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Abstract

Let R be an E-ring, and let I C moR be a finitely generated ideal such that R
is complete along I. This thesis studies localizing invariants arising from pairs of the
form (R, I). Precisely, the pair (R, I) gives rise to a category Nucg, the category of
nuclear R-modules: this category contains the usual category of R-modules, as well
as many I-complete R-modules with continuous maps between them. We then study
localizing invariants applied to such categories. In this context, a localizing invariant
T is said to be continuous if T'(Nucg) = Jm T(RJI™). Efimov proved that algebraic
K-theory is continuous. The main result of this thesis builds from the continuity of
K-theory to prove the same for topological cyclic and Hochschild homology.

Resumé

Lad R veere en E, ring, og lad I C myR veere et endeligt frembragt ideal sadan
at R er komplet med hensyn til I. Denne PhD afhandling studerer lokaliserende in-
varianter som optraeder fra par pa formen (R, I). Naermere bestemt giver paret (I, R)
anledning til en kategori Nucg, kategorien af nuklear R-moduler: denne kategori inde-
holder den szedvanlige kategori af R-moduler savel som flere I-komplette R-moduler
med kontinuerte afbildinger mellem dem. Derefter studerer vi lokaliserende invari-
anter anvendt pa sadanne kategorier. I denne kontekst siges en lokaliserende invariant
at vaere kontinuert, hvis T'(Nucg) = Jim T(RJI™). Efimov beviste at algebraisk
K-teori er kontinuert. Hovedresultatet i denne af handling bruger kontinuiteten af
K-teori til at bevise kontinuiteten af topologisk cyklisk kohomologi og Hochschild
homologi.



Acknowledgments

I certainly feel that I don’t stand here alone, and for that I am grateful to many people.

First of all, I'd like to thank my advisor Dustin Clausen. He has guided me through
this project, has taught me how to think about the math in here, and has shared his
mathematical insight and ideas with generosity; this thesis would definitely not have been
possible otherwise. More importantly, he has been an amazing advisor, and his support
and encouragement over the years of my master’s and PhD have been very important to
me.

I thank Fabien Pazuki, Arthur César le Bras and Alexander Efimov for agreeing to
be in this thesis committee. The work in this thesis builds from recent work of Alexander
Efimov, to whom I want to further thank for always sharing and explaining his results to

me.
It has been a privilege to be part of the math department at the University of

Copenhagen. I thank all the people that have worked over the years to shape the
department to what it is today for welcoming me as one of you. I would like to
particularly thank Nathalie Wahl for heading the GeoTop center, Jan Tapdrup for all
the amazing conferences, and all the people of the administration for their constant care
and support.

To my friends at the university, I thank you for all the good times and for the many
laughs. Honestly, you are all great people and even better mathematicians.

To my flatmates, Francesco, Cata, Elena, thank you for making a home from a house
these last three years, for letting me keep my collection of chocolate milk boxes, which is
art, and for always eating my food with joy. To Cata, thank you for joining me here, for
every day, and for much more.

Last but foremost, I thank my parents and my family. Ma, Pa, thanks for being with
me at every step.



Contents
Introduction

1 Nuclear modules over adic rings
1.1 Abstract nuclear objects . . . . . . . . ... .
1.2 Adicrings . . . . ...
1.2.1  Definitions . . . . ... L
1.2.2  Solid modules over adic rings . . . . .. ... ... ...
1.2.3 Nuclear modules over adic rings . . . . . . ... ... ... .....
1.3 Nuclear modules inside lax-perfect modules . . . . . . .. ... ... ...
1.3.1 Statements . . . . . ...
1.3.2 Definitions and Proofs . . . . . . .. .. ... oo

2 Localizing invariants and infinite products
2.1 Stable envelopes of additive co-categories . . . . . . .. ... ... ...
2.2 Localizing invariants of products of additive co-categories . . . . .. . ..
2.3 Additive invariants of split lax-limits . . . . . . .. .. ... ... ... ..
2.4 Cyclic and Hochschild homology of products . . . . . . . .. ... ... ..

3 K-theory and Hochschild homology of nuclear modules
3.1 Remarks about the Hochschild homology of nuclear modules . . . . . ..
3.2 Continuity of Hochschild homology implies continuity of K-theory
3.2.1 Motives of lax-perfect complexes . . . . . . ... ... ... ....
3.2.2  Truncating invariants via lax-perfect modules . . . . . . . . .. ..
3.3 Continuity of K-theory and continuity of Hochschild homology . . . . . .
3.4  An example: nuclear modules over perfectoid rings . . . . . ... ... ..

References

12
12
21
21
24
27
31
31
33

52
53
95
60
63

67
68
73
74
76
82
84

89



Introduction

The algebraic K-theory' of a given qcqs scheme X is given by the K-theory of the
oo-category Perf(X), the oo-category of perfect complexes over X. This is a global
definition which when X is of the form Spec(A) recovers the usual K-theory of the
commutative ring A. Starting instead from the K-theory of commutative rings, the
K-theory of X can be obtained by gluing the K-theory of an affine cover: for example,
say X is separated and covered by two Zariski opens U = Spec(R;) and V' = Spec(R2)
with intersection U NV = Spec(R12), then we can define a spectrum

K(X) = K(R1) Xg(Ryy) K(Ra). (1)

This spectrum turns out to be independent of the presentation X = UUV: more generally,
a result of Thomason[TT90, Theorem 10.3] says that the functor

UC X — K(Perf(U))

is a sheaf of spectra on the Zariski site of a qcqs scheme X. Then, as the definition of
K-theory via Perf(X) agrees with the usual K-theory of commutative rings in the affine
case, Thomason’s result gives both that (1) is well defined and that the two approaches
to the K-theory of the scheme X in this paragraph, via Perf(X) and via gluing from
affines, agree. Moreover, Thomason’s result holds with K-theory replaced by an arbitrary
localizing invariant.

The previous has an analog in the world of rigid geometry. Let X now be a qcgs
rigid analytic variety over a non-archimedean field C. When X = Sp(R) is affinoid, its
K-theory can be defined, following [Mor16, 3.1], as the pushout of spectra

K(Ro) —— K(R)

| |

lim K(Ro/") — K“"(R)

where Ry C R is any subring of definition an m € C' is a topologically nilpotent unit.
This is well defined: it is independent of Ry and w. Morever, defining the K-theory of a
qcgs rigid analytic variety by gluing from affinoid pieces ? gives a well defined spectrum
K" (X)), this is [Morl6, Lemma 3.4], and it uses pro-cdh descent for schemes. The
definition of K" (X) is an analog of the second definition of the K-theory of a scheme
on the previous paragraph. There is also an analog of the first definition, a sort of global
definition: attached to any rigid analytic space X there is a category Nucx, called the
nuclear category of X, of which it is possible to consider its K-theory®, K(Nucy). There
is a comparison map

K (Nucy) — K®(X) (2)

lalways non-connective in this introduction.

2that is, as in (1) but with the analytic topology playing the role of the Zariski topology

3the category Nucx is a dualizable, presentable and stable co-category, and such categories are the
input for Efimov K-theory, as explained in [Hoy].



between these two definitions of the K-theory of a rigid analytic space. By a result of
Andreychev [And23], the functor U C X — K (Nucy) is a sheaf for the analytic topology
on X*. Then, as both sides in the comparison map in (2) are determined by their values
on affinoids. When X = Sp(R) is affinoid, we also write Nucg for Nucg,(g). The following
recent result of Efimov ensures that the comparison map in (2) is an equivalence.

Theorem (Efimov). Let R be an affinoid C-algebra. Then the comparison map
K(Nucg) — K“"(R) (3)

18 an equivalence of spectra.

This result also ensures that K" (R) is well defined and independent of the presen-
tation of Sp(R), because Nucg turns out to be (Corollary 1.33.1), and this gives a proof
of the version of pro-cdh descent for K-theory from [Morl6, Lemma 3.4]. The comparison
map in (2) makes sense for an arbitrary localizing invariant, and Andreychev’s descent
result holds for any localizing invariant, where for a localizing invariant T we let T°"(R)
be the pushout

T(Perfr,) — T'(Perfg)

| !

lim T(Perfgy/p) —— T"(R),

Here we use the previous theorem of Efimov to prove an analog for topological
Hochschild homology

Theorem 0.1. Let R be an affinoid C-algebra. Then the comparison map
THH(Nucg) — THH®™™(R) (4)

s an equivalence.

The comparison maps in Efimov’s theorem and in Theorem 0.1 also exist at the level
of Ry, and are more fundamental: the equivalency of the map

T(Nucg,) — T°"(Ro)(= lim T(Ro/7"))

at the level of Ry implies the equivalency of the same map for R = Ro[r~!]; this is
because of the existence of a commutative diagram

MOdRO E— MOdR

| !

Nucg, —— Nucg,

4The category Nucx is a certain enlargement of the category Perfx, but, in contrast to the case of
schemes, Andreychev’s result doesn’t hold for Nucx replaced by Perfx.



which turns out to be a Verdier square® (Lemma 1.33), so it is sent to a pushout by any
localizing invariant. Given this, the equivalency of all the previous comparison maps is
reduced to the following more general question.

Question 0.2. Given a connective Eo-ring R (playing the role of Ry above), a finitely
generated ideal I C my(R) (playing the role of (7) C Ry), and a localizing invariant T'
(such as K-theory or topological Hochschild homology), when is the map

T(Nucgy) — lim T(R [ I") (5)
neN

an equivalence? Here the notation stands for the following: R} denotes the derived
completion of R with respect to I taken in condensed spectra (Definition 1.21), for which
it makes sense to consider Nucga (Section 1.2.3), and each R//I" is an Ecc-ring in spectra
which stands for an appropriate derived quotient (Lemma 1.24).

Efimov’s theorem then admits the following formulation.

Theorem (Efimov). Let R be as in Question 0.2. Then for every localizing invariant T
there is a fiber sequence

T(Nucgy) = T(] [ Proif ) = T(] Proif ;) (6)

Where Projfé//m denotes the category of finitely generated projective modules over RJI",
and the second map is given by the identity minus the projection of the 1+n-th factor to
the n-th factor.

The category [],, Proj% O this theorem is regarded as an additive co-category,
and the non-conective K-theory in the theorem is taken in the setting of additive oo-
categories® From this, to deduce Question 0.2 for K-theory it remains to commute the
N-indexed products in the last theorem with K-theory. If all the Proj% i Are additive
1-categories (for example, if R is a Noetherian discrete ring or if I = (z) and R is discrete
with bounded z-torsion) then the K-theory commutes with the product of additive
1-categories by [KW20, Thm 1.2]. This commutation turns out to hold in general.

Theorem (Proposition 2.11). Let I be a small set and let (A;)ier be a family of additive
oo-categories. Then the canonical map of non-connective K -theory spectra

E(JJA) — [ K(4)

el i€l

s an equivalence.

Sthat is, taking fibers in each row gives a localization sequence, and the fibers of both rows agree.
5By this we mean that if A is an additive oco-category and T is a localizing invariant such as
non-connective K-theory, we let T'(A) denote T applied to the stable envelope of A. See Section 2.



Versions of this result have been studied before, see [Car95], [KW19], or the intro-
duction to Section 2 for an account. Crucially, the proof of the last theorem relies on the
commutation of K-theory with products of stable co-categories, proved by Kasprowski
and Winges in [KW19]. The main use of Proposition 2.11 in here is to prove the same
but for topological Hochschild homology.

Theorem (Proposition 2.15). Let I be a small set and let (A;)ier be a family of additive
oo-categories. Then the canonical map

THH([[A) — [[THH(A)

el el
1 an equivalence.

We remark that even when the A;’s are all 1-categories the proof of this result needs
the above K-theoretic analog for additive co-categories. The following is a consequence
of Proposition 2.15 and (6), and it can be seen as a more fundamental formulation of
Theorem 0.1 above.

Theorem (Corollary 3.26.3). The map

THH(Nucgy) — lim THH (R/I")

n
from Question 0.2 is an equivalence of spectra.

This theorem implies a characterization of THH of NucR? independent of the rings
RjI™

Corollary 1 (Corollary 3.27.1). Notation as in Question 0.2. The inclusion Modr —
Nuc R} induces an equivalence

THH(R)} — THH (Nucgy).

of R-modules in spectra.

The last theorem and its corollary are a refinement of the fact that there are canonical
maps
THH(R) - THH(Nucg) — @THH(R//I”)
n

both of which are equivalences modulo the ideal I. This fact doesn’t rely on any of the
previous results in this introduction: the composite map is shown to be an equivalence in
[CMM20, 5.2], where much more is proved about this composite and its variants for other
invariants. Here we show the first map to be an equivalence modulo I in Corollary 3.11.1,
the proof of this goes by unraveling the definition of the Hochschild homology of the
category Nucg. More precisely, we show that it admits a description as a relative solid
tensor product (Proposition 3.11)

THH(Nucg) = R ®pomp R

10



where R is an R @™ R-module with a map R — R to the diagonal R @™ R-module
R obtained from the monoidal structure in Solidg, and we show that this map is an
equivalence modulo (I,I)". By the affirmative answer to Question 0.2 for TH H, we know
that the map R — R becomes an actual equivalence after base change along R@® R — R,
but we do not know if it is an equivalence before base change. If yes, this would give
another affirmative answer to Question 0.2 for T'H H without using the previous results
on this introduction. Inspired by this, we prove that in any case an affirmative answer to
Question 0.2 for TH H would in turn imply an affirmative answer to the same question
for K-theory®

Proposition (Proposition 3.13). Suppose that the canonical map

THH(Nucg) — lim THH(R |/ T")
neN

is an equivalence. Then the analog maps for TC and K-theory are also equivalences.

This is derived from the following statement, whose proof does not use the previous
results on this introduction.

Proposition (Corollary 3.17.1). Let E be a truncating invariant commuting with infinite
products of additive oco-categories. Then

E(Nucg) — Jim ER)I")

neN
s an equivalence.

This result is proved as follows. We first prove that Nucgp embeds into a category
of ’lax-perfect complexes’, denoted Ind(laxPerfg) and given by a subcategory of the
Ind-completion of the lax limit of n € N — Perfg, (Definition 1.37). We then analyze
the cofiber of this inclusion: there is a category Coff (Definition 1.71) and a map
laxPerf}, — Cof} which, informally, remembers the successive cofibers of the objects in a
lax-limit. The Ind-extension of this map kills Nucgy (Proposition 1.72), so there is an
induced functor

Ind(laxPerf})/Nucg — Ind(Cofl)

which we show to be induced by a nilpotent extension of additive oo-categories in the
sense of [ES21, Def 3.1.1] (Proposition 3.17). It is proved in [ES21, Thm 4.2.1] that
nilpotent extensions agree on truncating invariants, so

E(Nucg) — E(laxPerf}) — E(Cof%)

is a fiber sequence of spectra. The categories inside the middle and right terms can
be shown to have the same additive motive as the product [], Projf]% e from above

Tthis is the ideal generated by the two copies of I in R "R
8but, recall, the only current proof of an affirmative answer to Question 0.2 for THH uses Efimov’s
results, which also imply an affirmative answer for K-theory.

11



(Section 3.2.1), with the map between them inducing the identity minus the projection. As

FE in the last proposition commutes with the infinite product of the categories Projf}% i

the map E(Nucg) — lim _ E(R/I") is an equivalence.

Notation

1.

An denotes the oo-category of anima/spaces, and Sp denotes the oco-category of
spectra.

. We write hom(—, —) for hom spaces in oo-categories. We write map(—, —) for

mapping spectra and we write Map(—, —) for internal mapping spectra in closed
symmetric monoidal stable co-categories.

. We write Cat®! for the co-category of small stable co-categories and exact functors

between them, and we write Pr” for the oo-category of presentable oo-categories
and colimit preserving functors between them.

. We write C¥ C C for the full subcategory of a given co-category C spanned by the

compact objects.

. We write Ind(C) for the Ind extension of an oo-category C. If C is small, then Ind(C)

denotes the full subcategory of Fun(C°P, An) spanned by the left-exact functors. We
make sense of this notation also when C is not necessarily small, but still accessible.
In this case, Ind(C) denotes the full subcategory of Fun(C°P, An) spanned by the
left-exact accessible functors (see [Lur09, Rmk 7.1.6.2]).

. We write M,qq and M, for the co-categories of additive and localizing motives,

respectively. Similarly, we write U,qq and Uj,. for the universal additive and
localizing invariant, respectively. We refer to [BGT13] for a study of these categories
and functors.

I sometimes use ‘we’ without the grammatical number being clear. Apparently,
when singular this is called the royal we and it was used by kings and monarchs to
refer to themselves. We do not posses any of those titles nor aim for them; instead,
I see this usage as an emphasizer of the fact that math is a collaborative effort (but
all mistakes in here are mine).

1 Nuclear modules over adic rings

1.1

Abstract nuclear objects

This section is about introducing nuclear objects and proving basic properties about
them. Informally, an object X in a given symmetric monoidal category C is called nuclear
(Definition 1.2) if for every compact object P it holds that

PV ® X = Hom(P, X)

12



That is, an object is nuclear if compacts behave as dualizable when tested against it.
As nuclearity is a property defined by testing against compact objects, it will only give
information about the subcategory generated by them, so in this section we will restrict
to the case where C is compactly generated. Moreover, if the monoidal unit 1 € C is
compact, then objects appropietely generated under colimits by it are nuclear, and we
will suppose this too. More precisely, if Nuc(C) C C denotes the full subcategory spanned
by those objects which are nuclear in the above sense, the unit being compact implies
the existence of a fully faithful functor

RMOdEndc(l) — Nuc (C)

sending End¢(1) to 1 and commuting with colimits, but we will see that this inclusion is
usually not an equivalence. For example, if every compact is dualizable then every object
of C is nuclear (and if a compact is not dualizable, it can’t be nuclear). In any case, the
properties of the subcategory of nuclear objects will vary with the input category. Here
we fix the following generality:

Situation 1.1. For the rest of this section (C,®¢) will denote a compactly generated
closed symmetric monoidal stable oco-category. Moreover, we suppose that — ®¢ —
commutes with colimits in each variable and that the unit 1 € C is compact.

The section starts by giving a definition of the category Nuc(C) (Definition 1.2)
following [Schal, and recalling the properties proved in there. We then study a case where
the map Nuc(C) — C has a nice right adjoint (Lemma 1.9), which will be the case in later
sections. The section then ends by discussing the case where C comes from an additive
oo-category A. This will be the case in all later sections. In this case, there exists a
subcategory BNucy(C) C Nuc(C) (Definition 1.15) that under some conditions generates
the whole of Nuc(C) under colimits, and it is built from A under certain sequential
colimits, which makes it useful for calculations, see Lemma 1.16.

Definition 1.2. An object X € C is called nuclear if the map
mape(le, Map(P, 1¢) ®c X) — mapg (P, X)

is an equivalence for every compact P. The full subcategory spanned by the nuclear
objects will be denoted Nuc(C) C C.

Definition 1.3. A map f: P — X in C is called trace-class if there exists a map
g: 1l¢ = Map(P, 1¢) ®c X
such that f agrees with the composite
P P29, p o Map(P, 1¢) ®c X 22295, x
Equivalently, a map f is trace-class if it is in the image of the canonical map

momape(le, Map(P, 1¢) ®¢ X) — momape (P, X).

13



Definition 1.4. An object N € C is called basic nuclear if it can be written as a
sequential colimit
N =colim(Py - P — --+)

where each P; € C and each map P; — P;; is trace-class.

Remark 1.5. Equivalently, an object is basic nuclear if it can be written as a sequential
colimit of trace-class maps between compact objects. In fact, any trace-class map X — Y
factors as X — P — Y, where X — P is trace class and P is compact. This is because
the unit is compact, so any witness 1 — XV ® Y of the trace-class map X — Y factors
through some XV ® P, where P is a compact mapping to Y.

Lemma 1.6. Basic nuclear objects are nuclear. The class of basic nuclear objects is
stable under all countable colimits, and the class of nuclear objects is stable under all
small colimits. Moreover, if the full subcategory spanned by the basic nuclear objects is
(essentially) small then:

1. An object of C is nuclear if and only if it can be written as a filtered colimit of basic
nuclear objects.

2. The co-category Nuc(C) (Definition 1.2) is equivalent to the wi-Ind-completion of
the full subcategory spanned by the basic nuclear objects.

Proof. This is proved in [Scha, 13.13] in the condensed setting, but the proof is the same.
The smallness condition is needed when taking colimits over all basic nuclear mapping
to an object (see the proof in [Scha, 13.13]). Here we prove in detail that basic nuclear
objects are nuclear. Let IV be a basic nuclear object, so N = colim(Py — P, — ---) is a
sequential colimit of compacts along trace-class maps f;: P; — P;j+1. Let @ be a compact
object. We pick witnesses g; of each f; as in Definition 1.3, so that f; agrees with the

composite
evp, ®idpi+1

P P; @ map(P;, 1) ® Piyy ——— Piq

Proving that N is nuclear amounts to show that the map

map(@,1) ® N — map(Q, N) (7)

idp,®g;

is an equivalence. Both sides of (7) commute with the colimit presenting N, and there
are level-wise maps in the other direction

Inap(Q, Pz) — map(Qa PZ) ® map(Pi’ 1) & Pi+1 — map(Q7 1) & Pi+1 (8)

It will suffice to show that both compositions of these maps are given by going one step
in the colimit. The composition (8) with the map map(Q,1) ® P11 — map(Q, Piy1) in
(7) is given by going right-right-down in the following diagram

map(Q) PL) I map(Qa PL) ® map(Rﬁ 1) ® -Pi+1 — map(Q7 1) ® Pi+1

\ | | (9)

map(Q, P; ® map(F;,1) ® Piy1) —— map(Q, Piy1)

14



and going diagonal-right gives the map map(@Q), f;) in the colimit, so we want the last
diagram to commute. Adjoining the triangle in (9) gives a diagram

id®g;
Q ® map(Q, P) —2% Q @ map(Q, P;) ® map(P;,1) ® Py

ev, 7p,(@id
T

P, @ map(P;, 1) ® Py

which clearly commutes, so the triangle in (9) commutes. Adjoining the square in (9)
gives
Q ® map(Q, P;) ® map(F;,1) —— Q ® map(Q, 1)

leVQ ,P; leVQ

(up to tensoring all the diagram with P;;) and this last diagram clearly commutes, so
(9) commutes. The composition in the other direction is given by going right-right-down
in the following diagram

can id i
map(Q, 1) ® P, ——=—— map(Q, P;) ~——2> map(Q, P;) ® map(P;, 1) @ P
lid@g,: y) l
map(Q,1) ® P; ® map(F;, 1) ® Piy1 map(Q, 1) ® Pit1

and going down-right gives the map map(Q, 1) ® f; in the colimit, so we want the last
diagram to commute. It is clear that the triangle on the left commutes, so it remains to
show that the triangle on the right also commutes. For this we can suppose that P11 =1
and then adjoin ) as before. This concludes the proof that basic nuclear objects are
nuclear. O

Remark 1.7. From now on we will assume that the hypothesis of Lemma 1.6 is always
satisfied. That is, we assume that basic nuclear objects always from an essentially small
subcategory of the given ambient category C. As hinted in Lemma 1.6, this has two
consequences. First, this implies that the category of nuclear objects is generated under
wi-filtered by basic nuclear objects, so many things can be proved by reducing to the
case of basic nuclear objects. Second, this implies that Nuc(C) is presentable, which in
turn implies that the inclusion Nuc(C) C C always admits a right adjoint.

