and ® will be taken to be the operator
¢ = ¢F = g¢g with g = g(H) described in (1.13) and some ¢ € C=(R?), see
Section 4.

Asin (1.16)—(1.17) we set

(2.4) Ko = ||i[H, ®] + %Z (W@, W] + W), ®]W;)

21

The main result of this section is a key differential inequality, (2.9). The proof
of this inequality is the only place where the information about equation (1.1) is
used.

2.1. ASTLO and RME. We construct a class of observables, which we call adi-
abatic spacetime localization observables (ASTLOs), which play the central role in
our analysis.

For a constant & > 0 specified later on, we define a set of smooth cutoff functions
supp X C R>o,supp x’ C (0,/2) }

(25) X=X ::{XGC“’(R) ¥ >0, /X € C(R)

See Figure 2 below.

FIGURE 2. Schematic diagram illustrating x € X.
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We note that x > 0 for y € X', and the following two properties hold:

(X1) If w € C and suppw C (0,8/2), then the antiderivative [“w? € X.

(X2) T£€y,...,En € X, then & = (67 +- - +€2)% satisfies € € X and &+ +&y <
VNE.

For a function xy € X, a densely defined self-adjoint operator ®, a constant
v € (k,c) and s >t > 0, we define a family of self-adjoint operators

(2.6) Xts = X (q) — vt) .

S

Following [7], we use the method of propagation observables. Let ] be the evolution
generated by the operator L', i.e. 4p3/(¥) = B;(L'¥) for all observables ¥ in
D(L'") C B(H). For a differentiable family of bounded operators ¥, € D(L’), t > 0,
we then have the relation

d
(2.7) ZB1(W) =B (DWy),
(28) D\I/t :LI\I/t + ((9t\Ift‘

As in [7], we call the operation D the Heisenberg derivative.

Note that the condition (2.1) ensures that for all ¢, s, the bounded observable xs
belongs to the domain of I’ and also that the commutator expansion Lemma C.2
can be applied. The main result of this section is the following;:

Theorem 2.1 (recursive monotonicity estimate). Suppose that (2.1)—(2.2) hold.
Let x € X and let xis be the operator defined in (2.6). Then there exists C =
C(n,x) >0 and, ifn > 2, ¥ = % (x) € X, k = 2,...,n, such that as self-adjoint
operators,

n
v— Ko , My, 1 M
(2.9) Dxs < — 5 Xis + Z ST(E )is + Csn+1’
k=2

where kg > 0 is as in (2.4) and My, and p, are defined in (2.2) and (2.3).

This theorem is proved in Section 2.2.

Since the second, remainder term on the r.h.s. is of the same form as the leading,
negative term, we call (2.9) the recursive monotonicity estimate (RME). It can be
bootstrapped as in Proposition 2.2 to obtain an integral inequality with O(s™")
remainder. We write, for r > 0,

(2.10) Xts (1) := By (Xts) and  x4(7) = Br.(Xs)-

Proposition 2.2. Suppose the assumptions of Theorem 2.1 hold. Then, for all
c> kg and x € X, there exist C = C(n,x) >0 and £ € X, 2 < k < n (dropped
forn =1), such that for all0 <t < s,

n

t
(2.11) / b (r)dr < Cul (sXOS(O) + Z sTFH2 ¢k (0) + ts’”),
0

k=2
where p, is given by (2.3).

Remark 6. Instead of the evolution x,s(¢), we could have used the expectation:
(2.12) (Xts)t = Tr(xespt)
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of xts in the state p; solving (1.1) and instead of (2.7), used the relation

d
(2.13) 77 (xes)e = (Dxst)
These two formulations are related as
(2.14) (Xts)e = (xes(t)g -

2.2. Proof of Theorem 2.1. To prove the recursive monotonicity estimate, The-
orem 2.1, we first need a totally symmetrized commutator expansion. Our next
results, Proposition 2.3 and Proposition 2.4, generalize the commutator expansion
for bounded operators, first obtained in [36], and subsequently improved in e.g.
[16, 22, 23, 39]. We refer to [22] for details and references.

Recall that the dual vNL operator L’ satisfies L' = i[H, A] + G’A for all A in
D(L’), where G’ is given by (1.23).

Proposition 2.3. Suppose that (2.1) and (2.2) hold. Let x € X and let x5 be the
operator defined by (2.6). Then, uniformly in t, for s > 0,

(2.15) i[H, xts] = 57/ X}ei[H, ®]\/X}s + Rempy
where the remainder term Rempy satisfies the estimate
= Mk Mn—i—l
(2.16) +Rempy <) s—k(g’f)gs +C0 0
k=2

for some £2,...," € X depending only on x, with My as in (2.2) and for some
constant C = C(n,x) > 0.

Proposition 2.4. Suppose that (2.1) and (2.2) hold. Let x € X and let x5 be the
operator defined by (2.6). Then, uniformly in t, for s > 0,

(2.17) G'(xts) = 57 VX1 G'(P)V/ X4 + Remyy,

where the remainder term Remyy satisfies the estimate

- Mk Hn
(2.18) +Remy <> S—k(gk)gs +Ch
k=2
for some £2,...,™ € X depending only on x, for some constant C = C(n,x) > 0,
with My, and p, as in (2.2) and (2.3).

Remark 7. The estimates above are all uniform in s,¢,® and, in particular, are
valid for the operator ¢¥ = g¢g such as (3.3).

Remark 8. We note that the error term in Theorem 1.1 arises in the symmetrization
procedure above, and can be improved as the expansion continues to higher order.

Proof of Proposition 2.3. In this proof, the time ¢ is fixed and is omitted from the
notation, so we write x, for xss. Also, we denote By = iadf;(H) fork=1,...,n+1.
In this case, since H is self-adjoint, we have By = (—1)*"1Bj.

1. By (2.1)—(2.2) and the assumption on Y, the hypotheses of Lemma C.2 are
satisfied. Hence, by (C.4)-(C.5), we have

—~

S

1
Z — (ng)Bk + BZX&’“)) + 53_(n+1) (Rug1+ Ryq)

(2.19)  i[H, x,] = o
i

| =

ook

1
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where ||Rp+1|| < ¢||Bnt1]| for some constant ¢ > 0 depending only on .
2. Next, we claim that every term on the r.h.s. of (2.19), except for the leading
term (k = 1), are uniformly bounded by (x1), for some y; € X.

To show this, for each k, we choose some smooth function 8% € C°((0,5/2))
that takes value 1 on supp(x(®)). Then, we claim that

(220) ng)Bk = ng)Bkef + O(S_(7L+1_k))’

where 0% = 0% (s~1(® —wvt)). Indeed, using commutator expansion and the fact that
adly (By,) = By, we have

X By = x(MV0s By, = Bkﬂ’“ +xM10%, By
— W gk — ) Z )'s~! (0 By
(2.21) —|—(—1)”+1 ksf("H k)xgk)Remright(s),
where
(2.22) Remyign (s) = / do*(2)R""*B, | R.

Since 6% has compact support, Remyignt(s) is bounded so that
(223)  x{MBy = xPBubl — X Z 9O Bt + O(s~ (1),

Next, since 8 = 1 on supp(x*)), we have supp((6*)) N supp(x¥)) = @ for all
{ > 1 so that

(2.24) ’“>Z )'s ok OBy, =0.

It follows that
ng)Bk = ng)BkGLT + O(s_(”"’l_k))
so that

(2:25) sTF OBy + Bixs) = s (XU B0 + 05 Bixs) + O(s~ " Y).
Now, we apply the following operator inequality

(2.26) +(P*Q +Q*P) < P*P+Q*Q.

with P = x¥ and Q = B,6* on (2.25) to obtain

(227)  sTE(EBL 4+ Biykh) <s7F ((Xé’“))2 + ||Bk||2(0§)2) +O(s~ (),

Since 7 is finite, we can choose £2,...,£" € X such that (¢*)" majorizes (x(*))2 +
|| B ||?(6%)2 for each k.
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3. Now, we symmetrize the leading order term. Let u = (x/)'/2. Since u is
smooth by assumption, we use (C.1) to expand the leading order terms and obtain

(us)2Bl + Bl(us)2 = 2usBiug + us[usa Bl] + [Blaus]us
n—1 _y
S
=2usBius + Z a (usugl)Bl_H + Bﬁ_lugl)us)
=1

(2.28) + s ™"(usR,, + R us),
where ||R]|| < ¢/||Bp+1]| for some constant ¢/ > 0 depending only on u.

Again, using operator estimate (2.26), for each I = 1,...,n — 1, we have
(2.29) s (usul) Brog + By qulu,) < 571 Bl P(u)? + 75 (uy)?,
and for the remainder term we have

(2.30) S_TL(USR’/II + Rgus) < 3_1(u8)2 + 5_2""'1HR;||2(§5)27

where 6 is again some smooth cutoff function supported in (0, /2) that takes value

1 on the support of u and 6, = é(s‘l(q) —ot)). Since u, u) and 0 are supported
in (0,8/2), we can modify &2, ...,£™ in such a way that & € X majorizes u?, 62
(uM)? for each I =1,...,n — 1.

and

Collecting all terms except for the leading order ones into the remainder term
Remp, we obtain (2.15). O

Proof of Proposition 2.4. In this proof, we also fix £ and omit it from the notation.
Furthermore, we fix j > 1 and denote D, = adg(Wj). In particular, we obtain
adg (W7) = (=1)*(adg (W)))* = (=1)FDj,,.

1. First, using Lemma C.2 and the boundedness of W;, we have

righs
(2.31) [xs, W. Z o X(k)D (n+1)R] ent

where R ight a1 is given in (C.14) and satisfies the estimate

righ
(2.32) IRFEE P < ClIDj a1,

for some constant C' independent of j. Similarly, we have
(233) j 7XS - Z k! ;szk) - (_ )n+1si(n+1)R;?£Lt+1
where R;effﬂ — (=1)"*1(R"E" )* Combining (2.31) and (2.33), we have

7,m—+1

G; (XS) = Wj* [XS7 W]] + [W;7X5}Wj

n

sk "
== % (Wi Dy + D W)
=1 °

(2:34) s (W RS 4 (RYE )W)

where G(-) = W[, W;] + [W, - |W;.
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2. We now verify that the r.h.s. of (2.34) is summable in j > 1. We begin with
the remainder terms. Using the operator estimate (2.26), we obtain
1 left * * 1 2
(2.35) + (W, Ren+1 + (R 1) W) < W/W5 + ||Ren+1H
which are summable in j > 1 since > j WiW; strongly converges in H, and since

(2.2) and (2.32) hold.

Next, we estimate the k-th terms in the first two lines of (2.34). Let 6% be some
smooth cutoff function supported in (0,6/2) such that % = 1 on supp(x*). It
follows that x* =0y k)9§7 where 0% = 0%(s71(® — vt)). Then, we claim that

W;Xsk)Dj,k + D;’kxgk)Wj
(236) =0 (Wi Dy DO ) 6 s~ TOG Dy 0,

where Cj, is some constant depending only on y*).

If (2.36) holds, then using (2.26), we have
& (WX P Dj + Dy x5 )
(2.37) < OSW W68 + (1D, OI2(09)7 + Cos™ "Dy 17,

which are also summable in j > 1 by (2.2).

3. Now, we prove the claim (2.36). By a direct calculation, we have
WX D; g, — 0 WM D; 0%
(2.38) = W}, 05X D; 1, + 0 WP (0%, D; 4]
and a similar exprebslon for D} ng )Wj. Thus, it suffices to show that [W, %] and
[0F ,Dj ] are O(s~ (n=k)),

3.1. For the first term, we use (2.33) to obtain
(2.39) (W, 08 = Z 0 D* (0" — s~ ORs L

where R; 41 is given by (C.14) and satisfies the estimate ||R; 11| < C||Djnt1l-
Since #* = 1 on supp(x®)), then we have (Qk)(l) ) = 0 for I > 1 so that

(240) [W* ok]Xs D k= s(n+1 R*nJrng )Dj,ka

which is O(s~("*1)) and summable in j > 1, by the Cauchy-Schwarz inequality and
(2.2).

3.2. For the second term, we proceed similarly, using (2.31), to obtain

Cl
(2.41) [0 Z T 9k 0Dyt + s~ MHRR; g,

where Rj,n+1_k is given by (C.13) with n replaced by n—k and satisfies the estimate
|1Rjnt1—kl < C||D] nt1—k| with C only depending on #*. Using the same reason
as above, since x (Gk)(l) 0 for all [ > 1, we conclude that

(2.42) OEW X P[0%, Dj k] = s~ ROEWIX IR,
This completes the proof of the claim (2.36).

47



Paper A

LIGHT CONES FOR OPEN QUANTUM SYSTEMS 13

4. Now we choose £2,...,£" € X such that

IS Wrwyl+ STID 2 | (692 < Ma(ery.

Jj=1 j=1

Then, by writing everything as Remy, in (2.34) except for the leading order terms
(obtained for k = 1), we obtain, up to some terms coming from the leading order
terms which will be dealt with below, the estimate

n+1 M C,u
k n
(2.43) +Remy < ) S—k(gk); +
k=2

where C' is a constant depending only on x and n.

5. Finally, we deal with the leading order terms (obtained for k = 1) in (2.34).
Following the same lines as in the proof for Proposition 2.3, we define u = /X’ and
use (C.1) to obtain

W;X;Dj,l + h.c.
(244) :usW;Djylus + [W;, US]USDJ'J + ’U,SW; [’U,s, Dj,l] + h.C.,

where h.c. means the adjoint of the terms before it. Without repeating the same
calculation as above, using (C.1) and (2.26), we can show that the commutators
are summable in j > 1. Then, we modify £¥ € X' to majorize (u(¥))? and u? as
well. This completes the proof. O

Now we are ready to prove Theorem 2.1:

Proof of Theorem 2.1. Given Proposition 2.3-2.4, we choose £2,...,£" depending
on Y, in such a way that

n M .
(2.45) Rempy + Remyy < Z ?kk(&k)és + CS'ZH,
k=2

where C' is some constant which depends only on n and .

It remains to calculate 0;x:s. Using the chain rule, we immediately obtain
(2.46) OiXis = —8 VX

This completes the proof. O

2.3. Proof of Proposition 2.2.

Proof of Proposition 2.2. Within this proof, all constants C' > 0 depend only on x
and n.

We will use the relation (2.7). First, we observe that, by Condition (2.1) and
Definition (2.5), for x € X and all 0 < ¢ < s, the operator x;s maps D(H) into
itself. Moreover, (2.19) in the proof of Proposition 2.3 shows that [H, x:s] € B(H).
Hence x¢s € D(L).
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Next, for each fixed s, integrating the formula (2.7) with U; = xy, in ¢ gives

(2.47) xeslt) /0 B1(Dxes) dr = X0s(0).

The positive preserving property of the flow (1.1) (see (1.20)) extends by duality
to .., so that we can apply the inequality (2.9) to the second term on the Lh.s. of
(2. 47) to obtain

t

xes(t) + (0 — rig )" / X () dr

(2.48) < xo0s(0) + Cpn (Zs / (& )rs(r )dr+ts—("+1>> ,

where we recall that the second term in the r.h.s. is dropped for n = 1.

Since ke < v and t < s, (2.48) implies, after dropping x:s(t) > 0, which is due
to the positive-preserving property of the flow (1.1) (see (1.20)), and multiplying
by s(v — k)1 >0, that

(2.49) /0 Xos(r)dr < Cuy, (SXOS(O) + Z g k1 /0 (€8)! (r) dr + tsn> .

k=2

3. If n = 1, then (2.49) gives (2.11). If n > 2, applying (2.49) to the term
fo (€%)! .(r) dr and using the property (X2), we obtain

(2.50)
/0 Xrs(r) dr SCM%(SXOS( +£3,(0 +Zs"“+2/ L () dr 4 ts™ )

where the third term in the r.h.s. is dropped for n = 2, and n*¥ = 7*(£2,¢F) €
X,k =3,...,n. Bootstrapping this procedure, we arrive at (2.11). O

3. PROOF OF THEOREM 1.1

We formulate the technical relations mentioned in Theorem 1.1. Given a smooth,
non-negative cutoff functions g with supp(g) C (—oo, E] (see also Remark 5)and a
smooth function y from the space (2.5), we choose smooth cutoff functions § and
X such that supp(g) C {g = 1} and supp(x’) C (d, +00) = {)x = 1}, so that

(3.1) X()X (1) =0,
(3.2) g(1)g(u) = 0.
see Figs. 3-4.

We also specify the self-adjoint operator ® in Theorem 2.1 and definition (2.6)
as

(3.3) © = dy = g(H)dxg(H),

where, recall, X C R? is a bounded subset with smooth boundary and dx €
C>(R?) is the smoothed distance function to X given in (1.11) for some ey > 0
and satisfies (1.12).
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'f
’
1
1
1 ~
xX(p) —— re—X(w)
'
1
4
- . H
0 5/2 5

FIGURE 4. Schematic diagram illustrating g satisfying (3.2). Here
Y :=info(H) (see Remark 5).

To shorten notations, we introduce the following notations:

(3.4) XE = X((dE —vt)/s),  xus = x((dx — vt)/5).
Now, for any x € X and g, x as above, we claim that

(3.5) xbaxd = 0(s™),

(3.6) Xia 2 GXesG +O(s7"),

where we recall that x% stands for the characteristic function of X. We discuss
these claims in Section 5.

Recall that (; denotes the evolution generated by the operator L’ and that
XE(t) == BI(xE), (X)E(t) := Bi((xX')E). We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We want to apply Proposition 2.2 to H = —A + V(x) and
W; satistying (H)—-(W2), with ® given by (3.3). Hence we need to verify that the
abstract conditions (2.1)—(2.2) are satisfied.

First, we fix any ¢ > 0 and justify that (d¥ + ¢)~! maps D(H) into itself.

Recalling that d¥ = g(H)dxg(H) with supp(g) C (—oo, E], we have
(@5 + 0" = xE oy ()5 + 0~ Xy o ()5 + )
=X e ()R + )7+ iy ) (H).

The first term is a bounded operator from H to D(H) while the second term
obviously preserves D(H). This shows that (d§ + ¢)~! maps D(H) into itself

Next, condition (2.2) is verified in Section 4, see Corollary 4.3. Therefore Propo-
sition 2.2 with ® = df( applies.

Now we take x € X with x(u) =1 for u > 6/2. Retaining the first term in the
Lh.s. of (2.48) in the proof of Proposition 2.2 and dropping the second one, which
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is non-negative since ¥’ > 0 and v > k, we obtain

Xi(t) = XOES(O) + O"7E <Zn: s~ /t((fk)/)fs(r)dr + ts("H)) .
k=2 0

Here we used that the constant p, = maxs<p<ny1 My appearing in the r.h.s. of
(2.48) is bounded by C,, g for some positive constant depending on n and E. Ap-
plying (2.11) to the second term on the r.h.s.,

we deduce that, with the notation as in (1.25),

(3.7) Xita(t) < x6a(0) + O(s €5, (0) + O(s™™),

for some £ € X and all s > ¢. Taking expectation w.r.t. pg on both sides of (3.7)
and recalling that x:s(t) := Bi(xts), we find

(3.8) Tr (8;(xf2)po) < Tr ((xbs +O(s7'€5%)) po) + O(s™™).

By the localization assumption (1.7) on the initial state, we have pg = ng poxﬁX.

By this fact, we find

(3.9) Tr (6 + O(s7"E)) o) = Tr (W (i + O €)) Xigpo ) = O(s7™).
The relation (3.6) implies

(3.10) Xis Z GXtsg + O(s™"),

where we recall that § is a smooth non-negative cutoff function with supp(g) C
{g = 1} and x is a smooth function such that y = 1 on (4, +00). It follows that,
by applying the dual evolution f;,

(3.11) Bi(ax1s9) < Bi(xis) + O(s™").
Plugging the estimates (3.9), (3.10) and (3.11) to (3.8) yields
(3.12) Tr(gXtsGB:(po)) = O(s™™).

Finally, recalling the definition (1.11), we find, for all v € (x, ¢),
(3.13) Xe =01 (dx,,) = 07 (dx — ct) < Xta,
where 67 is the Heaviside function, provided § = ¢ — v and s = t. See Figure 5.

O

’,
.
4
1

X)) —— ) 0% (u— ct)

FIGURE 5. Schematic diagram illustrating estimate (3.13).

