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Abstract

This thesis has two main parts. The first part, consisting of two papers, concerns the
algebraic structure on Hochschild complexes of commutative Hopf algebras and their weaker
cousins, such as commutative quasi-Hopf algebras and commutative Hopfish algebras. For
any of the above, we equip the Hochschild complex with a natural Hopf algebra structure up
to coherent homotopy.

In the first paper, we study the interplay between the Hochschild complex and the
Dold-Kan equivalence between connective chain complexes and simplicial modules over a
commutative ring. As an application, we obtain a strictification of the coherent commutative
Hopf algebra structure on the Hochschild complex of a commutative Hopf algebra.

In the second paper we study the functoriality of the Hochschild complex with respect
to bimodules. This allows us to upgrade the Hochschild complex to a symmetric monoidal
functor of quasi-categories from a certain nerve of the (2,1)-category of bimodules between
algebras to the quasi-category of chain complexes. This is conditioned on the assumption
that the simplicial nerve of the category of non-negative chain complexes over a ring admits
a symmetric monoidal structure which on the homotopy category agrees with the derived
tensor product. Using the fact that certain families of Hopf-like algebras are special cases of
Hopfish algebras, we obtain as an application that the Hochschild complexes of such algebras
have a natural Hopf algebra structure up to coherent homotopy.

The second part of the thesis is a work in progress, generalizing the work of Wahl and
Westerland on operations on Hochschild complexes to construct operations on topological
Hochschild homology. Our main theorem, conditioned on a technical quasi-category-theoretical
conjecture, is the construction of an action of moduli spaces of Riemann surfaces on the
topological Hochschild homology of A..-Frobenius algebras.

Resumé

Denne afthandling har to hoveddele. Den forste, som bestar af to artikler, handler om
den algebraiske struktur besittet af Hochschild-komplekser af kommutative Hopf-algebraer of
deres svagere varianter, som for eksempel kommutative kvasi-Hopf-algebraer og kommutative
Hopfish-algebraer. For disse typer algebraer udstyrer vi Hochschild-komplexet med en naturlig
Hopf-algebrastruktur op til koherent homotopi.

I vares forste artikel studerer vi vekselvirkningen mellem Hochschild-komplekset og
Dold-Kan-ekvivalensen mellem konnektive kedekomplekser og simplisielle moduler over en
kommutativ ring. Som en anvendelse af dette opnar vi en streng modell for den koherente
kommutative Hopf-algebrastrukturen pa Hochschild-komplekset til en kommutativ Hopf-
algebra.

I vares andre artikel studerer vi funktorialiteten til Hochschild-komplekset med hensyn
til bimoduler og opgraderer Hochschild-komplekset til en symmetrisk monoidal funktor
af kvasikategorier fra en givet nerve af (2,1)-kategorien af bimoduler mellem algebraer til
kvasikategorien af kedekomplekse. Dette afthenger af antagelsen om, at den simplicielle nerven
til kategorien af kedekomplexe kan gives en symmetrisk monoidal struktur med det deriverte
tensorproduktet. Vi bruger at enkelte varianter af Hopf-algebraer er spesielle tilfelde af
Hopfish-algebraer til at konstruere koherente Hopf-algebrastrukterer pa Hochschild-komplexe
af disse.

Den andre del af denne afhandling bestar af pagaende arbeid, der generaliserer resultater
af Wahl og Westerland om operationer pa Hochschild-komplexe til operationer pa topologisk
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Hochschild-homologi. Vares hovedresultat, betinget pa en kvasikategorisk formodning, kon-
struerer en virkning af modulirommet af Riemann-flader pa THH af
mathcal Ao.-Frobenius-algebraer.
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This thesis consists of the following two papers (A and B) and one work in progress (C):

A. Strictifying Homotopy Coherent Actions on Hochschild Complexes
B. On the Morita Functoriality of the Hochschild Complex
C. Formal Operations on Topological Hochschild Homology (in progress)

1. Overview and Background

We begin by giving an overview of the subject and putting the papers into a bigger
picture.
This thesis fits into the program laid out by Wahl-Westerland [12, 1]

1.1. The Dold-Kan Equivalence. The main technical tool for Paper A is the Dold-
Kan equivalence. Fix a commutative ring k. The Dold-Kan equivalence is an equivalence of
categories

M :sMod, & Ch%: T

between simplicial k-modules and connective dg-k-modules. The functor M is called the
normalized Moore complex and is a symmetric monoidal functor. The inverse functor I,
however, is not symmetric monoidal, but Richter [9] showed that I' is symmetric monoidal up
to coherent homotopy. The failure of the Dold-Kan equivalence to be a symmetric monoidal
equivalence is the main technical obstacle in Paper A.

The structure maps which witness the symmetric monoidal structure of M are the shuffle
maps

sh: M(A)® M(B) - M(A®B).
The shuffle maps satisfy associativity: sh o (id ® sh) = sh(sh ® id) as maps
M(A)® M(B) ® M(C) — M(A®B&C),

and commutativity, namely the following diagram commutes, where 7 is the twist map.