Corollary 1.7.1. Nuclear objects are closed under tensor product.
Proof. By the above, and under Remark 1.7, it suffices to show that basic nuclear objects
are closed under tensor products, for which it suffices to note that trace-class maps are

closed under tensor products. ]

The definition of nuclear can be packed into a functor:

15



Definition 1.8. Let (—)™: C — C denote the filtered-colimit preserving functor defined
by
X" (P) :=map¢(le, Map(P, 1¢) ®c X) € Sp

for compact objects P € C. This functor comes with a natural transformation (—) = id¢,
and an object X € C is nuclear if and only if such natural transformation induces an
equivalence X" = X.

Lemma 1.9. Suppose that the endofunctor (—): C — C lands in nuclear objects. Then
the right adjoint to the inclusion of nuclear modules into C is given by the resulting
functor (=)": C — Nuc(C) from Definition 1.8.

Proof. We have to check that for every nuclear object N the map
mapg (N, X*) — mapg (N, X)

is an equivalence. By writing N as a colimit of basic nuclears, we can reduce to the case
where N is basic nuclear. That is, N is a sequential colimit of compact objects along
trace-class maps. Let P — @) be a trace-class map between compact objects, then the
induced morphism Map(Q, —) — Map(P, —) of endofunctors of C factors through the
endofunctor PV ® (—): this follows from the following diagram

Ma‘p(Qa _) > Map(P ® PV X Q? _)

| |

PY®Q®Map(Q,—) — PY® (—) ——— Map(P, —)

which commutes because both compositions are adjoint to elements in momapgy,q(c) (P ®@
Map(Q, —), idc) coming from the same element in mymapg,q(c)(P®P'@Q@Map(Q, —), idc)
under the witness 1 — PY ® Q. We apply this to a presentation of the basic nuclear N
as a sequential colimit of compact objects along trace-class maps f;: P; — P;11 to get
commutative diagrams

Map(P;41,—) —— Map(F;, —)

T \ T (10)

PLe(-) — PVe

where the diagonal arrow is the one we’ve just produced and the lower arrow is induced
by f;. The commutativity of the last diagram is the same calculation as the one done in
the proof of the fact that basic nuclear objects are nuclear. This gives backward maps in
the colimit, giving that map(N, X*) = map(N, X). O

Lemma 1.10. Suppose that compact objects in C are stable under tensor products, that
formal duals of compact objects are nuclear, and that for any two compact objects P and
Q the canonical map

Map(P, 1) ® Map(Q, 1) — Map(P ® Q,1)
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18 an equivalence. Then, for every nuclear N and for every compact P, the natural map
Map(P, N) — Map(P,1) @ N

s an equivalence of objects of C. That is, the condition for nuclearity also holds 7inter-
nally”.

Proof. The statements amounts to show that for every compact @) the map
map(P ® Q, N) — map(Q, Map(P, 1) ® N)

is an equivalence of spectra. By nuclearity of N, the left hand side is given by the
undelying spectrum of Map(P® @, 1) ® N. Similarly, Map(P, 1) ® N is nuclear because of
the assumptions combined with Corollary 1.7.1, so the right hand side is the underlying
spectrum of Map(Q, 1) ® Map(P, 1) ® N. These two expressions agree by the assumptions.

O

Lemma 1.11. Let A € CAlg(Nuc(C)) and suppose that the conclusion of Lemma 1.10
holds for N = A °. Then there is an equivalence

Mod 4(Nuc(C)) = Nuc(Mod 4(C)).

Moreover, if the hypothesis of Lemma 1.9 hold for C then they also hold for Mod4(C),
giving an explicit right adjoint

(—)™4: Mod4(C) — Nuc(Mod4(C))

to the inclusion of nuclear modules into all modules.

Proof. By Lemma 1.17 below, the functor C — Mod4(C) restricts to a functor between
the respective nuclear categories. This gives the map

Mod 4(Nuc(C)) — Nuc(Mod4(C))

from the statement, which is fully faithful because it is compatible with the inclusions
of both source and target in Mod4(C). It remains to show that this map is essentially
surjective. For this, it suffices to show for any M € Nuc(Mod4(C)) the underlying
object of C lies in Nuc(C), as then M can be resolved, as an A-module, by objects of the
form A®"™ @ M, which lie in Mod 4 (Nuc(C)), proving that the map on the statement is
essentially surjective. So let M be as above and let P be a compact object in C. Then

mape (P, M) = mapyjoq,, ) (P ® A, M)
= Mapyoq, ) (P ® A, A) @4 M(x)
= Map¢(P,1) @ A®4 M(x)
= Map¢(P, 1) ® M (%)

9that is, suppose that A is ”internally nuclear”
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which is the nuclearity of M. This finishes the proof of the equivalence on the statement.
For the last claim, let (—)%4 denote the endofunctor of Mod 4(C) given by

M™4(Q) := Mapyjoq, () (@; A) ©4 M (%)

where @ is a compact object of Mod 4(C). Then what it remains to prove is that M4
is nuclear in Mod4(C). From the first part of the proof, it suffices to show that the
underlying object of C is nuclear. And for this, note that the previous chain of equivalences
gives that M%™4 = M', from which the claim follows by the assumption that M is
nuclear. O

Many of the examples for the category C arise from stabilizing categories generated
by compact projective objects. The next lines specialize to this case. More precisely, we
consider the following setting:

Situation 1.12. Let A be a symmetric monoidal additive co-category (thought of as
the compact projective objects). In the following lines we focus on nuclear modules over
the category

C := Ind(Stab(.A))

where Stab(.A) denotes the stable envelope of A (see the first lines of Section 2.1 for a
definition of the stable envelope).

In order to talk about nuclear modules over C, we need to make it fit in the setting
of Situation 1.1. That is, we need a closed symmetric monoidal structure on C where the
tensor product commutes with colimits in each variable and the unit is compact. This
will follow from the following rewriting of C:

Remark 1.13. The category Stab(.A) is given by inverting ¥ in the category Py f(A)
(see Section 2.1). Let C>¢ := Ind(Px ¢(A)), so that objects of A are compact projective
generators of C>g. This notation makes sense: the category C carries a t-structure whose
connective part is C>¢. To see this, note that there is an equivalence

C := Ind(Stab(A)) = Sp(Px(A))

as both categories satisfy the same universal property in the category of presentable stable
oo-categories, and the latter carries a bi-complete ¢-structure as in [Lurb, C.1.2.10(b)].

Remark 1.14. Using the characterization C = Sp(Px(A)) = Px(A) ® Sp from the last
lines, [Lura, 4.8.1.10] then gives a symmetric monoidal structure on Ps(A)!?, and this
symmetric monidal structure is unique such that the tensor product commutes with
colimits in each variable and such that the inclusion A — Px(A) is symmetric monoidal.
This implies that the unit is compact. This then gives a symmetric monoidal structure

on Px(A) ® Sp ~C.

"Yhere we use Remark [Lur09, 5.5.8.10] to identify Px(A) = P**/**4(A) as the category P siec(A)
obtained from A by freely adjoining all the small colimits restricted to preserving the finite discrete
colimits that exist in A
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We let Nuc(C) denote the category of nuclear modules in C with respect to the
monoidal structure of Remark 1.14.

Definition 1.15. Let BNuco(C) denote the full subcategory of Nuc(C) spanned by
sequential colimits of elements in the essential image of A — C along trace-class maps.

Note that BNuco(C) depends not only on C but also on the inclusion A — C. In
what follows, instead of assuming that the full subcategory spanned by basic nuclear
objects is small, as in Remark 1.7, we only suppose that BNucy(C) is small. The idea is
that checking smallness of BNucy(C) is easier than to check smallness of the subcategory
spanned by all basic nuclear objects (which is needed for Lemma 1.6), and under some
hypotheses, all satisfied in the examples on this thesis, smallness of BNucy(C) implies
smallness of the full subcategory spanned by basic nuclear objects:

Lemma 1.16. Suppose that
1. The category BNucy(C) from Definition 1.15 is small.

2. The functor (—=)%: C — C from Definition 1.8 preserves connective objects and lands
in nuclear modules.

Then the category of basic nuclear objects is small, and the smallest full subcategory of C
containing BNucy(C) and closed under small colimits and desuspensions is Nuc(C).

Proof. Let B denote the smallest full subcategory of C containing BNucy(C) and closed
under small colimits. We start by showing that B = Nuc(C) N C>p. As BNucy(C) C
Nuc(C) N C>p and the latter is stable under small colimits, B C Nuce N C>g. We now
show the reverse inclusion. Let N € C be nuclear and connective. Let B; denote the
smallest full subcategory of C containing BNucy(C) and closed under finite colimits, and
let N’ € B denote the colimit of the filtered diagram of all objects in By mapping to IV,
this object exists because BNucy(C) is small. Let C' denote the cofiber of the canonical
map N’ — N. As N’ € B, it suffices to show that C vanishes. By left completeness of
the t-structure on C (Remark 1.13), it is enough to show that C' is n-connective for all
n. Let’s induct on n > 0. If n = 0 then C is 0-connective (and nuclear) as a cofiber
of connective (and nuclear) objects. Let n =1, P € A and let P — C be a map. The
composition P — C — XN’ vanishes by 1-connectivity of the target, hence P — C' lifts
to amap P — N. We now claim that this lift factors as a composition

P—-Q—>N

where Q € A and both maps are trace-class. To see this, note that, as IV is connective,
there is a fiber sequence By — N — ¥.B; where Bj € Ind(.A) and B; € C is connective.
The functor (—)' preserves connective objects by the assumption that duals of objects of
A are connective, so the composite P — N = N — Y B! vanishes (where the equality
N = N is the nuclearity of N), giving a lift P — BY. As By is a filtered colimit of
objects of A, there exists a @ € A mapping to By and a lift of P — Bf to Q™. The
resulting composite P — Q — N is the desired one, where the first map is trace-class
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by construction and the second one because N is nuclear, so every map to N from a
compact is trace-class. Iterating this argument, we see that the map P — N factors
through an element of BNucy(C), so it lifts to N’, and this shows that the map P — C
we started with is zero. This shows that C is 1-connective. Let n > 1 and suppose that C'
is (n — 1)-connective. Let P € A and X" 'P — C map. As above, the map X" !P — C
factors as the composition of two trace-class maps X" 1P — X"~ 1Q — C. Iterating
this, the map X"~ !'P — C factors through an element M € X" 'Nucy(C) C By (as
n —12>1). Then the composition M — C — XN’ is zero, hence M — C' lifts to N and,
as it is in By, it lifts to N’, and so does the map ¥"=1P — C (as it factors through
M). Then "1 P — C must be zero too, hence the n-connectivity of C. This concludes
the proof of the equality B = Nuc(C) NC>p. Let N be a nuclear object, not necessarily
connective. As the ¢-structure on C is right complete (Remark 1.13), N can be written
as the colimit of its truncations N>_,. As (—)" commutes with colimits, we can write

N = N" = colim,,en(N>_p)"

where each (N>_,)" is nuclear an (—n)-connective by the second hypothesis on the
statement. So each N¥'_ is a desuspension of an object of B. As B is in the subcategory
generated by colimits under BNucy(C), each N is in the subcategory generated under
small colimits and desuspensions BNucy(C), and so is N. O

Categories of nuclear modules enjoy certain functoriality:

Lemma 1.17. Let C and D be two categories admitting nuclear modules in the sense
presented above. That is, they are compactly generated closed symmetric monoidal stable
oo-categories such that — ® — commutes with colimits in each variable and such that the
monidal unit is compact. Let F': C — D be a colimit preserving, symmetric monoidal
functor. Then F' restricts to nuclear modules.

Proof. As every nuclear object is a colimit of basic nuclear objects, it suffices to prove that
F preserves basic nuclear objects. For this, it suffices to show that F' sends trace-class
maps to trace-class maps. Let f: P — @ be a trace-class map between compact objects
of C and let g: 1 — PV ® Q be a witness of it. The map F(f) can be written as the
composite

F(P®P')®r F(Q)

so to exhibit it as trace-class it suffices to construct a map between F'(evp
over F(1) = 1. For this, it suffices to produce a map a: F(PY) — (F(P))Y such that
idp(p) ® a commutes with the two projections F'(evp) and evp(py to F'(1) = 1. Taking
a to be the adjoint of F'(evp) works. O

)) and evp(p)
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1.2 Adic rings

Classically, an adic ring is a topological ring R that admits a two sided ideal I such that
every open contains a translation of a power of I. This ideal then determines the topology:
the pair consisting of the ring underlying R together with the ideal I is sufficient to
recover the topological ring. Here, instead of packing the data of an adic ring into a
topological ring, the data will be packed into a condensed ring. More precisely, given a
connective Eq-ring R'!' playing the role of the underlying ring of the topological ring
R in the previous paragraph, and a finitely generated ideal I C moR?, we view R? as a
condensed spectrum via the map Sp — Cond(Sp) from Remark 1.19 below, and we let

R* = (R)]

where the completion is now taken in the category of R%-modules in condensed spectra
rather than in topological R’-modules. In the generality presented here, an adic ring will
be a condensed ring arising as R*? (see 1.21). This section is organized as follows. 1.2.1
is about definitions and basic properties about condensed objects, completions and adic
rings. 1.2.2 is about solid modules over adic rings, and 1.2.3 is about nuclear modules
over adic rings, in the sense of Section 1.1.

1.2.1 Definitions

As an adic ring will be a special kind of condensed ring in spectra, let’s start by recalling
the notion of a condensed object in a category.

Definition 1.18. [Scha, Definition 11.7]. Let C be an co-category that admits finite
products and all small filtered colimits. For an uncontable strong limit cardinal , we let
Cond (C) stand for the full subcategory of the category Fun(ExDisciP,C), the category
of contravariant functors from the category ExDisc, of x-small extremally disconnected
sets to C, spanned by those functors that preserve finite products'?. Then

Cond(C) := colim,Cond,(C),

where the colimit runs over the uncountable strong limit cardinals, and the transition
maps are given by left Kan extensions.

When C = An (resp Sp), the category Cond(An) (resp. Cond(Sp)) will be referred
as the category of condensed anima (resp condensed spectra). See [Schb| and [Scha] for
more about the foundations of Condensed Mathematics.

Remark 1.19. The categories C and Cond(C) interact with each other via the inclusion
C = Cond,(C) — Cond(C). The resulting functor will be denoted by

(=)°: € — Cond(C).

in this introduction the (—)° stands to indicate that R’ is just a spectrum.
2that is, those functors F such that F(X UY) = F(X) x F(Y)
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Alternatively, the inclusion of Cond,(An) in Fun(ExDisc.P, An) admits a left adjoint, the
sheafification functor. These adjoints are compatible as s varies and give a sheafification
functor

colim, Fun(ExDisc’, An) — Cond(An)

which we won’t name, as we will only use it in the next line. Then there exists a unique
colimit preserving functor

(=)°: An — Cond(An)

given by sending the point to the sheafification of the constant functor on the point.
Informally, for an anima X and a profinite set l’ml. S; writen as a cofiltered limit of
finite sets S;, the previous functor is given by

el

X0, l'ngi — colimieIXSi.
el

Tensoring, there exists an analogous map
(=)°: € = Cond(C)

for any presentable oco-category C.

Notation 1.20. Every connective condensed Eo-ring R € CAlg(Cond(Sp~()) has an
underlying connective Eo-ring spectrum R(*), given by evaluating at a point. We write
R? for the object R(x)° € CAlg(Cond(Spsq)) given by the constant condensed object
obtained from the functor Sp — Cond(Sp)ifrom Remark 1.19.

Definition 1.21. A connective condensed E.-ring R is said to be an adic ring if there is
a constructible closed subset Z C Spec(moR(%)) such that R identifies with the completion
of R along Z.

Equivalently, R is an adic ring if for every finitely generated ideal I cutting out Z
the natural map R® — R in the R(x)-linear oo-category Mod ps(Cond(Sp)) extends to
an equivalence

(R} = R.

Note that the completion in the previous definition is taken in the R(x)-linear co-category
of R%-modules in condensed spectra. The notion of completion along a finitely generated
ideal does indeed make sense for any R(x)-linear co-category, more about this in the
following remark:

Remark 1.22. Let S be a connective Ea-ring and let I C m(S) be a finitely generated
ideal. This remark is here to recall the notions of I-nilpotent (or I-torsion), I-local and
I-complete modules in stable S-linear co-categories (such as the category of condensed
S%-modules, as in the last definition) as explained in [Lurb, IL.7]. Let C be a stable
S-linear co-category. An object C' € C is called I-nilpotent if for every x € I the object
S[z~!] ®¢ C vanishes. The full subcategory spanned by I-nilpotent objects will be
denoted by CNI(D) | As the condition of being I-nilpotent is stable under colimits, the
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inclusion CNI(D) < ¢ admits a right adjoint T'y: CN'() — €. When I = (z) is principal
there exists a fiber sequence in C

I',)C—C— Sz esC

essentially by the definition of I-nilpotent, from which it follows that I'(,) preserves
colimits. Using that I'j; ) & T'(,;) o'y for any ideal J ([Lurb, 7.1.2.4]) we conclude that
the functor I'; preserves colimits for I finitely generated and it is given by tensoring with
I';(S). We let L; be the functor sitting in the fiber sequence

F[ — idc — L[.

The functor Lj can be recovered from the iterative construction of I';. We call an
object D € C I-local if for every I-nilpotent object C' the mapping space Map(C, D) is
contractible. Equivalently, D is I-local if the map D — L;(D) is an equivalence. Let
cLocl) denote the full subcategory of C spanned by the I-local objects. As L preserves
colimits, the inclusion of I-local objects into C admits a right adjoint Gy, giving a fiber
sequence
Gy —ide — (—)].

Finally, an object C' € C is called I-complete if for every I-local object D the mapping
space Map¢(D, C) is contractible. Equivalently, C' is I-complete if the map C — C7' is
an equivalence. Let CCP!D) denote the full subcategory spanned by I-complete objects.
The functor (—)7 is left adjoint to the inclusion of I-complete modules into C; as such, it
will be called the I-completion functor.

Remark 1.23. Let R be an adic ring as in Definition 1.21 and let Z C Spec(moR(*)) be
a closed defining its topology. An R-module will be called complete if it is I-complete in
the sense of Remark 1.22 for any finitely generated ideal I cutting out Z. The notion
of completeness depends only on the closed Z and not on the choice of I. As the usual
I-adic completion, the current notion of completion can be realized by a specific tower:

Lemma 1.24. Let R be an adic ring. Then there exists a tower
o= Ry >Ry — - — Ry

of connective Ex-ring spectra under R(x) such that R —» @n R? in condensed R’-
modules. Moreover, the tower can be chosen such that each R, is almost perfect as an
R(x)-module and each Ry,+1 — R, is surjective on my with nilpotent kernel.

Proof. Let I = (x1,---xk) be a presentation of the finitely generated ideal I. For each
x;, let R(x;)x denote the pushout of the diagram

t—0

R(x) <22 R() {1} 255 R(s)
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in the category CAlgp ), where R(x){t} denotes the free commutative algebra over R(x)
in one generator. Let R, := R(x1), ®r -+ ®r R(x)n. Then [Lurb, 8.1.2.3] implies that
for every connective R(*)-module M the natural map

M7 — Um M ®p.) Ry

is an equivalence. It is now easy to check that the map R — @ln RfL is an equivalence:
on S-valued points, where S is a extremally disconnected set, this map is the map
C(S,R(*))} — @C(S, Ry) = lim C(S, R(*)) @p(x) Rn
n

<_
n

which is an equivalence by the above applied to the R(x)-module M = C(S, R(x)).
Finally, the fact that this choice of tower satisfies the conditions of the statement is [Lurb,
8.1.2.2] O

Corollary 1.24.1. Let R be an adic ring and let M € Modgr(Cond(Sp)). If M is
connective, then the canonical map B: M — mn(Rg ®ps M) exhibits the target as the
I-completion of the source.

Proof. This can be checked after evaluating at an arbitrary extemally disconnected set
S. Then the statement reduced to the fact recalled in the previous proof that for every
connective R(%)-module M the natural map

MI/\ — @M QR(x) R,
n
is an equivalence. O

1.2.2 Solid modules over adic rings

Let R be an adic ring. Let (R,S)m denote the analytic structure on R induced from solid
spectra by the map S — R in the sense of [Scha, 12.8]. We let S — (R, S)m[S] denote the
measures with respect to this analytic structure and we let Solidg = D((R,S)m) denote
the category of modules for this analytic ring. As the adic ring R is a solid spectrum,
there is a symmetric monoidal equivalence

Modg(Solid) = Solidg

so the compact objects in Solidr are generated by base changes of compact objects
in Solid. That is, the compact objects in Solidg are generated under finite colimits,
desuspensions and retracts by objects of the form [];S ®® R, where J is a small set.

Remark 1.25. The left hand side of this equivalence could also be taken as a definition of
the category of solid modules over an adic ring R. Then an analytic ring structure on R is
determined by its category of complete modules as a full subcategory of Modr(Cond(Sp)):
that is, more generally, the structure of an analytic associative ring (A, M) as in [Scha,
12.1] is recovered by the left adjoint to the inclusion D(A, M) C D(A) .
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Lemma 1.26. Let A be a Noetherian Eo-ring such that mgA is a finitely generated
Z-algebra (see [Lura, 7.2.4.30]) and let I C oA be an ideal. Let {A,}nen be a tower of
Eoo-rings realizing the I-completion of A as in Lemma 1.24. Let M, N € Mod 4(Solid).

1. M is I-complete if and only if each w, M is I-complete.
2. If M is connective, then M is I-complete if and only if M ® 4o moA is I-complete.

3. If M and N are connective and I-complete, then the solid A-module M ®z N s
I-complete.

4. If M and N are connective and M is I-complete, then the previous point gives a
canonical map

lim (M @% N) @% 4, - M <l (im N <} 4,,)

n
which is an equivalence.

5. If M and N are connective, then the canonical map

lim (M @ N) @ A, — lim (M @ 4,) o (N 2 4,)

18 an equivalence.