Hence we conclude estimate (1.8) from (3.12)—(3.13). This completes the proof
of Theorem 1.1. O
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4. ESTIMATES OF MULTIPLE COMMUTATORS

In this section, we establish some key estimates for multiple commutators of the
form adiE(B). More precisely, we show that the operators H = —A + V(z) and
W, satistying (H)—(W2), with ® given by (3.3), verify that the abstract conditions
(2.2) used to prove the recursive monotonicity estimate in Section 2.

First, we introduce some notation. For an integer k and a function f € C"+1(R9),
we write

(4.1) fes”

if there exists C' = C(n, f) > 0 such that for all multi-indices a with 0 < |a| < n+1
and = € R,

(4.2) 0% f ()] < C ()71

For any multi-index 3 with order 0 < 3] < n+ 1, f € S¥ and g € S, it follows
immediately from the definition and Leibnitz’s rule that

(4.3) P feSHHIBl fge SFH

(with the obvious observation that 9°f ¢ Cm+1-I8l if f ¢ C™*'). To simplify
notation, for a fixed operator A on H, define

Ca: B ada(B) = A, B|
on the set of linear operators on H. We also omit the subindices in z; and p;.
Restoring these subindices is straightforward.
Results in this section are valid for functions ¢ € C'*°, ¢ > 0 satisfying
(4.4) ()1 =19%(x)| < M (z € R 0< |a] <n+1),
for some absolute constant M > 0.

In particular, the smoothed-out distance function dx verifies (4.4). Later on, we
choose ¢(z) to be a smoothed-out distance function from z to X, see (1.11).

The main result of this section are the following two propositions:

Proposition 4.1. Let n > 1. Suppose H satisfies (H) and let ¢ be as above. Let
oF := gpg, where g is defined in (1.13)-(1.14). Then there exists C = C(n, M, E) >
0 such that, for aoll E € R,

(4.5) HadkE(H)H <C (k=1,....n+1).

Proof. 1. In the following, we denote the resolvent (z — A)~! of the operator A by
R4(z) and Ry if the argument is not important. For measures, if it is clear from
the context, we will also drop the arguments for simplicity.

2. The proof is based on the mapping property of certain derivations. Before we
proceed, we define a class of operators

(4.6) FO = { polynomials of operators of the form B(l)} ,
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where
v L N v
47) B = /d#(217~~-,2u) HRH(Zj)mj <H HakquqRH(Zr)mr> )
J=1 g=1r=1

> mj>1,0< Ly <min(1,) md), kg >0, Vg=2,...N,
j=1 r=1
where p is some finite measure on C”, v > 2, N is some finite integer, and aj, stands
for a generic function belonging to S* (see (4.1)). Since £, < >°V_ m? and k, > 0
for each ¢, the second factor in the integrand of (4.7) is bounded, and therefore

FO < B(H).

Our goal is to show ad(’;E (H) lies in FM for all 1 < k < n+1 by induction, whence
(4.5) follows.

3. For the base case k = 1, since [g, H] = 0, we find by Leibnitz’s rule that

(4.8) adyr(H) = gady(H)g.
Using formula (C.1) for each g, we can rewrite (4.8) using Fubini’s theorem as
(4.9) ad s (H) = / di(21) ® dG(z2) Rar (1 )adb () Ry (22).

By Remark 5, we can modify ¢ to have compact support. Thus, we can choose the
measure dg ® dg to have compact support in C? (see (B.5) and Appds. B-C for
details).

Next, we compute
(4.10) ady(H) = Ap +2V¢ - V,
so that ad}b(H) is a linear combination of terms of the forms ay or aop with a; € &7,

by assumption (4.4). Plugging this into (4.9) shows that adéE (H) € FO| which
completes the proof of the base case.

4. Now, assuming adf;E (H) € FD, we will prove ad];‘gl(H) e FM_ 1t is imme-
diately clear that the induction step is equivalent to showing
(4.11) Cyre(FM) c FO.
To establish (4.11), we use the crucial fact that the map Cy4 is a derivation, i.e. a
linear operator satisfying the Leibnitz rule. In particular, with A = ¢¥ = gog =
¢g* + [9, ¢lg. we have

(4.12) C¢E = ¢Cg2 + C¢(~)92 + C[g,¢]g'

Also, we note some easy commutator relations

(4.13) CuaRy = Ruy(CaH)Ry for all operators A s.t. Ry : D(A) — D(A),
(4.14) Cyp=1iVYV, Cop=1iVep, C4H = —Cup =Ap+2V¢p- V.

We will show that each of the three maps in (4.12) maps F() into itself using
the relations (4.13)—(4.14).

4.1 First, we show ¢Cy2(F1) ¢ FM. Since ¢pCy2(Rpr) = 0, it suffices, by the
induction hypothesis, formula (4.7) and Leibnitz’s rule, to evaluate the operators

(4.15) ¢Cg2(p),  ¢Cg2(ar).
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Using (4.13)—(4.14), together with the relation Cyp2A = —fdgERH(CHA)RH
and the fact that VV € S! by Hypothesis (H), we compute, using (4.14)

6C,(p) = / 2 $Ri(iIVV) R

(4.16) :/dgERHaoRH+/dg~2RH(a1+a0p)RHa1RH,

where in the second equality we commuted ¢ through Ry and used again (4.14)
together with (4.4). Similarly,

¢Cyo(ax) = / dg?¢Ry (Aay + 2Vay - V)Ry
Z/dQERH(akH + arp) Re

(4.17) + /dgAéRH((h + aop)RH(ak+2 + ak+1p)RH,

which are indeed of the desired form in order to deduce that ¢C,2(F®M) c FO.

4.2 Next, we show Cy(FM)g? ¢ FU. Since Cy(ax) = 0 for all k, it suffices, by
induction hypothesis, formula (4.7) and Leibnitz’s rule, to evaluate the following
operators
(4.18) Cy(p), Cy(Ru),

where, recall, Ry stands for the resolvent of H. Using the relations (4.13)—(4.14),
we compute

(119) Colp) =6 € &
Cy(Rir) = Rir(CoH)Ryr = Ryr(Ad + 2V - V) Ry
(4.20) = Ry (a1 + aop)Ru,

which, inserted into (4.7), allows us to conclude that Cjy(F1)g? ¢ F).

4.3 Finally, we show C[g@]g(]:(l)) c FU. By the induction hypothesis and the
Leibnitz rule, it suffices to show that [g, ¢] g is of the form (4.7). To this end we
use (C.1) so that

9.619 = ( [ i) ). 01) ( [ ditaimn(ea))

=~ ([ e nten) i) o)) ([ dgtenrnten).

Since Cy(H) = a1 + agp from (4.14), Eq. (4.21) shows that Cf, 4,(FY) c FO).

(4.21)

This completes the induction. O

Proposition 4.2. Suppose Assumption (W2) holds and let ¢ € C®(R?) satisfy
condition (4.4). Let ¢¥ = gog where g is defined in (1.13)-(1.14). Then, the
following estimates hold:

(4.22) > Had’;E(Wj)

‘ 2

<oo (k=0,...,n+1).

Proof. Within this proof we fix some j and write W = W;. We will use the same
strategy and adapt the same notations in the proof of Proposition 4.1 to establish
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mapping property for the derivation Cyr. For each k =1,...,n + 1, we define the
classes of operators on B(H)

97(7?) = {EARA/BTE%) | A,A/ c FOy {1},
B = (¢C,)"C? with 7,5 >0 and 7 4+ s = m}
(4.23) ]'—,22) = { polynomials of elements in g,(,%)(W) for1<m< k}

Here £, R are left- and right-multiplication operator in B(H), respectively, F M is
defined in (4.6), and Qr(f)(W) means operators in G\7) acting on W.

1. Our first claim is that
(4.24) ade (W) € Y

for every k =1,...,n 4+ 1. We prove the this claim by induction in k. For k = 1,
we first compute

CugW = pC,W + (CpW)p +CyW

(4.25) —pCW 4 (CW)p+ [ V()R ()[CW R
and

¢@W3ﬁﬁwmm@mmm@

(4.26) = ap / AV (2)(1 = (z — i) Ry (2))[Ca W] R4 (2),

using the identity R, (z) = (z—i)~}[1—(2—1i)R.(2)] and noting that ¢(z—i)~* € S°.
Note that the integral in (4.26) is convergent, as follows from the fact that V € S?
for some p > 0 (see Hypothesis (H)) together with the properties of the almost
analytic extension V described in Appendix B.

Here and below, to simplify the proof we take d = 1. For d > 1, we use the
Helffer-Sjostrand representation (C.1) for several variables to write

V(zy,...,xq) = /d1~/(z1, vz (z =) (2 —mg) Y
which yields through Leibnitz rule that

¢mw=/ﬁ%wmmwmaM&wmmammmwm.

+/Wwwwmwwmwgwwm»

One can handle each of the d terms on the r.h.s. exactly as in (4.26) and then sum
over the results.

55



Paper A

LIGHT CONES FOR OPEN QUANTUM SYSTEMS 21

Eqs. (4.25)(4.26) show that ¢CyW € F\2). Now, using (4.12)(4.14) and that
fact that g2, [g, ¢lg € F(), as shown in Proposition 4.1, we have

6C, (W) = / d5(=) Rig (2)6Cit (W) R (2)

(4.27) + / d5(=) Rz (=) (ar + aop) Res (=) [Cor W) R ()
(@29 CoW)g = [ B RAICIWIRa(2)g (),
(4.29) Clg.016W = lg, 8lgW — W]g, g,

so that CyeW € ]-"1(1). This completes the proof for the base case.

2. Now, assuming (4.24) holds for & = m, we prove it for k = m + 1. Since
adgﬁj (W) = Cye (adg=(W;)), by inductive assumption, it suffices to show that

Cye(AB,A") € ]:7512) for all AB,,A’ € gfﬁ). By Leibnitz rule, we have
(4.30) Cye(ABRA") = (CyprA)Brm A"+ A(Cyr B ) A" + ABp, (Cyr A').
The first and the last term on the r.h.s. of (4.30) is taken cared by Proposition 4.1.

We now have to compute the second term. To this end, we define another set of
operators

G5 = A{LaRa B | A, A" FOU{1}, BY) = (¢'C,)"C;
with £ € {0,1},7,s > 0 and r + s = m}
(4.31) F,EZ) = {polynomials of elements in G2 (W) for 1 < m < k}

We remark that the operator product (¢£Cp)” means that products of the form
(¢Cp)" (Cp)2...(¢Cp) 21 (Cp) 72 for any 11, ..., 72, 2 0 and 1y + ... + 72, =7

Write ¢ = b {(x) with b(z) := ¢(z)/ (z) € 8 by (4.4) with o = 0. We successively
commute the bounded operators b’s to the left. Then condition (1.5) implies the
same estimate but with ¢ in place of (z), i.e.

o0
(4.32) S Y AT 6G,) R CE WP < o
j=1 Z(k];+§1)>20n+1 3

By (4.32) and the fact that F) C B(H), it follows that
F, c B(H).
We now claim that for K =0,1... and every B,(f) € g,f), there exist
A, A erDu{ry, BYw)er®

such that

(2) _ (3) /
(4.33) B, (W) =AB; (W)A'.
This relation implies £ < F®). This, together with (4.24) and the inclusion
-7:7(321 C B(H), leads to (4.22).

2.1 Again, we prove (4.33) by induction. For k = 1, it is trivial from the defini-
tion.
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2.2 Next, assuming (4.33) holds for k = m, we prove it for k = m+ 1. Again, by
Proposition 4.1 and by the induction hypothesis and the Leibnitz rule, it suffices
therefore to show that, for any BY) = (¢'Cp)"C2 for some £ € {0,1} and r,s > 0
such that r +s =m,

(4.34) 6C, (B (W), Co(BP (W) € Fill,.
For the former term, it is trivial. For the latter case, we use the fact that
(4.35) CpCy = C,Cy, Cr(pCp) = ¢CLCy

so that CI(B,(E)W) = BYC,W = (¢*C,)"CsHW . This completes the induction.

3. Now we return back to our previous induction proof. Since every operator in
f,f)(W) can be expanded as a finite sum of terms in F%, it suffices to calculate
C¢E(B7(7§)(W)) for some B = (¢°C,)TCs € G, As in the calculation for the
base case, it suffices to compute the terms ¢Cy (By(;f)(W)) and Cy, (B,E,i’)(W)) The
latter term is contained in ]-"7(311 trivially. For the former term, we have
¢C(BLY (W) = ¢pCy(B) (W) + ¢Cy(BR (W))p + ¢Cv (B (W)
= p(¢C, B (W) + (¢C, B (W)p
(4.36) +(Cpo) B (W) + ¢Cv (B (W),

Obviously the first three terms in the last line of (4.36) belong in ]:S)+1~ For the
last term, we have

60y BY) = ag / d3(2)[1 — (2 — 1) Ra ()] (CoBL (W) Ra(2)

(4.37) = ag(Cy B (W))ag — /ng(z)(z — i) Ry (2)(Co B (W) Ra (2).
This completes the proof. O

Corollary 4.3. Suppose that H = —A+V(z) and W; satisfy (H)-(W2). Then,
with ® given by (3.3), condition (2.2) holds.

Proof. Since dx (x) satisfies condition (4.4), it suffices to apply Propositions 4.1—
4.2. O

5. PROOF OF CLAIMS (3.5)—(3.6)

5.1. Proof of Claim (3.5). Recall that Xgo X C RY, denotes the characteristic
functions of X. Recall also that the set of smooth cutoff functions X" is defined in
(2.5) and that d¥ = gdxg with g = g (H) (see (1.13)—(1.15)) and dx the smooth
distance function defined in (1.11). We reproduce Claim (3.5) below:

Proposition 5.1. For every x € X and xos = x(s71d%) (see (3.4)),
(5.1) Xixosx = O(s™").

Remark 9. This is a semiclassical estimate which physically says that a quantum
particle that is essentially localized in phase space inside an energy ball and outside
of X (by way of d%) is also localized outside of X in position space up to small
errors. A technical challenge here is that the operator dx is unbounded.

57



Paper A

LIGHT CONES FOR OPEN QUANTUM SYSTEMS 23

Proof of Proposition 5.1. In the remainder of this proof, we use the following no-
tations: For z € C with Im(z) # 0, d as in (1.11), and g as in (1.14),

d=dx, d¥ =d% =gdxy, R=(d/s—2)"", RE = (d¥)s —2)7!,
b=d—d®, — x"=x(d"/s), x=x(d/s).

We begin with

Lemma 5.2. The operator Rb is bounded.

Proof. Since b = d — d¥ and Rd is bounded as the multiplication operator by a
bounded function, it suffices to show that Rd¥ is bounded. For the latter, we have,
by (1.15),

(5.2) Rd¥ = Rgdg = Rdg® + R[g,d]g.
Since g is bounded and Rd = s(1 4+ zR) so that ||Rd|| < s(1 + |z||Im(z)|™"), it

remains to show that [g,d] is bounded. Using the HS representation (C.1) with
k =0 and formula (4.10), we have

lg.d] = / 05(2) [(= — H) 1. d]
_ / d(2) (2 — H)~Lad}(H)(z — H)~!

(5.3) :/dg(z)(z—H)—l(v(Vd)+Vd~V) (z— H)™ .

Next we multiply by ¢ and use the operator Cauchy-Schwarz inequality
iV - (Vd) +Vd-iV
<—(B) A+ (B)"? |va?
H
<E>1/2

By (1.12), we have |Vd| < C. This, together with condition (1.4) on V and the HS
representation (C.1) with k = 1, shows that

<

V] + 1+ (EY/?|Vd]* =: By.p.

(5.4) |(z = H)"" (V- (Vd) +Vd-V) (= — H)|
(5.5) < |1Bh sz = )1 Bj stz — )|
(5.6) < C({B)"%|2] + (B)*[Im(2)]2).

Using the properties of the almost analytic extension § (in particular the fact that
it is compactly supported, see (B.5) and Remark 5), this shows that the integral in
(5.3) is norm convergent, which completes the proof. O

Now, using the Helffer-Sjostrand representation (C.1) and omitting the measure,
we write

(5.7) xE = /RE.
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Using that the operator Rb is bounded and expanding R¥ = (df/s — 2)~! =
(d/s —z—b/s)~! in powers of Rb/s up to the order n — 1, we obtain

n—1
(5.8) RE =(d)s—2z—b/s)"! = Z s "(Rb)*R 4 s "(Rb)"RF
k=0
Plugging this expansion into (5.7) yields
n—1
(5.9) X = Z Xt + s "Remy,
k=0
where
(5.10) Xk = /(Rb/s)kR and Rem; = /(Rb)”RE.

Our goal is to move the R’s in the first integrand to the right. Using the relations
Rb = bR+ [R,b] and [R,b] = —s~'Rad,(b) R, we would like to obtain an expansion
of the form

(5.11) (Rb)FR =" s7"BR™ + 57" M,
l

where the operators B; and Mj, are polynomials of operators ad’(b), k = 0,1,...,
(and R for My), and then use [ R = (=1)"1x® (see (C.1)) and xDx% =0 for
all l > 0. The problem here is that the operators add(b) are not bounded, so B; and
M, are not guaranteed to be bounded operators. Hence, we proceed differently.

We transform the product (Rb/s)* as follows. We use the relation
(5.12) b=gdg + gd = dh — ad,(g)g,
(5.13) where g=1—g and h:=g(1+ g),
and the definition R = (d/s — 2z)~! to write

(5.14) Rb/s = dsRh + Rcs, where
(5.15) ds:=d/s, c:=ady(g)g, cs=c/s.

Notice that the operators cg, h and dsR are bounded and
(5.16) dsR=1+zR.
The last two relations imply
(5.17) Rb/s = h+ Rcs + zRh.
Our goal is to move the R’s to the extreme right to obtain the following:

Lemma 5.3. The operator (Rb/s)* has the following expansion:

k n—1

(5.18) (Rb/s)* =h*+> "N s By R pg(z) + 57" Z Mg,nPq,n(

q=0 1=0

where

(a) k=1,..,n—1,

(b) the operators By are polynomials of bounded operators ady' (h) and ady'(cs),

with 0 < m <1,
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(c) the operators M, , are polynomials of bounded operators R, ady'(h) and
ady'(¢cs), with 0 <m <n and
(5.19) degr (M) := powers of R in My, € [n+1,n+k].

(d) pq.i(z) are polynomials in z of the degree < q.

We call the operators described in (b) as l-operators. Note that if B; is an
l-operator, then it is also an (I + m)-operator for m > 1.

Remark 10. The negative powers of s come from the commutator relation
(5.20) [R,B] = —s 'Radq(B)R,

valid for any bounded operator B and Im(z) # 0.

Proof of Lemma 5.3. We prove (5.18) by induction on k.

For the base case k = 1, we use the commutator expansion
p—1
(5.21) RB =Y (~1)"s"ady(B)R"" + (-1)’s PRad}(B)R?,
r=0

valid for any bounded operators B and integer p > 1. Applying (5.21) to B = h
and c; (see (5.14)), we find

Rb/s =h + Recgs + zRh

n—1
=h+ Y (—=1)"s " adj(cs) R"™ + (—=1)"s " Rad}j(c,) R"
r=0
n—1
(5.22) +z (Z(—l)rsr adj(h)R™' + (-1)"s "R adZ(h)R”) .
r=0
This is of the form (5.18) with
(5.23) By, = (-1)"adj(cs), Moy, :=(—1)"Radj(cs)R",
(5.24) By, :=(-1)"ady(h), My, :=(-1)"Radj(h)R",
where
(5.25) degr(Mo,,) = degp(Mir,) =n+1

satisfies (5.19).
Now we assume (5.18) for a given & > 1 and prove it for k& — k + 1. We use
(5.17) to write
(Rb/s)k*t1 = (2Rh + Re, + h)F !
= 2Rh(Rb/s)* + Rc,(Rb/s)* + h(Rb/s)"
(5.26) = A+B+C.
Using the induction hypothesis, we see that the third term on the r.h.s. of (5.26)

is already in the desired form (notice that the term h**! in (5.18) comes from this
contribution). The first two terms on the r.h.s. of (5.26) are treated similarly, so
we only consider the first term.