M(A) ® M(B) M(B)® M(A)
sh sh
M(A®B) M(B®A)

*

The shuffle maps are also homotopy equivalences. A homotopy inverse which also satisfies
associativity is given by the Alexander-Whitney maps

AW : M(A®B) — M(A)®M (B)

However, the Alexander-Whitney maps do not satisfy commutativity. Instead, they satisfy
E-commutativity, as proven by Richter in [9]. In the language of that paper, the functor M
is E,-comonoidal.
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1.2. Hochschild Homology. Throughout, fix a commutative ring k. Let A be an
associative dg-algebra over k. The simplicial chain complex B%¢(A) is given in simplicial
degree n by the chain complex B%¢(A), := A®""! and with simplicial face maps

' | (ag, ..y GiGig1, yan) ,0<i<n
dz<a0; ...,an> - { (ana[]aaly ~~7an—1) ,i =n

Applying the Dold-Kan equivalence at each differential degree, we get a bicomplex M B¥¢(A),
with first differential given by the alternating sum of the d;’s, and second differential given
by the differential of A. The Hochschild complex C(A) of A is the sum totalization of
MB%(A),.. The homology of C(A) is denoted by HH(A) and is called the Hochschild
homology of A.

This definition admits an extension from dg-algebras to dg-categories, which we make use
of in Paper B.

The Hochschild complex plays diverse roles in algebra and geometry. In algebra, Hochschild
homology admits a trace map from algebraic K-theory

K.(A) — HH.(A).

In geometry, HH(A) gives an algebraic model of differential forms and deRham cohomology,
with the deRham differential given by Connes’ B-operator.

1.3. Operads and Props. An operad O in a symmetric monoidal category C is a
collection of objects {O(n)}nen equipped with morphisms

O(k) @ (0O(1) ® ... © O(jk)) = O(1 + .. + Ji)

satisfying certain associativity, unitality and equivariance constraints. An algebra over O is
an object A € ObC equipped with morphisms

Ok) ® A% — A

satisfying associativity, unitality an equivariance.

Operads are well suited to describing algebraic or coalgebraic structures and admit a
convenient homotopy theory, but cannot describe bialgebraic structures - the case when the
algebraic and coalgebraic structures interact, for example Hopf algebras.

A prop [1, 8] in C is a symmetric monoidal category P enriched in C such that the objects
Ob P are in bijection with the natural numbers N, and the symmetric monoidal structure is
addition on objects. An algebra over P is an object A € ObC equipped with morphisms

P(n,m) @ A®" — A®™

satisfying associativity and unitality. The notion of prop is well suited to describing bialgebraic
structures, at the cost of being a less well behaved theory than the theory of operads. In
particular, the category of props does not admit the structure of a model category.
Operads are a special case of props, as given an operad O, we can build a prop Py for
which
Po(n,m) = @ O(ny) @ ... @ O(ny,).
ni+...4+nm=n

In particular, O and Pp have the same algebras.

Example: Let Ass be the prop generated by the associative operad. In particular,
Ass(n, 1) = ¥, the symmetric group on n letters.
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Example: The commutative Hopf prop CHopf is generated as a symmetric monoidal
category by the morphisms

m:2—1 n:0—1 S:1—1
A:l—2 e:1—=0

such that (m,n) define a commutative algebra, (A, €) define an associative coalgebra, A and
€ are algebra homomorphisms and the relations

mo(l®S)oA=noe=mo(S®1)oA

hold. In particular, for any symmetric monoidal category C, the category of symmetric
monoidal functors Fun®(CHopf, C) is equivalent to the category of commutative Hopf algebra
objects in C.

1.4. The Morita (2,1)-category. In Paper B we make use of a generalization of
categories called (2,1)-categories. A (2,1)-category C is a category where instead of a set of
morphisms between any two objects, we have a groupoid C(a,b) of morphisms, such that
composition of morphisms is associative and unital up to coherent isomorphism. We also make
use of notions of symmetric monoidal (2,1)-categories and 2-functor between (2,1)-categories.

Example: Any ordinary category can be viewed as a (2,1)-category with discrete morphisms
groupoids. The notions of symmetric monoidal (2,1)-category and 2-functor reduce to the
ordinary notions of symmetric monoidal category and functor in this case.

Example: For a commutative ring k, the Morita (2,1)-category has objects given by
associative dg-k-algebras, and for each pair A, B of algebras, the groupoid Mor(A, B)
is given by the groupoid of (B, A)-bimodules and bimodule isomorphisms. Composition
Mory (B, C') x Mory(A, B) — Mori (A, C) is given by tensor product (Q, P) — Q ®p P. The
Morita (2,1)-category is also symmetric monoidal and admits a symmetric monoidal functor
m : dgAlg; — Mory.

A commutative Hopfish algebra over k£ [10] is defined as a symmetric monoidal functor
CHopf — Mor;. This notion encompasses commutative Hopf algebras up to Morita equiva-
lence, as well as weaker variants of Hopf algebras such as quasi-Hopf algebras [2], in which
the co-associativity condition is relaxed.