Proof. Recall that for any connective M € Mod 4(Solid) its I-completion is given by
the map M — lim M @® A, (Corollary 1.24.1). It is then clear that M is I-complete
if and only if for each extremally disconnected S the A-module M(S) is I-complete.
Then 1. follows from [Lurb, 7.3.4.1]. For 2., suppose M ®4 myA is I-complete. The
hypotheses imply that each m, A is almost perfect as a mgA-module ([Lura, 7.2.4.17]), so
each m, A can be written as a geometric realization of finite free m9A-modules ([Lura,
7.2.4.10]). Then, as tensoring with M (over A) commutes with this geometric realization
(because M and the terms in the geometric realization are connective) and a geometric
realization of connective objects is I-complete if each object is, we conclude that M @7, A
is I-complete. We can also conclude that M ©®4 A<, is I-complete: the case n = 0
holds by assumption, and then from the previous line and an induction on the sequence
Tnt1An+1] = A<py1 — A<y, it follows that each M ® 4 A<y, is I-complete. As the fibers
of M = M ® 4 A<,, are n+ 1-connective and I-completeness can be checked on homotopy
groups by 1., it follows that M is I complete. For 3., as a tensor product of connective
objects is connective, we can apply 2. and prove the statement after base-change to mA.
This is the same as replacing A by mgA, replacing M by M ®4 mgA and similarly for V.
As A is a finitely generated Z-algebra, there exists a polynomial algebra B in finitely
many generators and a surjection B — A that exhibits A as an almost perfect B-module.
The tensor product M ®z N can be written as a geometric realization of the connective
modules M ®E ®RA™ ®1.3 N, so it suffices to show that each of them is complete with
respect to an ideal of B going to I under the surjection B — A. As each A" is almost
perfect as a B-module, each M ®]_.3 ®A™ is complete. This reduces the statement to the
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case where A is a polynomial algebra over Z in finitely many generators. Moreover, as a
module is I-complete if and only if it is (z)-complete for each x € I, we can suppose that
the ideal I = (z) is principal. Moreover, as M is a geometric realization of connective
objects of the form (B,c; [ 1. A)? and similarly for N, we can suppose that both M and
N have this form. In this setting, a tower as in Lemma 1.24 realizing the completion is
given by A, := A/z", and as modules of the form P, ; [];, A have no torsion it follows
that M is concentrated in degree zero and given by

(@HA) L@HA/Z‘ = colimy. [HNH.%' HA
el J; noqel J; el Ji

where the colimit runs over these functions for which for a given n there are finitely many
i € S for which f(i) < n. From this rewriting of M and N it is clear that their tensor
product is complete. 4. is then saying that there exists an equivalence(M ®z N)p =
M ®z N{. The existence of the map follows from 3., and the fact that it is an equivalence
follows from checking modulo I. For 5., the right hand side can first be rewritten as

lim Jim (M & A,) @% (N @ Ap)

n

As M ® A, is I-complete (because I™ = 0 in A,,), the previous point applied to M =
M ® A, gives that the term inside the li m in the last expression is (M <% A,) % NP
Applying the second point again with M = N A then gives that

Mp @ N = lim (M @l A,) &t (N @ A,)
n
T : : ; BANA A o A
and this gives the third point by noting that (M ®3% N); — M} @3 N O

Remark 1.27. Let (Ro, Iy) and (R1, I1) be two adic rings. Let (In, I1) C mo(Ro@% Ry)(*)
be the ideal generated by the images of Iy and I;. Then (R ®g Rl)E\IO n is an adic
ring in the sense of Definition 1.21. In fact, saying that (Rg ®§ R1)é\1 n) is an adic ring

amounts to note that it is (Io, I1)-complete and it is discrete'® modulo (1o, I1): the latter
is because Ry is discrete modulo Iy and R; is discrete modulo I, and the solid tensor
product of discrete condensed spectra is discrete. Moreover, the underlying commutative
algebra in spectra of the adic ring (Ry ®% Rl)E\Io,h) is the (Iy, I1)-completion in spectra
of the commutative algebra Ry(*) ®s R1(x). In a formula, the canonical map

(R ®s R(ls)(\lmh) = (Ry 2§ R1)(5o.1)
is an equivalence of condensed algebras, where both completions happen in Cond(Sp).

Lemma 1.28. Let (R, ly) and (R1,11) be two adic rings. Then the towers of Eoo-rings
(Ron)n and (Ri1y)n realizing the completions of Ry and Ry in the sense of Lemma 1.2/
can be chosen such that

(RU ®§ Rl)é\[m[l) l> @(Ro,n Xs Rl,n)5

13that is, in the image of (—)°: Sp — Cond(Sp)
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as condensed spectra. That is, (Ron ®s Rin)n is a tower realizing the completion of the
adic ring (Ro @% Rl)E\Io 1,y from Remark 1.27.

Proof. Let (z;); and (y;); be finitely many generators for Iy and Iy, respectively. Then
Ry is a module over S(((x;);)), the completion in condensed spectra of the free E-ring
in the generators (z;);. This is an adic ring in the sense of Definition 1.21. If (Ap ), is a
tower realizing the completion of S{{(x;);)) (in the sense of Lemma 1.24), then

(Ron)n := (Ro(*) ®s((z;,i))(+) Aon)n

is a tower realizing the completion of Ry. Similarly for R;. Now Ry ®S. R; is a module
over S{(x;,1)) @™ S(((y;);)) = S{(x4,y;)i;)), and the (Iy, [;)-completion of Ry @% Ry
agrees with its (x;,y;); j-completion as a S(((x,y;)i;))-module. A tower realizing the
completion of S{{(z;,y;)i;)) is given by (Ao, ®s A1) (see [Lurb, 8.1.2.2]), hence

i J

(Ro ©8 B1)(y, 1,y — I (Ro @8y, Aom) €8 (1 @8, ) Arn) = lim(Ropn @5 Ry )

where the first equivalence is Corollary 1.24.1 and the second uses that

Ro () OS(((2s)s)) () Ao — Ry ®S.<<(wi)i>) Ao,ns

and similarly for R;. O
Lemma 1.29. Let R be an adic ring. Then compact objects in Solidr are complete.

Proof. As any compact is a finite colimit of shifts of objects of the form (R, S)m[S] for S an
extemally disconnected set, it suffices to prove that the measure (R, S)m[S] is complete. Let
S{{x1,--- ,xy,)) denote the completion of the free E -algebra S{x1,--- ,x,) at the ideal
(1, ,zy). Then (R,S)m[S] can be written as a geometric realization of tensor products
over S[z1, - ,x,|m of the modules R, S((z1, - ,z,)) and S{(z1, -+ ,Zn)) Dsg Sm[S],
where the x;’s go to generators of a finitely generated ideal I in R determining its
topology. Those three modules are complete, the last one by a direct computation, so
Lemma 1.26 implies that (R, S)m[S] is complete. O

1.2.3 Nuclear modules over adic rings

The category Solidg associated to an adic ring R is cocomplete symmetric monoidal,
generated under filtered colimits by compact objects and with compact unit. It then fits
in the framework of Section 1.1, and it is possible to consider its subcategory Nuc(Solidg)
of nuclear modules, as defined in Definition 1.2. In order to make the notation lighter, we
will write Nucg := Nuc(Solidg). The next result shows that the category Solidg admits
a relatively nice nuclearization functor.

Proposition 1.30. Let R be an adic ring. Then
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1. The full subcategory of Nucg spaned by the basic nuclear objects is small. That is,
we are in the setting of Remark 1.7.

2. Lemma 1.9 holds. That is, the inclusion of Nucg into Solidg fits in an adjunction

incl
Nucg HL Solidg
—)tr

where the right adjoint is given by the functor X + X% from Definition 1.8.

Proof. To prove the first assertion we apply Lemma 1.16 with A being the full subcategory
spanned by the compact projective objects in Solidg >¢. We first check that the two
hypotheses of Lemma 1.16 are satisfied. The first one says that The category BNucy(C)
from Definition 1.15 is small. An object of BNucy(C) is a filtered colimit of objects of A
along trace-class. An object of A is, up to retracts, given by R tensored with an infinite
product of copies of the sphere. Any trace-class map f: [[¢S ®sgqg R = [[7S ®sq R,
where S and T are any two small sets, factors through [ [ S ®sg R by Lemma 1.32 below,
so BNuc(C) is equivalently given by certain subcategory of the full small subcategory of
Solidr spanned by sequential colimits by a single compact projective generator. This
shows the first hypothesis of Lemma 1.16. The second says that the functor (—)" from
Definition 1.8 preserves connective objects and lands in Nucg. The functor (—)* preserves
connective objects because duals in Solidr of compact projective objects in Solidg > are
connective. To see that the functor (—)" lands in Nucg, note that the subcategory of
nuclear modules is given by those modules M for which M =5 M, then, as the functor
(=)™ commutes with colimits and every object is a colimit of compact objects, it suffices
to see that (=)' sends compact objects to nuclear objects. As compact objects are
complete by Lemma 1.29, it suffices to show that M is nuclear whenever M is complete.
Let M be complete and let S be an extremally disconected set. Then

M"(S) = (Mapgoyiq(S, R) @soliay, M)(x) = (C(S, R(%))’ ®ps M)} ()

where the first is by definition and the second follows from the solid tensor product
preserving complete objects, as in Lemma 1.26. Now both completion and tensoring with
a discrete object commute with evaluating at a point, so

MY (S) = (C(S, R(x)) ® (e M(x))} = (M(x)°)7 ().

This shows that M is itself complete and its S-valued points are given by the rightmost
term in the last equation, from which it follows that (M) = M which amounts to
say that M is nuclear. This concludes the proof of the first point. For the second point,
as the first point holds, we are in the setting of Remark 1.7 and it makes sense to ask if
Lemma 1.9 holds, and it does as the hypothesis of Lemma 1.9 is that (—)* sends compact
objects to nuclear objects, which was showed in the previous lines. O

Remark 1.31. The proof of Proposition 1.30 gives that for a complete object M, M
is given by (M 5)?. By Lemma 1.29, this holds for any compact object in Solidg
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Lemma 1.32. Every trace-class map f: [[¢S ®sq R = [[7S ®sgq R, where S and T
are any two small sets, factors through [[S ®sg R.

Proof. Each base change f ®pr R, is a map in

mapg gy ([ [S @sm Bos ([]S @5a Bn)™) = D[S @sm Ba(*)
S T S T

so it factors through a projection [[¢S ®sg Rn — [] s, S ®sg Ry for some finite subset
Sy C S. Then, as compact objects in Solid g are complete by Lemma 1.29, Corollary 1.24.1
implies that f is recovered as the limit @n f®RRy,. Then f factors through the projection

HS®SI R, — H S®S. R,
S

UnSh

to the at most countable subset US,, C S. O
Lemma 1.33. Let R be a condensed adic ring. Then the following is a pullback square

MOdR(*) EE— MOdLR(*)

l |

Nucg ——— Nucyp.

Where L denotes localization with respect to the topology of R, as defined in Remark 1.22
(for instance, if R is p-adic then L inverts p).

Proof. The algebra LR is nuclear as an R-module: this follows from the iterative con-
struction of the functor L after picking finitely many generators of an ideal I defining
the topology of R. Hence Lemma 1.11 gives that Nucyr = Modzr(Nucg). The fibers
of the horizontal arrows are then given by the categories of torsion modules in Modpy)
and Nucg. To conclude the statement it suffices to show that the induced map between
these two categories of torsion modules is an equivalence. In other words, it suffices to
show that torsion nuclear R-modules are relatively discrete (i.e. in the essential image of
Modg() — Nuc r)- Let M be torsion and nuclear. Let M be written as a filtered colimit
of compact objects P;’s. As M is nuclear, M = M" and M is the filtered colimit of the
Pf"’s. By Remark 1.31, each P* is complete and discrete modulo I. If B € Solidg is an
object that is complete and discrete modulo I, then

IB=T((B°)}) =T(B°) = (TB(+))’ ®ps R

is relatively discrete, so, as M = I'M (because it is torsion), M is the colimit of the I'P;’s,
each of which is relatively discrete by the last equation. As relatively discrete modules
are stable under colimits, M is relatively discrete. O
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Corollary 1.33.1. Let f: R — R’ be an adic map of condensed adic rings'*. Suppose
that the map LrR(x) — LrR'(x) is an equivalence. Then the following is a pullback
square

MOdR(*) Em—d MOdR/(*)

! l

Nucg — Nucg.

Proof. As the map R — R’ is adic, there is an equivalence LrR'(*) = Ly R'(*). Then,
using Lemma 1.33 above, both the outer square and the square on the right in the
following diagram are pullback squares

MOdR(*) — MOdR/(*) — MOdLRR’(*)

| ! |

Nucg ———— Nucrr ——— Modr,r/

so the square on the left is also a pullback. ]

The category Solidg is not presentable. It is compactly generated, but compact
objects do not form a small category. This can be solved by restricting the cardinality of
the compact objects. This throws away some information, but by Lemma 1.35 it doesn’t
change the category of nuclear modules. We remark that, in the context of Remark 1.7,
it would be circular to use Lemma 1.35 to show that colimits over “all basic nuclears
mapping to an object” exist, as the proof of Lemma 1.35 uses that the category of nuclear
objects is built from basic nuclear objects under small colimits.

Remark 1.34. Given a compact object x in a cocomplete stable co-category C, there is
a fully faithful functor RModgpq,(z) — C [Lura, 7.1.2.1]. Moreover, if C has a symmetric
monoidal structure and z ® x is in the subcategory generated by z, then RModgpg,. ()
inherits a symmetric monoidal structure such that the inclusion into C is symmetric
monoidal. We apply this to the element x = [[S ®sgq R € Solidg. Precisely, we let

A= EndSolidR(H S OSm R)
N

so that there is a fully faithful, colimit preserving functor RMod s — Solidr sending A
to the compact [[S ®sgq R.

Lemma 1.35. There is an induced functor

incl

Nuc(RMod 4) — Nuc(Solidr)

which is an equivalence. Here the symmetric monoidal structure on RMod 4 is the one
inherited from the one in Solidg as in Remark 1.34.

that is, a map in CAlg(Solid) between two adic rings such that the image of an ideal of definition of
R under the map R(*) — R/(*) is an ideal of definition for R’.
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Proof. The functor RMody — Solidr restricts to nuclear objects by Lemma 1.17.
By Lemma 1.16 it suffices to show that the functor incl sends BNuco(RMod4) to
BNucy(Solidr) (see Lemma 1.16 for notation) in an essentially surjective way. For this,
it suffices to note that every trace-class map f: [[¢S ®sg R = [[; S ®sgq R, where S
and T' are any two small sets, factors through [[S ®sg R. This holds by Lemma 1.32
above. O

1.3 Nuclear modules inside lax-perfect modules
1.3.1 Statements

Let R be an adic ring in the sense of Definition 1.21. Let Solidr denote the category of
solid R-modules as in Section 1.2.2 and let Nucg := Nuc(Solidr) denote the category of
nuclear R-modules in the sense of Definition 1.2. This section is here to present another
characterization of the category Nucg. Informally, this characterization is based on the
fact that nuclear modules are built out of colimits in Solidg from sequential colimits
of infinite products of the form [[y R along trace-class maps (Lemma 1.62), and that
trace-class maps between such objects factor through perfect modules modulo an ideal of
definition, so that, by varying the ideal of definition, each trace-class map gives rise to a
lax-perfect module. In more detail, the idea is the following: as said in the previous lines,
any object in Nucg is built from small colimits and desuspensions of objects of the form

N:cohm(NO&Nlﬂ---)

where each N* = [Ix R and the maps f;: N i — N1 are all trace-class. As explained
in Lemma 1.60 below, for each k € N the map f; ®g Rj factors through a finite free
Rj-modules N ,f;, and these modules can be chosen such that there are maps N ,2 b ,2
compatible with the base changes of f;. These modules and maps assemble to produce
lax-perfect modules (Definition 1.37)

N = {N,i € Perfp, | Nli+1 QR Bk — Nli}keN-

Then the basic nuclear N can be sent to the colimit of the N%’s in an appropriate
category, in a functorial way. That is, there is a small category laxPerf}bz, which is a full
subcategory of the lax limit of the functor n € N°? — Perfr , where objects such as
N7 live, these objects will be referred to as lax-perfect complexes (Definition 1.37), and
under this the following result is proved in this section:

Proposition (Proposition 1.43). There is an adjunction of presentable stable co-categories
L
Nucp ? Ind(laxPerf%) (11)

where the left adjoint L sends N to the sequential colimit of the N%’s. In this adjunction,
the left adjoint is fully faithful and the right adjoint preserves colimits.
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While this result says that Nucg can be viewed as a full subcategory of Ind(laxPerfIb%),
the next result says that Nucg can be realized as a subcategory of Ind(laXPerf]b%) by
intrinsic means. In order to make this more precise, recall that an object X € Solidg
is nuclear if and only if the map X' — X is an equivalence (Definition 1.8). That is,
nuclearity in Solidg is characterized in terms of a trace functor. Similarly, there is a
colimit preserving endofunctor of the category Ind(laXPerf]b%), denoted T and equipped
with a natural transformation 7" = Id (Definition 1.47), that can be seen as an analog of
the functor (—)". The endofunctor 7T is simple: given a lax-perfect complex P & laxPerfjb%,
we can consider the lax-perfect complex P™ which agrees with P in degrees > n and in
degrees < n is base-changed from degree n. Then

T(P):= lim P"

neNep

where the limit is taken in the big category Ind(laxPerfIb%). Under this, an object
Y € Ind(laxPerf?) is said to be nuclear if T(Y) = Y (Definition 1.48). This naming is
motivated by the following result:

Proposition (Proposition 1.72). The essential image of the fully faithful functor L: Nucg —
Ind(laXPerfE) from the previous Theorem lands in the full subcategory spanned by those
objects which are nuclear in the sense of the previous line. That is, those objects Y for
which T(Y) =Y.

It is now natural to ask if the functors L o R and T coincide, pretty much as for
Solidg where the trace functor (—)™ agrees with the colocalization defining Nucp (see
Proposition 1.30). It turns out that the functors (—)% and T' are not completely analog:
as (—)" is a colocalization functor, it is idempotent. In contrast, the functor T is not
idempotent (see Remark 1.57). In particular, the endofunctors L o R and T are different.

This section ends by showing that, even if not idempotent, the functor T has its
advantages over L o R. Crucially, the cofiber of 7' — 1Id is easier than the cofiber of
Lo R — Id. Precisely, there is a fiber sequence

T—1d— GoF

of endofunctors of Ind(laxPerf%), where the third term comes from a certain adjunction
F
Ind(laxPerf%) ? Ind(Cof3)

where, informally, F sends a lax-perfect complex P = (P;);en to all its possible cofibers
P;/P; (see Definition 1.67). The category Cofj‘z is nice: for example, it is generated by
an additive co-catgory and its K theory is the product of the K theories of the rings R,
for n € N. These are properties that we would like the actual cofiber of the inclusion
L: Nucg < Ind(laxPerf3) from (11) to have. Despite LoR and T being different, we will
see in Proposition 3.17 that L o R lies somewhere between 7" and 7' o T (see Lemma 3.22
for a precise statement), and that this can be pushed to show that the cofiber of the
inclusion L: Nucg < Ind(laxPerf%) is close to Ind(Cof}) in the following sense:
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Proposition (Proposition 3.17). Let E be a truncating invariant. Then
E(cof(Nucg < Ind(laxPerf}))) — E(Ind(Cof}))
s an equivalence.

Remark 1.36. The definitions of nuclearity discussed in this overview, where nuclear
objects are defined as those objects which are fixed by a “trace functor” (T" or (—)¥),
are a priori different from the definition of the nuclear objects in a closed symmetric
monoidal category from Definition 1.2. In the case of the closed symmetric monoidal
category Solidg these two definitions agree by Proposition 1.30. It turns out that the same
holds for Ind(laxPerf}). That is, the category Ind(laxPerf}) carries a closed symmetric
monoidal structure with compact unit, inherited from the categories Perfr for varying
n € N, and the subcategory

Nuc(Ind(laxPerf%)) c Ind(laxPerf)

defined categorically as in Definition 1.2 coincides with the subcategory spanned by those
objects for which T(Y) = Y. Moreover, by the results of the previous paragraphs this
subcategory contains Nucg in such a way that modding out by the nuclear objects or
moding out by Nucg gives cofiber categories which are nilpotent extensions of each other.
This remark won’t be proved nor needed in the rest of the paper.

1.3.2 Definitions and Proofs
Definition 1.37. Let laxPerfI% be defined as the following pullback in Cate,

laxPerf}, ————— lim!®™ (Perfg,)

! |

Stab(][,cxn Vecr,) — [l,en Perfr,

where Vecg,, C Perfg, is the full subcategory spanned by retracts of finite free R,-modules.
Here the vertical map on the right is the canonical map, and the lower horizontal map is
the fully faithful canonical inclusion of the stable envelope of a product to the product of
the stable envelopes (Section 2.1).

lax

In other words, laxPerfIb% C lim, "%y (Perfg, ) is the full subcategory spanned by those
objects {P,, € Perf(R,,)}nen together with Ry, 41-linear maps P, +; — P, such that there
is an N > 0 for which every YN P, is connective and there exists a k > 0 for which the
Tor-amplitude of each P, is < k.

Definition 1.38. Let laxVec} denote the full subcategory of laXPerf% spanned by those
objects which are degree-wise connective, of Tor-amplitude < 0, and whose transition
maps are surjective on .

In other words, laxVec}, is spanned by those objects { P, € Perf(R,,) }nen for which
each P, is a retract of a finite free R,,-module in degree zero and the transition maps
P,+1 — P, are surjective on 7.

33



Remark 1.39. The additive co-category laxVecy will be considered as an exact oo-
category by declaring a sequence to be exact if and only if it is split exact (not only
degree-wise!).

The previous remark is motivated by the following result.

Lemma 1.40. The inclusion laxVec C laxPerf% is exact, where the source carries the
split exact structure from Remark 1.39. This inclusion induces an equivalence

Stab(laxVec}) = laxPerf%

That is, the stable oo-category laXPerf% 1s a stable envelope of the exact co-category
laxVech

Proof. 1t suffices to prove the two conditions in Lemma 2.3. Let V = {V}, € Vecg, }n
and W = {W; € Perfg, }, be two lax-vector bundles in laxVecy. The first condition in
Lemma 2.3 amounts to show that the mapping spectrum Mapy, pe,¢, (V, W) is connective.
Writing a lax-inverse limit as an iterated lax-pullback, it is possible to see that this
mapping spectrum is given by the limit of the following diagram of spectra

MaPRg V3, W3) MapR2 Va, Wa) Mapp, (Va, W)
""" MapR3 ‘/37W2 MapRQ VY27W1

The limit of this diagram can be calculated iteratively. Let P, := Mapg, (V1, W1). For
each n > 2, let

P, = MapRn (Vn7 Wn) ><MapRn (Va,Wn—1) P,

The construction gives maps P, — P,_1, and the limit of the previous diagram is
equivalent to the inverse limit of the P,’s along these maps. The maps P, — P,_1 are
pullbacks of the maps

MapRn(Vn7 Wn) — MapRn (an Wn—1)7

which are easily seen to be surjective on 7y (as indicated in the last diagram). From this
observation it follows that each P, is connective and that each P,, — P,_1 is surjective on
7o. This implies the connectivity of lim =P, ~ Mapj,ypert,, (V; W). It remains to show the
second condition in Lemma 2.3. That is, that the smallest stable subcategory containing
laxVeck, is the whole. Let C denote the smallest stable subcategory of laxPerf% containing
laxVech. Let k € N and let C;, denote the full subcategory of laXPerf% spanned by the
objects which are degree-wise connective and of Tor-amplitude < k. That is, an object
{P,}ien is in Cy if for each i € N the R;-module P; is connective and has Tor-amplitude
< k. Definitions imply that every object of laXPel"f% is in some Cj, up to a shift. As C
is stable under shifts, it suffices to show that C; C C for each k£ > 0. By an induction
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using Lemma 1.41 below, it suffices to show that Co C C. Let V & Cy be represented by
{V,}, where each V,, is a retract of a finite free R,,-module in degree zero. It is possible
to produce a W € laxVec}k and a degree-wise split inclusion V' — W: for each i > j > 1
pick R;-vector bundles V) such that:

7

1) V/ lifts the Rj-vector bundle Vj;  2) VI =V;;  3) Vi, ®r,,, R =2 V/ ;

This collection of vector bundles can be summed up to get a lax-vector bundle W, which
on degree ¢ is given by W; = @2‘:1 V7 and whose transition maps are determined by
condition 3) above. Then W has surjective transition maps and there is a split inclusion
V — W. Letting W denote the cokernel of V. — W | which again lies in laxVec}, the
sequence V — W — W is a cofiber sequence in laXPerflj’z where the middle term and the
rightmost term are in C by definiton, so V' € C too, showing that Cy C C. O

Lemma 1.41. Notations as in the proof of Lemma 1.40. Let k> 1 and Y € Ci. Then
there exists an X € Cx_1, a Z € Cy, and a fiber sequence

XY s¥kz

in the stable co-category laxPerfg.