We transform the term A in line (5.26) as
(5.27) A=A + Az + A3,
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where
(5.28) Ay :=zRh*H1,
k n—1
(5.29) Ag i=2RhY Y57 By R pg(2),
q=0 1=0
k
(5.30) Agi=s""2RhY My npgn(2).
q=0

The term A; can be handled using expansion (5.21) as

n—1
(5.31) A ==z <Z(—l)lsl ad, (R R + (—1)”3”Radg(hk+1)m> .
=0

By Leibniz’s rule, for each [, ad'(h**1) is an l-operator as defined in part (b) of
Lemma 5.3, and so A; is of the form (5.18) with

(532) B = (-1lsladi(h"h), pl) = 6142,

(5.33) Ml(lg = (=1)"s "Rad}j(h**1)R" satisfying degR(Ml(}rz) =n+1.

The term Az can be written as

k k41
(534) AS = Z(Rth,n)(qu,n(Z)) = Mz;?np((ﬁ)w
q=0 q=1
where
(5.35) M) = RhMy_1 ., p) = 2pg—1.n(2),

with notations as in parts (c)-(d) of Lemma 5.3. Since degp M, ,, < n+k, we have
(5.36) degr M) € [n+2,n+k+1],
which satisfies the bound (5.19) with k¥ — k 4+ 1. Thus Aj is of the form (5.18).

To bring the term Aj into the desired form, we commute R’s in (5.28) to the

right using expansion (5.21). For each ¢ = 0,...,k, we consider the sum

n—1
(5.37) As(q) == Z s ' 2RhB, Ry (2),

1=0
so that

k
(5.38) 4o =3 As(g).
q=0

Let B;J = hB,,;. Using (5.21), we have, for each I =0,...,n—1,
(5.39)

RhBg,R' = RB, |R'
n—I[l—1
= (—1)"s™"ady(B, )R + (—1)"'sT "D Rad} (B, ) R".
r=0

Using Leibniz rule for commutators and the structure of By ;, we conclude that
the operators ady(B; ;) are polynomials of ady'(h) and adg’(cs), m = 0,1,...,1 +
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7, and therefore are (I + r)-operators as defined above. So, setting By, =
(=1)"adg(By;), expansion (5.39) becomes
n—Il—1
(5.40) RhBy R = Y s7"BY, R 4 s~ ""ORB! R
r=0
Substituting (5.40) into (5.37) and setting p/,, ;(2) == zpq,(2) for [ =0,...,n — 1,
we obtain

n—1ln—[—1
(5.41) )= > s B R (2)
=0 7=0

s Z RB] ,R"p,. ().

Changing the summation index (I + r,1) — (I’,r’), the r.h.s. in line (5.41) can be
written as
n—1n—I1-1 n—1 U
642 3 3 OB BT () = 30 3 6T B R o (2)
1=0 r=0 =0r'=

n—1 4

. . U
Setting pyi1, = > g Pyy1(2) in (5.41) and py, 0 = Y _gPyyq,. for each
I!=0,...,n—11n (5.42), we conclude that

Z Rl+1pq+1 1(2)

1=0
(5.43) + 5 "RBY R "y, (2)-
Plugging (5.43) into (5.38) yields
k n—1
2= s7'BY R (2)
¢=01=0
(5.44) ZRB” R'pl 1 (2)

Shifting the dummy index ¢ — ¢ + 1 and setting
3
(5.45) By = B vii PEME) = Daaal2),
(5.46) M(3) = RBJ/_| ,R" with degp(M®) =n+1,
we conclude that As is of the form (5.18).

g—1,n

This completes the proof of Lemma 5.3. O

Corollary 5.4. For any x € C*®(R) with compactly supported derivative and xy =
J(Rb/s)*Rdx(2),

n—1

k
(5.47) Xk =h*x(ds) + Z 57 By i(xpe) Y (dy) + s "Remyy,
q=0 (=0

where By are as in Lemma 5.8 and Rems ;, = O(1).

Proof. We have by the Heffler-Sjorstrand representation (C.1) that [ R'*1p(z) =
(1) (xp1) W (ds) (see (C.1)).

62



Paper A

LIGHT CONES FOR OPEN QUANTUM SYSTEMS 28

This, together with the definition y;, = [(Rb/s)* R and expansion (5.18), implies

I
-

n

k
Xk :hk + Z s q l qu l)(l+1)(d5)
q=01

k
(5.48) +s5T Y / My Rpgn(2) dx(z2).

q=0

I
o

Thus it remains to show the integral on line (5.48) is O(1).

Using the estimate ||R| < |Im(z)]
k <n—1, we have

and the degree bound (5.19) and that

2n
(5.49) 1Myl < €S Jim(2)]"YFY for all .

j=n
Since pq,», has degree at most n and x has compactly supported derivatives, we find
by expression (5.49) and Corollary B.5 with (p,!) = (n+1,n),...,(2n + 1,n) that

(5.50) H/ My nRpgndX(z

<C/Z\Im IO Ipyn(2)] dR(2) < €.

Summing (5.50) over ¢ shows that the integral on line (5.48) is O(1). This completes
the proof of Corollary 5.4. (|

Since X(l)(ds)xf( =0 for all [ > 0, expansion (5.47) gives

(5.51) kaﬁ = s_”RemQ,kx?X =0(s").
Next, we deal with the Rem; term in (5.9). We use the splitting
(5.52) Rb = Rc+ Rah, c:=ady(g)g, R2:=dR,

which follows from (5.14). We prove:
Lemma 5.5. For k > 1, the operator (Rb) has the following expansion:

(5.53) (Rb)* = Z RLNG
=0

where the operators N; are polynomials of bounded operators R, ady' (h) and ady’(c)
with 0 <m <k —1 and

(5.54) degp(N;) := powers of R in N; € [j,7 + 2k].

Proof. We prove this by induction on k = 1,2,.... For the base case k = 1, we use
expansion (5.52), which is of the form (5.53) with Ny = Rc and Ny = h, satisfying
degree bound (5.54).

Suppose now (5.53) holds with some k& > 1, and we prove it for k — k+1. Using
(5.52) and the induction hypothesis, we write

(Rb)*' =(Rc + Ryh)(Rb)*

k k
= ReRONk_ 1+ Y RohRYNy
=0 =0
(5.55) —A+B.
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The goal now is to commute the bounded operator Ry successively to the left. Using
the relation

(5.56) Ry =s(1+zR)
and identity (5.20), we find

(5.57) adg,(D) = (s 'Ry — 1) ad4(D)R,

for any operator D allowed by the domain consideration. Iterating identity (5.57)

for p > 1 times shows that there exist absolute constants cy,...,¢ s.t.
(5.58) adlp, (D Zcqs YR3adh(D)RP
q=0

Moreover, for any bounded operators D, E and integers [ > 1, we have

(5.59) ElD+Z ( )El Pad} (D).

Applying (5.58)—(5.59) to term A in (5.55) with D = ¢ and E = R, and using that
[R2, R] = 0, we find

k
A=ReNy + ) ReRy Ny
=1

k
=ReNy, + Y RyReNj
=1

+Y > (=1 (;) RYPR adhy (c)Ny_g

=1 p=1
k
=ReNy, + Y RyReNj
=1
k1

(5.60) Y DD (—1)PegsT (;) Ry PTR ad®(c)RP Ny

=1 p=1¢=0

Regrouping (5.60) according to the power in Ry shows that

(5.61) A= Z RN,

(5.63) N\, =ReNy_

k
l/
+ E (_l)pcq3q< )R adZ(C)Rka_l/, l=1,...,k
U=l p=1 4 p
p=1,...,
q=0,...,p,
q—p=1-1l'

Since degp N; € [4,7 + 2k], we derive from expressions (5.62)—(5.63) that

(5.64) degp(N\V) € [j+1,j+2k+1], j=0,...k
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Similarly, applying (5.58)—(5.59) to term B in (5.55) with D = h and E = Ry
yields
k
B =RohNi+ Y RohRONy
=1

k
=RyhNi + Y RY™ ANy,
=1

k l
+Y D (=1 (;) RyPT ad?, (h)Njy

=1 p=1

k
=Roh Ny + Z Rl;_thk_l
=1

k l P
A
(5.65) Y Z(l)pcqsq< >R; PR B RPN,
=1 p=1q=0 P
Regrouping (5.65) according to the power in Ry shows that
k+1
2
(5.66) B=Y "RyNS
=1
(5.67) NP =hNy,
2
(5.68) NP\ =hNppag
k41 ,
£ X e () s m N
V=l p=1,..1'
q=0,...,p,
q—p=1-1'

withl =2,...,k+ 1 and
(5.69) degp(Ny e [jj+2k+1], j=1,..k+1.
Combining expansions (5.61), (5.66) in line (5.55) yields

k
1 1 2 2
(5.70) @) =N Y RN+ N + REFING,
=1

which is of the form (5.53) with £ — k 4+ 1. This completes the induction and the
proof of Lemma 5.5. O

Next, we have the following lemma

Lemma 5.6. Let Remy be as in (5.10). If K is any bounded operator with rand C
ker K then

(5.71) KRem; = O(||K])).

Proof. We use expansion (5.53). Since rand C ker K, we have KRy = (Kd)R =0
by definition (5.52). Thus only the leading term in (5.53) survives left multiplication
by K, yielding

(5.72) KRem; = / K(Rb)"RF = / KN, RF.
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By the definition of NV,, (see Lemma 5.5), we have

3n

(5.73) INa] < €Y [Im(z)|

j=n

Thus, by (5.72),
3n )
.11 [KRems | < )3 [ tm(z) 70+,
j=n

This, together with estimate (B.17) with (p,1) = (n,0),...,(3n,0) (recall n > 1 to
begin with), implies the desired result, (5.71). O

Applying (5.71) with K = Xg(, whose kernel contains rand due to (1.11), we
obtain

(5.75) Yy Rem; = O(1).
Finally, plugging (5.51) and (5.75) back to expansion (5.9) yields the desired esti-
mate (5.1). This completes the proof of (5.1). O

Remark 11. We mention the following alternative proof of Proposition 5.1. Re-
calling that yos = x(s~'d¥) with x supported on [c5,00) for some positive cs, we
write

[Pxosxell = [xos (4%) ™" (%) "Il < (es) ™" [[(d5) "Xl

Now, with the convention []_, A; = As... A,,, we have
(a5)" = g(H)dx (T o*(H)dx ) g(H)
i=2

= g(H)dx (2)~ (@) ([T () @)~ dx (@)~ () ) g(H) )" )"
=2

A standard induction argument shows that (z)'g?(H)(x)~¢ is a bounded operator
for any positive integer ¢ (since H is the Schrédinger operator H = —A + V'), and
likewise with g instead of g2. Since in addition dx (z)~! is bounded, we deduce

that
1(d5) "X || < Cull ()" X5l < .,
since X is bounded. This establishes Proposition 5.1. (Note that if X is unbounded,

the same holds, replacing (x) by (dx) in the argument above.)

The proof we gave in Section 5.1 has the advantage of being more robust. More-
over the arguments we used are also crucial in our proof of (3.6) given in the next
section.

5.2. Proof of Claim (3.6). Recall x, g, and x are smooth cutoff functions such
that supp(g) C {g = 1} and supp(x’) C (6, +00) = {x = 1} (see Figs. 3-4). Let
g=1—gand x =1— x. It follows that

(5.76) g(1)g(p) =0,

(5.77) X(p)x(p) = 0.
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In the remainder of this section, we use the following notations: For s, v, t as in
(3.4) and z € C, Im(z) # 0,
dy =dx — vt, dfzd%}fvt:gdngvt,
R=(d;/s —2)7", RF = (dF /s —2)71,

and

(5.78) E(p) = Vx(p), &p) =1—&(p),

(5.79) ¢ =o(di/s), ¢ =o(df/s) for ¢ € X,
(5.80) g=g(H), §¢g=g(H) for g, g from (5.76).

Using these notations, we reproduce Claim 3.6 as follows:
Proposition 5.7. For every x € X and g, X as in (5.76)—(5.77),
(5.81) X" > gxg+0(s™").

Proof. Since ||gxg|| < 1, we have

(5.82) X" > &8gxg¢" = gxg — €%gxg — gxac” + % gxgc”.
We now claim
(5.83) §7gx = O(s™™).

If (5.83) holds, then the last three terms on the r.h.s. of (5.82) are O(s™") and we
are done.

Since the operator b = d — d¥ = d; — dF as in the proof of Proposition 5.1,
proceeding as in (5.9)—(5.10), we find the expansion

n—1

(5.84) &F = Z &L + s "Remy,

k=0

where
(5.85) & = / (Rb/s)*RdE(z) and Remy — / (Rb)" RE d (=),

where £(2) is an almost analytic extension of the function &(u). (Below we will omit

the measure d¢(z) when no confusion arises.) By expansion (5.84), Claim (5.83) is
equivalent to the relations

(5.86) &gx = O(s™"),
(5.87) Rem; §¥ = O(1).

We first prove (5.86). We write the Lh.s. of (5.86) as
(5.88) §kGX = EkXT + &kl X]-

Since adst/s(g) = s~ *ad%(§) is bounded for 0 < k < n, we have by expansion (C.5)
that

n—1 —k
(5.89) 9.8 = Y (~DF =X (dy/s)adf(3) + s~ Rema,
k=1 ’
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where Rems = O(1). Plugging (5.89) into (5.88) yields

n—1 _p

- = S _— B nE

EkIX =ErXG + ) 76X " (di/5)ad(g) + 57 gk Rems
k=1

(5.90) =:A+ B+ C.
We apply Corollary 5.4 to the function £ to obtain the expansion
k n—1
(5.91) & =h*E(di/s) + > s By u(€pga) T (dr/s) + 57" Remy
q=0 1=0

where ||h]| <2, B,; = O(1) are defined in Lemma 5.3, part (b), and Rema y = O(1).
Thus &, = O(1) and so the term C' in line (5.90) is O(s™™). By definition (5.78),

we have

(5.92) g_(l)(u);z(m) () =0 for any integers [,m > 0,
see Figure 3 . Thus, inserting (5.91) to (5.90) and using (5.92), we find
n—1
(5.93) A=5"") Remy;¥j=O0(s"),
k=0
n—1ln—1 ka
(5.94) B=s"Y > WRemz,l;z(’ﬂadz(g) =0(s™™).
k=1 1=0

Thus we have proved (5.86).

Next, we prove (5.87) by the following lemma:
Lemma 5.8. For k=1,...,n and Rem; (k) := [(Rb)*RE,
(5.95) Rem; (k)gx = O(1).

Proof. We prove this by induction on k. We have by expansion (5.52) that Rb =
Rc+ Rsh. For the base case k = 1, we write

RObR® =RcRF + RyR¥h + Ry[h, RF)
(5.96) =RcR” + RyRPh + s ' RyRFad 5 (h)RF,
where we use the relation (c.f. (5.20))
(5.97) [B, RF] = s7'R¥ ad s (B)R®,

valid for any operator B allowed by the domain consideration.

The second term (5.96) is a priori large O(s) but it is removed by §. Indeed,
since hg = 0 by (5.13) and the relation (5.77) (c.f. Figure 4), and s 'Ry = 1+ 2R
by (5.56), we have

Rem; (1) g :/RCRE§+/s_leREaddE(h)REg
(5.98) = / RcREg + / RFadye(h)RF g+ / 2RR¥ad = (h)R¥ .

For f € C°(R), the operators ad’ (f) are O(1) by results from Section 4, see (4.5)
and [22, eqn. (B.20)]. Thus the three integrals in line (5.98) are O(1) by the esti-
mates ||| < 1, |[c]l, [ladgz (h)|| = O(1), [|R], || RF|| < IIm(z)| ", and Corollary B.5
with (p,1) = (1,0), (2,1). This shows (5.95) with k& = 1.
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Suppose now (5.95) holds with some k > 1, and we prove it for k¥ — k+ 1. First,
we note the relation R¥ — R = RbR? and so

Rem (k) = / (R)FR + / (R)F(RE — R)
(5.99) = / (Rb)*R + / (Rb)* L RE = s8¢ + Rem, (k + 1),

where &, is defined by (5.85). Right-multiplying §¥ on both sides of (5.99) and
rearranging, we find

(5.100) Rem; (k + 1)§X = Rem; (k)§x — s*Exgx.

The first term on the r.h.s. is O(1) by induction hypothesis. The second term is
O(sF=™) by (5.86) proved earlier. Since k < n, this completes the induction and
the proof of Lemma 5.8. O

Since Rem; = Remj(n) in Lemma 5.8, estimate (5.95) implies (5.87). This,
together with (5.86), implies the claim (5.83). This completes the proof of Propo-
sition 5.7. O
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APPENDIX A. EXISTENCE OF UNIQUE SOLUTION TO VNL EQUATION

In this section, we prove existence of unique mild solution to (1.1) in the Schatten
space S! of trace-class operators. Throughout the section, we assume (W1), i.e.
> j>1 Wi W; with Wj in (1.1) converges strongly.

The main mechanism is the following theorem (see e.g. [6, Theorem 3.1.33]):

Theorem A.1. Let U be a strongly continuous semigroup on the Banach space X
with generator S and let P be a bounded operator on X. Then, S+ P generates a
strongly continuous semigroup UT .

In our case, X is the Schatten space S' with trace-norm || - ||1, the strongly
continuous semigroup U is the unitary semigroup generated by —i[H, -] and the
perturbation P is the Lindblad operator G (see (1.1)).
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In the next lemma, we show that G is norm closed and bounded, so that Theo-
rem A.1 indeed applies.

Lemma A.2. The Lindblad operator G defined in (1.1) is bounded on Si.

Proof. Without loss of generality, we assume p € S! is positive. Let G;(-) =

W ()W — 5{W;W;,(-)}. For a positive p, it is clear the operators W;pW; and

{W;‘Wj, p} are positive for all j. Then, by cyclicity of the trace, we have
* 1 *
1G5 (o)l < IWpW I + SIHWF W ol
* 1 *
< Te[WipWi |+ 5 Tr (W W, o}
* 1 *
= T(W;W;) + 5 TH({W} W, })
(A.1) = 2Te(W;W;p).
Thus,

(A2) (G = [d_Gip)|| <2D Te(WiWip) <2|> W;W;| ol
jz1 1 jz1 j>1
Since > j>1 W;Wj is bounded by the uniform boundedness theorem, this proves G

is bounded on &7, which completes the proof. O

Theorem A.1 shows that (1.1) has a unique strong solution in D(L) and a unique
mild solution in §;. We denote the semigroup generated by vINL operator L by B;

as before. Note that since eZ°? is a group (defined on R), then so is 3; = el

The positivity preserving property of §; follows from [9, Theorem 5.2]. We
summarize the key result in the following lemma:

Lemma A.3. The semigroup B: is positive for all t > 0.

Proof. First, we rewrite the vNL operator L as
(A.3) L(p) = —iKnuyir(p) + F(p),
where P = P* = %2321 WiW;, Ka(p) = Ap — pA* and F(p) = ZjZl W;pW;.

Let By = e~ "#1*=P! which is well-defined since P is bounded by assumption. It
is easy to check that the semigroup S; generated by —iKy4;p is given by

(A4) $1(p) = BupB,
which obviously defines a positive semigroup. On the other hand, since
Z W;pW; >0
Jj=21

for all p > 0, then I generates a positive semigroup ef*.

Finally, by Trotter-Lie formula, we have
(A.5) Be(p) = lim (Sy/ne™™)"(p),

where the limit is taken in the trace-norm. Hence the semigroup f; is positive. [

Note that (A.5) yields another way to construct the semigroup ; = el*.
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APPENDIX B. REMAINDER ESTIMATES

In this appendix and the next one, we present some estimates and commutator
expansions, first derived in [36] and then improved in [16, 22, 23, 39]. We adapt
some of the arguments from [22] and refer to this paper for details and references.

Throughout this section we fix an integer v > 0. For integers p > 0 and smooth
functions f € C**2(R), we define a weighted norm

v+2

(B.1) Ny = 3 [ @ @) e
m=0

Note that
(B.2) p<p = N(f.p) <N(f.p).
and we have the following property:

Lemma B.1. Let p > 0 be an integer. Suppose f € C**2 and there exist Co, p > 0
such that, form =0,...,v+ 2,

(B.3) |@mrre s )| < co

Then there exists C > 0 depending only on p, Cy, v such that
(B.4) N(f,p)<C.

Proof. We have
v+2

<2 i o] [ v

g(u+3)00/ ()1 da,
R
and the integral converges for p > 0. (]

Corollary B.2. Let p and l be two integers with p > 1 > 0. If f € C*°(R) and
FUY has compact support, then (B.4) holds.