1.5. Quasi-categories. In Paper B, we make use of the theory of quasi-categories to
handle algebraic structures which are defined up to coherent homotopy. Originally defined
in [1], the theory was developed in [6, [7] and is now the standard framework for homotopy
theoretical category theory.

The theory is remarkably similar to the theory of ordinary categories, with just about any
commonly occurring category theoretical statement generalizing to an analogous statement
in quasi-category theory.

A quasi-category is a simplicial set X which admits inner horn fillers. Namely, for each
n € N and each 0 < i < n, let A? be the boundary of the n-simplex minus the face opposite
the 7'th vertex. Then given the solid arrows below, the dotted arrow exists such that the
diagram commutes.
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If X and Y are quasi-categories, then a functor X — Y is just a morphism of simplicial sets.

Example: Let C be a category. Then the nerve NC, given by NC,, = Fun([n],C), where
[n] is the poset 0 — ... — n, is a quasi-category.

Example: In Paper B, we also consider a nerve construction for (2,1)-categories, called the
Duskin nerve Np [3]. If C is a (2,1)-category, then Np(C) is a quasi-category.

Example: There is also a nerve construction Na for simplicial categories, i.e. categories
enriched in simplicial sets, called the coherent nerve. If C is a simplicial category such that
for any pair of objects x,y € ObC, the hom-space C(z,y) is a Kan complex, then NAC is a
quasi-category.

1.6. Operations on Hochschild Homology. This thesis fits into the general program
laid out by Wahl and Westerland in [12), 11] on the algebraic structure of Hochschild
complexes. Let Ass denote the associative prop, i.e. the prop associated to the associative
operad in Chy, and let P be a prop in Ch; such that there is a symmetric monoidal functor
Ass — P inducing a bijection on objects. Then one can define the Hochschild complex of a
P-algebra by restricting to its associative algebra structure. The goal of the program laid
out in [12, 11] is to find, and classify, operations

C(A)®™ © A®™ — C(A)®"2 @ A®™

which are natural in algebras over P. Examples of previous work include symmetric Frobenius
algebras [12], commutative algebras [5] and commutative Frobenius algebras [4].

In Paper A we address the case when P is given by the Boardman-Vogt tensor product
Ass ® P’ for some prop P. In particular, this covers the case of commutative Hopf algebras.

In Paper B we consider algebraic structures which are more general than algebras over
props, and so it does not fit directly into the framework of Wahl-Westerland. Instead, we make
use of Hochschild complexes of dg-categories to define a Hochschild complex functor from the
Morita (2,1)-category, constructed as a symmetric monoidal functor of quasi-categories, and
use this to examine operations on Hochschild complexes of some variants of commutative
Hopf algebras, such as commutative quasi-Hopf algebras.

1.7. Open and Open-Closed Field Theories. In Paper C we are concerned with
operations on topological Hochschild homology of open conformal field theories. We describe
the idea below.

The open-closed cobordism category OC is the quasi-category whose objects are one-
dimensional manifolds with boundary, and whose space of morphisms OC(M, N) is the moduli
space

OC(M,N)= || BDiff(T;MUN)

_ M
MUN =0T’



12

i.e. the moduli space of Riemannian cobordisms with corners from M to N, and composition
is given by gluing cobordisms. It can be constructed as the coherent nerve of a simplicial
category. The open cobordism category is the full subcategory of OC on the objects L, R.
O and OC are both symmetric monoidal quasi-categories under disjoint union. An open
(resp. open-closed) conformal field theory is a symmetric monoidal functor O — Sp (resp.
OC — Sp).

O is an example of a quasi-categorical prop, and algebras over O are homotopy coherent
associative symmetric Frobenius algebras.

2. Summary of Paper A

The motivating question for Paper A is the following: For a commutative Hopf algebra A,
what are the operations on the Hochschild complex C'(A) which are natural in homomorphisms
of Hopf algebras?

The Dold-Kan equivalence is an E-monoidal equivalence [9], and this implies that C'(A)
carries a commutative Hopf algebra structure up to coherent homotopy. In this paper we give
a strict model for this structure. Its ingredients are the commutative Hopf algebra structure
on A and the structure maps of the Dold-Kan equivalence.

3. Summary of Paper B

Paper B generalizes the motivating question of Paper A by replacing the class of Hopf
algebras with variants of Hopf algebras, such as quasi-Hopf algebras and Hopfish algebras.

For these types of algebras, we construct a natural Hopf algebra structure on their
Hochschild complexes by realizing the Hochschild complex as a symmetric monoidal functor
of quasi-categories from the Duskin nerve of the Morita (2,1)-category to the quasi-category
of chain complexes. This is conditioned on the assumption that the simplicial nerve of the
category of non-negative chain complexes over a ring admits a symmetric monoidal structure
which on the homotopy category agrees with the derived tensor product.

4. Summary of Paper C

In this work in progress, we extend program laid out in [12), 1] for operations on
Hochschild complexes to a quasi-categorical context in order to investigate operations on
topological Hochschild homology.