Proof. Recall a version of this statement for an additive oo-category A: the stable
envelope of A comes with subcategories

A[m,n] C Stab(A)

indexed by the poset of finite intervals of Z, ordered by inclusion (see Remark 2.1). These
subcategories are defined such that Ao g is the essential image of A, and then, recursively,
A(m,nt1 is the full subcategory spanned by those Y fitting in a fiber sequence

X Y = ¥ty

in Stab(A) where X € Ay, ) and Z € A. The current proof will use this decomposition
for the case of A = Vecp,, for which Stab(A) = Perfg,. Let Y = {Y}, },en be an object
in C;. as in the statement. For each n > 0 let

X, =Y, —Xkz,

be a fiber sequence in Perfr, as above, so X,, € Vec Rn,[0,k—1] and Z,, € Vecp,. The next
step is to assemble the X,,’s into an object of Cx_;. This amounts to produce maps
Xnt41 @R,y Bn — Xy, This maps are given by the fact that the composite

Xps1 @Ry oy Ro = Yos1 @R,y Ru— Yy = 352,

vanishes because it is a map from an object in Vecg, 10,x—1] to an object in Vecg,, (x], and
a mapping spectrum between such objects is always 1-connective. Let X := {X,,} € Cx_1
with the maps X, 11 — X,, induced by the above. It is clear that this object comes with
amap X — Y, and the cofiber of this map, named X*Z, is degree-wise given by ¥*Z,,,
so Z € Cy. O
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As mentioned at the beginning of the section, the goal is to embed Nucg inside
Ind(laxPerf%). Consider the following functor in the other direction.

Notation 1.42. There is a canonical inverse limit functor
lim: laxPerf} — Solidp
sending a lax perfect complex (P,), to l&nn P,. Under this notation, let

limy

_\tr
R: Ind(laxPerf) ™ Solidg " Nucg (12)

where the functor limy is the colimit preserving extension of the functor lim: laxPerf? —
Solidgp from the previous line (the notation is the one for left Kan extensions) and the
second functor is the right adjoint to the inclusion of Nucg into Solidgr (see Proposi-
tion 1.30).

Proposition 1.43. Let R be the functor defined in (12). Then there exists an adjunction
L
Nucp 4><T Ind(laxPerf%)

where L is left adjoint to R. Moreover, the functor L is fully faithful.

The construction of the left adjoint L and the proof of Proposition 1.43 require
some study of the category Ind(laXPerfIb%). The construction goes by applying the adjoint
functor theorem to R. In order to do so, though, we have to understand the functor R.

By Lemma 1.40, in order to understand the functor R it is enough to understand
what it does to the subcategory laxVec}, defined in Definition 1.37. It is possible to go
one step further and consider the following objects inside laxVec},.

Definition 1.44. An object V' € laxVec} is called free if it can be represented as
V = {Vu|Vat1 — Vilnen such each V,, = R is a finite free R,-module of rank
rn < rpt1 € N and the maps

Vo1 = R;’ff — Rr=V,
are given by base change and projection onto the first r,, coordinates.
Lemma 1.45. Every object in laxVecky is isomorphic to a retract of a free object.
Proof. Let V' € laxVecy be represented by {V,,|Vi41 — V,}nen, where each V, is a

retract of a finite free R,-module and each map V,,+1 — V,, is surjective. Let k£ € N and
consider the following condition for a V' € laxVeck:

(o) V,, =0if n < k and the map V;,41 ®gr, ., Rn 5V, is an equivalence if n > k.

n—+1
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If V satisfies (o) then the inverse limit l'mn V. € Modg is locally free of finite rank
and Ry, ®g lim Vi, = Vi, for m > k (SAG 8.3.5.4, 8.3.5.7). Picking a complement
W o gnn V, = R®, for some s € N and W € Modpg, we see that setting W,, :== R, @g W
if n > k and W, = 0 for n < k gives a lax vector bundle W = {W,, },,cn such that V& W
is free in the sense of Definition 1.44. For the general case it suffices to realize a V' as
in the statement as a countable product V = [[,cy V" such that V* € laxVec}; satisfies
(e)). This is ensured by the following, which follows from idempotent lifting:

(x) Let R — S be a surjective ring map with nilpotent kernel (such as R,11 — R,).
Let P be an R-module, let Qq,- - ,Qr be projective S-modules and let P —
Qo P - P Qi be a surjective R-linear map. Then there exists a decomposition
P~ Py@---@®Py® Py as adirect sum of R-modules and equivalences P;®p S —
Q; for 0 < i < k. Moreover, if g;: P; — @, denotes the adjoint to the previous
equivalence and gg41 := 0, the induced map

P2Py®..Py® P 2% Q- @ Qp

agrees with the original map.

Corollary 1.45.1. The inverse limit functor
lim: laxPerf}, — Solidg

from Notation 1.42 sends objects in laxVecy to retracts of products of copies of R.

Proof. The functor on the statement on a free object in the sense of Definition 1.44 is easy:
it is isomorphic to an (at most countable) product []; R € SolidgSolidg. Lemma 1.45
then gives that the functor on the statement sends every V € laxVec} to a retract of a
product of copies of R. 0

Definition 1.46. Let n € N and let laxPerfg >, C laxPerfr denote the full subcategory
spanned by those objects { Py € Perf(Ry)}ren for which P, = 0 for k£ < n. The forgetful
functor laxPerfr — laxPerfg >, is left adjoint to the inclusion. The forgetful functor has
a further left adjoint, which will be denoted by

(—=)": laxPerf%Zn — laxPerf},

and it is given by sending an object on the source to the lax perfect complex that agrees
with it in degrees > n and that in degrees < n is base changed from its value in degree n.
Let P € laXPerfg. The counits P — P for this adjunctions for varying n € N assemble
to give a natural map
Ep: 1&1 P"— P
neN

in Ind(laXPerfIb%). Note that the inverse limit is taken in the latter Ind-category, where it
exists.
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Definition 1.47. Let
T': Ind(laxPerf%) — Ind(laxPerf})

denote the colimit preserving endofunctor whose restriction to compact objects is given by
P~ @neN Pm™. By the previous lines, the functor 7' comes with a natural transformation
T —id.

Definition 1.48. An object X € Ind(laxPerfr) is nuclear if the map T(X) — X is an
equivalence. A map f: P — @ between compact objects in Ind(laxPerfr) is trace-class
if there exists a map g: P — l&nn Q™ such that f agrees with

P 5 1imQ" = Q.

An object N € Ind(laxPerfy) is basic nuclear if it can be written as a sequential colimit
N = colim(Ng — Ny — --+)
of compacts N; € laxPerfr along trace-class maps.

Remark 1.49. It is not immediate that a basic nuclear object in the sense of Defini-
tion 1.48 is nuclear in the sense of Definition 1.48. This will be proved in Proposition 1.72.

Notation 1.50. Let Solid3* be the lax limit of the functor
n € N — Modg, (Solidg)

The category Solid}%x depends not only on the adic ring R but also on the chosen
tower (Ry)n from Lemma 1.24. Moreover, as we are taking the analytic structure in R to
be the one for which RT =S, it holds that Solidg = Modg(Solid), and the last functor
is also just given by n € N — Modg,, (Solid). Note that there is a pair of functors

Solidg Z<:> Solid!a*

*

where h* is induced by base change and h, is the functor taking the inverse limit of the
underlying objects of Solidr. As suggested by the notation, this pair forms an adjunction:

Lemma 1.51. The functor h* is left adjoint to h,.

Proof. Let X € Solidg andlet Y € SolidlﬁLX be represented by {Y;, € Solidg,, |Yn+1 — Ya}
Then

mapsliay, (X, h+Y) = im mapggjiq, (X @r Rn, Yn)
n

and mapsolidlﬁx(h*X ,Y') is given by the limit of the diagram

mapR2(X ®r R2,Y2) mapRl(X ®r R1,Y1)

e

mapp, (X ®r R1,Y1)
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where all maps going down-left are equivalences. It is then easy to see that both
expressions agree. O

Remark 1.52. There is also a canonical fully faithful map i: laxPerff — Solid'3* induced

by the inclusions Perfr, C Modpg, (Solid) and functoriality of lax-limits. Under this,
there is an equivalence of functors

lim;(—) = hy 0i(—): laxPerf’ — Nucp
where the first functor is th eone from Notation 1.42. In the following we usually omit
the functor ¢. That is, for an object P € laXPerfI% we write hy P for lim P and vice versa.

Lemma 1.53. Let P € laxPerf and X € Solidg. Let 17 and € be the unit and counit of
the adjunction h* & hy. Then

1. If X is connective then nx is an equivalence if and only if X is complete.

2. If X is connective and nx is an equivalence then nx is an equivalence.

3. mp,p and hi(ep) are inverse equivalences.

4. €prn,p 1S an equivalence.
Proof. 1. is just saying that when X is connective the map nx: X — @k X ®r Ry is
a completion for X (Corollary 1.24.1). For 2., as nx is an equivalence, X is complete.
Then Proposition 1.30 gives that X' is given by (X 5)?, so it is both complete and
connective and the claim follows from 1. To check 3. it suffices to consider the case
where P € laxVec,. Then, by Lemma 1.45, it suffices to consider the case when P is free.
Then h,P =[]; R (where J is an at most countable set) is complete and connective, so

3. follows from 1. and the triangular relations for an adjunction. Point 4. reduces to the
case where P is free. Then h,P is a product of copies of R and the claim is clear. [

Lemma 1.54. Let P,QQ € laXPerfIbz and let X,Y € Solidg. Then:

1. There is a natural equivalence
maplnd(laxPerfﬁ) (P’ T(Q)) = mapSolidlﬁx(P’ h*(h‘*Q)tr) = InapSolidlﬁX (Pv h*(h*Q))

compatible with the maps to mapgj; lax (P,Q).

2. Suppose that ny: Y — h h*Y is an equivalence. Then
maPsoay (X, V) — mapg,jqux (A" X, h*Y)

is an equivalence.
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Proof. For 1. it suffices to consider the case where @) (and P if you want) is free.
Unraveling the definition of T" from Definition 1.47, the mapping spectrum on the left of
1. can be rewritten as

maplnd(laxperfg)(P T(Q)) = maplnd(laxperf,g)(P ) I'Lan) = @maplaxperfg(P , Q")
n n

so it can be computed as the inverse limit over n € N of the limits of the diagrams

mapg, (P2, Q%) mappg, (Pr, Q)

//// \\ﬁf //// (13)

map, (P ©n, Ri, Q1)

where P is represented by {P;|P;+1 — P;}, and the limit of the last diagram calculates
MAD,, perst, (P,Q"). Exchanging the order in which the limits are taken, we calculate
mmapp, (Py, QF) = mapseiay, (Fr, Im(Qn ®r, Ri)) = mapsgia, (Pr, hQ @r Ry)
n

n

where the first equivalence holds by the definition of Q} := @, ®g,, Rk, and the second
equivalence is Lemma 1.56. Now the last term can be rewritten as

maps,iiay, (P, h«Q®rRE) = mapsgriay, (P, (h«Q@RRy)™) = mapgoiidy, (P, (hQ)" @ rRx)

(14)
where the first equivalence is because Py is nuclear (even perfect) in Solidg,, and the
second one is because the object h.Q € Solidg is complete, so (h.Q)" is given by (h*Q‘S)?,
and a similar description holds over Ry, from which it is evident that

(hQ @ Ri)"™ = (h.Q)" ®r Ry,

(here the first (—) is in Solidg and the second one is in Solidg,). It follows that
maplnd(laxperflg)(P,T(Q)) is also given by the limit of the diagram (13) but where
mapp, (P, QF) is replaced by any of the expressions in (14), and replacing the first
and the third precisely gives the other two mapping spectra in the statement. This
concludes the proof of 1. The second point on the statement follows from the fact that
the pair A* F h, from Notation 1.50 is an adjunction:

mapsolidR (X, Y) = mapsolidR (X, h* h*Y) = mapsohdgx (h*X, h*Y) .

O

Remark 1.55. From the previous proof it follows that the presentation of T" as the inverse
limit from Definition 1.47 is just one way of presenting the functor T" as an inverse limit.
For example, given a lax-perfect complex P = (P,) and letting Pk = (P, @R, Bn)n,
then

T(P) ~ lim P'*.

—
k

40



Lemma 1.56. Let P = {P;} ey € laxPerf},. Then the canonical map

ap: LP ®RRk—>L(P ®R; Ry)
>k

18 an equivalence, where all limits are computed in Solidg

Proof. Let C C laXPerf}% denote the full subcategory spanned by those P € laXPerf}% such
that the map ap of the statement is an equivalence. If W € laXPerf]l% is a free lax-vector
bundle with surjective transition maps, the map ay of the statement is given by

(L ) @R Ry =~ ( HR ®RRk—>HRk_hm(W ®r, Ri)
N J

where the second map is an equivalence as Ry, is almost perfect as an R(*)-module. Hence
W € C and as C is stable under retracts, desuspensions and cofibers. This implies that
laxPerf}, C C. O

Remark 1.57. We can now show that the functor 7' is not idempotent, and that in
particular it is not given by Lo R. Let R = Z, and let V be a free lax-vector bundle
(Definition 1.44) such that imV = [[ Z,. We show that there is a free vector bundle W
and a map W — T'(V) that does not lift to T'(7(V')) along the canonical map

C(ITLT(V)

(V) (V)

Let W := ((Z/p™)")nen. By Lemma 1.54, giving a map a: W — T'(V) in Ind(laXPerfgp)
is the same as giving a map W — h*([[yZp,)"™ in the category Solidlz?;‘. For this, it
suffices to give a trace-class endomorphism of [ [y Z, that modulo p™ depends only on
the first n variables. Thus, let a be the map induced by the trace-class endomorphism

o HZ Qpp? %), HZ

Suppose that « lifts. By Lemma 3.21, T'(V) is in the subcategory generated under
small colimits by lax-vector bundles with surjective transition maps (that is, it is in the
connective part), so there is a free lax-vector bundle V' with a map to T (V') such that
the lift of « factors through 7'(V”). This implies that « factors as

W =TV =V - T(V)

Then, by the same considerations as above, the map o’ can be written as a composite of

two trace-class maps
1z 511z > 112
N N N

where the trace-class map [ is also such that modulo p™ factors over the first n coordinates.
We will see that this is not possible. Let e, reprensent the n-th basis vector of [ [ Z
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So a(e,) = p"e,. As [/p™ only depends on the first n coordinates, let 5(e,) = p"by.
Then ~(b,) = en, so v hits every basis vector on the target. As v is trace-class, v/p"
factors over a finite Z/p™-module and still hits every basis vector on the target, and this
is not possible.

Definition 1.58. For a non decreasing function j: N — N, let V; denote the free lax
vector bundle!® which on degree n is given by Rﬁl(n).

Remark 1.59. As in Remark 1.55, the functor 7" on a free lax vector bundle V;
determined by a function j: N — N can similarly be described as

T(V)= Jim V.
=i

The following lemma is a formal way of saying that trace-class maps factor over a
vector bundle modulo an ideal of definition and that this factorizations are such that these
vector bundles assemble into a lax-vector bundle as the power of the ideal of defintion
varies. Morever, the lemma says that giving a trace-class map is the same as giving the
lax-vector bundle:

Lemma 1.60. Let M € Solidg be an I-complete object. Let VO := [IxS @®R. Then
the maps

: try ~ 0 t 0 apt
j(;ol\llgrll\l mapsolidlﬁx(vj,h*M "= mapsohdﬁx(h*V WM = mapgiq, (VY M)
J(n+1)2j(n)

are equivalences, where the first map is induced by the canonical maps h*Vy — V; and
the second one is the equivalence from Lemma 1.54. Here the colimit runs over the non
decreasing functions from N to N.

Proof. As M is complete, M is given by the completion of M? := M(x) in Solidg (see
the proof of Proposition 1.30 for a proof). Then

mapSolidR(HS 2™ R,M™) = I&HEB M° ®R(x) B
N noN

The right hand side of the last equation fits in the following commutative diagram
lim _ @y M’ ®rey Rn ——— [Len @ M° @r(o Bn ——— [Tuen @ M’ @rey Bn

v | |

. I . s i(n : 5 j(n+1
go&ﬂmapsolid%x(w,h M*™) J_C:OI\II% [L,en(M° @peey Ru)? ™% J'C:OI\III—I>TII\I [Ten(M° ®p(sy Rn)’ ™Y

J(n+1)254(n) J(n+1)=j(n) J(n+1)>j5(n)

55ee Definition 1.44 for the definition of free lax vector bundle.
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where the rightmost and middle vertical arrows are equivalences, the horizontal maps on
the right are given by inclusion minus base change, and the rows are fiber sequences: to
see that the lower one is a fiber sequence, note that the maps in the lower row respect
the colimit, so it suffices to show that for each n € N the sequence

mapsoling(Vjvh*Mtr) = H(M5)j(”) N H(M5)j(n+1)
neN neN

is a fiber sequence of spectra, which follows from the definition of SolidﬁfiLX as the lax limit

of the functor n — Modg, (Solidg). It follows that the vertical arrow on the left of the
last diagram exists and is an equivalence, and this is the statement. O

Let f: P — @ be a trace-class map between compact objects in Ind(laxPerf]lfz). It
seems natural to expect for the map lim(f): lim;P — lim@ to be a trace-class map in
Solidg. In the following Lemma, which is not used in the rest of this section, we prove
that this is almost the case: the map lim(f) lifts to (1imy@Q)™, but the object lim,P is
not necessarily compact (recall that compact objects are base changed from Solid, so
infinite products of R are not always compact). Nevertheless, this is good enough:

Lemma 1.61. Let f: P — @ be a trace-class map between compact objects in Ind(laXPerfIb%).
Then limy(f) lifts to (limQ)™. In particular, the functor lim,: Ind(laxPerf%) — Solidg
sends basic nuclear objects on the source (in the sense of 1.48) to nuclear objects in
SOIidR.

Proof. By definition, a map f: P — @Q as in the statement is trace-class if it can be
written as a composite
P—-TQ) 3 Q

It is then enough to show that this factorization ensures the existence of a dotted arrow
making the following square commute:

maplnd(laxperfg)(PaT(Q)) ***** > mapggia,, (7P, (h«Q)™)

J/cano lcanl (15)

lim,
HlaplaxPerfg3 (P7 Q) E— mapgolidp (h*Pa h*Q)

where cang: T(Q) — Q and cany: (h.Q)"™ — h.Q are the canonical maps, and we identify
lim; and h, for objects in laXPerf}bz as in 1.52. We can use Lemma 1.54 to rewrite the
square (15) as

mapSolidI}%"(P7 W (he@)") - ’ mapSolidlﬁ"(h*h*Pv W (h@)™)
EQoh*(canl)ol lh*(canl)o (16)

h* hy * N
mapgjigtax (P, Q) ————— mapggjiqiax (A*hs P, h*h. Q)
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where, precisely, we used point 1. from 1.54 to rewrite the top left corner and we used point
2. from 1.54 to rewrite both terms on the right, which applies because of parts 2. and 3.
of 1.53. Let the dotted arrow be the one induced by precomposing with ep: h*h, P — P.
Let’s see that this choice makes the square commute. Let f € mapg olidlax (P, h*(h.Q)™).
Going right-down in (16) then sends f to the composite given by going down-right-right
in the following commutative diagram

WP — g i (Rt PN g b hQ

epl lﬁh“h*Q)tr ieh*h*Q
5

P B (hyQ)r — M) e

where both squares commute by functoriality of e. Then, by commutativity of (1.3.2),
going right-down in (16) sends f to €j+p,q © h*hy(h*can; o f). Now €y, = h*hseg
because the triangular relations give that they are both left inverses of the equivalence
h*np.q (where the fact that the latter is an equivalence is 1.53 3.). Then, rewriting, going
right-down in (16) sends f to

€n+h,Q © h"hy(h*cany o f) = h*hyeq o h*hy(h*can; o f) = h*hy(eg o cany o f)

which is the same as where f goes if going down-right in (16), so the diagram commutes.
O

Lemma 1.62. Let N € BNucy(Solidr) (see Definition 1.15 for notation). Then there
exists a basic nuclear N' € Ind(laxPerf}) and an equivalence N =+ R(N'). Moreover,
the resulting morphism

R
homy, g axpertl) (N, —) = hompnuyc, (N, R(-)),

induced by the functor R and the equivalence of the first part, is an equivalence of functors
from Ind(laxPerf}) to An.