Proof. It suffices to verify condition (B.3) for the function f, whence (B.4) follows
from Lemma B.1. For m > [ + 1, (B.3) holds since f™ € C>®. For m < I,
integrating f("*1) shows that |f(™) ()| < C ()!™™. Since p > 1+ 1, we have (B.3)
with p = 1. U

Write z = x + iy € C. In what follows, as in [22, Eq. (B.5)], for f € C**"*(R),
we take f(z) to be an almost analytic extension of f defined by
v+1

- i)k
(B.5) F() =1 (<y>) > 1 @
k=0 ’

where nn € C°(R) is a cutoff function with n(u) = 1 for || < 1, n(p) = 0 for
|| > 2, and |0’ ()| <1 for all u. This f(z) induces a measure on C as

(B.6) df(z) == —%&gf(z)da: dy.

In the remainder of this appendix, we derive integral estimate for various functions
against the measure (B.6).
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The next result is obtained by adapting the argument in [22, Lem. B.1]:

Lemma B.3 (Remainder estimate). Let 0 < p < v. Let [ € C"T2(R) satisfy
(B.4). Then the extension f from (B.5) satisfies the following estimate for some
C=C(f,v,p)>0:

(B.7) [ a0 <

Proof. Differentiating formula (B.5), we obtain the estimate

s N 7 ] S () L e,
8 foofe)] < () el e () i )
where

(B.9) p(p) = In' ()] (1)

is supported on 1 < |u| < 2.

For each fixed x, we define
(B.10) Glr) = p.v./|85f(z)| |~ gy

by integrating (B.8) against |y|_(p+1). Using that n(y/ (x)) = 0 for |y| > (x) and
ply/ () = 0 for [y] < (x) or |y| > 2 (z), we find

(B11) Glo) S/lys<ac> (|Vy|4: K (( >> dy‘f(wz)( )‘

= y \ Iy L
(B.12) +Z/<w><|y<2<m>p<<$>) k! dy‘(@f @)

k=0

Since 0 < n(u) < 1 and v > p, the integral in line (B.11) converges and can be
bounded as

v )L ,
) [ e () el < 2k e

To bound line (B.12), we use that p(y/ (z)) < v/5 and |y|" 77" < (z)* P~ for
() < |y < 2(z), 0 <k <p+1 (see (B.9)). Thus each integral in line (B.12) can
be bounded as

v+1 k— 1
""" ‘1 (k)
d
kzo/<z><y|<2<m>p(<$>> k! Y ( >f (=)

(B.14) <]§ ‘fu«)(x)‘Jr i V5.2t ”Z< )f(m )

k=p+1

Combining (B.13)—(B.14) in (B.12), we conclude that

v+2

(B.15) G@)| < CF(2), Fla):= Y @)™ " |f) (@)

m=0

Let Ga(z) := 1|, y)G(x) with A > 0. Then G € L' and |Gx(x)| < CF(x) for
any A. By assumption (B.4) and definition(B.1), we have ||F| . = N(f,p) < oo
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and so F' € L'. Therefore, sending A — oo and using the dominated convergence
theorem yields G € L' with

(B.16) Gl < CHE s -
Recalling definition (B.10), we find (27r)7! ||G||;. =Lh.s. of (B.7). Thus we con-
clude (B.7) from (B.16). O

Lemma B.3 and Corollary B.2 together imply the following results:

Corollary B.4. Let p andl be two integers withv > p > 1> 0. If f € C*°(R) and
FUY has compact support, then there exists C > 0 such that the extension f from
(B.5) satisfies the remainder estimate (B.7).

Corollary B.5. Let p and l be two integers with v > p > 1 > 0. Let P(z) be
a polynomial with deg < I. Let f € C*(R) have~compactly supported derivatives.
Then there exists C > 0 such that the extension f from (B.5) satisfies

(B.17) / [47() ()| I ()|~ < .

Proof. Let fi(z) := P(x)x(x). Observe that since 9;P;(z) = 0, we have by (B.6)
that

(B.18) Pi(z)df(z) = dfi(z).
We compute
L+
I+1 1+1 k _
(B.19) fl(+):131(+)f+lg)( i )Pz( ) pUt1—k).

The term leading term on the r.h.s. vanishes since degp < . Each term in the sum
lies in C2° since f(9) € C2° for ¢ > 1. Thus f; verifies the condition of Corollary B.4
and so (B.17) follows. O

APPENDIX C. COMMUTATOR EXPANSIONS

In this appendix, we take f(z), df(z) to be as in (B.5)—~(B.6).

We frequently use the following result, taken from [22, Lemma B.2]:

Lemma C.1. Let f € C**%(R) satisfy (B.4) for some p > 0. Then for any
self-adjoint operator A on H,

1 -
(1) AP = [ dfe)(e - ),

p: C
where the integral converges absolutely in operator norm and is uniformly bounded
in A.

Remark 12. Note that (B.4) ensures f() is bounded independent of A and the
remainder estimate in Lemma B.3 ensures the norm convergence of the r.h.s. of

(C.1).

We call Equation (C.1) the Helffer-Sjostrand (HS) representation. It is possible
to obtain stronger results with less regularity assumption on f using some technical
estimates from [2, Sec. 5]. We do not pursue this generality here, as the assumption
(B.4) already suffices for our purposes.
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The HS representation (C.1), together with the remainder estimate (B.7), implies
the following commutator expansion:

Lemma C.2. Let n > 1. Let f € C""3(R) satisfy (B.4) with p = 1. Let A be
an operator on H. Let ® be a lower semi-bounded self-adjoint operator on H. Let
fs = f(s7H(®—a)) for some fived o and all s > 0. Suppose there exists ¢ > 0 such
that

(C.2) (®+¢)"'D(A) C D(A),
and
(C.3) By :=adh(A) e BH) (1<k<n+1).
Then [A, fs] € B(H), and we have the expansion
noo ok
(C.4) (A, fo] =— Z %kaﬁk) — s~ ("D Remyeg (s)
k=1
n —k
(C.5) = Z(_l)k%fs(k)Bk + (—1)"“s_("Jrl)Remright(s)7

1

where the remainders are defined by these relations and given explicitly by (C.13)-
(C.14). Moreover, there exists ¢ > 0 depending only on n and N'(f,n + 1), such
that

(C.6) [Remiets ()|, + [Remrignt (s)[l, <[ Bntall-

Proof. Within this proof we write R = (z—x,) ! with x; = s71(®—«). Hypothesis
(C.2) shows that
R=(@+c) ' (2(®+c) =z (®+0) )"
maps D(A) into itself for z with large |Im(z)| and therefore for all z with Im(z) # 0.
It follows that
(C.7) [A,R] = —s"'Rade(A)R

holds in the sense of quadratic forms on D(A). Since R is bounded and adg(A) is
bounded by assumption, the r.h.s. of (C.7) is bounded and so [A, R] extends to a
bounded operator on H.

Using (C.7), we proceed by commuting successively the commutators By :=
adX (A) to left and right, respectively. This way we obtain

[A, R]
(CS) - _ Z S—kBkRk-l-l _ 8—(n+1)RBn+1Rn+1
k=1
(C.9) =3 (=)FsT*RMIBy 4 (—1)" s (FU R B, R,
k=1

which hold on all of H since By’s are bounded operators by assumption (C.3).

Since f may not decay at oo, we cannot directly express fs = f(s™H(® — «))
using the HS representation C.1. We therefore introduce a cutoff as follows. Let
n* € C2(R), A > 0 be cutoff functions with n*(x) = 1 for |z| < A, n(x) = 0 for
lul = A+ 1, and ||n*| < C for all A. Set f* := nf. Since f* € C73, it

cn+3
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satisfies (B.4) for all p > 0. Thus the HS representation C.1 holds with p = 0 and
SO

(©10) A8 = [dPE)AR)
which holds a priori on D(A).
Plugging expansions (C.8)—(C.9) into (C.10) yields
[A, f2]

n gk —
(C.11) == ?Bk/dff\(z)Rk“ — s~ DRemi (s),
k=1
n 7k .
(C.12) = (4)’6% / dfA (z) R By + (—1)" T s ("D Rem},, (s),
k=1 ’
where
(C.13) Rem?, (s) = / dN(2)RByy RO,
(C.14) Remy),(s) = / df*z)R"* VB, R

Since the operator B4 is bounded independent of A, z, and ||R|| < [Im(2)| ™", we

have

A A
‘ ’Remlcft (8) H + H Remright (S)
op op

<] [ PG R
(C.15) <2Boall [ 14P ()]~

Similarly we could bound the sums in (C.11)—(C.12). Thus we see [A, f}] extends
to a bounded operator on H for each .

By (B.2) and the assumption N (f,1) < C, f satisfies condition (B.4) with

p =1,...,n+ 1. Hence, sending A — oo in (C.11)—(C.14) and using (C.1) for
p = 1,...,n and the remainder estimate (B.7) for p = n + 1, we conclude that
[A, fs] € B(H) and expansions (C.4)—(C.5) and estimate (C.6) hold. O
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ABSTRACT. We prove bounds on the minimal time for quantum messaging,
propagation/creation of correlations, and control of states for general lattice
quantum many-body systems. The proofs are based on a maximal velocity
bound, which states that the many-body evolution stays, up to small leaking
probability tails, within a light cone of the support of the initial conditions.
This estimate is used to prove the light-cone approximation of dynamics and
Lieb-Robinson-type bound, which in turn yield the results above. Our condi-
tions cover long-range interactions.
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1. INTRODUCTION

The finite speed of propagation of particles and fields is a fundamental law of
nature. It provides powerful constraints in relativistic physics. It is remarkable that
such constraints also effectively exist in non-relativistic quantum theory, the only
quantum theory with a solid mathematical foundation and physical consistency.
This was discovered by Lieb and Robinson ([35]) 50 years ago, for quantum spin
lattice systems, in a form of space-time bounds on the commutators of observables
with disjoint space-time supports.

About 40 years later, starting with the work of Hastings ([23]) on the Lieb-
Schultz-Mattis theorem and followed by Nachtergaele and Sims ([38]) on expo-
nential decay of correlations in condensed matter physics, Bravyi, Hastings and
Verstraete ([7]), Bravyi and Hastings ([6]), Eisert and Osborn ([12]) and Hastings
([25,26]) on quantum messaging, correlation creation, scaling and area laws for
the entanglement entropy and belief propagation in Quantum Information Science
(QIS), it transpired that Lieb-Robinson bounds (LRBs) are among the very few
effective and general tools that are available for analyzing quantum many-body
systems.!

In the last 15 years, following these works, a new active area of theoretical and
mathematical physics dealing with dynamics of quantum information sprung to
life. A variety of improvements of the original LRB, e.g., extensions to long-range
spin interactions, fermionic lattice gases and finally to bosonic systems, have been
achieved, and their applications expanded and deepened to include, e.g. the state
transport ([14,16]) and the error bounds on quantum simulation algorithms (see
e.g. [47,49]) in QIS, the equilibration ([20]) in condensed matter physics, thermody-
namic limit of dynamics ([36,37,40]) in Statistical Mechanics and scrambling time
in Quantum Field Theory [43]. See the survey papers [30,39] and brief reviews in
[15,16].

Independently and using a different approach, it was shown in [45] that in Quan-
tum Mechanics the “essential support” of the wave functions, i.e. the support up to
negligible probability tails, spreads with finite speed. The result was improved in
[1,28,46] and extended to the nonrelativistic QED in [3] and to condensed matter
physics, i.e. to systems with positive particle densities, in [15,16].

1t is clear in hindsight that Lieb-Robinson-type bounds on the propagation of information
would play a central role in QIS.
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In this paper, we prove bounds on the minimal time for quantum messaging,
propagation/creation of correlations (scrambling time?) and control of states, for
general quantum many-body lattice systems.® Fixing a lattice £ C R?, d > 1, such

systems are described by the Hamiltonians *
1 .
(1.1) Hy = Z hayayay + 5 Z AUy Uy Ay,
z,yeA z,yEA

for subsets A of £, acting on the bosonic Fock spaces® Fx over the 1-particle Hilbert
spaces hp := ¢?(A). Here a, and a’ are the annihilation and creation operators,
respectively, hg, is the operator kernel (matrix) of an 1-particle Hamiltonian h
acting on h and v, is a 2-particle pair potential. We assume that h is hermitian,
ie. hgy = Tw and v is real-symmetric, i.e. Vgy = Ugy = Vyz.

Our main results are given in Theorems 2.1-2.8 below. Our starting point is
the maximal velocity bound (MVB), Theorem 2.1, which states that the many-
body evolution stays, up to small leaking tails, within a light cone of the support
of the initial conditions. We use the MVB to derive Theorem 2.2 on the light-
cone approximation of quantum dynamics, which, in turn, yields the weak LRB,
Theorem 2.3. The latter establishes power-law decay of commutators of evolving
observables and holds (uniformly) on a subset of localized states.

Theorems 2.4-2.7 provide general constraints on propagation/creation of corre-
lation, quantum messaging, state control times, and the relation between a spectral
gap and the decay of correlations. They are derived readily from Theorems 2.2 and
2.3. Theorem 2.8 describes macroscopic particle transport. Its proof extends in an
essential way the proof of Theorem 2.1.

For pure states, the correlation signifies entanglement and Theorem 2.4 gives
bounds on the time for propagation/creation of entanglement between different
regions within a given spatial domain.

To emphasize, our results yield the existence of a linear light cone for general lat-
tice quantum many-body systems, providing powerful constraints on the evolution
of information for such systems.

The bounds on the maximal speed of propagation are given in terms of the
norm of the l-particle group velocity operator i[h,z], where x is the 1l-particle
Hamiltonian entering (1.1) and the position observable, respectively.

The Hamiltonians under consideration in this paper are characterized by two
decay rates, one for hy, and the other, for v,,. We assume that there exists n > 1

2The scrambling time could be defined as the time an initially uncorrelated subsystem stays
uncorrelated (i.e. the time needed to create correlations). In particular, our results imply non-
existence of fast scramling, c.f. [9,31].

3From the condensed matter physics viewpoint, such systems arise in the standard tight-binding
approximation, see e.g. [18] and, for rigorous results, [2,22]. We consider them to avoid inessential
technicalities in the proof of the approximation result, Theorem 2.2.

4For background on the second quantization and quantum many-body systems, see [5,21].

5See Appendix A for the definitions and discussions of Fock spaces.
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s.th.
(1.2) Ky 1= SUp Z |hay| |2 — y|" T < o0,
zEA yeA
(1.3) Vp, i=Sup Z [Vgy] |2 — y]" < 0.
r€A yeEA

Moreover, in Theorem 2.1, we do not use condition (1.3) and allow v, to be
arbitrary (apart from the standing assumption vy, = Uz, = Vy;). The parameter
n > 11in (1.2)—(1.3) determines the time-/ space-decay rate in various statements.

All our results hold for bosonic systems with long-range interactions®, say, |h,| <
C(1+|z—y|)~* with a > d+n+1 and similarly for v, which suffices for (1.2)—(1.3).
Taking n = 1, we see that, for d > 1 and a € (d + 2,2d + 1), our result gives a
linear light cone as defined in terms of the weak LRB (2.17). On the other hand,
fast state-transfer and entanglement-generation protocols [13, 33, 34, 48, 50] show
that linear light cones, defined in terms of the LRB, do not exist for @ < 2d + 1.
See [49] for the phase diagram summarizing the situation for the Lieb-Robinson
light cones and [4, 10] for reviews of the effect of the long-range interactions on
quantum many-body dynamics and, in particular, on the transmission of quantum
information. Thus our bounds narrow the class of systems for which long-range
interactions lead to speed-up of the spreading of information”.

Our results can be extended to Hamiltonians with time-dependent and few-body
interactions and adapted to long-range fermionic systems.

1.1. Related results. Results similar to Theorems 2.1-2.3, 2.5-2.6, and 2.8, but
for the Bose-Hubbard model, were obtained in [15,16]. Our proofs of those theorems
follow the corresponding proofs in [15,16]. The rendition in the present paper
is more geometric, which streamlines the derivations and makes the arguments
more transparent. Furthermore, we view the results in Theorem 2.6 as bounds on
quantum control time, rather than those on the time for state transfer as in [14,16].

Earlier on, results similar to Thms 2.1 and 2.2 and 2.3 have previously been
obtained in [44], [51] and [34], respectively (the last two papers deal with the Bose-
Hubbard model), for detailed comparisons, see Remark 8 in Section 2.9. Moreover,
LRB for a special class of bosonic lattice systems was proved in [41].

The constraints imposed by the LRB on the propagation/creation of correlations
were first discussed in [7], with rigorous results for fermionic systems given in [36].

The relation between spectral gap and the decay of correlations (clustering) for
fermionic systems was established in [23,24,27,38], with the sharpest results given
in [38].

As we were preparing the present paper for publication, a new preprint [32]
was posted with deep results related to those in Thms. 2.1-2.2 for rather general
finite-range quantum many-body Hamiltonians. Assuming the initial state satisfies
a uniform low density condition, the authors of [32] proved the existence of the
superlinear light cone |z| ~ tlogt (resp. |z| ~ t% polylogt, where d is the dimension

6In the present context, H is said to be short-/long-range if hgy, vzy decay exponen-
tially /polynomially in |z — y|.
"We are grateful to Marius Lemm for pointing this out to us.
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and polylog is the polylogarithmic function) for particle transport (resp. the light-
cone approximation of observables), up to fast decaying leaking probability tails.

1.2. Organization of the paper. In Section 2, we describe the dynamics gener-
ated by the Hamiltonian (1.1) and formulate the main results of this paper, Theo-
rems 2.1-2.8. Their proofs are given in Sects. 3-11. The technicalities are deferred
to the appendices, with Appendix A containing some general facts about the Fock
spaces. In Section 2.9, we comment on possible extensions of the main theorems.

1.3. Notation. Throughout the paper, we fix the underlying lattice £, with grid
size > 1, and the domain A C £, and we do not display these in our notations, e.g.,
we write H, F, and h for Hy, Fa, and hy.

We denote by D(A) the domain of an operator A and | - ||, the norm of op-
erators on F and sometimes on h. For a bounded operator A on b, we denote
by Azy, z,y € A, the operator kernel (matrix) of A. We make no distinction in
our notation between a function f € b and the associated multiplication operator

P(x) = f(z)y(x) on b.

All quantities and equations we work with are dimensionless. In particular, in
our units, the Planck constant is set to 27 and speed of light, to one (A = 1 and
c=1).

2. SETUP AND MAIN RESULTS

For symmetric h and v, the Hamiltonian H in (1.1) is symmetric and therefore
self-adjoint. To show the latter, one can use the canonical commutator relations to
show that the number operator

(2.1) N = Np, where Ny := Z aya,,
zeX
commutes with H. Since the operators H,, := H [{y—p}, n = 0,1,..., are sym-

metric and bounded, they are self-adjoint. Hence so is H = ®72,H,, as an infinite
direct sum of self-adjoint operators. Therefore the propagator e~ is well-defined
for every t € R.

It is convenient to extend the state space F by going to the space S(F) of
density operators on F, i.e. positive trace-class operators p on F, which we identify
with positive linear functionals (i.e. expectations) of observables, w(A) = w,(4) :=
Tr(Ap). Consequently, we pass from the Schrodinger equation i0;) = Hvp on F,
to the von Neumann equation

(2.2) Owpr = —i[H,pt] or  Owwr(A) = we(i[H, A]).

The domain of ady : A — [A, H] in the space S(F) of density operators over the
Fock space F is given by

(2.3) D:={peS(F)|pD(H)CD(H) and [H, p] € S(F)},

We write w € D if w = w, for some p € D. For each p € D, the Cauchy problem
(2.2) with initial configuration p has a unique solution given by

(2.4) pr = aj(p) := e H peitH
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It is straightforward to check that the evolution (2.4) preserves total probability
and positivity, i.e.,
(2.5) Tr(p) =Tr(p) and p>0 = p: >0 (t€R),

as well as the eigenvalues of p.

The evolution of observables, dual to o in (2.4) w.r.t. the coupling (4, p) —
Tr(Ap), is given by

(2.6) A = oy (A) = etH pAe

In terms of linear functionals with initial condition w, evolution (2.4) becomes
wi(A) = w(Ay), where wy = w o ay, and relations (2.5) become wy(1) = w(1) and
w>0 = w;>0.