We consider in particular the case of operations on THH of open conformal field theories,
obtaining an extension of a theorem of Wahl-Westerland [12], Theorem 6.2] conditioned on a
technical conjecture concerning homotopy coends in quasi-categories.

5. Perspectives

Throughout the papers A-C there are conjectures indicating possible lines of future
research. In this section we give a broad overview.

First of all, the Hochschild complex on any associative algebra admits an operation called
Connes’ B-operator, which is a natural degree 1 operation

B:C.(A) = Cupi(A)

satisfying B o B = 0. The Hochschild differential and Connes’ B-operator can be used to
define the mized complex C'C,(A), which computes cyclic homology. An immediate question
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is weather the operations we find on Hochschild complexes generalize to operations on the
mixed complex.

Question 1: How does the homotopy coherent Hopf algebra structure carried by the
Hochschild complex in the various situations in Papers A and B interact with Connes’
B-operator?

Paper C itself can be read as a plan for future research, and the following questions are
attractive directions that would follow its completion.

Question 2a: Can the OC-module structure on THH of open conformal field theories be
generalized to higher dimensional field theories?

Question 2b: Can we use the operations constructed in Paper C to lift the string topology
operations constructed in [12], 1] to the level of spectra?
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STRICTIFYING HOMOTOPY COHERENT ACTIONS
ON HOCHSCHILD COMPLEXES

ESPEN AUSETH NIELSEN

ABSTRACT. If P is a dg-operad acting on a dg-algebra A via algebra homomorphisms, then
P acts on the Hochschild complex of A. In the more general case when P is a dg-prop, we
show that P still acts on the Hochschild complex, but only up to coherent homotopy. We
moreover give a functorial dg-replacement of P that strictifies the action. As an application,
we obtain an explicit strictification of the homotopy coherent commutative Hopf algebra
structure on the Hochschild complex of a commutative Hopf algebra.

1. INTRODUCTION

A dg-prop [9, Section 24| is a symmetric monoidal dg-category P whose monoid of objects
is isomorphic to (N, +). If P is a dg-prop and C a symmetric monoidal dg-category, then
a P-algebra in C is a symmetric monoidal functor P — C. A morphism of dg-props is a
symmetric monoidal dg-functor which induces an isomorphism of object monoids, and such a
morphism is called a quasi-equivalence if it induces quasi-isomorphisms on Hom-complexes.
Let dgprop be the subcategory of dgCat generated by the dg-props and morphisms of dg-props.
Examples of dg-props arise from dg-operads O (see e.g. [10, Example 60]) by the formula

Plnm)= P 0Om)®..00(n,)

ni+...+nm=n

and composition defined using the composition product of O. With this definition, an algebra
over an operad is precisely an algebra over the dg-prop it generates (see e.g. [6, p.10]. In the
following, we will therefore not distinguish between a dg-operad and the dg-prop it generates.

The Hochschild complex is a functor from A..-algebras to chain complexes. If P is a prop
equipped with a morphism of props A, — P, the Hochschild complex restricts to a functor
from P-algebras. It is an open problem to compute the operations on the Hochschild complex
of algebras over such props P. Partial results have been obtained in many cases, see e.g.
[14, 15]. One such case is the following.

If P is a dg-operad (or a dg-prop) the Boardman-Vogt tensor product Ass @ P (see [1,
Section I1.3]) is the dg-prop characterized by the equivalence

Fun®(Ass ® P,C) ~ Fun® (P, Alg(C))

for any symmetric monoidal dg-category C. Evaluating the right hand side at 1 € P, we
obtain a functor from Ass ® P-algebras to Ass-algebras. The Hochschild complex of an
Ass ® P-algebra is by definition the Hochschild complex of the associated Ass-algebra. The
Hochschild complex functor is lax monoidal. The structure morphisms may be used to prove
that for a dg-operad P and an algebra A over the tensor product Ass ® P, the Hochschild

2010 Mathematics Subject Classification. 13D03, 16E35, 18D05, 18D10.
1
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complex of A admits a P-algebra structure (see 2] and [14, Section 6.9]). On the other hand,
this fails if P is a more general dg-prop. This is due to the failure of the Dold-Kan equivalence
to be a symmetric monoidal equivalence. It is however true up to coherent homotopy, as the
Dold-Kan equivalence is an E.,-monoidal equivalence [12; Section 5]. In this paper, we give
an explicit functorial strictification of the natural homotopy coherent P-algebra structure on
the Hochschild complex of a (P ® Ass)-algebra. Formally this is encoded in the following
result.

Theorem A. Let k be an inaccessible cardinal and let k be a commutative ring with cardinality
less than k. Let Chy, be the category of chain complexes over k with cardinality less than k
and let dgprop be the category of dg-props over k. There is a functor

(—): dgprop — dgprop

equipped with a natural quasi-equivalence (/:/) — id and a natural transformation

—

a: Pun®(Ass @ —, Chy) — Fun®((—), Chy,)
of functors dgprop® — Cat such that for a dg-prop P and an Ass ® P-algebra
d: Ass @ P — Chy,
the value ap(®)(1) is equal to the Hochschild complex of ®(1).