Proof. By definition, N can be written as a sequential colimit
. fo fi
N =colim(Py — P, — --+)

where P; = [[S @™ R and each fi: P — P;41 is trace-class. Let g;: P, — Pfj;l be
witnesses for the f;’s, so that each f; factors as a composite

B % Py M Py
Then Lemma 1.60 gives that each h*g; factors as a composite

h*P; — h*h V' — V' — h* P,
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where V' € laxVec}. In particular there are commutative triangles
Vz—i—l

N N S

> h* P11 ") h*Piiq — -

in Solid3*. Let N’ denote the sequential colimit of the V*’s in Ind(laxPerf}) taken along
the maps V¢ — V! induced by the last diagram. Then

limy N’ = colim;h,V? = colim;hh* P, = N

where the first equivalence is Remark 1.52, the second one is given by the triangles above,
and the last one is because each np,: P; — h.h*PF; is an equivalence by Lemma 1.53.
This gives that N = limy N’ = R(N’), where the last equivalence holds because N is
nuclear. To conclude the statement it remains to show that N’ is basic nuclear in the
sense of Definition 1.48. That is, that each V? — V#*! factors through the canonical map
T(Vi*) — Vi*! as a map in Ind(laxPerf3). To prove this, note that each V¢ — Vit!
factors as
Vi h*Pi — h*h VI 5 Ve

and the composite V¢ — h*h,V*! of the first two maps lifts to h*(h.VT!)" because V*
is level-wise perfect (see Lemma 1.54). So the maps V* — V1 factor as

Vi N h*(h*vi-i-l)tr N Vi+1

in Solid!g*, which by Lemma 1.54 is equivalent to factoring over (V1) in Ind(laxPerf).
This concludes the proof of the first part of the statement. It remains to prove the second
equivalence on the statement. That is, it remains to prove that the composite

lim,

homInd(laXPerf}l’%) (N, ) — homNUCR (N hm'( )) = hOHlNuCR(N, R(_)) (17)

is an equivalence, where the last rewriting is by nuclearity of N in Solidg. So it suffices
to show that the first map in the last equation is an equivalence of functors from
Ind(laxPerf%) to An. For this, let

map’Soli dﬁx(h*Pi, —): Ind(laxPerf%) — Sp

be the Ind-extension of the functor sending a W € laxPerf}, to mapsohdggx(h*Pi, W). The

maps Vi — h*R+1 — Vitlin SohdR give a sequence of colimit preserving functors
from Ind(laxPerf%) to spectra

i+1 / *po_ i
maplnd(laxPerfg)(V =) = mapsolidlgx(h Piy1, =) = maplnd(laxperfﬁ)(v )
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which is such that the composite is induced by the map V¢ — Vitl in laXPerf]b%. Then
we can rewrite the left hand side of (17) as

/ . i
maplnd(laxperf,g)(N =) = @maplnd(laxperflg)(vla -)

)

= @map/sohdgx(h*ﬂ’ -)
i

= lim mapgjiq, (£, limy—)
i

= INaPNycp (N7 hm'(_))

as functors from Ind(laxPerf}) to spectra. The first equivalence is by writing N’ as the
colimit of the V%’s. The second is by the previous lines. The third is because the two sides
agree levelwise: they are both colimit preserving, by compactness of P; in Solidg, and
they agree on compacts, for which there is the adjunction h* - h, = lim; (Remark 1.52).
Finally, the last equivalence is by writing N as the colimit of the P;’s. O

Proof of Proposition 1.43. The adjoint L of the statement exists if the colimit-preserving
functor R preserves small limits. Since R is exact, it suffices to show that it preserves
small products. Let’s first show that R preserves small products of elements in 1aXPerf]b%.
Let J be a set and let {P;},_; be a collection of objects in Ind(laxPerf?) indexed by the
set J. By Lemma 1.16, it suffices to fix an N € BNucy(Solidg) and to compare mapping
spectra against it. As N € BNuc(Solidg), Lemma 1.62 gives an N’ € Ind(laxPerf%)
which is basic nuclear in the sense of Definition 1.48 and is such that there is an equivalence
N = R(N'). Then there is the following chain of equivalences

MaPNucp (R(N/)7 R(H P])) = mapInd(laxPerf}’?) (N/’ H P])
J J

= H maplnd(laXPerf}%) (N/’ P])
J

= H MaPNucp (R(N/), R(PJ))
J

= mapyye, (RIV), [[R(P))
J

where the first and third equivalences are given by the second part of Lemma 1.62.
Replacing R(N') with N gives that R commutes with products of elements in laXPerfI%.
The existence of the left adjoint L now follows from Lemma 1.63 below. It remains to
prove that L is fully faithful. Let N ad N’ as above. The second part of Lemma 1.62 gives
that the counit eys: LR(N') = N'is an equivalence, hence the unit is an equivalence at
R(N’) = N. This shows that the unit is an equivalence at every element of BNucy(Solidg).
As everything commutes with colimits Definition 1.15 shows that the unit is an equivalence,
hence the fully faithfulness of L. O
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Lemma 1.63. Let F': C — D be a colimit preserving functor between stable, presentable
and dualizable categories. If C is compactly generated, then suppose that F preserves
small products of compact objects. If C is wi-compactly generated, then suppose that F
preserves products of wi-compact objects. Then F preserves small limits. In particular,
F has a left adjoint.

Proof. This follows from the description of products
H COlimieijj,i = Colim(gj)jEHjeJ I; H Xj,gj
jeJ jeJ

valid in any dualizable category £ because dualizability implies that the colimit functor
Ind(€) — & preserves limits, which implies the above formula. d

Remark 1.64. Let M be a basic nuclear object of Ind(laxPerf%). We do not know if
the unit LR(M) — M is an equivalence. This holds when infinite products of copies of
R are compact in Solidg.

Remark 1.65. The functor L assembles the association from the introduction into
a functor. That is, applying the corollary in the setting of Lemma 1.62 for M = N’
(notation as in Lemma 1.62) gives that there exists an equivalence L(N) = N’, which is
precisely what the functor L was supposed to do.

Recall that the right adjoint to the inclusion Nucgy C Solidg is given by the functor
(—)". The analog in this setting would be an equivalence LR = T. We have seen that
this is not true (Remark 1.57). Nevertheless, these functors compare well. The rest of
this section aims to approximate the cofiber of L using the functor 7.

Remark 1.66. As the functor R preserves colimits, the functor L in the adjunction
L
Nucp *HT Ind(laxPerf%)

of Proposition 1.43 can be viewed as a morphism in Pri® and the fact that L is

oo
fully faithful ensures that it admits a cofiber in Prggal, which is necessarily compactly
generated.

—b
Definition 1.67. Let Cofy denote the full subcategory of Fun(N°P, laxPerf%) spanned
by those functors h: N°P — laxPerfr such that:

1. For every j < i, the perfect R;-module h(j); is zero.
2. For each 0 < i < j, the sequence
h(j)i ®r, Ri—1 = h(j)i-1 = h(j — 1)i1
is a cofiber sequence in Perfp,.

3. There is an uniform bound on the Tor-amplitudes of the h(j);, ,j € N.
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— b
Note that the oco-category Cofp, is stable. Given this definition, there is a functor
—b
F': laxPerf}, — Cofp, (19)

that sends a lax-perfect complex P to the functor hp(j); := cof(P; ®g; R; — P;). This
description on objects clearly assembles into a functor.

The functor F' takes the generating subcategory laxVecy C laXPerfg to a certain

—b
subcategory of Cofp, which can be described:

Definition 1.68. Let Cof]gL C Cofg denote the full subcategory of Cof% spanned by
those functors h: N°P — laXPerf;’% such that:

1. For each j € N°P and ¢ € N, h(j); is an R;-vector bundle placed in degree zero.

2. For each 0 < < j, the cofiber sequence of R;_i-vector bundles
h(j)i ®r, Ri—1 = h(j)i-1 = h(j — 1)i1
is split.

—b
It follows from the definitions that the functor F': laxPerf? — Cofj takes laxVecs

—b
to ZCOf]% C Cofp, giving an additive functor
57! Fllaxvee, : laxVecy — Cofpy (20)

between these two additive oco-categories. Conversely, Lemma 1.70 below says that this
restriction is enough to recover the full functor F'. The proof of Lemma 1.70 requires the
following small remark about the structure of the category Coflg.

Remark 1.69. Let ¢t € N and let ;: Ng — N°P denote the inclusion of the natural

numbers < t. Then any h € Cof}, restricts to an ijh € Fun(NZ}, laxPerf}), which satisfies
the truncated version of Definition 1.68. Using this notation, the canonical map

h — limigizh (21)
t

is an equivalence in Cof}%, where in this claim it is implicit that each .2} h lies in Cof%

and that the limit exists in this category. There is a relative version of this for the

inclusions of the form ¢! N, — N2, |, and for h as above there is a splitting

- TR R,
b h =W @ igh

where h'*! is the functor in Fun(NZ, |, laxVecg) given by h'™1(j) = 0 for j <t and
Rt +1), it is zero for n > ¢, it is h(t+1); at level ¢, and is the base changes of h(t+1);
at levels below ¢. An induction then gives an equivalence of functors igifh =[] i<t ij*hj .
Combining this with (21) gives an equivalence

h=s H iht
teN
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in Ind(CofI%). These lines also give an equivalence of lax vector bundles

ht) =111 G).

J<t

When reading the next statement, recall that laxPerf? is the stable envelope of
laxVeck.

—b
Lemma 1.70. The inclusion of Cofg into Cofg extends to a fully faithful functor

Stab(CofY) — Cotp,

where exact sequences in the additive co-category Cof% are the ones that split. Under
this, the (shifted) functor Y~1F from (19) is the functor induced on stable envelopes by
the functor between additive oco-categories

o : laxVech; — Cof
sending a V' on the source to a(V)(j)i := ker(V; @r; Ri — Vi).
Proof. For the assertion about the stable envelope it suffices to check the first condition
on Lemma 2.3. This condition says that given g,h € Cof}% the mapping spectrum

mMape,gb (g, h) is connective. To show this it suffices to show, as in the proof of Lemma 1.40,
that for each j € N> the map

APy, peret (9(7), f(7)) — Map ypest (9(5), F(7 — 1)) (22)

is a map between connective spectra and has connective fiber. The last line of Remark 1.69
implies that f(j — 1) is a retract of f(j), so it will suffice to show that the source of (22)
is connective. Again by the last line of Remark 1.69, it suffices to show that for each
t,k < j the mapping spectrum mapy,,pe, (g*(t), f¥(k)) is connective. As gt(t) is zero
above degree t and base changed from degree t in degrees below ¢, there is an equivalence

maplaxPerf}b% (gt(t)7 fk(k)) = mapPerth (gt(t)t7 fk(k)t)

and the latter is connective because it is a mapping spectra between R;-vector bundles
in degree zero. The second claim in the statement follows from the first. O

Because of the previous lemma, the category Stab(CofI%) is enough, so from now on

we drop the bigger category (f]\&']l;,. Precisely, we make the following definition.
Definition 1.71. Let Cof := Stab(Cof). Under this, the functor
Ind(F): Ind(laxPerf}) — Ind(Cofy)
from (19) lands in Ind(Cof3), and we let
F: Ind(laxPerf%) — Ind(Cof})

denote the induced functor.
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Consider the adjunction
F
Ind(laxPerf%) %) Ind(Cof%)
where G is a right adjoint to F. This adjunction is introduced in order to prove the

following:

Proposition 1.72. The essential image of the fully faithful functor
L: Nucg — Ind(laxPerf%)

constructed in Proposition 1.483 land in the full subcategory of Ind(laXPerfI%) spanned by
the objects which are nuclear in the sense of Definition 1.48.

Remark 1.73. When infinite products of copies of R are compact in Solidg, we are able
to prove that the essential image of Nucg exhausts the full subcategory of Ind(laxPerf?)
spanned by the objects which are nuclear in the sense of Definition 1.48. This is because
Remark 1.64 holds. Moreover, in this case the sequence

Nucg % Ind(laxPert?) % Ind(Cof?) (23)

is a fiber sequence in Prk.

The proof of Proposition 1.72 needs an explicit calculation of what the functor G
does. This is covered by Lemma 1.74 and Remark 1.76. Precisely, they show that G
it is the exact and colimit preserving extension of the functor that takes an h € Coflb%
and sends it to the inverse limit of its colimns l‘&njeNOP h(j) in Ind(laxPerf?). Note that,
unraveling the definitions, this fact gives a fiber sequence of endofunctors

T —1d - GF

of the oo-category Ind(laxPerf}).

Lemma 1.74. Notation as in Remark 1.69. Let h € Cof%. Then for every j € N there

s a natural equivalence ‘ A
G (i) = W (j)

Proof. Let h be as in the statement, j € N and let V = {V;}ien € laxVeck be a lax
vector bundle with surjective transition maps. There are equivalences
mapy, q(iaxpertl) (V> G(ijh?)) = mapy,gaxperst) (G F(V), hY)
- maplnd(laxPerf}%) (F(V) (])v h (.7))
where the first equivalence is by applying adjunctions and the second one is because h’(t)
is zero for t < j. After this rewriting, to prove the statement it suffices to show that the

canonical map V — F(V)(j) induces an equivalence after applying map(—, h’(j)). This
follows from Lemma 1.75 below. O
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Lemma 1.75. Let W = {W;}ien be an object of laxPerfl such that Wi ~ 0 for i > j
(for example, W = h7(j) from the previous proof). Then there is a natural equivalence of
spectra N

MAaPaxPert?, (FWV)(G), W) — AP axPerf?, (V. W)

Proof. Let V7 be the lax vector bundle
Vii= o Vi = Vi = Vi @r, Ryt = Vy @, Ry
and consider the cofiber sequence
ViV = F(V)(j)

The statement is then equivalent to the vanishing of the spectrum MAP, perth (VI,W).

As in Lemma 1.40, this mapping spectrum is given by the limit of the following diagram!®

\ NG mapp, (V; @, Ra, W)
mapp (Vj, Wj-1) mapp, (V; ®r; Ry, W

which is seen to be zero since the diagonal arrows in the direction indicated in the diagram
are equivalences. ]

Remark 1.76. It is now possible to show that the exact and colimit-preserving functor
G : Ind(Cof}) — Ind(laxPerf})

sends an h € Cof}} to hm e Nop h(j). This amounts to note that there are equivalences
map(—, lim h(j)) = lim map(F (=), i;.}h)
J J
= map(F(—), lglzj*z;h)
J

= map(F (=), h)

where the first equivalence follows from Lemma Lemma 1.74 and the last one from
Remark 1.69. This characterization of the functor G implies that

T — id — GF (24)

is a fiber sequence of colimit-preserving endofunctors of Ind(laxPerf3).

164 priori only the mapping spaces are given by such diagram, but passing from the mapping space
to the mapping spectrum commutes with limits, since the mapping spectrum is the unique such that
composed with Q°° gives the mapping space.
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Proof of Proposition 1.72. The explicit description of the functor G in Remark 1.76 gives
that the composition R o G is zero. By passing to left adjoints, F o L is also zero.
If X € Ind(laxPerf?) is such that F(X) ~ 0, then (24) gives that T(X) — X is an
equivalence: that is, X is nuclear. As F oL = 0, every object in the essential image of
L: Nucg — Ind(laxPerf?) is nuclear. O

2 Localizing invariants and infinite products

This section is about localizing invariants applied to infinite products of additive oo-
categories. Precisely, we show that K-theory and topological Hochschild homology com-
mute with small products of additive oco-categories (Proposition 2.10, Proposition 2.15).
Versions of this question have already been studied and answered. Carlsson showed
that K-theory commutes with products of exact 1-categories with a cylinder functor,
see [Car95]. And Kasprowski and Winges showed in [KW20], following a characteriza-
tion of Grayson ([Gral2]) that K-theory commutes with infinite products of additive
1-categories. In the direction of considering co-categories, Kasprowski and Winges proved
that non-connective K-theory commutes with infinite products of stable co-categories,
see [KW19]. The results on this section rely on the fact, that K-theory commutes with
products of stable co-categories. The idea is to reduce questions about infinite products
of additive co-categories to questions about infinite products of stable co-categories, to
then apply their result.

This section is organized as follows. 2.1 is about stable envelopes of additive categories.
The stable envelope of an additive category is a canonical way of passing from an additive
category to a stable category. Precisely, the stable envelope is the left adjoint of the
forgetful functor from stable categories to additive categories. As we want to reduce
questions about additive categories to questions about stable categories, the study of the
stable envelope functor will be crucial. The language of 2.1 is then used in 2.2 to prove
the following version of commutation of K-theory with infinite products

Proposition (Proposition 2.10). Let {A;}icr be a collection of additive oco-categories
indexed by a set I. Then the canonical map

Kzo(H A;) — H K>o(Ai)

s an equivalence.

As mentioned, variants of this result already exist when the A;’s are (pre)stable, and the
previous proposition builds from them. Section 2.4 then builds from the previous result
to show analogous results for topological Hochschild homology and topological cyclic
homology. Precisely, the main result in Section 2.4 is the following.

Proposition (Proposition 2.15). Let {A;}icr be a collection of additive co-categories
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indexed by a set I. Then the canonical map

THH(Stab(] [ A:)) — [[ THH (Stab(A;))
iel iel
is an equivalence. Here Stab(—) stands for the stable envelope functor, from additive to
stable categories, mentioned on the first lines of this introduction.

2.1 Stable envelopes of additive oco-categories

Let Ex., denote the co-category of small exact oo-categories and exact functors as defined
in [Bar13, Definition 1.3], and let Cat®!, C Ex,, denote the full subcategory spanned by
those co-categories which are stable. This inclusion admits a left adjoint

Stab(—): Exs, — Cat®t

see [Kle20], which will be referred to as the stable envelope functor. For an exact oo-
category &, the unit of the previous adjunction £ — Stab(€) is a nice map to a stable
oo-category: it is fully faithful, it preserves and reflects exact sequences, and it is closed
under extensions.

When £ is an additive co-category endowed with the split exact structure, the stable
envelope Stab(€) is given by the Spanier—Whitehead construction

SW(Ps ¢(€)) := colim (Pz,f(g) =t P, () % ) ,

where the colimit is taken in Cats and Py ¢(€) is the smallest full subcategory of
Fun™(£°P, An), the category of finite-product-preserving functors from £°? to An, con-
taining £ and closed under finite colimits. In general, the stable envelope of £ is given by
looking at the exact sequences x — y — z in £ and inverting y/x — z inside SW(Px, ¢(E)).
Alternatively, inverting the morphisms y/x — 2z in Py, f(€) gives a prestable oo-category,
which will be denoted Stab(€)>o. As suggested by the notation, stabilizing Stab(€)>o
also gives a stable envelope for £. More precisely, the canonical map

SW(Stab(&)0) — Stab(&) (25)

is an equivalence for every exact co-category &, see [Kle20, 3.7].

Remark 2.1. Let A be an additive oco-category. The category Px ¢(A) defined in the
previous paragraph comes with a filtration by exact co-categories

A[0,0} C ./4[()71] c..-C A[O,n] Cc---C 7327]0

defined recursively as follows. The subcategory Ajy o] is given by the essential image of
the Yoneda embedding A — P, t(A). Then, inductively, for each n > 0 the oo-category
Ajo,n) C Ps,s(A) is given by the full subcategory spanned by those objects X € Py ¢(A)
that fit in a cofiber sequence

Xpn-1— X = X"Y
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where X;,—1 € A ,—1) and Y € A o). The category Ajg ) is then regarded as an exact
oo-category by declaring a sequence exact if it is taken to an exact sequence via the
canonical inclusion Ay ,,; C Stab(.A). More generally, for any finite interval [a, b] C Z we
consider A[q ) := X% Ajgp—q) C Stab(A). These subcategories are such that A; C Ay if
I CJ, and

colimyz A; = Stab(A),

where the colimit runs over the finite intervals, ordered by inclusion. Note that the
suspension functor 3J: Stab(A) — Stab(A) induces exact functors A, ;) — Ajq p+1], which
we will also denote by . More generally:

Lemma 2.2. Let F: K — Stab(A) be a map from a finite simplicial set of dimension
d € N. Let n,m € N be natural numbers such that F (k) € Alnm) for every k € K. Then

@F c A[n—d,m]'

Lemma 2.3. Let D be a stable co-category and let A C D be a full additive subcategory.
Suppose that

1. For every z,y € A the mapping spectrum Mapp(x,y) is connective.
2. The smallest stable subcategory of D containing A is D itself.

Then the inclusion A C D exhibits D as the stable envelope of the split-exact co-category
A.

Proof. The first condition on the statement ensures that the inclusion A C D is an exact
functor of exact co-categories. The universal property of the stable envelope then gives
an exact functor a: Stab(.4) — D between stable co-categories. The rest of this proof
shows that this functor is fully faithful and essentially surjective. Let X € A and let Sx
denote the collection of objects of Stab(A) for which the transformation

B- x: Mapggp(a)(— X) = Mapp(a(—), a(X))

evaluates to an equivalence. As A maps fully faithfully to both Stab(A) and D, B¢ x
induces an equivalence on connective covers for every C' € A. Now the first condition on
the statement (and a similar condition for the stable envelope of an additive co-category)
imply that B¢ x is an equivalence of spectra for every C' € A. Then C C Sx, Sx is
stable and the inclusion Sx C Stab(A) is exact, which forces Sy = Stab(.A). A similar
argument letting X vary gives that a: Stab(A) — D is fully faithful on mapping spectra.
Fully faithfulness of « on mapping spectra implies that its essential image is stable. As
the essential image of « contains A, the second condition ensures that « is essentially
surjective, hence an equivalence. O

Having discussed some basic properties of stable envelopes of additive co-categories,
we now turn to their K-theory. We let

KZ(): EXOO — szo
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denote the (connective) K-theory functor for exact oo-categories given by the oo-
categorical Q-construction, see [Bar13]. This is a generalization of Quillen’s Q-construction
to the setting of exact oo-categories. We let K denote non-connective K-theory of stable
oo-categories. Viewing a stable co-category C as an exact category, there is an induced
map K>o(C) — K(C) which exhibits the source as the connective cover of the target.
The starting point is the following form of Quillen’s resolution theorem.

Lemma 2.4. [Qui73, Theorem 3]. Let A be an additive co-category and let I C J be
two finite non-empty subintervals of Z. Then the inclusion A;r C Ay from Remark 2.1
induces an equivalence

K>o(Ar) = K>o(Ay).
Theorem 2.5. Let A be an additive co-category. Then the induced map
K>0(A) = K>o(Stab(A))
s an equivalence.

Proof. This follows from the previous theorem combined with the rewriting
colimyzA; = Stab(A)

where I runs over finite non-empty intervals, and from the fact that the functor K>q
commutes with filtered colimits of exact co-categories. O

2.2 Localizing invariants of products of additive oo-categories

Let I be a small set and let {A;};cr be a collection of small additive co-categories indexed
by I. Below we show that the map

Kxo([TA) — [T K=0(40)

i€l i€l

is an equivalence of connective spectra, see Proposition 2.11 and Corollary 2.11.1. As
mentioned, versions of this question have already been studied and answered. In [KW19]
it was proved that non-connective K-theory commutes with infinite products of stable
oo-categories:

Theorem 2.6. [KW19, Theorem 1.3] The universal additive invariant Uyqq: Cats —
Mgq commutes with small products. Moreover, for a family of stable co-categories
{Ci}ier indexed by a small set I the canonical map of non-connective K -theory spectra

E(Je) = T[ K@)

el el

s an equivalence.
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This was then used in [BKW19, 2.39] to prove that non-connective K-theory com-
mutes with infinite products of prestable oo-categories, where the argument goes by
reducing to the case of stable co-categories. Here we deduce the case of additive oo-
categories from the case of prestable co-categories. Concretely, we will need the following
version of [BKW19, 2.39]:

Proposition 2.7. Let A be an additive co-category. Let Ajg ) be obtained from A as
in Remark 2.1 and let K denote non-connective K-theory. Then the map

K(Stab(] [ Ajpec))) — [ K (Stab(Ap o))

icl icl
is an equivalence'”. Moreover, the map of universal additive invariants

Uaaa(Stab(] [ Ajp,00))) = [ [ Uada(Stab(Ap o))

icl icl
1s also an equivalence.