Below, we evaluate our inequalities on states w (which we also consider as initial
conditions for (2.2)) satisfying the following conditions:
(2.7) weD, w(N?) < oo,
where, recall, N = Ny is the total number operator. In what follows, for a subset
X C A, we denote by X¢:= A\ X its complement in A, dx(z) = dist({z}, X) :=

infye x | — y| the distance function to X, X, := {x € A : dx(z) < &} (see Figure 1
below), and X¢ is always understood as (X¢)®.

FIGURE 1. Schematic diagram illustrating Xe.

Finally, let
(2.8) K= Ko :supZ|hxy||x—y|.
IEAyeA

The number k£ bounds the norm of the 1-particle group velocity operator i[h, z],
see Remark 6 below.

2.1. Maximal velocity bound. The main result in this section gives an estimate
on the maximal velocity of propagation of particles into empty regions. Continuing

with terminology of [15,16,45], we call such an estimate the maxzimal velocity bound
(MVB).

Theorem 2.1 (MVB for lattice quantum many-body system). Suppose (1.2) holds
with some n > 1. Then, for every ¢ > k, there exists C = C(n, ky,c) > 0 s.th. for
alln>1, X C A, we have the following estimate for all |t| < n/c:
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Theorem 2.1 is proved in Section 3, with an outline given in Section 3.1. Here
and below, an operator inequality A < B means that w(A) < w(B) for all states w
satisfying (2.7).

Estimate (2.9) shows that, if the initial condition w satisfies (2.7) and is localized
in X, then, up to polynomially vanishing probability tails, the particles propagate
within the light cone

Xet = {dx(z) < ct}
for every fixed ¢ > k and all t. More precisely, if we assume the initial state satisfies
(2.10) w(Nx<) =0,
and use the observation, due to M. Lemm, that under (2.10),
(2.11) W(NP) =w(N})  (p=1.2),
we find, for all [t| < n/c,
(2.12) wt(NX;) = w(at(NX;)) < Cn "w(Nx).

Put differently, the probability that particles are transported from X to any test
(or probe) domain Y outside the light cone X is of the order O(n~"), where
n =dist(X,Y).

2.2. Light-cone approximation of evolution (2.6). The main result of this
section and the next one concerns the evolution of general local observables. We
say that an operator A acting on F is localized in X C A if

(2.13) [A,a}] =0 Vze X,
where a? stands for either a, or a’. Denote by supp A the intersection of all X
s.th. (2.13) holds. Then A is localized in X if and only if

supp A C X.

The support of an initially localized observable generally spreads over the entire
space immediately for any ¢t > 0. Nonetheless, in Theorem 2.2 below, we show that
the evolution of local observables under (2.6) can be approximated by a family of
observables localized within the light cone of the initial support.

To state our result, we introduce some notations. For a subset X C A, define
the localized evolution of observables as

(2.14) X (A) = etHx pemitHx
where Hy is defined by (1.1) but with X in place of A, and the set of operators
(2.15) Bx :={Ae€B(F):[A,N]=0,suppA C X},

where B(F) is the space of bounded operators on F. One can check using definitions
(2.13), (2.14), and the relation [Hx,N] = 0 that, for all A € By, the evolution
a;X (A) lies in Bx for all t.

The main result of this section is that the full evolution a;(A) can be well
approximated by the localized evolution atX§ (A), supported inside the light cone of
supp A:

Theorem 2.2 (Light-cone approximation of quantum evolution). Suppose (1.2)—
(1.3) hold with some n > 1. Suppose a state w satisfies (2.7) and (2.10), with some
X C A. Then, for every ¢ > 2k, there exists C = C(n, kn,vpn,c) > 0 s.th. for all
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& > 1 and operator A € Bx (see (2.15)), the full evolution a:(A) is approrimated
by the local evolution af(g(A) for all |t| < &/e, as

(2.16) w(ae4) = ai'“(4))| < ClelE Al w(NF).

Theorem 2.2 follows from Theorem 2.9. We sketch the proof of Theorem 2.2 in
Section 5.

2.3. Lieb-Robinson-type bounds. Using Theorem 2.2, we prove a Lieb-Robinson-
type bound for general interacting quantum many-body systems:

Theorem 2.3 (Weak Lieb-Robinson bound). Suppose the assumptions of Theo-
rem 2.2 hold with n > 1, X C A. Then, for every ¢ > 2k, there exists C =
C(ny kn,Vn,¢) >0 s.th. for all £ > 1, Y C A with dist(X,Y) > 2¢, and operators
A € Bx, B € By, we have the following estimate for all |t| < &/c:

(2.17) jw ([ (A), BD| < C It Al [ BIl € "w(NE).

Theorem 2.3 is proved in Section 6. We call a bound of the form (2.17) the weak
Lieb-Robinson bound (LRB). Unlike the classical LRB, estimate (2.17) depends on
a subclass of states and provides power-law, rather than exponential, decay.

Estimate (2.17) shows that, with the probability approaching 1 as t — oo, an
evolving family of observable A; = a;(A) remains commuting with any other ob-
servable supported outside the light cone

{z € A dist(x,supp 4) < ct},

for any fixed ¢ > 2k, provided the supports of these observables are separated by
initially empty regions.

2.4. Propagation/creation of correlations. In this section we address the fol-
lowing questions (c.f. [7,36]):

e Assuming the initial state w is weakly correlated in a domain Z¢ C A, how
long does it take for the correlations in Z to spread, under the evolution
(2.6), into Z°? Put differently, how long does it take to create correlations
in Z¢?

To begin with, we define what we mean by weakly correlated states.
Definition 2.1. Let Z C A. For subsets X, Y C A, let dxy := dist(X,Y") and

(218) diy = min(dxy7dxz,dyz).

We say a state w is weakly correlated in a subset Z° at a scale A > 0, or WC(Z¢, \),
if there exists C' > 0 s.th. for all subsets X, Y C Z¢ with d)Z(y > 0 and operators
A € Bx, B € By (see (2.15)), the following estimate holds:

(2.19) W (AB)| < C || All|BI (d%y /M),
where w®(A, B) := w(AB)—w(A)w(B) is a (2-point) connected correlation function.

Clearly, A plays the same role as the correlation length for exponentially decaying
correlations. The main result of this section, proved in Section 7, shows that the
maximal speed for the propagation/creation of correlations is bounded by 3k:
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Theorem 2.4 (Propagation/creation of correlation). Suppose (1.2)—(1.3) hold with
somen > 1. Let Z C A and suppose the initial state w is WC(Z°, \) and satisfies
(2.7) and

(2.20) w(Nze) = 0.

Then, w is WC(Z°,3X) for all |t| < A/3k; specifically, for any operators A €
Bx, B € By supported in X, Y C Z¢ with d4y > 0 and for |t| < \/3k,

(2.21) wi(AB)| < CIAIIIB| (d%y /3))'"w(N7),

For short-range (i.e. exponentially decaying) interactions, (2.21) holds for alln > 1.

For the second statement, we note that for short-range interactions, conditions
(1.2)—(1.3) are valid for all n.

2.5. Constraint on the propagation of quantum signals. The weak LRB
(2.17) imposes a direct constraint on the propagation of information through the
quantum channel defined by the time evolution «;} of quantum states (see e.g. 7,16,
42]). For example, assume that Bob at a location Y is in possession of a state p and
an observable B and would like to send a signal through the quantum channel «;}
to Alice who is at X and who possesses the same state p and an observable A. To
send a message, Bob uses B as a Hamiltonian to evolve p for a time r > 0, and then
sends Alice the resulting state p, = 7,.(p), where 7.(p) := e~B7pe'B" as o} (p,).
To see whether Bob sent his message, Alice computes the difference between the
expectations of A in the states o (p,) and «}(p), which we call the signal detector,
SD:

(2.22) SD(t,7) := Tr[Aaj(pr) — Ay (p)].
The main result of this section gives an upper bound on this difference:

Theorem 2.5. Let the assumptions of Theorem 2.2 hold withn > 1, X C A and
w(-) = Tr((-)p). Then, for every ¢ > 4k, there exists C = C(n,ky,vp,c) > 0
s.th. for all € > 2, X, Y C A with dist(X,Y) > 2¢, and operators A € By,
B € By, with the operator kernel of B satisfying (1.2) with n > 1, we have the
following estimate for all v, |t| < &/c:

(2.23) SD(t,7)| < Cr[t] & | Al | BI| Te(N% p)-
The proof of this theorem is found in Section 8.

2.6. Bound on quantum state control. In this section, we derive a bound on
the information-theoretic task of state control. For any subset S C A, we denote
by Fs the Fock space over the one-particle Hilbert space ¢2(S), see Appendix A
for the definitions and discussions. Due to the tensorial structure F ~ Fy ® Fye
(see (A.5)), we can define the partial trace Trz,. over Fye, e.g. by the equation
Trr, (ATrr,..p) = Tr((A® 1x7,.)p) for every bounded operator A acting on Fy.
This allows one to define a restriction of a state p to the density operators on the
local Fock space Fy, Y C A, by py :=Trz,..p.

Let 7 be a quantum map (or state control map) supported in X. Given a density
operator p, our task is to design 7 so that at some time ¢, the evolution p] := ay(p7)
of the density operator p™ := 7(p) has the restriction [p]]y to S(Fy), which is close
to a desired state, say o.
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To measure the success of the transfer operation, one can use the figure of merit
(2'24) F([PZ]Y, 0)’

where F'(p,0) = ||\/p\/o||s, is the fidelity. Here ||p||s, denotes the Schatten 1-norm.
Note that 0 < F(p,o) < 1, with F(p,0) = 1 if and only if p = 0. If o = |¢)(d],
then F(p, o) = \/{¢, p$) and therefore F(p,o) = 0 if pp = 0. So, one would like to
find 7 maximizing (2.24). Using this figure of merit, one might be able to estimate
the upper bound on the state transfer time.

On the other hand, to show that the state transfer is impossible in a given time
interval, we would compare p] and p; := at(p) by using (c.f. [14,16])

(2.25) F(lpily.[ply),

as a figure of merit, and try to show that it is close to 1 for ¢ < ¢, and for all state
preparation (unitary) maps 7 localized in X. If this is true, then clearly using 7’s
localized in X does not affect states in Y.

Specifically, we take 7 to be of the form 7(p) = UpU* = pY, where U is a unitary
operator. Our result in this setting is the following lower bound on the fidelity of
quantum state control:

Theorem 2.6 (Quantum control bound). Suppose the assumptions of Theorem 2.2
hold with n > 1, X C A, and w(-) = Tr((-)p), where p is a pure state. Then, for
every ¢ > 8k, there exists C = C(n, Ky, Vn,c) > 0 s.th. for all €>4,Y C A with
dist(X,Y) > 2¢, and unitary operator U € Bx (see (2.15)), we have the following
lower bound for all |t| < &/c:

(226)  F(Trye(al(p)), Try<(a}(p"))) 21— C |t € Te(N%p).

The proof of this theorem is found in Section 9 As noted at the begining of
this section, Theorem 2.6 imposes a constraint on the best-possible quantum state
transfer protocols for the quantum many-body dynamics.

2.7. Spectral gap and decay of correlation. Denote by  the normalized
ground state of the Hamiltonian H in (1.1). The main result of this section is
the following:

Theorem 2.7 (Gap at the ground state implies decay of ground state correlations).
Suppose H in (1.1) has a spectral gap of size v > 0 at the ground state energy
E. Suppose the assumptions of Theorem 2.2 hold with n > 1, X C A, and w =
(Q, (1)) . Then, there ezists C = C(n, kp,vp) > 0 s.th. for all €>1,Y C A with
dist(X,Y) > 2¢, and operators A € Bx, B € By, we have the following bound:

(2.27) (2, BAQ)| < CA[[ 1B (v71¢7% + €17 (Q, NXQ)).
This theorem is proved in Section 10.

2.8. Light cone in macroscopic particle transport. In this section, we derive
an estimate on the macroscopic particle transport for states evolving according to
(2.2). To begin with, for a given subset S C A, we define the (macroscopic) local
relative particle numbers as

_Ng
2.98 Ng == =2
(2.28) SN,
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For 0 < v <1, we write Py,>, for the spectral projection associated to the self-
adjoint operator Ng onto the spectral interval [v, 1].

The main result of this section is the following:

Theorem 2.8. Suppose (1.2) holds with some n > 1. Suppose the initial state
w € D satisfies

(2.29) w(Pyye>) =0,

with some v > 0, X C A. Then, for all v/ > v, ¢ > k, there exists C =
C(n, kn,c, vV —v) > 0 s.th. for every n > 1, we have the following estimate for
all |t| < n/ec:

(2.30) wi (PNX%ZV,) <on

Theorem 2.8 is proved in Section 11. Note that estimate (2.30) holds for rather
general initial states (including ones with particle densities uniformly bounded from
below) and it controls macroscopic fractions of particles.

2.9. Discussions of the results and extensions. We begin with a number of
remarks on Theorems 2.1-2.3.

Remark 1. Recall that the grid size for the underlying lattice is fixed throughout the
paper. Consequently, estimates obtained in this paper are all implicitly dependent
on the grid size and in general blow up as the latter shrinks to 0. This has to do
with the implicit momentum cutoff baked into the discretization process.

Remark 2. At the quantum energies in nature and laboratories (besides particle
accelerators), the maximal speed of propagation implied by Theorem 2.1 is much
below the speed of light, so the non-relativistic nature of Quantum Mechanics is
unimportant here.

Remark 3. The factor w(N%) in Thms. 2.3-2.7 originates in Theorem 2.2.

Remark 4. The conclusion of Theorem 2.8 is thermodynamically stable, in the sense
that it does not change as |A], w(N) — oo with w(NP?) < C|A]P, p=1,2.

Remark 5. From the proof of Theorem 2.1, one can see that the constant in (2.9) is
inversely proportional to the difference ¢ — x > 0. See the proof of Proposition 3.4,
particularly estimate (3.29).

Remark 6. The conclusion of Theorem 2.1 holds under a slightly weaker assump-
tion. Indeed, let h be the 1-particle Hamiltonian in (1.1). Then condition (1.2)
implies that there exists C = C(n) > 0 s.th. for every subset X C A, the multiple
commutators ad} (h) satisfies

(2.31) Ky, = Hadﬁil(h)H <C (p=0,1,...,n).

This important consequence is proved in Lemma B.1. The statement of Theorem 2.1
is valid under assumption (2.31), with x = k¢ replace by

(2.32) K = k= [ilh, dx]] -

Here i[h,dx] is related to the the group velocity operator i[h,z], where x is the
1-particle position observable.
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Remark 7. A sufficient condition for (1.2) (and therefore the weaker condition
(2.31)) is

|hoy| < C(1+ |z —y)~ 2
and similarly for (1.3).

Remark 8. [44] obtains a result similar to Theorem 2.1, but with the exponential
error bound, while having an additional prefactor (coming from the summation over
the sites of X}), essentially, |A|. Apart from Theorems 2.8, whose proof uses results
of the proof of Theorem 2.1, we could have used this result in Theorems 2.2, 2.3,
2.4-2.7, instead of Theorem 2.1 to obtain the exponential decay with the prefactor
|A], instead of the power-law decay. We also note that the result of [44] requires
h = —A (the negative of lattice Laplacian) and uses a bound on the matrix of the
imaginary time propagator ™2, while our analysis requires only commutators of
h with (functions of) z

In [34], the authors derive an approximation result similar to that of Theorem 2.2
but with a logarithmically modified light cone and with (2.10) replaced by the low-
density condition sup,c, w(e®") < M.

In [51], a weak LRB similar to Theorem 2.3 is proven for the steady state e~ #%V.

Remark 9. Estimate (2.12) and other results can be extended in a straightforward
way to initial states of the form w = aw, + fw’, where w, is a stationary state,
w’ satisfies (2.10), and «, 8 > 0 with o + 8 = 1. Then (2.12) implies that 0 <
wi(Nxe) — aws(Nxe) < On~"w'(Nx).

Remark 10. Theorem 2.2 follows from the following result, proved in Appendix D:

Theorem 2.9. Suppose (1.2)~(1.3) hold with some n > 1. Let a state w satisfy
(2.7). Then, for every ¢ > 2k, there exists C = C(n, kn,Vn,c) > 0 s.th. for all
E>1, X, Y C A with dist(X,Y) > 2£, and operators A € Bx, B € By, we have,
for all |t| < &/e:

|w(B(at(A — ozt A)))
(2.33) < el | All ||BH (w (Nxp0x N) + € "w(N?)) .

Note that w(NgN) > 0 since N and Ng commute.

Theorem 2.9 implies Theorem 2.2: Applying estimate (2.33) with B = 1, and the
relations Nx,.\x < Nxe and

(2.34) w(NxeN) < w(NH)Y2w(NZ )2,
and using condition (2.10), we find the desired estimate (2.16). O

We compare (2.33) with B = 1 with the corresponding result for the Hubbard
model, i.e. vz = Ay for some A € R, see (5.6) below.

Next, we comment on various extensions of the results from preceding sections.
Theorems 2.1-2.7 can be extended to (a) time-dependent one-particle and two-
particle operators h and v satisfying (1.2)—(1.3) uniformly in time; (b) k-body
potentials (added to or replacing the second term on the r.h.s. of (1.1))

V= Z Z I_I%ngc1 rkHazz

k z1..xk 1
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under appropriate conditions on vy, .. 4, -

Through Corollary 2.10 below, Theorems 2.3-2.7 can be generalized to relative
N¥/2_-bounded observables with 0 < v < co. By definition, this class of operators
contains all polynomials in {a,, a}},., with degree at most v. Precise definitions
and further comments are delegated to Appendix E.

Corollary 2.10. Suppose (1.2) holds with some n > 1. Let v, q > 0. Then, for
all ¢ > k, there exists C = C(n, kn,c) > 0 s.th. for every n > 1 and two subsets
X C S CA, we have the following estimate for all |t| < n/c:

(2.35) af (NEFL N¥) <O (Noyx N4 4y "NV Heth),

where o is as in (2.14).

Proof. We use Theorem 2.1 with a7’ (-) in place of ay(-), which is possible because
Hg also satisfies (1.2) with the same n > 1 as in the assumption. This gives
estimate (2.9) with S\ (-) in place of (-). This, together with the relations N2'% <

S\X, =
Ng\x, N?, [N, Hs] = 0, and Ng < N, implies that
of (NSx, ") <of (Nsyx,) N7+
<C(Ns\x +n "Ns) N"*
SC (Ns\XNV+q + nanu+q+1) .
This gives (2.35). O

3. PROOF OF THEOREM 2.1

3.1. Outline of the proof of Theorem 2.1. The proofs of Theorems 2.2-2.3
and the subsequent applications are based on Theorem 2.1, whose proof we outline
now.

3.1.1. Propagation identifier observables. Recall that the second quantization dI’
of 1-particle operators on h = ¢2(A) is given by

(3.1) dr'(b) := Z bay @Gy,
AXA

where by, is the matrix (“integral” kernel) of an operator b on £2(A). As we identify
a function f : A — C with the multiplication operator induced by it on b = ¢£2(A),
we write

(3.2) f=dr(f) =) f(x)aja,.
zEA
We denote by an the characteristic function of a subset S C A. For f = Xg,
the above gives the local particle number operators Ng = dF(XnS) in (2.1). For
a differentiable real function f, we write f* = dT'(f’) and f/, = dT'(f{,), where
1‘{5 = f/ (dxgvt).
As in [15,16], we control the time evolution associated to (1.1) by monotonicity

formulae for a class of observables called adiabatic spacetime localization observables
(ASTLOs), defined as

(3.3) Xts := dl(xts)-
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Here s > 0, t € R, and x5 is the family of multiplication operators by real functions

(3.4) Xts = X (dX — vt) ;

S

where dx is the distance function to X, v € (,¢), with & from (2.8) and ¢ from
the statement of Theorem 2.1. We assume that y belongs to the following set of
functions:

(35) X=X = {X € C*(R)

supp x C R>g, suppx’ C (0,0)
X' >0, /x' € C*(R) ’

for some ¢ > 0. Later on, we will choose the number § in (3.5) as § = ¢ — v with ¢
and v given in the statement of Theorem 2.1 and (3.4), respectively. We note that
x > 0 for each x € X. Additional properties of X will be stated in Section 3.2.
Physically, x5 is a smoothed local particle number operator, measuring fraction of
the particles outside the light cone of X. We also write x}, = (X)¢s-

3.1.2. Recursive monotonicity formula. For a differentiable family of observables,
define the Heisenberg derivative

(3.6) DA(t) = %A(t) +i[H, A(t)],
so that
(3.7) O (A(t)) = a(DA(L)) <= dwwi(A(t)) = wi(DA(Y)),

where w; = w o ay is the evolution of state associated to (2.2) with initial state w.
We will use the identity (3.7) to prove a key differential inequality:

Theorem 3.1 (Recursive monotonicity of X;s). Suppose the assumptions of Theo-
rem 2.1 hold. Then, for every x € X, there exist C = C(n, kn,x) > 0 and, if n > 2,
& =¢F(x) € X, k=2,...,n, each supported in supp X, s.th. for all s >0, t € R,

(3.8) Dxes < +C Z 5™ O FUN,

(The sum in the r.h.s. is dropped if n =1.)