—_—

We use explicit generators and relations to construct the functor (—), fattening the input

prop with the structure maps of the Dold-Kan equivalence. The functor (—) also admits the
structure of a non-unital monad.

Example. (Example 3.14) If ®: CHopf — dgAlg, is a commutative Hopf algebra over any
ring k, then

acﬂopf(q))i C'Hopf — Ch]C
gives an explicit strict model for the coherent commutative Hopf algebra structure of the
Hochschild complex of ®(1).

Given a dg-prop P, one may ask whether P is cofibrant in a model structure on dg-
props. In [7], Fresse constructs a model structure on the category of props over a field of
characteristic zero, and a semi-model structure on certain sub-families of props in positive
characteristic. However, for example Hopf algebras in positive characteristic cannot be treated
in his framework. Additionally, in characteristic zero, our replacement P will not be cofibrant.
For example, our replacement of the commutative prop still has a strictly commutative
multiplication.

Further Questions. Theorem A displays P as a sub-prop of the prop of natural operations
on the Hochschild complex. On the other hand, it leaves open the interaction of the P-action
with Connes’ B-operator. The determination of the total prop of natural operations on C'(A)
is still an interesting open problem with a view toward operations on cyclic homology.

The structure of the paper is as follows. In Section 2 we define the Dold-Kan structure
maps and their action on Hochschild complexes, and establish necessary properties. In Section

3 we define the fattening functor (—) for dg-props and prove the main theorem.
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2. THE CYCLIC BAR CONSTRUCTION AND THE DOLD-KAN EQUIVALENCE

In this section we will build a dg-category NZ from the structure maps of the Dold-Kan
correspondence and establish the action of N* on Hochschild complexes of dg-algebras. This
dg-category is a key ingredient for the fattening functor we will construct in Section 3.

Convention 2.1. Throughout, we fix a commutative base ring k. All algebras are assumed
to be algebras over k. We employ the Kozul sign convention for chain complexes. In particu-
lar, our convention for bicomplexes are that the differentials anti-commute. Furthermore,
throughout the paper we fix an inaccessible cardinal . All abelian groups (in particular, all
simplicial modules and chain complexes over k) are assumed to have cardinality less than k.

We begin by recalling some basic notions from homological algebra.

We will work with the categories sMody of simplicial k-modules and Chy of non-negatively
graded chain complexes over k with k-linear chain maps, where we consider Chy as a category
enriched in itself. sMod;, is a symmetric monoidal simplicial category with tensor product
given by the degreewise tensor product of k-modules. We denote this tensor product by &.
Similarly, Ch; is a symmetric monoidal category with tensor product denoted by ® and given
by (A® B), = @pyg—eAp, @ B, and differential dagp(a ® b) = da(a) @ b+ (—1)a @ dp(b).
The category of monoids in sMody, is denoted by sAlg,, and is a symmetric monoidal category
with the levelwise tensor product.

For a simplicial chain complex A = A, , over k, call * the differential degree and e the
simplicial degree. Write dj’b: Ay — Aq_1y for the differential and dff’b: Ay = Agp-1 for the
simplicial face maps. Write sCh,, for the category of simplicial chain complexes over k.

The Dold-Kan equivalence
N: SMOdk = Chk I

gives an equivalence of categories between simplicial k-modules and connective chain complexes
over k. The functor N: sMod, — Chyg, is called the normalized Moore complexr functor,
and takes a simplicial k-module M, to the chain complex NM, with NM, = M,/sM,_,
the quotient of M, by the degenerate simplices, and d: NM, — NM,_; given by the
alternating sum d = f:O(—l)’di. The inverse functor I': Ch, — sMod; is called the
Dold-Kan construction. We can also apply N degreewise to a simplicial chain complex as
follows:

Definition 2.2. (1) For A € sChy, the bicomplex associated to A.. is denoted by
N:(A.a)« and is obtained by applying the Moore complex functor levelwise and
shifting the differentials by the differential degree of A. Writing this out, we have
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Ne(Ase)y = Aap/sAap—1, the horizontal differential is dj, = dy4, and the vertical

differential is
b

d?}’b a Z da b

=0
We write
Ns(A): =Tot (Nc(Ase)s) -

(2) Let A and B be simplicial chain complexes over & and denote by A®B the simplicial
chain complex which in simplicial degree p is given by A, , ® B, ,. The differential of
A®B is given by

a3 (0@ b) = diTa® b+ (~1)Ha o dy b,

Definition 2.3. [8, Section 5.3.2]

(1) The cyclic bar construction is the functor B%: dgAlg, — sChy given in simplicial
degree p by BEY(A) = A®PT. The face maps d;: BYY(A) — B,” (A) are given by

B ag ® ... ® a;ai41 @ ... ® ay ,i=0,...,p—1
dz' a/O ® ® Clp — { (_1)\ap|(|ao\+...+|ap,1\)a ao ® a]_ ® ® apf]_ 77; — p
and the degeneracies s;: ByY(A) — B, (A) are given by

S;: a0®...®ap'—>a0®...®ai®1®ai+1®...®%

making BSY(A) into a simplicial chain complex, called the cyclic bar construction of
A.
(2) For a dg-algebra A, the complex

C(A): = NsBY(A)
is called the Hochschild complex of A.