Remark 2.8. Note that the two equivalences in Proposition 2.7 do not follow from
each other, this is because non-connective K-theory is not corepresented as an additive
invariant. For example, for the first to follow from the second it would suffice to know
that the canonical functor Mgqq — M. from additive motives to localizing motives
commutes with products. This is true, but out of the scope of this thesis.

Proof. The statement is the claim that the following composite is an equivalence

K (Stab(] [ Ap,))) = K(J ] Stab(Ap,e0))) = ] K (Stab(Ap,e)))

el el el

where the second map is the equivalence given by Theorem 2.6. It is then enough to
show that the first map is an equivalence. Rewriting Stab(A[o,oo)) as colimgenA[_j o0)s
it is enough to prove that the following composite

H A[D,oo) — H COlimkeNA[_k@o) = CO]imfeNI H A[—f(i),oo)a (26)

el el il

in which the second map is again an equivalence, induces an equivalence upon applying
the functor F' := K (Stab(—)). Note that the left hand side of (26) is the value of the
diagram of the colimit on the right hand side of (26) for f = 0. It will then suffice to
show that F' sends all the transition maps in the colimit of the right hand side of (26) to
equivalences. As the poset N’ is filtered and F' commutes with filtered colimits of exact
oo-categories, it will suffice to show that for an f € N’ taking values in even numbers
the map F'(0 < f)) is an equivalence (as even functions are cofinal). This last claim is a

7the arguments on the next lines work for a general prestable co-category C in the place of Alo,50)
but we stick to A[g,o0) as this is what shows up when analyzing the additive case.
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particular case of Lemma 2.9 below with ¢ : i — g(i) = co. Moreover, by how the lemma
is phrased the same arguments show that

Uqga(Stab(] [ Ajo,co))) = Uada(] | Stab(Aj,0))) (27)

iel iel
is an equivalence. This combined with Theorem 2.6 give the last claim on the statement.
O

Lemma 2.9. Let I be a set and let (A;);er be additive oo-categories. Let f: I — 2N be a
function taking values on even numbers and let g: I — N U {oco} be such that f(i) < g(i)
for each i € I. Then the map

f(@)
Stab H.A M)Stab H.A [—£@), (z)))

1€l el

agrees with the canonical inclusion in degree zero after applying U,qq. The same holds
for the map Stab((X~/®),).

Proof. This is [BKW19, 2.39], but in this generality. We repeat the argument here for
completeness. Consider the following two sequences of exact functors from the additive
oo-category A; to the exact oo-category Az‘,[—f(i),g(z‘))

@ Ek id®0®id---®0 @ Ek—> @ Ek

0<k<f(i) 0<k<f(3) 0<k<f(i)
@ sk 09ide--@0, 00id®-- @0, f(4) o @ LN @ ok
0 <k<f(4) 0<k<f(i) 0<k<f(7)

which are well defined and point-wise exact, hence exact after applying Stab([[;c;(—))
everywhere. Noting that, as the sequences only differ on the middle term, additivity gives

Stab(] [ £°) = Stab(] [ =/®)
i€l i€l
O

What is proved here is the next two results. The first result, Proposition 2.10, relies
only on Lemma 2.9, and it doesn’t need any commutation of K-theory with infinite
products, but it also doesn’t imply it. The second result, Proposition 2.11, shows
commutation of K-theory with infinite products of additive co-categories, and it relies
on Proposition 2.7.

Proposition 2.10. Let I be a small set and let (A;)icr be a family of additive oco-
categories. Then the canonical map

uloc(Stab(H AZ)) — ulOC(H Stab('Al))
iel iel

s an equivalence.
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Proof. Recall that Stab(A) = colimpen A|_p, ). This lets us write the infinite product
appearing on the right hand side of the statement as

[ Stab(Aq) 2 colim yepyr [T Asreo)s61

el i€l

where the colimit runs over the poset of functions f: I — N, the order relation is given
by f < g iff f(i) < g(i) for all i € I, and the maps in the colimit are the canonical
inclusions. Applying Stab(—) on both sides of the last equation gives

H Stab(A;) = colim ;e Stab ( H A= 56).5G))) (28)

i€l 1€l

and under this equivalences the map on the statement is induced by the structure map
of the colimit for the function 0 € N’. As the poset N’ filtered, it suffices to prove that
for any f € N/ the map induced by 0 < f is an equivalence after applying Uj,.. Consider
the exact functors £/ 4, — Ai [~ @), given by including each A; in degree f(i).
These assemble into a functor

1 (@)
Stab (T A:) 222 stab( T As - s6).500)

el i€l

which by Lemma 2.9'® coincides with the map induced by 0 < f after applying the
functor Uy, (this is immediate if f is bounded, by additivity). Then, after re-indexing, it
suffices to show that the functor

Stab((27(9),)

Stab( H Ai) RSN Stab( H Ai,[o,f(i)]) (29)
iel iel

is sent to an equivalence by Uj,.. As this functor is fully faithful, it suffices to show that

its cofiber is sent to zero by Uj,.. Consider the two cofiber sequences in Cats!

ab((5F ()

Stab ([T As) 22229, Stab( [T Aio.say) — € (30)
i€l i€l

Stab( H Ai,[f(i),oo ﬂ) Stab H Ai o, Oo)
iel iel

where the functor on the upper left is Stab((3/());) from (29), and the one on the lower
left is the canonical inclusion. As by definition these sequences become Verdier sequences
after idempotent completion, the functor on the upper left is sent to an equivalence by
Ujoe if and only if C is sent to zero. The rest of the proof shows that this is the case by
showing that C is equivalent to D and that Uj,.(D) = 0. The fact that Uj,.(D) = 0 can be
proved in two ways: one is to apply the second eqation in Proposition 2.7 to the source
and target of the map can of which D is the cofiber, this gives the claim immediately,

8the lemma works for even f, here we can suppose that f is even by cofinality.
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but it used the fact that U,;q commutes with infinite products. The other way to see
that Ujee(D) =2 0 is by applying Lemma 2.9 to both maps from Stab([[, A;) to the source
and target of can to conclude that both maps become equivalences after applying U,qq4,
s0 Uygqq(can) is an equivalence too. This doesn’t use the fact that U,qq commutes with
infinite products. Either way, this shows that Uj,.(D) = 0. Note that there is a induced
exact functor F': C — D. As it remains to show that U..(C) is zero, it is enough to
show that the functor F': C — D is an equivalence after idempotent completion. We
start by showing essential surjectivity. Any object of D is represented by an object
z € Stab([Tie; .A,-v[opo)). Writing Stab([];c; AL[O,OO)) = colimpen [ [;c7 Ai [=k,00), there
exists a k € N such that x € [[;c; Aj [~k o00). Let = (z;)icr, where each z; € A; |, o)
and let
Ti<f(i) = Ti 7 Ti>f(3)

be exact sequences in Stab(A;) where z; <y € A; [—r 56y and 2; 5 1) € A (£(i),00)> @S
in the previous proof. Then x = (7; <f(;))ies in D and it is easy to see that (v; <t;))ier
is in the essential image of C, showing that F' is essentially surjective. It remains to
show that F' is fully faithful. Let z,y € C be represented by objects (z;);, (vi)i €
Stab( [T, Ai,[&f(i)]) = colimgen [ [;e; Ai (—k,f(i)+k], then mapping spectra in C can be
described as

op H MapStab(Az.) (ﬁb(xz — Zi)) yl)
icl

Mapg(x,y) = colim )
pe (7 y) (21)6((wi)/0011mkHiAi,[fm—k,f(in])

(31)
Similarly, mapping spectra in D can be described as

Mapp(F(x), F(y)) = colim )" H Mapgian(a,) (fib(@i = i), yi).-

(z0)€ ((@2) eolimy, TT; As () —k,00))
i€l

(32)
and we want these mapping spectra to be isomorphic. To show this, it suffices to consider
the case where x is represented by an object of [[..; A; [0,7())» @s the general case follows
by shifting . We apply Joyal’s version of Quillen’s Theorem A [Lur09, 4.1.3.1]: let

(2i) € ((;)/colimg [], Ai,[f(i),km))()p and let

B .= ((mi)/colimk H Ai,[f(i)—k7f(i)+k})\(Zi)-

We want B to be weakly contractible. Let
Bi<f(@) T E T Fi > ()

be exact sequences in Stab(A;) for each i € I, where 2 <y € Ajpi)—w,f(i) and
Zi > 1(i) € Ai(f(i),00)> as before. As z; € Eg ()], the map (v;)ier — (24)ier factors through
(zi,<f(i))ier- As (zi<g@))ier € [1; Aif()—k' f(i)+k, this shows that B is non empty. Let
g: K — B be a map from a finite simplicial set, we want to show that g has a cocone
point. The map g determines a map

g: (K”)" — J[ Stab(A)

il
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that sends the left cone point to (x;) — (2;) and then the right cone point to (z;), and sends
K to colimy, [ T; A; (#(i)—k,f(i)++)- The composition K % B ((2i)/ TTier Stab(A;))\(2)
has a limit whose underlying object (w;) € [[,c; Stab(A;) is given by the limit of the
functor gig». As K is a finite simplicial set, there exists a k € N such that gg» lands in
L I; Ai[f(i)—k,00) (the 0o is because of the cone point (2;)) and now Lemma 2.2 gives that
(wi) € [1; Aif(i)—k' ) for some k' € N. Note that (w;) comes with a map (z;) — (w;).
Same as when arguing that B is non empty, the map (z;) — (w;) map factors through
an element (w; <f(;)) which lies in []; A; (r)—k’,f()+#, and this gives a left cone for the
original map g. This shows that B is cofiltered, hence weakly contractible. O

Proposition 2.11. Let I be a small set and let (A;)icr be a family of additive oco-
categories. Then the canonical map of non-connective K -theory spectra

K(Stab(J ] Ai)) — J] K (Stab(A)))

il il
s an equivalence.

Proof. This is not a corollary of Proposition 2.10, because even if non-connective K-theory
becomes representable in M, the previous result doesn’t show that U,.(Stab(] [;c; Ai))
is an infinite product in M, (it actually is an infinite product, but this won’t be showed
here). The proof of the current statement goes instead by repeating the previous proof.
Using the same notations as in the previous proof, it suffices to show that K(C) = 0.
Using that C = D, it suffices to show that K (D) = 0. Equivalently, it suffices to show
that K(can) is an equivalence, which follows from Proposition 2.7. O

Corollary 2.11.1. Let I be a small set and let {A;}ier be a collection of small additive
oo-categories indexed by the set I. Then the map

Kxo(]T4) — [[ K>0(4)
el i€l

18 an equivalence of spectra.

Proof. Follows from Proposition 2.11 and from Theorem 2.5. O

2.3 Additive invariants of split lax-limits

This section is about two Eilenberg swindle lemmas for additive invariants of certain lax
inverse limits of small exact oo-categories. These are Lemma 2.12 and Lemma 2.13. The
latter implies the former, but the former has a slightly simpler proof. I learnt the trick in
Lemma 2.12 in a talk by Efimov, and the trick in Lemma 2.13 is just an elaboration. This
section ends with two corollaries of Lemma 2.13, which calculate the additive motives of
the categories laxPerfI% and Cofé’ from Definition 1.37 and Definition 1.67, respectively.
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Lemma 2.12. Let {&;};en be a collection of small exact oco-categories together with exact
functors E;41 — &;. Then the canonical projection induces an equivalence

Uaaa(Stab(laxlim;en&;)) = Ugga(Stab(] | £)).-
€N

Proof. Let G: []; & — laxlim;&; be the functor that sends an object (z; € &); to itself
with vanishing transition maps in the lax-limit. Consider the functor F': laxlim;& — [[; &
in the other direction given by sending an object of the lax limit to its underlying object in
the product. Then the composite F'oG is the identity. We now show that Uygq(Stab(GoF'))
is the identity. Let

@ laxlim; & — laxlim;&;

denote the functor given by sending

n+1

(« Tpy1 = Ty == z0) = (o (Tag )T = () — s = X0),

where the map (z,41)" "2 — (z,)"*! is given by the original structure map in the first
n + 1 entries and by the zero map in the last entry. Let n: & — @ denote the natural
transformation given on the n-th entry by the map denoted 7, : (x,)"** — (z,)"*! that
sends the first n copies to the last n copies, and the last copy to zero. Then it is easy to
check that 7 indeed defines a natural transformation, and that there is an exact sequence
of functors

Stab(@) 2™ Stab(@) — 1d & T o Stab(GF)
from which id = Stab(GF') in moEnd(Uyqq(Stab(laxlim;ené;))). O

Lemma 2.13. Let {&;}ien be a collection of small exact co-categories together with
exact functors f;: & — Ei—1 admitting fully faithful and exact right (or left) adjoints
ri: Ei—1 — & Let A; = ker(f;) with its induced exact structure. Suppose that the units
idg, — 7 o fi are point-wise egressive (that is, epimorphisms for the exact structure).
Then there exists a canonical exact functor of exact co-categories

II,Ai—%ngfk
ieN 1€eN

where the exact structures are the canonical ones, which induces an equivalence after
applying Ugqa(Stab(—)). If each A; is additive then there is an equivalence
J[ & (Stab(A;)) = K(Stab(lim &;))

<‘_
€N eN

~

where K denotes non-connective K -theory.
Proof. We start by constructing the map on the statement. Let j < i. The adjoints

T, Tit1, -+ ,Tj compose to an exact functor r;;: £ — & which is fully faithful and right
adjoint to a similar composition of the f;’s. These functors assemble into fully faithful
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functors rj: & — @iEN &;. This lets us think in terms of full exact subcategories
Tk,oo ..

T5 iq
A; C & oy & — L&nz’eN & whenever j < k. Assembling the functors A; — &; RELN &
for each j < gives a functor [] i<i A; — & which is natural in ¢ € N. Taking the limit
over ¢ € N gives an exact functor

G: [J A = limé:.

ieN €N

as the one appearing in the statement. To give a functor in the other direction it suffices
to give for each j € N an exact functor from T&lieN & to Stab(@i &;) that lands in A;,
viewed as a full subcategory. Let = (fit1(zi+1) = x;); € @ieN &; be an object, where
x; € &, and consider the functor given on objects by

T — ﬁb(T’jVOo(:Cj) — rj_ljoo(mj_l)) = ﬁb(T’jpo(.%j) — Tj,oorj—l,jfj<mj)) € Stab(LiLn gz)

(2
where the fiber is taken stably. This description on objects clearly promotes to a functor,
and the hypotheses imply that this functor lands in A;. As j € N varies these functors
assemble into an exact functor F': lim. & — Hj A; which is a left inverse to G. Define
x>j = fib(x = rj(x;)) (and let £~ _; := ) and note that there are canonical maps
Z>j — >j—1 induced by the maps 700 (2;) = 7j—1,00(j—1), and that

ﬁb(rjjoo(xj) — Tj_lpo(a:j_l)) = coﬁb(x>j — a:>j_1)

in Stab(l'gli &i). Now note that the product [];-, z; exists in lim, & and there are two
exact sequences

Hat>j—> H r>; = GF(x) and Hm>j—> H Tsj =T

J=0 j=2-1 J=0 Jj=-1

in 'mi &;. Here the first map is induced by the maps x~; — x~,_1 and the third one
by the canonical inclusion. Additivity now gives that Id and GF are equivalent after
applying Uyqq(Stab(—)). The last assertion on the statement now follows from the first
part and Proposition 2.11. O

Remark 2.14. Let laxPerfr denote the lax limit of the functor n € N°? — Perfr . The
previous Lemma 2.13 combined with Proposition 2.10 give that the canonical map

Upoc(laxPerfr) — Uioe( | [ Pertr,)
neN

is an equivalence. This turns out to hold even after restricting to bounded perfect
complexes, see Lemma 3.15 below.
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2.4 Cyclic and Hochschild homology of products
As said in the introduction, this section is here to prove the following result.

Proposition 2.15. Let {A;}icr be a family of small additive co-categories. Then the
canonical map
THH (Stab(] [ Ai)) — [[ THH (Stab(A:))
I T

s an isomorphism of spectra.
The proof of Proposition 2.15 requires some notation:

Notation 2.16. Let C be a small stable co-category, let A C C be a full subcategory
and let F: C — C be an exact endofunctor. Let (C,.A)" denote the category of pairs
(X,n) where X € A and n: X — F(X) is a morphism in C. More formally, the category
(C, A)¥ sits in the pullback

(€, A)f —— Fun(Al,0)

|60

(incl, F) CxC.

A

where incl: A — C denotes the canonical inclusion. When A = C, we write C*" := (C,C)¥".

The additive oo-category (C,.A)" will be considered as an exact oo-category by
calling a sequence exact if it is carried to a fiber sequence under the canonical functor
(C, A)F — C¥, where the latter category is stable.

Lemma 2.17. Let A be a small additive co-category and let n > 1. Then
1. Every exact sequence in (Stab(A), A)*" splits.
2. The canonical inclusion (Stab(A), A)*" — Stab(A)>" exhibits Stab(A)>" as the
stable envelope of the additive oco-category (Stab(A), A)>".

Proof. By the definition of the exact structure of (Stab(.A),.A)*", the first point amounts
to show that the mapping spectrum between two objects X', Y’ € (Stab(A), A)>"
(calculated in the stable co-category Stab(A)>") is connective. Let X and Y denote the

underlying objects of A for X’ and Y, so that X’ is given by X O s x (here the map
has to be the zero map as n > 1). The same holds for Y/ and Y. Then the mapping
spectrum mapg,p(4)=" (X', Y”') fits in the pullback

mapgap(a)= (X', Y') —————— mappnat staba)) (X5 Y7)

! |

mapg;ah(A) (X, Y) —— mapgiap(a) (X, Y) X mapg,pa) (X" X, E"Y)
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As the spectrum in the lower left is connective, it will suffice to show that the fiber of
the left vertical arrow is connective. As the diagram is a pullback, it suffices to show
that the fiber of the right vertical arrow is connective. Writing the upper right corner as

MaPp, (Al stab(A) (X, Y) = mapgiana) (X, Y) Xmapg, . o) (X,57Y)MaDstab(4) (2" X, "Y)

we see that the fibers of the vertical arrows on the previous diagram are given by the
spectrum Zflmapsmb( A) (X,3¥"Y), which is connective because n > 1. This shows the
first point on the statement. For the second point, it suffices to show that both conditions
in Lemma 2.3 are satisfied. The first condition is precisely the statement on the previous
lines about connectivity of mapping spectra. The second condition says that the smallest
stable subcategory of Stab(A)>" containing (Stab(A), A)>" is the whole of Stab(A)>".
Let (Z — $"Z) € Stab(A)*". Up to a shift, the object Z is in some A, C Stab(A)
(see Remark 2.1). If m = 0 then the claim is clear. In general, by induction, Z fits in a
fiber sequence

Zo L 729 7,
where Zy € Ajg 1) and Z1 € Ajy, 1) The composite Zg i) Z — ¥ Z 2 v 7, vanishes
because the mapping spectrum mapgg,h(4)(Zo, Z1) is connective and n > 0. This gives an

induced morphism Zy — ¥"Zj in Stab(.A) together with a morphism from (Zy — £"Z))
to (Z — X"Z) in Stab(A)*". This induces a map (Z; — X" Z1) fitting in a fiber sequence

(Zo = X"2Zy) —» (Z = X"7Z) = (Z1 — X" 71)

of objects of Stab(A)*". The object (Z; — £"Z1) is a shift of an object of (Stab(A), A)*",
so it lies in the smallest stable subcategory generated by (Stab(A), A)*", and (Zy — %" Z)
lies in the smallest stable subcategory generated by (Stab(A),.A)*" by induction on
m > 0. Then the same must hold for (Z — ¥"Z), which was arbitrary. O

Corollary 2.17.1. Let A be a small additive co-category and let n > 1. Then the
canonical functor (Stab(A), A)*" — Stab(A)*" induces an equivalence

K>o((Stab(A), A)*") = K>o(Stab(A)*").
Proof. This follows from putting together Theorem 2.5 and Lemma 2.17 O

Remark 2.18. Suppose that A is the category of finitely generated projective modules
over some E;-ring B. Then Stab(A) = Perfp, and the proof of Lemma 2.17 shows

that (Perfg)™" is generated by the single compact generator B 9% ynp (asn > 1).
This implies, using [Lura, 7.1.2.1], that (Perfg)™>" can be identified with the category

of perfect complexes over the endomorphism ring of the compact generator B 9 snp.
This endomorphism can be computed as in the proof of Lemma 2.17: it is given by the
split square-zero extension of B by ¥" ' B. In a formula, there is an equivalence

(Perfp)™" = Perfggyn-1p.
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Under Notation 2.16, for the next result we let K,q(CT) := fib(K>0(C) — K>o(CY)),
where the map is induced by the natural transformation of functors F — 0.

Theorem 2.19. Let A be a small additive oo-category. There is a functorial equivalence
of spectra
colim,enQ" K, cq(Stab(A)>") = THH (Stab(A))

where the notation s as in 2.16. Moreover, the n-th transition map in the previous
colimit is (n + 1)-connective.

Proof. If A is of the form Proj(B) for a connective E;-ring B, then Perf(B)*" =
Perfggsn-1p by Remark 2.18. Then the equivalence on the statement is [DM94] and
the connectivity bound on the statement is [Ram, 3.2]. The general case reduces to
this one. Precisely, let A be presented as a filtered colimit of additive co-categories of
the form Proj(B) for B a connective E;-ring. Applying the colimit preserving functor
Stab(—) to this gives a presentation of Stab(A) as a filtered colimit of categories of the
form Modp, for B a connective E;-ring. The construction of Notation 2.16 sending a
stable co-category C to C¥" commutes with filtered colmits, and so does THH, hence
the statement reduces to the case A = Proj(B). O

Proof of Proposition 2.15. Using Theorem 2.19, it is enough to show that the canonical
map

Kso(Stab(J ] Ai)™") — [ Kzo(Stab(A4:)™") (33)

icl i€l

is an equivalence, as then it is possible to pass to the colimit over n and pull out
the product on the right hand side out of the colimit by the connectivity bound from
Theorem 2.19. The rest of the proof shows that (33) is an equivalence. Lemma 2.17
together with Theorem 2.5 give an equivalence

Kxo((Stab(J [ A, [T A)™") = K>o((Stab(] [ Ai)*") (34)
icl icl icl
and the category on the source of this last equation can be rewritten as
(Stab(JT A, JT 4™ = [](Stab(As), A)*". (35)
icl icl icl

Note that this rewriting is compatible with exact structures: by Lemma 2.17 exact
structures on both sides are split when n > 1. These facts then fit in a commutative
diagram:
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K>o((Stab(T ;e Ai) [Tier A)™") — K>o((Stab([[;e; Ai))*")
K>o([Tie (Stab(Ai), Ai)*") ———— Kxo([T;e;(Stab(A:))™")

[Licr K>o((Stab(A;), A)*") —=— [L;e; K>o((Stab(4;))>")

where the arrows indicated as equivalences are indeed equivalences: the upper horizontal
map is an equivalence by (34) prod, the vertical arrow in the upper left corner is
an equivalence by (35), the vertical arrow in the lower left is an equivalence because
K-theory of additive oco-categories commutes with products of additive co-categories
(Corollary 2.11.1), the lower horizontal arrow is an equivalence by the same reason that
the upper horizontal is. Finally, the vertical arrow in the lower right is an equivalence
because K-theory commutes with products of stable co-categories (Theorem 2.6). This
shows that the composite of the two vertical arrows on the right is an equivalence, which
is what was left to show. O

The next couple of results are condensed versions of the previous lines. Informally,
any localizing invariant has a condensed enhancement given by just applying Cond(—)
everywhere. Formally:

Definition 2.20. Let

Cond(THH)

THH: Cond(Mq.) Cond(Cyc(Sp)) 2 Cyc(Cond(Sp))

be a condensed enhancement of T'HH, where M,. denotes the category of localizing
motives as defined in [BGT13].