Theorem 3.1 is deduced at the end of this section. Since the second term on
the r.h.s. is of the same form as the leading, negative term (recall v > & in (3.4)),
estimate (3.8) can be bootstrapped to obtain an integral inequality with O(s™™)
remainder, see Proposition 3.4 below. Hence, we call (3.17) the recursive mono-
tonicity estimate.

For the next step, we observe that the second quantization (3.2) has the prop-
erties

(3.9) dI'(v + cw) =dl'(v) + cdl'(w),

(3.10) dl'(v*) = dl'(v)*,

(3.11) dl'(v) < dl'(w) <= v < w,

(3.12) adfip(,) (dL(w)) = dT(adl(w)), k=1,2,...,

for all 1-particle operators v and w acting on h and scalars c. These properties are
either obvious or are obtained by direct computation using the canonical commu-
tator relations, see e.g. [15, p.9]. Moreover, the second term on the r.h.s. of (1.1),
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which we denote by V', satisfies
(3.13) [V,dT'(f)] =0 Vf e ().

Relations (3.9)—(3.13) allow us to reduce estimates on Dy¢s to those on dyss,
where db is the 1-particle Heisenberg derivative, defined as

(3.14) db(t) == 0;b(t) + i[h, b(t)],

for a differentiable path of 1-particle operator b(¢) on bh. Indeed, let Hy := dI'(h)
and define the free Heisenberg derivative as

(3.15) DoA(t) = %A(t) +i[Ho, A(t)].

Then, by (3.12), we have Do dI' (b) = dI" (db). This, together with property (3.13),
gives

(3.16) DAT (f) =dr (df) < Df =df,
for every multiplication operator (by a function) f.
In Section 4, we prove the following:

Proposition 3.2. Suppose the assumptions of Theorem 2.1 hold. Then, for every
X € &, there exist C = C(n, kp,x) >0 and, ifn >2, 8 =€F(\) e X, k=2,...,n,
each supported in suppx, s.th. for all s > 0,t € R,

(3.17) dxes < — %xgs +C (Z sTR(ER) + 5—(n+1)> .
k=2

(The sum in the r.h.s. is dropped if n =1.)

This proposition, together with relation (3.16), implies Theorem 3.1.

3.2. Proof of Theorem 2.1 assuming Proposition 3.2. Recall that Xus, SCA
denotes the characteristic function of S. The main result of this section is the
following:

Theorem 3.3. Let the assumptions of Theorem 2.1 hold. Suppose Proposition 3.2
holds and, for all x € X with ||x|/,«~ =1, s =n/c, and |t| < s, the following holds:

(3.18) Xos < X%es
(3.19) x}‘?; < Xits-

Then the conclusion of Theorem 2.1 holds.

The proof of Theorem 3.3 is found at the end of this section. It uses the following
properties of the set X' from (3.5):

(X1) If w € C*° and suppw C (0,6), then the antiderivative fx w? € X.
(X2) If &,...,&n € X, then there exists £ € X s.th. & + ...+ &n <&

For the 1-particle Hamiltonian A in (1.1) and operators b acting on b, let 3; be
the 1-particle evolution

(3.20) By (b) := etpeith,
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c.f. (2.6), and note that
(3.21) 9:Be(b(t)) = By (db(t)),
c.f. (3.7). We denote
(3.22) Xs(t) == Be(xes) and  X((t) = Be(xts)-

We now bootstrap (3.17) to obtain the following integral estimate:

Proposition 3.4. Let the assumptions of Theorem 2.1 hold. Suppose Proposi-
tion 3.2 holds. Then, for every x € X, there exist C = C(n, Ky, x,v — k) > 0 (with
v and k from (3.4) and (2.8), resp.) and, if n > 2, ¥ = ¢F(x) € X, 2 <k <n,
each supported in supp X, S.th. for all s > 0,t >0,

(3.23) /t X4 (r)dr < C(SXS(O) + zn: sTR2 k() 4 ts*n>’
0 k=2

where the sum should be dropped if n = 1.

Remark 11. Proposition 3.4 can be reformulated in terms of expectation. Indeed,
instead of the evolution ys(t), we could have used the expectation:

(3.24) wt (Xts) = Tr(xespe)
of xts in the state p; solving (2.6) and instead of (3.7), used the relation

(325) %wt (th) =Wt (Dme) .
These two formulations are related through the identity
(3.26) wi (xts) = w (xs(1)) -

Proof of Proposition 3.4. For each fixed s, integrating formula (3.21) with b(t) =
Xts in t gives

(3.27) xalt) - /0 B (dxer) dr = x4(0).

We apply inequality (3.17) to the second term on the Lh.s. of (3.27) to obtain

xelt) + (v — R)s ! / X,(r) dr
(3.28) <xs(0) +C (Z s / Lr)ydr+tsT (”'H))

where C' = C(n, ky, x) > 0 and the second term in the r.h.s. is dropped for n = 1.
Since x;(t) > 0 due to the positive-preserving property of 8; (c.f. (3.20)), x < v and
s > 0, inequality (3.28) implies, after dropping xs(¢) and multiplying both sides by
s(v — k)1 >0, that

(3.29) /Ot Xi(r)ydr < C (sxs + Zs—k+1 / Vo(r)dr + ts—n> 7

where the second term in the r.h.s. is dropped for n = 1. Note that from this point
onward, the constant C' > 0 depends also on v — k.

If n = 1, then (3.29) gives (3.23). If n > 2, applying (3.29) to the term
fo (€X).(r) dr for k = 2, we obtain

(3.30) /txs( Ydr < C(sxs( )+ €2(0 —i—Z —k+1/ r)dr + ts_"),
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where the third term in the r.h.s. is dropped for n = 2, and n* = n¥(¢2,¢%) €
X,k =3,...,n. Bootstrapping this procedure, we arrive at (3.23). O

Proof of Theorem 3.3. To fix ideas, we take ¢t > 0 within this proof. The caset <0
follows from time reflection.

Fix x € & with [[x|| ~ = 1 and consider (3.28). Retaining the first term in the
Lh.s. of (3.28) and dropping the second one, which is non-negative since x’ > 0 and
v > K (see (3.4)), we obtain

(3.31) Ys(t) < xs(0)+C (Z s_k/ (r)dr +ts~ <”+1>> :

Applying (3.23) to the second term on the r.h.s. and using property (X2), we deduce
that

(3.32) Xs(t) < xs(0) + Cs71&,(0) + Cs7",

for some fixed £ € &, C' > 0 and all s > ¢.

Let s =n/c and n > ct. We first consider the r.h.s. of (3.32). Using x5(0) = xos
in (3.18) and noting supp £¥ C supp x for each k, we find that

(3.33) Xs(0) + Cs71&,(0) < (14 Cs™)xe
By (3.33) and property (3.11), we have

—

(3.34) Xs(0) + Cs™1E,(0) < (1 + Cs~1)Nye.

Next, consider the Lh.s. of (3.32). Applying 3; to (3.19), we find that
(3.35) Br(iee) < xs(8),
We show in Appendix B, Lemma B.3, that for every function f on A and f =dIr(f),

(3.36) Oét(f) = dL(B:(f))-
This, together with (3.35), yields

—

(3.37) ay(Nxg) < xs(t).

Finally, combining estimates (3.32), (3.34), (3.37) and recalling the assumption
1 > 1, we conclude that for all t < s =n/c,

au(Nx:) < C(Nxe +17"N),
which is (2.9). This completes the proof of Theorem 3.3. O

Theorem 2.1 follows from Proposition 3.2, Theorem 3.3, and the following lemma,
proved in Section 4.2:

Lemma 3.5. Letv € (¢,k), s =n/c, and § = c—v in definitions (3.4)~(3.5). Then
(3.18)~(3.19) hold for the family (3.4) with || x|/« = 1.

This completes the proof of Theorem 2.1, modulo the proofs of Proposition 3.2
and Lemma 3.5, given in the next section. U
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4. PROOFS OF PROPOSITION 3.2 AND LEMMA 3.5

In this section, we prove the 1-particle recursive monotonicity estimate, Propo-
sition 3.2, and the geometric estimates (3.18)—(3.19).

4.1. Proof of Proposition 3.2. Recall the definition of the operators x;s in (3.4).
To begin with, we prove the following lemma:

Lemma 4.1. Suppose (1.2) holds with some n > 1. Then, for every x € X, there
exist €8 = ¢F(x) € X, k = 2,...,n (dropped if n = 1), each supported in supp X,
and some C = C(n, kn,x) > 0 s.th. for allt €R, s >0,

(4.1) Lxts < 571/{){;3 +C (Z Sik(gk);s + 5(n+1)> )

k=2
where L =i [h, ] and & is as in (2.8). (The sum in the r.h.s. is dropped if n =1.)

Proof. Throughout the proof we fix ¢ and write xs = xzs. Since x’ > 0 for y € X,
expansion (C.3) with A = ih, ® = dx yields (see Corollary C.2):

Lxs =s"/X4(Ldx) /X,

(4.2) n N
+3057E S g™ ()™ Brol™ 4 s D R(s),
k=2 m=1

where the sum in the second line is dropped for n = 1. Forn > 2, 1 < k < n,
1 < m < Ng, the functions (™) are piece-wise smooth and satisfy

(4.3) suppv(™ C supp x/, Hv(m)HL < C(x),

g™ (s) are piece-wise constant and take values in +1, and By, = adgx (ih). Fur-
thermore, by condition (1.2), Lemma B.1, and the remainder estimate (C.4), the
operators By, and R(s) are bounded on b, satisfying

(4.4) ILdx|| < &= ko, |Bill < sk—1, [IR(s)]| < Cn,X)kn,
with k,’s given in (1.2).

Next, adding the adjoint to both sides of (4.2), using the self-adjointness of the
first term on both sides, and then dividing the result by two, we find

1 n N
Lxs = s7'/X4(Ldx) /X5 + 3 D s7EY " gt™(s)ol™ (By, + Bip) o™
k=1 m=1

(4.5) + %s-(nm (R(s) + R(s)").

We can now derive an operator inequality from expansions (4.5) and uniform esti-
mates (4.4) as

(4.6) Lxs < kxh+C (Z sTRUF)? + s—<"+1>> ,

k=2
where the sum in the r.h.s. of (4.6) is dropped for n = 1 and C = C(n, &y, x) > 0.
For n > 2, each U* € C2° and is supported in supp x’.

Lastly, in view of property (X1), we find that for each 2 < k < n, there exists
¢F € X sth. (UF)? < (¢€F).. Plugging this back to (4.6) and substituting back
Xs = Xts etc. yields (4.1). This completes the proof. O
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Proof of Proposition 3.2. We compute

0 _
(47) &th = —S LUXQS'

By (4.1), we find

LXtS S KJS—].X;S +C (Z S_k(fk){fs + S_(n+1)> ,
k=2

where C' = C(n, £y, x) and the second term in the r.h.s. is dropped for n = 1.
This, together with (4.7) and definition (3.6), implies (3.17). O

4.2. Proof of Lemma 3.5. First, by (3.5), we have supp x C (0, c0), and therefore
suppx(g) C (0,00) for any s > 0. This implies

d
(1.9 =1 (%) < 0tax) =i

where 6 : R — R is the characteristic function of R+ (see Figure 2). By these
facts, we conclude (3.18).

FIGURE 2. Schematic diagram illustrating (4.8)

Next, again by the definition of X', we have x(£=**) = 1 for all p > v [t|+(c—v)s
by setting 6 = ¢ — v > 0. Now, we choose s = n/c. Then, for all |t| < n/c and

v < ¢, we have x(“;”t) =1 for u > n. This implies the estimate

(4.9) X((u = vt)/s) = 0(p —n),

see Figure 3.

FIGURE 3. Schematic diagram illustrating (4.9).

Since X; = {dx(v) > n}, we have X{jxc = §(dx —n). This, together with (4.9),
implies (3.19). This completes the proof of Lemma 3.5. (]
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5. MAIN IDEAS OF THE PROOF OF THEOREM 2.2

Recall the notations X¢ := A\ X, X¢ = {x € A :dx(x) <&} for £ > 0 (see
Figure 1), and that an observable (i.e. bounded operator) A is said to be localized
in X C A if (2.13) holds, written as supp A C X. Next, we use the notation

(5.1) Ag = afﬁ (A) — eiSng Ae—isHX£7

where Hy, Y C A is the Hamiltonian defined by (1.1) with Y in place of A. By
definition (2.13), we see that if supp A C X, then supp AS C X for all s € R, £ > 0.

Let Ay = a:(A) be the full evolution (2.6). By the fundamental theorem of
calculus, we have

t
A — AS = / Orar (05, (A)) dr.
0

Using identity (3.7) for «, and atXfr in the integrand above, as well as the fact that
X X
at—gr([HXg ’ AD = [HXg , Olt_gr(A)L we find

t
(5.2) A 45 = [ il AT ),
0

where R’ := H — Hx,. Since AS is localized in X¢, only terms in R’ which connect
X¢ and X¢ contribute to [R', A5 ] (see Figure 4).

Xe

\ contributing to Hx,
//<7 contributing to HXE

connecting X and X§

FIGURE 4. Schematic diagram illustrating the splitting of H.

Let s := t — r. Assuming first that h and v are finite-range, we see that the
commutator i[R’, A$] is localized near the boundary 0X¢. Considering for simplicity
the Hubbard model, i.e. vyy = A0y for some A € R, and assuming A and therefore
AS are self-adjoint, i[R’, A$] can be bounded, in essence, as

(53) iR, A < C|A] Nox,.

Next, we take X so that X€ is ‘bounded’; i.e. independent of A (see Figure 5

below) and set Y := X¢, so that X¢ = Y. Then MVB (2.9) gives the ‘incoming’

light cone estimate, for r < £/c, ¢ > 2k,

(54) Ozr(Ny) S C‘(]VY5 _"_g—nN).
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Xg=Y
/ X\ X =Y \Y
7 e X=Y

FIGURE 5. Schematic diagram illustrating Y, Ye, Y.

Now, by the MVB (5.4), for any r < /e, ¢ > 2k, we have
(5.5) ar(Nox,) < C(Noxe) +§"N).
This, together with (5.2), (5.3) and the observation (0X¢)e = Xae\ x, yields

X -n
(66 Jwlad) - ol (4)] < Ol 1A (@Nx0x) + €0 (N))
This, together with (2.11), gives (2.16) in the finite-range case.

For h and v of infinite-range, we refine the argument presented above. Let
Xop = Xp \ X, for b > a > 0. To estimate i[R’, AS] in (5.2), we split the annulus
Xo,2¢ into four annuli, say

(5.7) Xogo Xzeer Xezen Xzeoe

In the second and the third annuli, we use the MVB from Theorem 2.1 and in the
first and the fourth ones, the decay properties of hg, and v,y as | — y| — co. See
Appendix D for details.

6. PROOF OF THEOREM 2.3

We introduce the remainder term for (2.16):
(6.1) Rem;(A) := az(A4) — afg (A).
Since A (and therefore the evolution atX *(A)) and B are respectively localized in
Xe and Y C X5, af(g (A) and B commute, yielding
(6.2) [a:(A), B] = [Remy(A), B.

Next, we use Theorem 2.9, which implies that for ¢ > 2k, there exists C =
C(n, kn, Vn, ) > 0 s.th. for [t| < /e,

(6.3) jw (BRem (A))] < Clt | AN BIl (@ (Nxao\ x N) +§"w(N%) .

Since |w(Rem(A)B)| = |w(B*(Rem:(A4))*)| and (Rem:(A4))* = Rem;(A*) (see
(6.1)), replacing A, B in (6.3) by A*, B* yields the same estimate on |w(Rem;(A)B)|,
namely |w(Remy(A) B)| <r.h.s. of (6.3) for all [t| < /c. Then the desired estimate
(2.17) follows from the triangle inequality |w ([Rem¢(A), B])| < |w (Rem:(4)B)| +
|w (B Rem;(A))|, assumption (2.10) and equality (2.11). O
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7. PROOF OF THEOREM 2.4

To fix ideas, we let ¢ > 0. We write Cap = C ||A]||B||w(N2) with C > 0
independent of A, B, N, A. Then (2.21) becomes

(7.1) wi(A, B)| < Cap(d%y/(BN)) "

for any two bounded operators A, B localized in X,Y with d%, > 3\. (For
0 < d%, <3\, (7.1) holds trivially.)

To prove (7.1), we use the equality wé(A, B) = w®(Ay, B;) and write A, = A% +
Remy(A) with € := d%, /3 (see (6.1)) and the same for B;. This way we arrive at
wi(A, B) =w®(Ay, By) = w¢(AS, BY)
+ w(Remy(A)B;) + w(A:Rem;(B))
+w(Remt(A)Rem (B))
+ w(Rem;(A)
(7.2) + w(Rem,(A)

Since A and B} are localized in two disjoint sets X¢ and Y¢ at the distance d)Z(&Yg =
d%, —2¢ = d% /3 > X, then, by the WC(Z¢, \) assumption on w, the leading term
is bounded as

W (A B})| < CilB(d)ZQYs/A)l_n < Chp(diy /30",

with Cy > 0 as in (2.21).

For the 6 trailing terms in the r.h.s. of (7.2), we use (2.33) and similar estimates
with the roles of A and B interchanged, together with (2.34), (2.20), and (2.11).
Since Xoe = Xogz /3, Yoe = Yogz /3 C Z°, we have Ny,,, Ny, < Nze. Hence,
due to (2.34), the leading term in the r.h.s. of (2.33) drops out. Thus, these 6
terms can be bounded by C2% z¢1—" = 0% 5(d%y-/3)' ™ uniformly for all ¢t < £/3k.

In conclusion, since d)Z(Y > 3\ and therefore £ > A, we find

(7.3) |wi (A, B)| < Cap(d%y/(3X)' 7",
for some C' = C(n,C1,C2) > 0 and all t < A/c. We conclude the claim from
here. g

8. PROOF OF THEOREM 2.5

Let SD = SD(¢,r) as defined in (2.22). The fundamental theorem of calculus
yields

(8.1) SD = /07‘ Tr[Acy(75(i[p, B))] ds.

Since 75(i[p, B]) = i[7s(p), 7s(B)] and 75(B) = B, moving o} from the state to the
observable A in eq. (8.1) gives

SD = /0 ' dsTr[or(A)i[rs(p), B]]

(8.2) -/ " dsw (i[B, on(A)),
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where w; 1= Tr((-)75(p)) is the evolution generated by B. (8.2) implies the upper
bound
(8.3) ISD| <7 sup |ws([B,a:(A)])].

0<s<r

Let & :=¢/2>1, ¢ :=¢/2> 2k, and Ny ¢ := Nx,__ . 1, (. (D.12)). Note
that A and B are localized in Bx,, and By, respectively, with dist(X¢,Y) > ¢
Hence, by estimate (2.33) (which, importantly, is independent of state w) and the
relation X¢ /9 3¢/2 = (X¢)o,2¢, we have
B4)  fws ([B,ar(AD] < CU AN B (ws (N1j2,eN) +E "ws (N?)),
for some C' = C(n, kn,vp,c) > 0 and all [¢t] < £'/¢’. To bound the r.h.s. of (8.4),
we apply Corollary 2.10 to the evolution w, generated by B to find
(8.5) ws (NX§/2N) <C (w (NxeN) + £ "w(N?)) |

for some C' > 0 and all 0 < s < &'/, and use that ws(NP) = w(NP). Now, plugging
(8.4)—(8.5) back to (8.3), using the assumption s < r < ¢/c = &'/, taking w
satisfying (2.10) and therefore w(Nx<N) = 0 by (2.34), and using relations (2.11),
we arrive at the desired estimate (2.23). This completes the proof. O

9. PROOF OF THEOREM 2.6

We apply Theorem 2.2 so that US = a; ¢ (U) is localized in Xe CY° (see (2.14)).