Note: The following lemma is doubtlessly well known, but the author was unable to find a
reference which proves the result, so we give a proof here.

Lemma 2.4. The cyclic bar construction
B dgAlg;. — sChy,
is symmetric monoidal.

Proof. Let A and B be dg-algebras over k. Define the natural transformation B%¥(A)®@ B%(B) —
B%(A ® B) is given in simplicial degree p by permuting tensor factors:

A®p+1 ® B®p+1 (A ® B)®p+1

A ® ... @y by ® ... Dby = (—1)#" DV @by @ ... ® a, @b,
where sgn(a,b,0) € Z/2 is the sign of o weighted by the elements a;,b;, which can be

computed as
P
sgn(a,b, o) Z|b| (Z |aj|> (mod 2)

j=i+1
To check that this defines a chain map in simplicial degree p, we must verify that there are
no sign issues. It is sufficient to consider each summand of the differential separately. For the
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differential acting on ay for 1 < k < p+ 1, the sign we get by permuting first (i.e. the sign

associated to d4®B o ¢) is
k-1
Sgn(au b7 U) + (Z |a1| + |b2|>

i=0
where the second term comes from the placement of a; after permuting. The sign we get by

permuting second is
k—1 k—1
(Z ]aﬂ) + sgn(a,b,0) + Z |b;]

i=0 =0
where the third term is the correction to sgn, 0 when the degree of ay, is decreased by one.
We see that the two are equal. For the differential acting on by, the sign we get by permuting

first is
sgn(a, b, o) (Z |la;| + [b; |> + |a|

and the sign we get by permuting second is

(g\aio (Zyb y) +sgn(a, b, o) Z ;]

j=0 Jj=k+1

where the fourth term is the correction to sgn, ,0 when the degree of by is decreased by one.
Again we see that the two expressions are equal mod 2, hence we have a chain map.

We now verify that o is a symmetric monoidal transformation. Let 7 be the symmetric
monoidal twist map of Chy, given by A@ B — B® A, a® b+ (—1)lPb ® a. We check that
00 Tpr1pr1 = (T¥P11) o 0. The left hand side has sign

sgn, = (ZnglaiI) (JZ:I@I) +§|az-| (f: ij|> = Znglaﬂ (; !bj\)

j=it+1
and the right hand side has sign
p—1 p p D P
- (z m) . (z\az-um) S (zw)
i=0 j=it1 i=0 i=0 j=i

Rearranging the order of summation shows that sgn; = sgnp, and we conclude that B is
symmetric monoidal as claimed. U

Before discussing the monoidality properties of the cyclic bar construction and the
Hochschild complex, we recall some of the monoidality properties of the Dold-Kan equivalence.

Definition 2.5. [4, 5.3] Let A and B be simplicial k-modules. The shuffle map (also called
the Filenberg-Zilber map):

shap: N(A)® N(B) — N(A®B)
is defined on elementary tensors a @ b € A, ® B, as

shap(a®b) = Z SEN(0)So(ptq)---So(p+1)@ & So(p)---Sa(1)b

o€ (p,q)
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When there is no risk of confusion, we will omit A and B from the notation and simply write
sh for the shuffle map.

Definition 2.6. [5, 2.9] Let A and B be simplicial k-modules. The Alexander- Whitney map
AWyap: N(A®B) — N(A) ® N(B)

is defined on elementary tensors a ® b € A,, ® B,, as

AWap: (@®b) =Y digr...dy_1d,a ® (do)'b
i=0
As with the shuffle map, we omit A, B from the notation AW, p when there is no risk of
confusion.

Lemma 2.7. [4, Theorem 5.4] Let A, B and C simplicial k-modules. Then

o shugp.c o (shap ®id) = shy pge o (id ® shp o), i.e. the shuffle maps are associative.

e For a € A, and b € B, and 7 denoting the twist morphism, we have shy g(a ® b) =
(—=1)Pirshp A4(b® a)T™!, i.e. the shuffle maps are graded symmetric.

Lemma 2.8. [5, Theorem 2.1] The shuffle and Alexander-Whitney maps are mutually inverse
natural homotopy equivalences.

Lemma 2.9. [5, Corollary 2.2] The Alexander-Whitney map is associative, i.e. for A, B and
C simplicial k-modules, the morphisms (id® AWpg ¢)o AW e and (AW, p®id) o AW 45 ¢
from N(A®B®C) to N(A) ® N(B) @ N(C) are equal.