For T'=TC, TC~ or TP, there is a functor
T4 Cyc(Cond(Sp)) — Cond(Sp)
given by the equivalence Cond(Cyc(Sp)) = Cyc(Cond(Sp)) and the functor Cond(T).
Definition 2.21. For C a condensed stable oco-category, let
T°YC) := TYTHH(C)) € Cond(Sp),
where the condensed category C is confused with its condensed motive.

Corollary 2.21.1. Let I be a set and let {A;}icr be a collection of condensed additive
small co-categories. Then the canonical map

THH “(Stab(] [ Ai)) — [[ THH “(Stab(A;))
il il
1 an equivalence of condensed spectra. Moreover, if I = N and there are exact functors
Air1 — A;, then the equivalence holds with [[;c; Ai replaced by laxlim;enA;.
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Proof. The first equivalence follows from taking S-valued points, for S an extremally
disconnected set, and from everything commuting with finite products. The last claim
follows from Lemma 2.12. O

Proposition 2.22. Let I be a set and let {A;}icr be a collection of condensed additive
small co-categories. Let T': CycSp — Sp denote one of TC, TC™,(—)ps1 or TP. Then
the canonical map
T (Stab(J [ Ai)) = [ 7°(Stab(A)).
icl iel
is an equivalence. Moreover, if I = N and there are exact functors A;+1 — A;, then the
equivalence holds with [[;.; A; replaced by laxlim;en.A;.

Proof. For T' = TC or T' = TC™ the statement follows from observing that Corol-
lary 2.21.1 is an equivalence of cyclotomic condensed spectra, and then applying T on
both sides. For T" = (—);,s1 the statement follows as in the previous case by noting
that (—)pg1 still commutes with products of (condensed) connective spectra. The case
T = TP now follows from the fiber sequence ¥(—),51 — TC~ — TP. The last part
follows from Lemma 2.12. O

3 K-theory and Hochschild homology of nuclear modules

Let R be an adic ring and let - - R,y — R, — -+ — R1 be a tower of E-rings under R
realizing its completion, as in Lemma 1.24. We say that a localizing invariant T' satisfies
continuity for R if the canonical map

T(Nucg) — lim T'(Modg,,)

is an equivalence. This section is about continuity of localizing invariants in the sense of
the previous lines. In this direction, Efimov proved the following:

Theorem 3.1 (Efimov). The canonical map of localizing motives

Uroe(Nuucg) = lim Uyoe(Mod g, )

18 an equivalence, where 1<ﬂl/cR is a certain enlargement of the usual category of nuclear
modules over R (see Theorem 3.24).

We will show that Nucg and Nucg have the same localizing motive (Corollary 3.24.1),
which gives Efimov’s continuity of K-theory. Efimov’s results and the techniques of the
previous section can be combined to prove the following result.

Theorem (Corollary 3.26.3, Corollary 3.27.1). The map

THH(Nucg) — lim THH(R,)
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is an equivalence. Moreover, the natural inclusion Modg(,) — Nucg induces an equiva-

lence
THH(R(x))} — THH(Nucg)

of R(x)-modules.

As a partial converse, we show that the continuity of TH H (which uses the continuity
of K-theory) implies the continuity of TC, which in turn implies the continuity of K-
theory. More generally, we show the following, independent of Efimov’s results:

Proposition (Proposition 3.14). Let T — Ta be a map of localizing invariants. Suppose
that Ty /Ty is nilinvariant and that Ty and Ty commute with products of additive categories.
Then Ty satisfies continuity if and only if Ts does.

Corollary 2 (Proposition 3.13). Suppose that THH satisfies continuity for R. Then
the same holds for K -theory.

This section is organized as follows. 3.1 is about trying to compute T'H H (Nucp)
directly, without using the two theorems from this introduction. We do not prove
continuity of THH in 3.1, but we show that it is given by a certain relative tensor
product, similar to the case of the topological Hoschschild homology of an ordinary ring,
but here the tensor product is solid. Precisely, we show that

THH(Nucg) = (R ®pomp R)(*)

where R € Mod g mp(Solid) is a certain object which agrees with the module R ¢
Mod . mz(Solid) (with the diagonal action) modulo an ideal of definition (Corollary 3.11.1).
We believe that R is just R. 3.2 is about deducing continuity of K-theory from continuity
of THH. In 3.3 we explain results of Efimov concerning the continuity of K-theory
and how they imply the continuty of Hochschild homology. 3.3 then ends by showing
that TTH H of nuclear modules over an adic ring R agrees with the I-completion of the
topological Hochschild homology of the underlying Eo-ring R(x) (Corollary 3.27.1). The
section ends with Section 3.4, which is a sort of example of the results of this section. It
is showed that the previous permit a rephrasing of some results of [BMS18] in terms of
nuclear modules. This rephrasing makes it possible to pass to the generic fiber at the
level of categories without forgetting the topology: for example, given a perfectoid ring
R with its p-adic topology, there is an isomorphism of graded rings

TP.(Nucgy /) = Bigp(R)[0™]

where o lives in degree two, see Lemma 3.31.

3.1 Remarks about the Hochschild homology of nuclear modules

This subsection is about giving an expression for the topological Hochschild homology of
nuclear modules. We show that

THH(NLICR) = M ®R®.R R (*)
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where M € Modzom(Solid) is the module obtained by starting with R € Mod . m(Solid)
and considering the source of the counit at R of the adjunction whose left adjoint is the
map

Modgxr(Solid ® Solid) — Mod g, m g (Solid)
induced by the solid tensor product (Proposition 3.11). We show that M agrees with R
modulo an ideal of definition of R, which implies that the canonical map of R(*)-modules

THH(R(x)) — THH (Nucg)
is an equivalence modulo the ideal I, see Corollary 3.11.1.

Notation 3.2. In this subsection R stands for an adic ring in the sense of Definition 1.21,
and Nucp stands for Nuc(Solidg), where the Nuc(—) construction is the one from
Definition 1.2. Recall that an adic ring is always solid as a condensed spectrum.

Remark 3.3. For the duration of this subsection the category Solid will be treated as
presentable compactly generated by restricting the cardinality of the profinite sets giving
rise to compact objects. This does not change the category Nucg, see Lemma 1.35.

Remark 3.4. The category Nucp is rigid in the sense of [GR17, 1.9], and this implies
that the spectrum T'H H(Nucpg) is given by the image of R under the composite

R € Nucg = Nucg ® Nucg — Nucg m) Sp

where the second functor is the multiplication map for Nucg, the first is its right adjoint,
and the third functor is evaluation of a condensed object at a point. The tensor product
of Nucg with itself can be understood as follows:

Lemma 3.5. The square

Nucg ® Nucg ——— Nucg ® Solidg

| !

Solidp ® Nucg —— Solidg ® Solidgr

18 a pullback square, and all functors are fully faithful. In particular, an object of
Solidr ® Solidg lies in the subcategory Nucg @ Nucg if it lies both in Nucg ® Solidg and
in Solidg ® Nucg.

Proof. Follows from the next lemma. ]

Lemma 3.6. Let L: C — D be a fully faithful colimit preserving functor between dualizable
stable co-categories. Suppose that the right adjoint of L preserves colimits. Then the
diagram

coc 2 peye

lid@L l’id@L

coD L2 pop
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1s a pullback square of presentable co-categories, and all the functors on the diagram are
fully faithful.

Proof. The left vertical arrow can be rewritten as
LFun(DY,C) < LFun(D",C)

showing that it is fully faithful. The same argument shows that the lower horizontal
arrow is fully faithful (after twisting the factors). Similarly, the lower horizontal arrow
can be written as

LFun(C",D) < LFun(D", D)

and the pullback of the diagram on the statement is given by the full subcategory of
LFun(C", D) spanned by those functors F': CV — D such that the composite FoL": DV —
D lands in C. Let R: D — C be the right adjoint of L. If F o LY lands in C, then
FoLYoRY2F lands in C too, so the pullback is given by LFun(CV,C). O

Using the previous lemma it is now possible to show that THH (Nucgr) can be
computed in Solidg:

Lemma 3.7. Let M: Solidr ® Solidrp — Solidg denote the multiplication map for the
symmetric monoidal category Solidgr, and let M, denote its right adjoint. Let m denote
the analogous map for Nucg, as in Remark 3.4. Then

momy(R) = M o M,(R)

Proof. Consider the following diagram

Nucg ® Nucg o, Solidrp ® Solidg

I

Nucgp ——=2 3 Solidg

and let g, denote the right adjoint of the functor ig on the upper row. Then it follows
formally from the fact that the vertical maps are fully faithful that

>~

i1OmOmT—MOZ’OO7J07TOMTO7J1,

and the statement reduces to show that the object M, (R) = M,oi;(R) lies in Nucg®Nucg.
Let F' := M,(R) € Solidr ® Solidg. By Lemma 3.5 it suffices to show that F lies in
Solidr ® Nucg. Let £ := Solidy denote the full subcategory spanned by compact objects
inside Solidgr. There is an equivalence

Solidg ® Solidg = Fun'®*(£°P, Solidp) = Fun’(£°P x £°P, Sp)
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where the right hand side denotes those functors that preserve finite limits separately
in each variable. Under this equivalence, a functor G on the right hand side lies in
Solidg ® Nucg on the left hand side if for every profinite set S it holds that

as objects of Solidg, where S € & really refers to the compact object R@®™S[S] € £. This
proof cares about the case G = F. Let S = yiniel S; and T = I'&niel T; be two profinite
sets, presented over the same cofiltered diagram (this is always possible). Unraveling the
definitions, the functor F is given by

F(S,T) = Homgolid . m (R ™ S[S] @™ R @™ S[T], R) = (colimie; €D R(x))7
SZ‘XTi

where the R(x) ® R(*)-module structure in the last term is diagonal, so the I-completion
is also a completion with respect to the ideal (I,I) of R(x) ® R(*). In particular, the
object F'(S,—) € Solidg is I-complete. Similarly,

F(S,—)™(T) cohmlg@R T @solidg F(S; =))(*)

which as F'(S, —) is I-complete can be rewritten using Remark 1.31 as

F(S,—)™(T) = (colimje; @ R(*) ®soiay, F (S, %))}

which is the same as F'(S,T'). This shows that F' is in Solidg ® Nucg. O]

Remark 3.8. Recall that Solidg is just notation for Modg(Solid). Similarly, let
Solidgemr denote Mod . m r(Solid). For the next lemma, note that the multiplication
functor M of the previous lemma factors as a composite

M: Solidg ® Solidg 22 Solid ,m; — Solidg

where the first map is induced by the two algebra maps of the form R — R @® R, and
the second map is induced by the map R @™ R — R of algebras in solid spectra.
Lemma 3.9. Let F' € Solidgp ® Solidg denote the image of the diagonal module R €
Solidp.mp along the right adjoint of the canonical functor

M’: Solidg, ® Solidg — Solid zmp

of the previous remark. Then the counit map M'(F) — R is an equivalence modulo
(I,I) C R" RY.

Y¢hat is, the ideal generated by the two copies of I
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Proof. Using that Solidg = Modg(Solid), the source of the functor M’ can be rewritten
as
Solidp ® Solidp = MOngR(SOIid & SOlid)

from which it is clear that the functor M’ on the statement is the functor induced by the
multiplication map m’: Solid ® Solid — Solid for the symmetric monoidal structure on
Solid after passing to R X R-modules on the source and m/(RX R) = R @™ R-modules
on the target. Consider the diagram

Mod g (Solid ® Solid) —2— Solid ® Solid

b -

Mod . m 5 (Solid) ——2—— Solid

which commutes by the first assertion in Lemma 3.10 below. Let M, and m/ denote the
right adjoints of M’ and m’, then

. !/ ! !/ . !/ / .
i1oM oM, =m oigo M, =m om, o1

where the first equivalence is the comutativity of the previous diagram and the second
equivalence is the second assertion in Lemma 3.10 below. As the module R is discrete
modulo (I,I), it suffices to check that the counit M’ o M, — id is an equivalence
on discrete modules. As this can be checked after applying i1, the previous chain of
equivalences says that it is enough to check that the counit m’ o m/(N) — N is an
equivalence for every discrete module N (that is, for every spectrum). As both m’ and m,
commute with colimits (the latter because the tensor product of Solid preserves compact
objects), it suffices to check the claim for N = S. This follows from

m’ om,(S) = THH(Nucg) <~ THH(S) =S
where the first equivalence is Lemma 3.7 and the second one is because Sp — Nucg. [

Lemma 3.10. Let F': C — D be a lax symmetric monoidal functor between symmet-
ric monoidal presentable co-categories. Let A € CAlg(C) and let Fy: Moda(C) —
Modg(4)(D) denote the functor induced by F'. Then the following diagram commutes

Mod4(C) —2 ¢

e

Modp(4)(D) —% D

Moreover, if F' is symmetric monoidal and G and G4 denote the right adjoints of F' and
Fyu, then the following natural transformation is an equivalence

resg o G4 — G ores;.
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Proposition 3.11. There is a canonical map of R(x)-modules
THH(Nucg) = (R &R mp R)(x)
which is an equivalence modulo 1.

Proof. Using notations from Lemma 3.9, the map on the statement is given by the map
THH(Nucg) = (M'(F) ®pgmg R)(x) = (R @pomp R)(x)

induced by the counit M'(F) — R of Lemma 3.9. This map is an equivalence modulo I
by the same lemma, and this concludes the proof of the statement. ]

From this, the I-adic continuity of T H H follows:

Corollary 3.11.1. The inclusion ModR(*) — Nucg induces an equivalence
THH(R(%))} — THH(Nucg)}
of R(x)-modules.

Proof. This follows from Proposition 3.11 by noting that THH(R(x)) and R ®;®'R R
agree modulo the ideal I.

Remark 3.12. Assuming continuity of K-theory, Corollary 3.11.1 can be improved by
noting that TH H(Nucg) is already I-complete. See Corollary 3.27.1.

3.2 Continuity of Hochschild homology implies continuity of K-theory

In this section we prove that continuity of topological Hochschild homology implies
continuity of K-theory.

Proposition 3.13. Let R be an adic ring in the sense of Definition 1.21, and let (Ry,)nen
be a tower of Exo-rings realizing its completion, as in Lemma 1.24. Suppose that the
canonical map

THH(Nucg) — lim THH (Modg, )
neN

s an equivalence. Then the analog maps for TC and K-theory are also equivalences.

The proof does not require more notation than the one that has already been
introduced, so it is given now, but it relies on a couple of results proved in Section 3.2.1
and Proposition 3.17 below.

Proof. The proof goes by using the sequence

Nucg < Ind(laxPerf?) = Ind(Cofb) (36)
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produced in Proposition 1.72 (which is however not a localization sequence, by Re-
mark 1.57) and the criteria from Corollary 3.16.1, which says that a localizing invariant
which commutes with products of additive co-categories satisfies continuity if and only if
it sends (36) to a fiber sequence of spectra. As non-connective K-theory commutes with
products of additive co-categories by Proposition 2.11, to deduce continuity for K-theory
it suffices to show that both T'C' and the fiber of K — T'C send (36) to a fiber sequence
of spectra. For the fiber of K — T'C this follows from Proposition 3.17 below, which says
that, more generally, any truncating invariant sends (36) to a fiber sequence of spectra.
For T'C', it commutes with infinite products of additive categories by Proposition 2.22; so
it suffices to show that T'C' satisfies continuity, which follows from the assumption that
THH does: for example, by using Corollary 3.16.1 for THH in the forward direction
to deduce that T'C' sends the sequence in there to a fiber sequence, and then use it for
TC in the backward direction, which is possible by Proposition 2.22, to deduce that TC
satisfies continuity. This concludes the proof. O

The method of the previous proof actually proves:

Proposition 3.14. Let Ty — Ty be a map of localizing invariants. Suppose that To /Ty
is nilinvariant and that Tv and Ts commute with products of additive categories. Then T}
satisfies continuity if and only if Ty does.

The rest of this section is dedicated to proving the statements used in the proof of
Proposition 3.13.
3.2.1 Motives of lax-perfect complexes

Lemma 3.15. There is a canonical equivalence

Uqgd(laxPerfp) — Uaga(Stab( ] | Veck,))
neN

Moreover, the canonical map

L{loc(laXPerfI%) — Upoe( H Perfg,)
neN

s also an equivalence.
Proof. Let laxVecy denote the lax limit of the functor
n € N’ — Vecp,

in Cats,. We consider this lax limit as an exact category by declaring a sequence to be
exact if it is exact at each level. Exact sequences in laxVecg are level-wise split, but not
necessarily split. There are exact and fully faithful inclusions

laxVec$, — laxVecg — laxPerf},
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coming from the fact that they are all subcategories of the lax limit of n +— Perfgr, . These
inclusion are all exact, and as such they extend to fully faithful functors

Stab(laxVec}) — Stab(laxVecg) — laxPerf%

which are equivalences because the composite is an equivalence (Lemma 1.40). Let &;
denote the lax limit of the functor

n € N2, — Vecp,

equipped with the canonical exact structure. Here N<; denotes the finite poset of natural
numbers less than or equal to i. Then laxVecy = limi &; as exact oo-categories. The
collection of exact oo-categories (&;); together with the canonical exact functors & — &1
satisfy the hypotheses of Lemma 2.13, which then gives an equivalence

Uaaa(Stab( [ Vecr,)) — Unga(Stab(lim &;))

neN €N

~

which amounts to the first equivalence on the statement. Passing to Uj,. and using
Proposition 2.10 from the previous section to commute the product with Stab(—) gives
the second equivalence. ]

Lemma 3.16. There is a canonical equivalence

Uaaa(Cofh) — Uaaa(Stab( ] | Vecr,))
neN

Moreover, the diagonal map

UZOC(COfIb{) — Uloc( H PerfRn)
neN

sending h to (h(n))y is also an equivalence.

Proof. For each i € N let & := Cof% N Fun(N(g,laXPerfg) inside Fun(N°P, laxPerf%).
That is, &; is the category obtained as in Definition 1.68 but where N is replaced by
N<;. Then Cof% = yﬂlieN &i. Viewing each &; with its canonical exact structure from

its inclusion into the stable category Fun(N°P, laXPerfIb%), the last equivalence becomes
an equivalence of exact categories. In fact, both sides carry the split exact structure
(Lemma 1.70). The exact categories &; satisfy the hypotheses of Lemma 2.13 (the left
and right adjoints are given by Kan extensions along N<; — N), which then gives an
equivalence

Uaaa(Stab( ] | Vecr,)) — Uaga(Stab(lim &;))

%
neN eN

=

which amounts to the first equivalence on the statement. Passing to Uj,. and using
Proposition 2.10 from the previous section to commute the product with Stab(—) gives
the second equivalence. O
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Corollary 3.16.1. Let T be a localizing invariant commuting with products of additive
oco-categories or of small stable co-categories. Then T satisfies continuity in the sense of
Section 3 if and only if T sends the sequence

Nucg = Ind(laxPerf}) LN Ind(Cof})
to a fiber sequence of spectra.

Proof. Using Lemma 3.15 and Lemma 3.16 above, the sequence in the statement goes to

UZOC(NHCR) — uloc(H PerfRn) — uloc( H PerfRn)
neN neN

after applying Uj,., where the second arrow is the identity minus the projection map.
Moreover, the categories on the middle and on the right of the last equation are also
equal to Uje.(Stab(] [ Vecr,, )), again by Lemma 3.15 and Lemma 3.16 above. Then the
statement follows from the hypotheses. O

3.2.2 Truncating invariants via lax-perfect modules

This section is here to prove the following result.

Proposition 3.17. Let E be a truncating invariant’’. Then the sequence
E(Nucg) — E(laxPerf}) — E(Cof%)
s a fiber sequence of spectra.

Corollary 3.17.1. Let E be a truncating invariant. Suppose that E commutes with
infinite products of additive categories. Then the canonical map

E(Nucg) — lim E(Ry)

s an equivalence.
Proof. By Corollary 3.16.1 and Proposition 3.17 above. 0

Proposition 3.17 is based on the fact that nilpotent extensions of additive co-categories
induce equivalences on truncating invariants. The notion of a nilpotent extension of
additive oco-categories is a generalization of the notion of a map of connective rings which
is surjective on 7y and has nilpotent kernel, see [ES21, 3.1.1]. Precisely, an additive
functor F': A — B is said to be a nilpotent extension of additive oo categories if the
following two conditions hold:

20A localizing invariant F is called truncating if for every connctive Ej-ring A the canonical map

A — mo(A) induces an equivalence
E(A) = E(mo(A))
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1. f is essentially surjective.

2. For all objects V, W € A the map

mapA(V7 W) — mapB(f(V)v f(W))

is surjective on my.

3. There exists an n > 1 such that, for every collection of n composable morphisms
f1, - fnin A, if each f; vanishes in B then the composite f1 o--- o f,, vanishes in
A.

Then the following theorem holds, where for an additive co-category A we let

Mod 4 := Ind(Stab(A)).

Theorem 3.18. [ES21, 4.2.1] Let A — B be a nilpotent extension of additive oco-
categories and let E be a truncating invariant taking values in a stable oco-category. Then

the induced map
E(MOdA) — E(MOdB)

s an equivalence.

Remark 3.19. Let A be an additive oco-category. A colimit preserving colocalization
D C Mod 42! gives rise (and is determined by) an endofunctor Lp: Mod 4 — Mod 4. In
the following we care about colocalizations for which the associated endofuctor sends
connective objects to (—1)-connective objects (or just connective), where an object of
Mod 4 is connective if it lies in the subcategory generated under small colimits by objects
in the essential image of A in Mod4 under the canonical functor, and an object is
(—1)-connective if it is a negative shift of a connective object. In this case, the cofiber
of the inclusion D C Mod 4 is generated by an additive oo-category. Precisely, letting B
denote the essential image of A under the projection p: Mod 4 — Mod 4/D, regarded as
an additive oo-category, there is an equivalence

Modg = Mod4/D (37)

In fact, the assumption on Lp implies that mapping spectra between objects of B are
connective, and this implies that the functor in (37) is fully faithful, see Lemma 2.3. As
it is also essentially surjective, it is an equivalence. Conversely, if Modg — Mod 4/D,
then the mapping spectra between objects in p(A) = B C Mod 4/D are connective and
the fiber sequence of spectra

mapyod , (Vs Lo(W)) = mapyieq ,(V; W) = mapyieq o (p(V), p(W))

where V, W € A, implies that Lp sends connective objects to —1-connective objects.