Consequently, conjugation by Uf' does not affect the partial trace Try.. This leads
to

3
F (Tch(pt)7Tch(p£]t)) =F (TI'YC (p?t> ,TI‘YC (pgt)>
Us U
ZF(pt‘,p?),

where the last line follows from the data processing inequality for the fidelity, see
[17, Lem. B.4].

Since w is a pure state, w = (p, (-)¢) for some ¢ € D(H) ND(N). For rank-one
projections p; = |p:){p¢| generated by the initial state |¢){yp|, we compute

Ug U,
F(Pt 7th) = ‘<Ut§%0t7 Utﬁﬂt>‘~

Since U; is unitary, so is Uf (again, see (2.14)). Writing U; = Uf + Remy(U) and
using (UF)*US = 1, we arrive at

(9.1) ‘<Ut£§0t7 Ut@t>‘ >1- ‘<<Pt7 (Uf)*Remt(U)50t>‘-

Let £ :=¢/4 > 1, ¢ :=¢/2 > 2k, and Ny ¢ := Nx,_ . o1 (¢ (D.12)). We
view U as an observable in Bx,, ,, so that B € By with dist(X3¢/4,Y) > &'. Take

the pair (p,) in estimate (D.51) to be (Uf ¢, ¢). Then, by estimate (2.33) (which,
importantly, is independent of state w) and the relation Xs¢ /4 5¢/4 = (X3¢/4)0,2¢75
we have for all |t| < &'/¢ = &/c that

92 |(¢ U Remu(©)0)| <CltImya(e) 271 /a(Uf )2,
(9:3) whete 7(6) = (6, NaeN6) + (v6) " (6, N?6).
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for some C' = C(n, kn, Vn,c) > 0 and small v with (1 — )¢’ > 2x. Note that ||U]|
is dropped for unitary U.

Let ¢, = e X . By Corollary 2.10, the first term in the second factor on the

r.hs. of (9.2) can be bounded as follows:
(9.4) <Uf€0, N1/4,5NUESO> = <¢)t, U*a’s (N1/47£N)U95t> < O1y2(Uy).
which holds for fixed C' = C(n, kn,c) and all |t| < £/(4c") by (2.10).

Since U € Bx and supp Ny/3¢ C X¢, we have [U, N] = [U, N3 ¢] = 0. By this

and the relation U*U = 1, the leading term in the last line of (9.4) can be bounded
as

(9.5) (@1, U*N1y2, e NUG) = (@1, N1j2,eN@y) < Cri(p),

which holds for fixed C' = C(n, kn,c) and all |¢| < £/(2¢"). We also have for all ¢
that

(9.6) (Ufe, N2Ufp) = (9, N*).

Plugging (9.4)—(9.6) back to (9.2), we conclude that, for some fixed C' = C'(n, kn, ¢)
and all || < &/(4¢),

(9.7) (¢, UF) Rem(U)e)| < Clel ().

Plugging (9.7) back to (9.1) and using the choice ¢ = ¢/4 and the localization
conditions (2.10)—(2.11) on the initial state w, we get the desired lower bound
(2.26) for all |t| < &/c. This completes the proof. O

10. PROOF OF THEOREM 2.7

We adapt the argument of [38]. We shift H in (1.1) so that the new Hamiltonian,
which we still denote by H, has the ground state energy 0 and so H > 0.

Since H = @, H, and each H, := H |{y=n},n =0,1,..., is bounded, ¢"*# =
[1,, e is an entire operator-valued function of z. Consequently,
f(z):=(Q, Ba (A)Q)) (z€C),

with a,(A) = e Ae=**H (c.f. (2.6)), is well-defined and entire. Now, we claim
that, for all A € Bx, B € By, and all small b > 0,

(10.1) f(ib)] < Cap(v €72 + £ "w(NR)).

Here and in the remainder of the proof, Cap = C||A|| || B|| with C > 0 depending
only on n, Ky, vy, and b. Then the desired estimate (2.27) follows from the relation
£(0) = (Q, BAQ) by taking b — 0+.

Now we prove (10.1). Let C* := {z € C: £Imz > 0}. Since § is an eigenvector
with eigenvalue 0, we have f(z) = <Q, BeiZHAQ> . This, together with the spectral
theorem and the gap assumption on H, implies

(10.2) f(z) = /OO e d(Q, BPyAQ),

where P, is the projection-valued spectral measure corresponding to H. To estimate
the integral on the r.h.s. of (10.2), we pass to Riemann sums to obtain, for all
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z € Ct,
(10.3) [f(2)] < ™™ lim Y "|(Q, BPA,AQ)|,
where the sum is taken over a partition of [y, 00) into subintervals A;’s. Next, using
Cauchy-Schwartz inequality, we estimate
D19, BPAAQ)| <Y ||Pa, B* Q|| P, AQ)
(10.9 <(Sipssal) (X1 a0) "
<[IB Q| A2,

with the norms on the r.h.s. taken in the Fock space F. Since (10.4) is uniform in
all partitions, combining (10.3)—(10.4) yields

(10.5) [f(2)] <A Bl e~

Next, fix T' > 0 to be chosen later. Since f(z) is entire, by the Cauchy integral
formula, for every 0 < b < T', we have

(10.6) F(ib) = 1( fle)dz | r f(t)qt>,

2mi \ Jrs z—1b _pr t—a1b

where I‘JTr C C* denotes the semicircle with radius 7" in the upper half-plane C*.
Moreover, for all sufficiently small b, we have |z — ib| > T/2 for all z € I'}:, whence

f( ) ||A|| HBH / —~T sin 6 de < 01143

10.7
(10.7) v 2 —ib ~T2’

by estimate (10.5). This bounds the first term in the r.h.s. of (10.6).

To bound the second term in the r.h.s. of (10.6), we take some 0 < § < T to be

determined later, split the interval It = Is U (It \ I5) (where I, := [—a,a]), and
write, for every t € I,
(10.8)  F(t) = (% ar(A)BR) + (2, [B.ay(A))Q) = 1) + 11(0).

Then we have

T f(t)dt

|/5 t—Zb

To bound F, we note that by the Cauchy—Goursat theorem, F =

/ T1(¢) dt
IT\LS t — Zb

f 1(z) dz
;. z—ib
where and I'; € C™ denotes the semicircle with radius 7" in the lower half-plane
C~. Therefore, by the same argument as (10.7), we find that F satisfies the estimate

t—zb
:.F+G1 + Gs.

(10.9)

)

1
(10.10) F< Can
S

To bound G, we note that since II(¢) is analytic and vanishes at ¢ = 0, we have
III(¢)| < C? g |¢| for all small ¢. This implies

§
(10.11) Gy g/ H(adt < C%50.
-9
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To bound G, we note that by the weak LRB (2.17), II(¢) satisfies the uniform
estimate |II(t)] < C3 5 [t| £ "w(N%) for all real ¢ with |¢| < £/(3k). Hence,

(10.12) G < | 'H(ft)'dt < O3 (T = 0)E (N3,
IT\IJ

provided T' < £/(3x). Combining (10.9)—(10.12) yields an estimate on the second
term in the r.h.s. of (10.6):

(10.13) | /T F(t)dt

o t—ib

< Cap(Y 'T7?+ 6+ (T - 6)§ "w(Ny)).

Finally, choosing § = 7" /(10k) < T = £/(6k) (recall £ > 1), and plugging (10.7),
(10.13) back to (10.6), we find

F@B)] < Cap(r 262 + €7 + € mw(NE)).

We conclude claim (10.1) from here. This completes the proof O

11. PROOF OF THEOREM 2.8

We follow the argument in Sects. 3—4. For x € X (see (3.5)) and two numbers
|t| < s, define the ASTLOs

(11.1) Xts = Xts/N,

where, recall, Xt is given by (3.3). By relation (3.12), we see that y;; commutes
with & for any two functions y, €. Define a set of smooth cutoff functions

supp f C Rxg, supp f' C (v,v/')
fz0, V€ C®(R) }
For any f € G, x € X, we consider the two parameter family of operators
(11.3) frs == f(Xes)-

We now claim that this family satisfies a recursive monotonicity estimate similar
to (3.8): Namely, there exist constant C' > 0 and function & € X s.th. for all
teR, s>0,

(11.2) G=Guu = {f € C*(R)

KR —UV— n
11.4 Dfs <fl. | —% —k
( ) ft _fts< s th+;S

(fk)/ts + Cs(n+1)> ’

where, recall, D = 9, +i[H, -] is the Heisenberg derivative from (3.6), f/, = f'(Xts),
and X', = X}s/N. (The sum in the r.h.s. is dropped for n = 1.)

Let Ris(2) = (2 — Xus) ! for Imz # 0. Since f is smooth and has compactly
supported derivatives, by the Helffer-Sjorstrand formula (see [29, Lem. B.2)),

(11.5) ) _ / REFV=)df(), p=0.1,

for some finite measure df(z) on C vanishing for Imz = 0. By (11.5), together with
the relations D fis = [ DRys(2) df(z) and DRy = Rys(DXys)Res, we compute

(11.6) Dfys :/Rts(Z)DthRts(Z) df(2).
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(One can consider (11.6) as an integral chain rule for the Heisenberg derivative.)
Since [H, N] = 0, by definition (11.1), we have Dy;s = DxisN~!. Plugging this
back to (11.6) and applying the recursive monotonicity estimate (3.8), we find

(11.7) Dfy, < /Rf,s(z) <v ; Nt Y s

for some & € X and C = C(n, kn,x) > 0. (The sum in the r.h.s. is dropped for
n = 1.) Finally, using that [Ris(2), 7] = 0 for n = x/, &, estimate (11.7), and
representation formula (11.5), we conclude claim (11.4).

(rY,, + C’s(”+1)> Ris(2) df(2),

With the recursive monotonicity estimate (11.4), we can proceed exactly as in
the proof of Proposition 3.4 and the derivation of (3.32) to obtain

(11.8) ai(fis) < C (fos +s7"),

for some C = C(n, kp,c,V' —v) > 0 and all s > [t|. Following the same argument
as in Section 4.2, for appropriately chosen f € G, we obtain the estimates

(119) fOs < PNXCZZH PNX%ZV’ < ftsa

c.f. (3.18)—(3.19) as well as [15, Eq. (15)]. By assumption (2.29) and estimates

(11.8)—(11.9), we conclude (11.2). O
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APPENDIX A. FOCK SPACES
In this appendix we discuss some general properties of Fock spaces used in this
paper, see [11,19].

Given a (1-particle) Hilbert space b, one defines the Fock space (over h) as
(A1) F=F) =2, "h,

where ®"h = C for n =0, = b for n = 1, and is the symmetric (or anti-symmetric)
tensor product of h’s for n > 1.
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For any two (1-particle) Hilbert spaces h; and b, there is a unitary map U
U(hl,"}z) s.t.

(A.2) U:T(h1 @ b2) = I'(h1) @ I'(h2).
Let p; be the projection from by @ ho to h;. Then the map U is defined as follows
n 1/2
n n—
(A-3) Ulongions = > ( k ) CRETE
k=0

where p?m denotes the m-fold tensor product p; ® - - ® p;.

Furthermore, the decoupling operator U = Uy, p,) can also be constructed using
creation and annihilation operators by setting

U(hl,bz)Q = Ql X QQ,
U(hlybz)aﬁ(f) = (au(fl) ®1+1® aﬁ(f2))U(*)1,f)2)’
for f = f1® f2 € h1® b2, and using these formulae to define Uy, p,) on an arbitrary

vector in I'(h1 @ bh2). Here, Qy is the vacuum in F and a?(f) = Y, ., ab f(2) with
a! standing for either a or a*.

(A4)

A natural example of the splitting h = h; @ by is the splitting of the Hilbert
space (2(A) as
2(A) = 0%(S) @ 12(S°)
for any S C A and with S¢ = A\ S. Denoting the corresponding unitary map by
Ug, we have

(A.5) Us: F — Fs ® Fse,
where Fg is the Fock space over the 1-particle Hilbert space £2(5),
Fs =T(63(9)) = F(£*(9)).

Then, an observable A on the Fock space F is supported (or localized) in S in
the sense of (2.13) if and only if it is of the form

(A.6) UsAUS = Ag ® 1ge,

where Ag is the restriction of A on Fg and similar for 1gec.

APPENDIX B. TECHNICAL ESTIMATES

Throughout this section, let A be a connected subset of a lattice £ C R%, d > 1
with grid size > 1. Denote by b := £2(A) and by F the (fermionic or bosonic) Fock
space over bh.

Lemma B.1. Let n > 1. Suppose A is an operator acting on b with operator kernel
(matriz) Az, satisfying

B1) M= {sup DAyl o (sumeww—yW“)mo.

€A A YEA zeA

Then for every function f on A s.th. for some L > 0,

(B.2) |f(z) = f(@)| < Llz—y[ (z,y€A),
we have
(B.3) Had’;(A)H <IFM (1<k<n+1).
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Proof. For every f: A — C, a simply induction shows that for all k,
(B.4) (sdb() =40 (7(0) = F@))"

This formula, together with the Schur test for matrices, implies
(B.5)

2 k
Jads || < sup S [4uy17@) - F0) (WZ [Au|12) ~ F (o >’“> .
T A zeA
If f satisfies (B.2), then
(B.6) SUPZ\Amny — fy)|* <L SUPZ\Azny*Mk < LFM,
yeA TEA yen

where the last estimate follows from assumptions (B.1) and that the grid size of
A is at least 1. Similarly we can show that the second term in the r.h.s. of (B.5)
satisfies the same bound as (B.6). Plugging the results back to (B.5) completes the
proof. O

Corollary B.2. Suppose H in (1.1) satisfies (1.2). Then, for every X C A and
the distance function dx (z) = dist({z}, X), we have

b, (|| <M (1<K <0,

Proof. Every dx is uniformly Lipschitz and satisfies (B.2) with L = 1. O

Lemma B.3. Let oy (resp. B:) be the many-body (resp. 1-body) evolutions gen-
erated by H = dT'(h) +V (resp. h). Suppose V satisfies (3.13). Then for every
function f on A and its second quantization f as in (3.2),

(B.7) a(f) = AU (B ().

Proof. Without loss of generality, we take ¢ > 0 within this proof. Write Hy :=
dT'(h). We decompose the evolution «; into a composition of two maps:

(B8) oy Oé;nt o Oéioc’
(B.9) IOC(A) —citHo go—itHo
(B.10) A" (A) —itH o —itHo g itHo ,—itH

For every function f: A — C and f, := 8,(f), we compute using (B.9) that

6r loc (AD(f,)) =al°¢. (= [Ho, dT(f,)] + dT([h, £,])).

Applying (3.12) to the second term on the r.h.s., we see that 9.al° (dT'(f,)) =
Hence

(B.11) dD(f;) — oloe( /aaloc (dT(f,)) dr = 0,

where, recall, f = dr(f).

Next, using (B.10), we compute, for every observable A,

T=r r

(B.12) %a ol (A) = o™ ([ale(V), A]),
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and therefore
A A t . A

aulf) = alee(f) = [0, (ol o al() dr

0

t

=i [ o ([ake)ae()]) ar
[ o (o)

i /0 | o ([V.ades, ()] ar
i /0 ar (V,dD(fy_)]) = 0,

where in the last line we use (B.11) and property (3.13). Combining (B.11)—(B.13)
gives (B.7). O

(B.13)

APPENDIX C. SYMMETRIZED COMMUTATOR EXPANSION

In this appendix, we establish the following symmetrized commutator expansion
(c.f. [8,15]):

Proposition C.1. Let A € B(h) and @ be a self-adjoint operator on b s.th. for
somen > 1,

(C.1) adb(A) e B(h) (1<k<n+1).
Then, for every x € C*°(R) s.th. X' has compact support and operators
(C.2) Xis 7= X(s7H(® —vt))

with s, t € R (c.f. (3.4)), we have the expansion

[Aa th] :Sil V |X£s| Sgn(X;s)[Aﬂ (I)] \% |X£s|

(C.3) Zn k ZNk (m) (m) 1k Ay () L (nD)
+ s Vs "Ois ad(b(A)Uts + s R(tvs)
k=2 m=1

The r.h.s. of (C.3) is dropped for n = 1. Moreover, if n > 2,

(1) v'"™) are piece-wise smooth functions supported in supp(x’);
(2) g™ are piece-wise constant functions taking values in £1 on supp(v(™);
(3) vgn)7 ggn) are defined as (C.2);
(4) R(t,s) is bounded for all s, t, and satisfies
(C4) IR(t,s)|| <C [|adg* (A)]],

for some C = C(n,x) > 0;
(5) 1 < N < C(n) for some C(n) >1 and all k =2,...,n.

Since x € X and h satisfies (1.2), by definition (3.5) and Corollary B.2, the
hypotheses of Proposition C.1 are satisfied with x € X, A = ih (see (1.1)), and
® = dx for any X C A. This gives :

Corollary C.2. Let ® = dx in (C.2). Then the operators xis satisfies (C.3) with
A=ih, ®=dx.

Proof of Proposition C.1. Throughout the proof, we fix ¢ in (3.4) and the self-
adjoint operator ® satisfying (C.1). Then we consider the one-parameter family
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of (bounded) operators xs = xis, see (C.2). In the proof below, all estimates are
independent of &, v, t.

1. Since x € C*° and x’ has compact support, the hypotheses of [29, Lems. B.1-
2] are satisfied. Hence, by the commutator expansion formula [29, Eq. (B.14)], we
have

[A,x] =D sTFEO (k, 5) + s~ HDRO(s),
k=1

1
EO(k, s) :zﬁxgk) adl (A).

with R()(s) satisfying the remainder estimate,

)

|RO(s)| < € [ladg " (4)

where C' = C(n, x) > 0 and the r.h.s. is finite by condition (C.1). We proceed to
symmetrize E(°)(k,s), k = 1,...,n w.r.t. the functions GECO)(S) = ng). For each

k, let

. 9(s) = sgn(GY(s)).

Then we have
G (s) adl (A) =g (s)u " (s) adh (A)v” (s)

C.5
o + 9 ()0 (5) v} (s), adf ()]

By the assumption on y, each v,io) is a piece-wise smooth function supported
supp x’. Hence, we can again expand the commutator in the r.h.s. of (C.5) via
[29, Eq. (B.14)]. This way we obtain

n—k _m
S m —(n—
(CO) [ (9),ad5(A)] = = D7 G (s) adg " (4) 5~ IR (s),
m=1 ’

where

(a) the sum is dropped if k = n;
(b) supp G](Cl)(s) C suppv,(co)(s) C supp x4, with HG;D(S)HL < C for some
C =C(x) and all k, s;

(c) and HRS)(S)H <C ‘adgﬂ(A)H for some C' = C(n,x) > 0 and all k, s.

If n = 1, then the first term in (C.6) is dropped. Hence, plugging (C.6) into
(C.5), we find

14, xs] = 91 ()01 (5) adh (A)0{” (s) + s 2(RO(s) + RV (s)).

This establishes expansion (C.3) for n = 1.
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2. If n > 2, then we iterate Step 1 as follows. First, plugging (C.6) into (C.5),
we find

n—k+1

[A, xs] Zs ( k,s)+ Z s_mE(l)(k,m,s))

m=1

+54Mﬂ<3®@y+3m@0’

S, 5) =239 (5)0”) (5) ad (Ao (s),

1 m
ED (km,s) := = —g," ()0, ()Gl () ad ™™ (4),
0 0 1
RO (s Zk, g ()0, ()R (s).

Fix 1 < k <n—1. We symmetrize each of E(l)(k,m,s), m=1,....n—k+1
w.r.t. the function

(C.7) a2 ()0 (5)GL) (s)

ml

in place of GEQO) (s) in Step 1. This will introduce symmetrized operators S2) (k,m,s),

uniformly bounded operators E(?)(k,m,1,s), and remainders R,(fzn(s) as before.