Proof. Let a@b®c € A, ® B, ® C,. For brevity, we write gf =d;+1...dp_1d,. Then the two
compositions

N(A®B&C) — N(A) @ N(B) ® N(C)

are
AW, o e ~
(@a®b®c) —5% Y " dra®dib @ dic
p=0
n n—p
idRAW, ~ ~
PG NN draw dPdbb @ i
p=0 s=0
and .
b ) B N G @ dh @
(a®b®c) —2% ) " dra®dyb® dic
q=0

n o q
AW o ®id ~~ ~
= Y Y didya ® dyd;b @ dic.
q=0 t=0
Note that cﬁlzlcﬂl:’; = cﬁl:’t1 Using the simplicial identity d;d; = d;_;d; when i < j, observe that
ddp = dg:fdé. Writing (q,t) = (p + s, p), we now see that the two expressions are equal. [

To summarize the above theorems, the shuffle and Alexander-Whitney maps are mutually
inverse quasi-isomorphisms. In particular, AW o sh =id and sh o AW ~ id. The shuffle map
is a lax symmetric monoidal transformation witnessing that the normalized Moore complex
functor N: sMod; — Chg, and hence also the Hochschild chains functor C': sAlg, — Chy, is
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lax symmetric monoidal. The Alexander-Whitney map is an oplax monoidal transformation
witnessing that N, and hence C' is oplax monoidal. However, the Alexander-Whitney map is
not symmetric. Still, it is E in the following sense (see Lemma 2.13).

Definition 2.10. ([11, p.552]) A functor F': C — D between symmetric monoidal categories
is [E.-monoidal if there is an E,, operad O in D and maps
such that

(1) the action is unital, i.e. if I denotes the monoidal unit of D and n: I — O(1) is the
unit of the operad, then the following diagram commutes:

1o Fa) 129 00) e 4y

S

(2) The action is equivariant: for each o € %,,, the action pu, is compatible with the
action of ¥, on O(n) and by permuting indices of the A;. I.e. the following diagram
commutes:

On) ® F(A) ® ... ® F(A,)

F(A)

[in

FAA®..®A))

F(o)

oR0o

Hn
(’)(n) (%9 F(Agfl(l)) ®...R F(Aa—l(n)) — F(Agfl(l) ®..R Agfl(n))
(3) The action is associative, i.e. is compatible with the operad multiplication.
E-comonoidal functors are similarly defined by using structure maps

Un: On) @ F(A®...0 A, - F(A) ® .. F(A,).

We will now define chain complexes which assemble into a dg-operad (and later a symmetric
monoidal dg-category) witnessing that AW is an E.-comonoidal transformation.

Definition 2.11. Define the functors
N N®": sMod™ — Chy,
given by
NE(Ay, ..., Ay) = N(A1®..0A,)
N®"(Ay,...,A,) =N(A) ®..Q N(A,)
and let )
O(n) = NatsMod;n(N@’”, N®™)

Notation 2.12. Since the elements of O(n), and of the complex N*((n),(n)) which we
define below, are natural transformations, we can in particular view them as 2-morphisms in
the 2-category of categories, and so 2-categorical constructions, like horizontal composition,
can be applied to them. For a 4-tuple of morphisms f, f': a — b and ¢,¢": b — ¢ and a pair
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of 2-morphisms a: f — f' and 8: g — ¢, we write 8 x « for their horizontal composition
Bxa:gf =g f.

Lemma 2.13. The complexes O(n) assemble into an E., operad witnessing that N®"
and N®" are E_-comonoidal functors and that AW : N®? — N®? is an E.-comonoidal
transformation.

Proof. Let ni + ... + n; = n be natural numbers. The operad structure on O is given by the
maps

Oi) @ (O(n) @ ... © Ony)) — O(n)

given by (¢,71,...,%) — ¢ o (7 * ... xy;). The X,-action is given by conjugation, i.e. for
X € 2, and ¢ € O(n) we have x -9 = x oy o x~!. It is known (see [3, Satz 1.6]) that the
complex of natural transformations

O(n) = NatsMod;n (N®n, N®n)

is acyclic with zero’th homology k. It follows (see [11, Section 7] and [12, Section 5]) that the
functors N is an E.-comonoidal functor and that AW : N®? — N®? is an E,-comonoidal
transformation. O

We will look at the complex

N((n), (n)) := Natyyoqen (N, No)
which is homotopy equivalent to NatsMod;n(N &n N ®m) seen by post-composing with shuffle

and Alexander-Whitney maps, but with the difference that maps in N((n), (n)) may be
composed, giving rise to an algebra structure. In the rest of this section, we will construct a
dg-category with morphism complexes built from NatsMod;n(N ®n N®") and the notation is
chosen with this in mind.

Definition 2.14. The symmetric group %,, acts on sMod; " by

X(Al, ceey An) = (Ax—l(l), ceey Ax—l(n)>.

Let N=((n), (n)) be the complex

N((n), (n)) = €D Natygager (N, N¥" 0 x) = @) NZ((n), (n)).

XEEn XEXn

Lemma 2.15. The chain complex N=((n), (n)) admits a ¥,-graded algebra structure and
contracts to kX, in degree 0.