2Lthat is, a colimit preserving fully faithful functor between presentable co-categories with a colimit
preserving right adjoint.
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The following corollary of Theorem 3.18 is the form in which this theorem will be
used in here:

Corollary 3.19.1. Let f: A — B be an additive functor between additive co-categories,
and let
F': Mody4 — Modg

denote the colimit preserving functor induced at the level of presentable co-categories. Let
D C fib(F') be a colimit preserving colocalization. Suppose that the following conditions
hold:

1. The endofunctor associated to the induced colocalization D C Mod 4 sends connective
objects to (—1)-connective objects.

2. f is essentially surjective.
3. For all objects V,W € A the map
mapA(V7 W) - mapB(f(V)v f<W>)
1S surjective on mo.

4. Let G denote the right adjoint to F, and let T := fib(id — GF). Suppose that for
every V,W € A and every morphism V % T(W) in Ind(Stab(A)) there exists an
X € fib(F) and a commutative diagram

V) —— X

J/CG,TL l

V —%— T(W)
Then the induced map Mod 4/D — Modg comes from a nilpotent extension of additive
oo-categories. In particular, for every truncating invariant E the sequence

E(D) - E(Mod4) — E(Modp)

s a fiber sequence.
Proof. Let C denote the cofiber of the inclusion D C Mod 4. As in Remark 3.19, the first
condition on the statement implies that C ~ Modg:, where B’ is the additive co-category
generated by the image of A in C. The induced map C — Modpg is induced by a functor

B’ — B, which by the hypotheses on the statement is a nilpotent extension of additive
oo-categories. Then the fiber sequence

D — Mody — C

plus the fact that C and Modp agree on truncating invariants (by Theorem 3.18) give
that any truncating invariant sends

D — MOdA — Modp

to a fiber sequence. O
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Proof of Proposition 3.17. The proof goes by applying Corollary 3.19.1 to the case A =
laxVec$, (Definition 1.38) and B = Cof% (Definition 1.68), and to the functor f: A — B
given by the functor 2_1*F|lax\/ec% from (20) that remembers the successive kernels of a
lax-vector bundle with surjective transition maps. Then functor

F: Mod 4 — Modp
from 3.19.1 is precisely the functor
F: Ind(laxPerf%) — Ind(Cof})

from Proposition 1.72. And we take D to be Nucg, which is killed by F. So it suffices to
check that the rest of the hypotheses of Corollary 3.19.1 are satisfied. The first condition
says that the endofunctor classifying the colocalization Nucg C Ind(laxPerf%) sends
connective objects to (—1)-connective, which by Remark 3.19 is the same as saying that
the cofiber is generated by an additive oo-category. This is Lemma 3.20 below. This
shows the first condition. The third condition says that for every V, W & laxVecy the
map

maplnd(laxPerfﬁ) (V7 W) - mapInd(laxPerfg)(F(V)’ F(W)) = mapInd(laxPerf}%) <‘/’ Go F(W))

is surjective on my. As Proposition 1.72 gives a fiber sequence of functors T'— Id — GoF,
it suffices to show that mapy, jj..p erf) (V,T(W)) is connective. This is Lemma 3.21 below.
This shows the third condition. Finally, the fourth condition is Lemma 3.22. O

Lemma 3.20. The co-category
C := Ind(laxPerf}) /Nucp

1s generated by an additive co-category. Precisely, there exists an additive co-category
Co C C¥ such that C = Modg, .

Proof. The category C is compactly generated, and the projection p: Ind(laxPerf%) —=C
sends compact objects to compact objects. Let Cyp C C" denote the essential image
of laxVec} under the projection p. We will now prove that the inclusion Cy C C¥
extends uniquely to equivalence Stab(Cy) — C%, where the exact structure on Cy is
given by the split exact sequences. This can be proved by showing the two conditions in
Lemma 2.3. The first condition says that for every V, W € laxVec}, the mapping spectra
mape(p(V),p(W)) is connective. This spectrum fits in a fiber sequence

maplnd(laxperf]g)(vv LR(W)) — maplnd(laxperfg)(v7 W) — map¢(V, W)

from which it suffices to show that the leftmost and the middle term are connective, as
the cofiber of two connective objects is connetive. The middle term is connective by
Lemma 1.40. For the leftmost term, note that object R(W) is connective and nuclear, so
Lemma 1.16 gives that it is a small colimit of objects in BNucg(Solidg). As the functor
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L sends BNucy(Solidgr) to connective objects (even to Ind(laxVec})), the object LR(W)
is a small colimit of objects in laxVec} in degree zero. Then, as V' is compact projective,
map(V,LR(W)) is a colimit of connective objects, hence the connectivity. The second
condition amounts to show that the fully faithful inclusion Stab(Cy) < C¥ is essentially
surjective. This follows because this inclusion factors the projection

p¥: laxPerf} = Stab(laxVec}) — Stab(Cy) — C¥

and p¥ is essentially surjective. O

Lemma 3.21. Let VW € laxVecy. Then the spectrum maplnd(laxperfﬁ)(V,T(W)) is
connective.

Proof. As in (13), it is possible to compute map(V,T(W)) as the limit of

MapPg,lid (Va, W ®r R2) mMapg,lid (Vi,W ®r R1)

N

Mapgolid 5, (Va, W ®r R1)

where W := @W is isomorphic to a retract of [[y R in Solidg. The limit of this
diagram is connective because every term is and the diagonal maps from left to right are
surjective. O

Lemma 3.22. Let V,W € laxVecy, and let f: V — T(W) be a map. Then there exists
a map g: T(V) — LR(W) making the following diagram commute

T(V) ——= LR(W)

lcan J/can

v —L 5 rw)
where the vertical arrow on the left is the canonical one from Definition 1.47, and the one
on the right is the one induced from Proposition 1.72 and the fact that F o L vanishes.

Proof. By Lemma 1.45, V can be written as a retract of a free object V in | the sense of
Definition 1.44, and similarly W can be written as a retract of a free object W. The map
V — T(W) then induces a map

VoV TW) = T(W)

Supposing for a moment that the statement holds for free objects, we get a map T'(V) —
LR (W) which in turn induces a map 7'(V) — LR(W) which proves the statement for
the original map V' — T'(W). This is a diagram chase that uses the additivity of the

functors T and LR. So we can suppose that both V and W are free in the sense of
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Definition 1.44. So h.V and h,W are both isomorphic to [[y R (see Notation 1.50).
Let VO := [IxS @®™ R be a compact projective generator and let’s fix a map V0 — h,V
isomorphic to the canonical map [[yS "R — [IxR - Let f denote the image of f
under the composite

maplnd(laxperflg)(vv T(W)) — mapgyay, (h«V, (haW)™) — mapSolidR(V0> (haW)™)

where the first map is the one produced in (15) and the second one is the one induced by
the map V° — h,V. Then there is a factorization of f’ as a composite:

VO = B = (h,W)¥

where B is a basic nuclear that can be written as a sequential colimit along trace-class
maps
BZCOlimN(PO — P — )

where each P; is a countable product of copies of R (see Lemma 1.62). Let the V =
(R;L(n))neN be a representative for V. Then V is determined by the function r: N — N|
and we write V = V... More generally, for any non-decreasing function s: N — N we let V;
denote the free object in laxVecy given by (Rfl(n))neN. As V0 is compact, we can suppose
that the map V0 — B factors through a trace-class map a: V? — Py. Then Lemma 1.60
gives that there exists a non-decreasing function s: N — N such that a ® g R,, factors
through the projection V° ®@g R, — RfL(n) onto the first s(n) coordinates. We then know
from Remark 1.65 that L(B) admits a map from V5. Up to increasing s, we can suppose
that s(n) > r(n) for each n € N, so that there is a canonical map Vi — V,, = V. This
gives a diagram

— L(B) —— LR(WW)

S

|
> T(W)

in Ind(laXPerfIb%). Commutativity of this diagram amounts to check that two maps
Vs — T(W) are homotopic. These maps live in the mapping spectra

mapy, qaxpertt) (Ve, T(W)) = mapgjiqiax (V, R* (h W)

where the equivalence is Lemma 1.54. So it suffices to see that they are homotopic as
maps from V; to h*(h,W)". The following equivalence given by Lemma 1.60 below
. try _ 0 t
colim, mapg,jiqtax (Vs B (A W)™) = mapgeia, (V7 (hW)™)
J(nt1)>5(n)
says that, after possibly increasing s, the equality of the two maps can be tested in mg
of the mapping spectra mapg,jiq, (V, (heW)™), where it holds by construction. This
shows that the last diagram commutes after possibly increasing s. Now it is easy to see
that T'(V)) — V factors through Vs (for example, by Remark 1.59), and this gives the
statement. O
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3.3 Continuity of K-theory and continuity of Hochschild homology

Let R be an adic ring (Definition 1.21) and let (R, ),en be a tower realizing its completion,
as in Lemma 1.24. Knowing that topological cyclic homology invariants commute with
certain products (Corollary 2.21.1), the missing step to conclude continuity for those
invariants (in the sense of Section 3) is a statement relating Nucg to such infinite products.
This statement is the following theorem by Efimov:

Theorem 3.23 (Efimov). There exists a fiber sequence
id—pr
Uoe(Nucg) — Z/{loc(Stab(H Vecr,,)) . Upoe(Stab( H Vecr,,))
neN neN

where Vecr, denotes the additive co-category of Ry-vector bundles, and Stab(—) is the
stable envelope functor from Section 2.1. Here the second arrow is the one induced by the
identity minus the product of the projections Vecg,, ., — Vecg, for varying n € N.

As mentioned in the introduction, there is also an unbounded version of this statement.
To state it, let Nucy denote the inverse limit of the tower

-+ — Modg, ., = Modg, —---

taken in the category of presentable dualizable co-categories. This limit indeed exists.
As Nucp is dualizable, the universal property of limits gives a map Nucg — Nucg. This
map is fully faithful, and the latter can be thought of as an unbounded version of the
former. This adjective is further motivated by the following analog to Theorem 3.23
above:

Theorem 3.24 (Efimov). There exists a fiber sequence

Uroe(Nucg) — Uioe( [ ] Pertr,) “2 Upoe( [ Pertr,)-

neN neN

Combining the previous two theorems with the facts about infinite products of
additive oco-categories proved in the previous sections gives that this two versions of
nuclear modules, although different, have the same localizing invariant.

Corollary 3.24.1. The inclusion induces an equivalence
uloc(NucR) - uloc(NucR)
of localizing invariants.
Proof. This follows from Proposition 2.10 and the previous two theorems. O
The next results in this section are phrased for condensed localizing invariants, and
the next remark and definition are here to make sense of this. This makes no real difference

escept for the last couple of results in this section (Lemma 3.27 and Corollary 3.27.1), so
feel free to evaluate everything at a point and stick to the non-condensed statements.
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Remark 3.25. For any profinite set S, the condensed ring C'(.S, R) of continuous functions
from S to R is again an adic ring. In fact, the ring C'(S, R) is just the I-completion of
the spectrum of maps from S to R(x)°. Using this observation, the category Nucp lifts
to a condensed category

S € ExDisc — Nucg (s r) € Prﬁfal

Definition 3.26. For a localizing invariant E: Mj,. — Sp, let
E°d:= Cond(E): Cond(Mj,.) — Cond(Sp)
so that, for example, E°¢(Nucg)(S) = E(Nucg(g,r))-

Corollary 3.26.1. Let E be a localizing invariant that commutes with countable products
of stable co-categories. Then the maps

E*(Nucg) — E“(Nucg) — lim B°(Modg, )
neN

are equivalences of condensed spectra.

Proof. For an extemally disconnected set S the condensed algebra C'(S, R) is again an
adic ring, so it suffices to prove the statement for an arbitrary adic ring R after evaluating
at a point. Then the first equivalence follows from Corollary 3.24.1 and the second from
Theorem 3.24 and the hypothesis on F. O

Corollary 3.26.2. The maps
K*(Nucg) — K*(Nucg) — lim K*/(Modp,)
neN

are equivalences of condensed spectra.
Proof. This follows from the previous corollary and Theorem 2.6. O

This corollary does not apply to THH or T'C. In fact, as far as we know from
Corollary 2.21.1, THH and T'C' only commute with infinite products of additive co-
categories. Using Theorem 3.23 instead, it is easy to see that these infinite products are
enough.

Corollary 3.26.3. Let THH and TC denote the condensed invariants defined in
Definition 2.20. Then the canonical maps

THH (Nucg) < THH* (Nucg) — lim THH* (Modg,)
neN

and
TC*(Nucg) + TC*(Nucg) — lim TC*(Modg, )
neN
are all equivalences of condensed spectra.
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Knowing the previous corollary, it is now possible to give a description of the
topological Hochschild homology of Nucg that does not depend on the chosen tower
(Rp)nen from Lemma 1.24:

Lemma 3.27. There is an equivalence of condensed spectra
THHCd(NuCR) = colimmerp(R@).m)E\I,.-. )

where the (—)2\1 D) denotes completion of the condensed commutative algebra R®"™ with

respect to the ideal generated by the m images of I inside 7r0(R®.m).

Proof. The previous corollary says that TH H!(Nucg) is equivalent to the inverse limit
of the THHY(Modg,)’s. This inverse limit commutes with the geometric realizations
presenting the T'H H of the R,’s, so

THH (Nucg) = colimpeacn (lim RF™)
n

and the inner term in the latter is equivalent to (R‘X’.m)f\l ) by Lemma 1.28 (and
independent of the R),’s). O

As R is a commutative algebra, THH (R(x)) is free over S in commutative R(*)-
algebras, and this gives R(x)-module structures to both THH (R(x)) and TH H (Nucg).
The previous lemma is close to saying that the topological Hochschild homology of Nucp
is the I-adic completion of the topological Hochschild homology of the Eo-ring R(x)
under this module structures. This is indeed the case, as the next result shows.

Corollary 3.27.1. The inclusion Modg(,) — Nucg induces an equivalence
THH(R(x))} — THH(Nucg)
of R(x)-modules.

Proof. By Corollary 3.11.1 it suffices to show that the R(*)-module THH (Nucg) is
I-complete. By the proof of Lemma 3.27, TH H(Nucg) is a geometric realization of R(x)-
modules of the form (R(*)®m)é\1 .. 1y» Where the R(*)-module structure is given by the

action on the leftmost term of the tensor product. As each (R(*)®m)€\[ .. 1y 1s connective
and I-complete (for the leftmost copy of I), TTHH(Nucg) is also I-complete. O

3.4 An example: nuclear modules over perfectoid rings

Definition 3.28. A p-adic ring is an adic ring (Definition 1.21) with the p-adic topology.
That is, a p-adic ring is a solid connective commutative algebra which agrees with the
p-completion of its evaluation at a point.
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Lemma 3.29. Let R be a p-adic ring. Then the inclusion Modp) — Nucg induces an
equivalence

(THH(R(x))°)p = THH(Modp.)), — THH (Nucg)

of condensed spectra, where the p-adic completion is taken in condensed spectra. That is,
the topological Hochschild homology of Nucg is given by the p-completion of the topological
Hochschild homology of the underlying Eoo-ring R(x). The same holds for TC, TC~ and
TP.

Proof. This follows from Corollary 3.27.1, but here we give an easier proof in the case
where the ideal of definition is (p). The first equivalence holds because THH(R(*))® =
THH*!(Mod R(x)) as condensed spectra. For the second, Corollary 3.26.3 gives that

THH" (Nucg) = lim THH* (Modg, )
neN

and the latter can be rewritten as mn colim,,e pop RE™ = colim,y,e aop 'mn R®™ where
limit and colimit commute because of a connectivity argument. By Lemma 1.28 the last
expression is equivalent to colim,,caop (R®m)$, where again it is possible to comute the
colimit with the p-completion by a connectivity argument. O

Lemma 3.30. Let R be a p-adic ring. Then the canonical map
THH(Nucg)[p~'] = THH (Nucgy,-1))

18 an equivalence.

Proof. 1t is clear that forgetting about nuclear modules the map
THH(R(x))[p~'] — THH(R(+)[p™"))

is an equivalence. Consider the following diagram

Modgl({f)p) — MOdR(*) — MOdR(*)[pfl]

l | |

Nucgﬂ(p) — Nucg —— Nucg-1

where the rows are localization sequences and the leftmost vertical arrow is an equivalence
by Lemma 1.33. Then

THH(Nucy,'") = THH(Mody ")
— Ty THH(R)
=T, (THH(R)))
— ) (THH(Nucg))
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where the second equality holds by the first sentence of the proof, the third one because
the difference is both (p)-local and (p)-nilpotent, so it is zero, and the last equality is
Lemma 3.29. Now the fact that the lower row in the last diagram is sent to a fiber
sequence by THH together with the fiber sequence of functors I'i,) — id — ()[p~Y
imply the statement. O

Considering perfectoid rings as (condensed) adic rings with the p-adic topology,

Lemma 3.29 applied to a perfectoid ring R gives an equivalence THH (R,Z,) —
THH (Nucp), where the former is another way of writing the p-completion of THH (R).
It is then possible to rewrite the calculations of [BMS18, 6.1, 6.2, 6.3] in terms of nuclear
categories by simply replacing TTHH (R, Z,) by THH (Nucg) everywhere. For example,
[BMS18, 6.1] says that the canonical map

Symp(THHy(Nucg)) — THH,(Nucg)

is an isomorphism of graded rings??, and that T'H Hy(Nucg) is a free R-module of rank
1. Similarly, [BMS18, 6.2, 6.3] says that there exist isomorphisms of graded rings

TC (Nucg) =~ Aie(R)[u,v]/(uv — €) and TP.(Nucg) ~ Ape(R)[0*!]

where |u| = |o]| = 2, |[v] = =2, and £ has degree zero and is a generator of the kernel of
the canonical map Aj,¢(R) — R. Moreover, the previous isomorphisms can be chosen
such that the graded ring homomorphisms

TC: (Nucg) —— TP.(Nucg)

are @-linear and Aj,¢(R)-linear, respectively, and ¢(u) = o, can(u) = £ - 0 and can(v) =
-1
oL

One advantage of working with nuclear modules is that it is possible to use Lemma 3.30
to pass to the generic fiber at the level of categories:

Lemma 3.31. Let R be a perfectoid ring. There exists an isomorphism of graded rings
TP, (Nuc gpy /) = Big(R)[0™]

where o has degree 2 and the ring B;R is given by the (§)-adic completion of the ring
Aine(R)[1/p], where £ is the kernel of the canonical map Aine(R) — R.

Proof. Recall that the spectral sequences calculating periodic homology

2
B

H(BS', THH;(Nucg)) = TP ;(Nucg)
E?, = H™

{(BS', THH;(Nucg(1/))) = TPiyj(Nucgy )

#Zhere the spectrum THH(Nucg) carries a symmetric monoidal structure coming from the symmetric
monoidal structure of Nucr and the lax-monoidaity of the functor THH.
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collapse by Bokstedt periodicity (using Lemma 3.30 for the second). The descend-
ing filtration given by the spectral sequence E on TPy(Nucgr) = A (R) is given by
Filp(Ains(R)) = (§)™ C Ae(R), and the element " € (£)" is sent to a generator of
gr" (Aing(R?)). The base change map Nucg — Nucgj/y induces both a ring homomor-

phism on periodic homology
[+ Aine(R)[1/p] = T Py(Nucg)[1/p] — TPo(Nucg /p))
and compatible R[1/p]-linear equivalences
2 ~ 2
Ei,j[l/p] — Ej; (38)

at the level of spectral sequences (they are equivalences by Lemma 3.30). As f respects
filtrations, there is an inclusion (f(£))" C Fil:TPy(Nucgi/p)), and we claim that this
inclusion is an equivalence. To show this, let x € FilLT'Py(Nucg /) and let z,, denote
its reduction to the n-th graded piece. As f induces equivalences on graded pieces ((38)),
there exists a y € Ains(R)[1/p] such that f(£"y) reduces to z, in the n-th graded piece.
Then = — f(§)"f(y) € Fil"HTPO(NucR[l/p}). As TPy(Nucgy/p)) is is separated and

complete with respect to the filtration given by E, an induction gives that = € (f(£))".
This shows that the filtrations agree. Now, as f is a mod-£ isomorphism by (38) (here
we use that ¢ is a non-zero divisor in Aj¢(R)[1/p]) and T Py(Nucgy /) is f(§)-complete,

the latter must agree with the ¢-completion of Ajn(R)[1/p], which is B, (R). O
Let
HH(—/R): CAlg(Cond(Sp))r; — Cond(Sp) (39)

denote the Hochschild homology functor from commutative condensed R-algebras to
condensed spectra, and let

HCg (—/R) == HH*(—/R)"*"
HPa(—/R) := HH*(—/R)"".

be two solid versions of cyclic and periodoc homology arising from it. These are functors
taking values in solid spectra and receiving a map from the solidifications of HC™ and
HP, respectively. In [BMS18, 6.3] it is explained in which sense the topological theory is
a deformation of the algebraic theory. Here is a version of this, which is an analog of
[BMS18, Theorem 6.7], over the generic fiber.

Proposition 3.32. Let R be a perfectoid ring and let A be a p-complete R-algebra. Then
there is a S'-equivariant cofiber sequence

THH(Nucy/p)[2] = THH(Nucap ) — HH®(A[1/p]/R[1/p]) (40)

of condensed T'H H(Nuc 4[1 /) )-modules, where A is viewed as an adic condensed R-algebra
with its p-adic topology. Moreover, there is a natural equivalence of condensed spectra

HH.(A/R) = THH(NUCA) ®THH(NucR) R (41)
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which also holds when A and R are replaced by A[l/p] and R[1/p]. In particular, the
right hand side of (41) is solid. After applying fized points or Tate constructions to (40),
there are induced cofiber sequences

TC™ (Nucaqi/y)[2] = TC~ (Nucap ) — HCq (A[1/p]/R[1/p))
TP(Nucau/p))2) £% TP(Nucapy) — HPa(A[1/p]/R[1/p)
of condensed spectra.
Proof. By [BMS18, Theorem 6.7] there is a fiber sequence
THH(Nucy)[2] — THH(Nucy) — HH(A/R))

of condensed T'H H(Nucy)-modules. Analogously, [BMS18, Theorem 6.7] for A = R
gives a fiber sequence

THH(Nucg)[2] — THH(Nucg) — R

of condensed T'H H (Nucg)-modules. Comparing these two fiber sequences after base
changing the latter to to 7'H H (Nuc 4 )-modules gives isomorphisms 7'H H (NUc A) @7 g i (Nuc )
R = HH(A/R), = HH"(A/R) of condensed spectra, where the last isomorphism fol-
lows from the solid tensor product preserving complete objects. Inverting p on top of
everything and using Lemma 3.30 gives (40). O
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