3. From here one can see that this process can be iterated for exactly (n — 1)—
times. At the end, we obtain an expansion of [4, x,] into a sum of the form

k
(C.8) (4, xs] Z kZZs (K1, kp) + Y R¥)(s)
k=0

k=1 p=1

where the third sum is over some combinations of k; > 1 with Zle k; = k. Each
S p=1,...,n—1is of the form

-1 ki+...+ky -
S® (hy,... k.t ) = (=) 1k,gé’z 0, ()oK () adg T (AT (s),

where the functions v,(C 1,6) are piece-wise smooth, uniformly bounded by a constant

C = C(x), and supported in supp x’. ’ g(p k) (5)’ are piece-wise constant functions,

taking values in 1. This establishes expansion (C.3). The uniform bound on the
remainder follows from corresponding uniform estimates obtained above. O

APPENDIX D. PROOF OF THEOREM 2.9

Within this proof we assume ¢ > 0. The case t < 0 follows by the time reflection.
Recall the notations A; = a;(A) and AS = at $(A) for £ >0, see (2.14).

For a mixed state w, we decompose w = ) p;Pyi, where P, is the rank-one
projection onto Cip, with p; > 0, > p; < oo, and use linearity to reduce the problem

to estimating ‘<go, (A — A§)1/1>‘ for appropriate ¢ and 1. The latter is done in
Step 4 at the end of the proof.

1. We fix an operator A € Bx and define the remainder operator

Rem; = Remy(A4) = 4, — AS,
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c.f. (6.1), as well as the (X¢-X¢)-coupling operator (c.f. R’ in (5.2))
R=H — Hx, — Hx; = R — Hx:.

Using these definitions and that [HXE’ AS] =0 for all s € R, ¢ > 0, since supp A C
Xe (see (5.1)), we find from (5.2) that

(D.1) Rem; = /0 Co (z [R, Af,r]) dr.

Next, we use the standing assumptions h,, = hy, and vy = vy, = Uy to split
the (Xg—Xg)—coupling term R into two terms arising respectively from the kinetic
and potential terms in (1.1) (see Figure 4):

(D.2) R:=S+W,
(D.3) S=8+(9), S= Y hyalay,
wEXg,yEXg
(D.4) W = Z Viey  with Vi i= apajveyaya,.
IEXE,yexg

Egs. (D.1)~(D.2) imply, for any ¢, v € D(N)ND(H),

(05) o, Rem)] < ¢ swp (|(or, [5,45,]0r)

0<r<t

+|(er, [ 45, ]0r)

).

where ¢, = e7"H . In the rest of the proof we estimate the r.h.s. of this expression.

2. We first estimate the first term in the r.h.s. of (D.5). Within this step, all
constants C' > 0 depend only on n, k,, and c.

Let s :=t — r. By formula (D.3), we have the estimate
[(ors [5, AT )]
< Z |hf6y| (K‘Prv a;ayAger + K‘Prv Aga;aywrﬂ)

TEXe,yEXE

= Y el (e ay A5+ (049 er, ayi)])

ZEXg,yEXg

Using the Cauchy-Schwarz inequality and the fact that ||a.o | = (@, nzgor>1/2

(recall n, = a%a,), we find

(D.6) [(or, [S', AS] )| < TV2IIV2 4 10T/ 21V /2
(D7) I:= Z ‘hzyl <507‘> nw@r) )
zEXg,yEXE
(D.8) II:= Z |hayl <¢T7 (Ag)*nyA§¢r> )
IEXE,yEXE
(D.9) M= > |hay| (U, nythr)
mGXg,yEXE
(D.10) V= > hayl (o, Ana(A) e,

mEXg,yGXg
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We now estimate the terms in the r.h.s. of (D.6). Given ¢ > 2k, we fix a number
0 < v < 1/3 in the remainder of the proof s.th.

(D.11) €= w > K.

We introduce the local number operators counting the number of particles in the
curved annular regions (c.f. (5.7) and Figure 6 below):

AT/ " VA
(D-12) N%& T N’y,& + N'y,f’ N%é T NX(l—w)ﬁyé’

"o
7E T NX§,<1+~>5'

X(1-~)¢ ¢ associate to N/

Xe,(14+)¢ associate to NI ¢

FIGURE 6. Schematic diagram illustrating the region associated to
the local number operators in (D.12).

In what follows, we will use the following estimate for the particle number in
curved annular regions (c.f. [16, Thm. 2.3]):

(D-13) (@r, Ny gor) < C ({0, Napg) + (72 = 11)8) " (9, Nop))
valid for any two numbers 1 > v > 1 >0, ¢ > &, and r < (72 — v1)¢/c. Estimate
(D.13) follows from the ‘incoming’ light cone estimate, (5.4).
2.1. To estimate the term I from (D.7), we use the decomposition
(D.14) Xe = Xa-ye U Xa-mee
c.f. Figure 6, and that |z —y| > 7€ for all # € X(1_,)¢ and y € X, to compute

I= Z |hzy| Z <<P7‘7 nz‘pr> + Z <<P7‘7 nz(Pr>

yeXg TE€EX(1-v)e e rE€X(1-)e

< Sug Z |hwy| Z {(@r, Ne@r)
e

yeEXE TE€EX(1—v)g.¢

+ ()T [ sup Y lhaylle—yl™ | D (er maier)

reh yexg TEX (e
Recalling definition (1.2) and noting the fact that sup,cp >, ¢ X |hay| < Kn—1 as
the grid size of the underlying lattice is at least 1 (see (1.2)), we conclude
(D'15) I<kp (<90r7 N'Iy,§§0r> + ('YO_” {or, NSOT>) )

where, recall, N! . = Nx,__ .. (see (D.12)).
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To estimate the first term in line (D.15), we use the relation N . < N, ¢ and
apply (D.13) with ¢ — ¢; > k (see the choice (D.11)) to obtain, for all0 < r <

(1 - 7)5/61,
(D.16) (r, N cor) <Co(e0),
(D.17) To(9) :=(¢, N1,¢9) + (v§) " (¢, No).

Plugging estimate (D.16) back to (D.15) and using the conservation N, we find
that

(D.18) I < Cro(p),
uniformly for all r with 0 <r < (1 —~v)&/cy.

2.2. To estimate the term II from (D.8), we use the decomposition
(D.19) X = X(147e Y Xe.aemes

c.f. Figure 6, and the notation n, := (A45)*n, AS, to compute

H=Y" |hyyl S W)+ Y (W, yty)

w€X¢ YEXe, (14e YEX T e
< | sup Slhayl | DD (W )
VA reXe YEXe (14)¢

(’Yf Sup Z |hmy‘|$ - y|n Z <'l/)r7 ﬁ;wr>

et rex YEX e

(D.20) <hin—1 ((Ur, (AS)* NI ASY,) + (7E) ™" (r, (AS)* N ASY,)) .
To estimate the first term in line (D.20), we note that since supp A5 C X for all s
and supp N/ C X¢ by construction (see (D.12)), we have {Ag, N&E} =0 for all s.
By this fact, the first term in line (D.20) can be bounded as

(P, (AS)* NI ASth,)
(D.21) = (i, (NJL)Y2(A) AS(NY )20, )

2 2
<[ ASN" (o N etor) = NAI (o, NY ) -
Using the relation N,’Ycf < N, ¢ and applying Corollary 2.10 to the r.h.s. above with
¢ — ¢1 > K, we obtain that for all 0 <r < (1 —v)¢/cq,

(D.22) (Wr, (AS)* NI cASthr) < C || 70(3).

To estimate the second term in line (D.20), we use the relation [AS, N] = 0 (see
(5.1)) and the conservation of the expectation of N to get

N 2
(v, (A" NAZY:) <A (r, Noby) = ||| (4, N9) .

Plugging the two preceding inequalities back to (D.20), we obtain

(D.23) IT < C || A]* 7o(¢)).

uniformly for all » with 0 <r < (1 —~v)&/cs.

2.3. The term III in (D.9) can be bounded as (D.20). (It is actually simpler
because there is no A’s in (D.9).) Here we record the result:

(D.24) I < Cro(4)),
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which holds uniformly for all 0 < r < (1 —v)&/c3.

2.4. To bound the term IV in (D.10), we use the decomposition (D.14) to
compute

yEXS TEX (1-~)e
(D.26) + 3l D (e Alna(AD) er).
yEX§ TEX(1-~)e¢

Using the relation [AS, N] = 0 (see (5.1)) and the conservation of N, we bound the
term in line (D.25) as

Z |hay| Z <<Pra Agnw(Ag)*¢r>

yeXg zE€EX(1-~)¢

<(H)™" Z |hacyHm - y|" Z <90r7 AgnI(Ag)*@r>

yeXE T€X (1-v)¢
< Kn—1 (7€) 7" (s ASN(A5) 1)
(D.27) < b1 147 (v6) 7" (¢, Ne) .

To bound the term in line (D.26), we define ¢, 5 := e 1o xe o, and recall NA’Y’£ =
Nx - Then, we have, by definition (5.1) for the local evolution,

Dodhayl D (o ASna(A9)er)

yeX§ TEX (1-)e,¢

(D.28) <kn_1 {pr, ASNL ((AS)*0,)
=Kn-1 <A*§07',37 Oé)—(ﬁ( 4,§)A*§OT,S> .

To estimate the quantity in the last line of (D.28), we use Corollary 2.10 with
Xﬁ(-) to obtain that for all s < 1_775/01,

(A" rss XN JA0rs )
<C (<s0r,s, AN(’1+7)/2,5A*¢T,S> + (67" (rs; ANA*%,J) :

For the remainder estimate, we use that 0 < v < 1/3 so that 1777 > 7. Note that
this is the only place v < 1/3 is used.

evolution «

(D.29)

Since supp A € X and supp N(’IJW)/2 ¢ C X¢ by construction, we can pull out
A’s from (D.29) to obtain

* X *
<A Pr.ss Oé—g( ;,g)A 907'7S>

<|A|*c (<s0r,s, N(/1+“/)/2,§90r,s> + () ™" (s, N%,s>> :

Now we use Corollary 2.10 twice on the first term of (D.30), first with the evolution
afs(-) and then with a;.(-). This way we obtain that for r +s =t < 352 /ey,

X
(D.31) <80r,s, N(/1+'y)/2,§507‘,s> < <<P7 Qr © Qs E(N(/1+7)/2,§)%0> < Cro(yp),

where 79(¢p) is defined by (D.17). This bounds the first term in the r.h.s. of (D.30).
(The derivation is similar to (9.5).) By the conservation of N, we find

(D.32) {prss Nors) = (p, No)

(D.30)
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in the second term in the r.h.s. of (D.30).
Combining (D.27)—(D.32) yields
(D.33) IV <C | A|* 7o(p),

which holds uniformly for all

(D.34) t< 1_775/61.

2.5. At this point, we have uniform estimates (D.18), (D.23), (D.24), and (D.33),
which are valid for all ¢ satisfying (D.34). Plugging these estimates back to (D.6),
we conclude that all ¢ satisfying (D.34),

sup

s (o [5245 ]

since |{ir, [(8)7, 45, Jun)| = |(wr, [, (45)7] )| and (A5_,)" = (45,
(see (5.1)), going through Steps 2.1-4 and interchanging the roles of A* (resp. @)

(or [, 48 ]wr)

< O || Allmo(p) ' *ro(4) /2.

and A (resp. ;) yields the exact same estimate for supy<,.<;

as above.

Recalling the definition of ¢; in (D.11) and the validity interval (D.34), we con-
clude that for every 0 <t < &/c,

(o [5.45]1)

This bounds the first term in the r.h.s. of (D.5).

(D.35) sup

0<r<t

< O || Allmo(e) ' *ro() /2.

3. Next,we estimate the second term in the last line of (D.5). Within this step,
all constants C' > 0 depend only on n, k,, vy, and ¢, where v, is as in (1.3).

By formula (D.4), the fact that [a%,n,] = 0 for all z € X¢, y € X¢ and ab =

*

*, and the localization property [A$,a,] = 0, we have the estimate

(o, [, AS]45r)
< Z |U1y| (|<<P7'a nLnyA§¢7>‘ + |<§07'7 A§n¢nyw7>|>

a:EXg,yEXE

= Z |Uwy| (|<(A§)*nw<pr7 ny¢7>’ + ‘<ﬂw(A§)*<,0T, nywr>|) .

IGXg,yGXg

ay, @

Applying the Cauchy-Schwarz and triangle inequalities to the last line above, we
find

(D.36) [(or, [W, AS]4, )| < VI/AVIMY2 4 VI2vIT2,
(D.37) Vim0 fowy| ($r npt)
IEX@,yEXg
(D.38) V1= Z Vay| (@rs 2z AS(AS) naor)
xEXg,yGXg
(D.39) VIIi= Y gyl (or, An2(A9) ;) .
fI:EXg,yEXE
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3.1. To bound the term V in (D.37), we use the fact Y- .o n2 < NZ and proceed
exactly as in Step 2.3 above for the estimate of (D.9) (see more details in Step 3.2
below). This way we obtain that, for all 0 <r < (1 — v)¢,

(D.40) V <Cr(y),
(D.41) 7(¢) := (¢, N1eNo) + (v6) ™" (¢, N?¢).

3.2. To bound the term VI in (D.38), we first use

2
1 o L - G S [ CON TN S

a:EXg,yeXg :rEXg,yeXg

Using decomposition (D.14) and the relation ) g n2 < N2, we then proceed as
in the estimate of (D.7) (see Step 2.1) to obtain, in place of (D.15),

VIS AP (X lowl D (ormen)

yeX¢ ze€X(1-v)¢,¢
OO oalle—ul" > (en nZer)
yeXE reX(1-y)¢

<, (<90m (Né,s)2<ﬁr> + (v (r, Nw)) :

For the first term in the last line above, we use Corollary 2.10 to obtain, for all
0<r<(1=7)¢/e,

2
(D.42) <<pr, (V) sor> < Cr(p).
Using the preceding two estimates and the conservation of N, we conclude that
(D.43) VI<C|A|P (),

uniformly for all 0 < r < (1 — v)¢&.

3.3. To bound the term VII in (D.39), we proceed as in the estimate of (D.10)
(see Step 2.4). Using the decomposition (D.14), we compute

(D.44) VIT= " fog| Y. (o AnZ(AD) 0,
yGXE TEX (1-~)¢
(D.45) + D eyl D (e ASnZ(AD) ).
yEXE TE€X(1—y)e.¢

The term in line (D.44) can be bounded in the same way as (D.27):

(D.46) Dol D (e AIZ(AD) o) < v ()T AN (o, NPi)
yeXE T€X(1—y)¢

To bound the term in line (D.45), we first use that

Slowl Y (on ASR2AD ) v (A, XN 9D A )

yEXE T€X(1-v)e.¢

which can be derived similarly as (D.28). Applying Corollary 2.10 to the r.h.s.
above, we find that for all s < 1_?"’5/01,

<A*90r,s, o< (( 4,5)2)A*‘PT*S>

(D.47) —c (<<p7~,37 AN(’1+,Y)/2,gNA*‘/’7"vS> + (19" (¢rs, AN2A*<pr,s>> .
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Since the local number operator N(’1 /2,6 is supported away from X DO supp A

(see (D.12) and Figure 6), and since [A, N] = 0, we can pull out the A’s from the
first term in the r.h.s. of (D.47) as

* 2
(D.48) <<,0r,57 AN(/1+7)/2,£NA 80r,5> <|IA] <§0T,87 N(11+y)/2,5N80r,s>7

c.f. (D.21). The rest of the estimate of (D.47) follows similarly as in the estimate
of (D.29). Here we record the result:

(D.49) VIL< O || A" (),
which holds uniformly for all 0 <r < ¢, s =t —r, so long as (D.34) holds.

3.4. Combining uniform estimates (D.36), (D.40)—(D.49) yields, for every 0 <
t<¢/e,

(D.50) sup. ‘<<pr, [W, Affr} wr>

< C Al ()27 ()12,

4. Combining (D.35) and (D.50) in (D.5) and recalling the choice v = (¢, k) in
(D.11) and definitions (D.17), (D.41), we conclude that, for ¢ < n/c and ¢ > 2k,

(D.51) |{p. Rem )| < Ct|| Al ()" >(4)'/2.
Finally, for any mixed state w satisfying (2.10) and any operator B € By, we use
the spectral decomposition w = ) p; Py with p; > 0, Y p; < C < oo, and the
choice ¢! = B*1 in (D.51) to obtain

|w(B Remt)| < Zpi |<B*1/1i, Remtl/)i>|
(D.52) <Ct||A| > pir(B ") Pr(yh) /2.
Since B € By and Y C X5, we have [B, N] = [B, N1 ¢] = 0 (see (D.12)). Therefore,

by definition (D.41), we have 7(B*¢%) < || B||* 7(1%) for each i. This, together with
estimate (D.52) and the facts that > pim(¢;) = w (Nx,o\xN) + (v€) "w(N?) (see
(D.41)) and 0 < 7y < 1/3, yields

(D.53) lw(BRemy)| <Cy~"t[| Al | B]| (w (Nx,0\xN) 4+ £ "w(N?)).
This completes the proof of Theorem 2.9. U

APPENDIX E. GENERALIZATIONS TO UNBOUNDED OBSERVABLES

In this section, we sketch the extension of the main theorems in Section 2 to a
large class of unbounded operators. We say that an operator A acting on F has
finite degree if [A, N] =0 and
(E.1) deg A := inf {1/ >0:A, A" are N”/Q—bounded} < 00.

By definition, deg A = 0 if and only if A is bounded, and deg A < 2M if A is a
polynomial in n, with degree at most M. For each 0 < v < oo, we define the norm

(E.2) Al = max (|| an-v/2|, | a7z ).
Let

(E.3) B := {operators A on F with ||A]|, < oo},
(E.4) BY% :={AeB”:suppA C X, [A,N] =0}.

Then B% with v = 0 coincides with (2.15), and we have the following lemma:
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Lemma E.1. Let 0 < v < o0, X C A, and A € B%. Then, for all numbers p,q > 0
and operator B > 0 with [B, N] = 0, supp B C X°, we have the following operator
inequalities:

(E5) A*NA <[| 2N on D(NW+0/2),
(E.6) A*NP/2BINP/2 A S\HA|||2N(VH’)/2BqN(”“’)/2 on D(BQ/2N(V+17)/2)_

Proof. Since v is fixed, we write ||-||| = |||-||, within this proof. Symmetrizing as
A*NIA = NVHD/2 N=wta)/2 gx Na/2 Nya/2 AN~ +a)/2 yta) /2,
and using definitions (E.2)-(E.4), we see that
2 2
A*NIA < HN‘J/QAN*<”+‘1)/2H NYFE = || AJ|*N¥H.
This gives (E.5). Next, since supp A € X and supp B C X¢, we have [A, B] =
[A, N] = 0 and therefore
A*NP/2BINP/2 A = NP/2B3/2 A* ABY/2 NP/2,

Applying (E.5) to the r.h.s. with ¢ = 0 and then using the fact that [V, B] = 0, we
find

A*NP2BINP/2 A <|| A||>NP/2B1/2 NV BY/2 NP/?
=||A||? N+P)/2 ga N t)/2,

This gives (E.6). O

Now we sketch the proof of Theorem 2.9 for operators A € B% with v > 0.
Through this, the corresponding results for Thms. 2.2-2.3 follow readily, wherefore
extensions of the results in Sects. 2.4-2.7, which are applications of Thms. 2.2-2.3,
follow.

The main idea is to use Corollary 2.10 together with Lemma E.1, in places where
Theorem 2.1 is used. For example, in place of (D.21), we use (E.5) with B = Z\fﬂ’/’J37
which is supported away from X, (see (D.12)), to get

(B.7) (W, (AN cASUr) < AN (b, Ny N4
Then we use Corollary 2.10 to the r.h.s. above to get
(Yr, NY Ny <C ({90, NigN"9) + (7€) 7" (3, VT 1)) .
This, together with (E.7), yields
(r, (A5)"NY e ASthn)
<CIIAIP ({w, NieN"$) + (7)™ (w, N"F1p))
in place of (D.22). Similar modifications are then made to (D.30), (D.31), (D.42),

V42

etc. This way one can obtain, for states ¢, ¥ € D(N 2 )ND(H) and all other
notations the same as in Theorem 2.9,

(o, (40— ASy0)|
<C AN ({0, Nxaex N o) + (167" (0, N "))
% (<1/’7 NX2§\XNU+1¢> + (™" <¢7 NV+2¢>)1/2 .

(E.8)

1/2
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