Proof. Let f € Nf((n), (n)) and g € NXE,((n), (n)). We treat f and g as 2-morphisms in
the 2-category of dg-categories as in Remark 2.12. The product of g and [ is given by
(g xidy) o f: N®* — N®" o (x'x), which may also be visualized by the pasting diagram
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sMod;"
X Ner
T
®Xn
sMod" al Ch,
, V9
sMod;"

This gives the graded algebra structure. As for the contraction, the components Nf((n), (n))
are isomorphic to N((n), (n)) by pre-composition by x and x~ 1. As N((n), (n)) contracts

onto idye., Ny ((n), (n)) contracts similarly to x. O

Definition 2.16. e For A, ..., A, simplicial k-modules, we introduce the shorthand
N (A Ag) = N(A1©..0Ak) ® ... ® N(Apt. by 4180 A)

where k = k1 + ... + k,,. Let my + ... + m; = k. Writing k= (k1, ..., k,) and similarly for mi,
define the complex

N (k,m) := Nat Modxk(Nk N™)
)

Its symmetrized version N Z( is defined as before by

N*(k,m) = €P Nat,y, dxk(N N™ox) = €P N (%,

XEX XEX L

e We will refer to a finite sequence of integers k= (kl, ..., kn) as a vector. The sum of the
entries of a vector is called its length and denoted by |k| := ky + .. k.

e We write N® for the dg- -category whose objects are vectors k: and whose morphism
complexes are given by the NZ(k, m) defined above.

Notation 2.17. For any k = (k1, ..., k,) with |E| = k, by Lemma 2.7 composing shuffle maps

gives rise to a well-defined shuffle map which we denote by shz: N F s N® = N®_ Similarly,
the Alexander-Whitney map 1s assocnatlve by Lemma 2.9, so composing AW-maps gives rise

to a well-defined map AW;: N ) s N*. Note that AW oshp ~id .z and shyo AW} ~ idyw.

—

Lemma 2.18. For every pair k= (k1y ..oy k), m = (my, ..., my), the assignment
¢: frr AWy o foshg

defines a homotopy equivalence N=((n), (n)) — N=(k,m) with homotopy inverse
Y1 g shyogo AW,

In particular, N Z(/;, m) contracts onto the degree zero subcomplex of elements of the form
AW o X, o shy for some x € Xy.

Proof. Fix homotopies aj: AWpshy — id and Bj: shy AW — id. Then we get homotopies
B xid * Bz o ¢ — id
Q¥ id * ap: 9o —id



10 ESPEN AUSETH NIELSEN

so that ¢ and 1) are mutually inverse homotopy equivalences. Now the composition
kX, < N¥((n), (n)) — N*(k,m)

takes x to AWy o . o shi and is a homotopy equivalence since kX, — N=((n), (n)) is by
Lemma 2.15. The inverse

N*(k,m) — N%((n), (n)) — kX,
sends AWy o x, o shi to x, so N=(k, ) contracts as claimed. d

We now turn to establishing the action of N on Hochschild complexes of dg-algebras. We
begin by constructing a way of differentially extending functors between additive categories.

Construction 2.19. Let A and B be additive categories and let Fun”*(A, B) be the category
of pointed functors between them, that is, functors F': A — B such that there is an
isomorphism F(0) ~ 0. Note that Fun” (A, B) is itself an additive category. Denote by
m-Ch(B) the additive category of m-fold chain complexes in B. We will produce an additive
functor
(=)e: Fun? (A*", m-Ch(B)) — Fun?(Ch(A)*", (n + m)-Ch(B)).

Let F: A*™ — m-Ch(B) be a ponited functor. Then F, sends an n-tuple of chain com-
plexes (A',...,;A") in A to the (n + m)-fold chain complex in B given in multidegree
(P1y ey Prs Qs o> @) DY F(Azln, oy AY Jar.onam- In the same multidegree, the differentials are
given by

g (_1)p1+...+p¢71dz4i 1<i<n
T ( 1)p1+...+pn+q1+...+qi,n,1df_(;;ll ..... A™) n+ 1<i<n+m

Since F' is a pointed functor, this does indeed define an (n + m)-fold chain complex in B.
Similarly, Fi sends an n-tuple of morphisms (f*: A* — B")1<i<, to the morphism given on
the first n multidegrees (p1, ..., p,) by the morphism

F(fpsees f): F(AL o Ay ) = F(By,, .o, By)

p1? Pn
Hence F, is indeed a functor.
Now let F,G: A*" — m-Ch(B) be pointed functors and let a: F© — G be a natural
transformation. Then «. is the natural transformation given by applying « levelwise, i.e. for
an n-tuple of chain complexes (A', ..., A") in A, the morphism

(Qe)(ar,. any: F(A', ... A") — G (A, ..., A"

is given in the first n multidegrees (pl, <.+, Pn) by the morphism

1 n 1 n
L An (A Ay ) = G(A, . A ).
With this definition it is clear that (—). is an additive functor.

Definition 2.20. Building on Construction 2.19 we define the functor
(—)s: Fun”(A*"™ m-Ch(B)) — Fun®*(Ch(A)*", Ch(B))
as the composition of (—). with the totalization functor (n + m)-Ch(B) — Ch(B).

Before considering the monoidality properties of the functor (—)s, we need an observation
about totalizations of n-fold chain complexes.
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Observation 2.21. Let A be an additive category. The symmetric group on n letters acts
on the category of n-fold chain complexes in A by reordering the differentials. Specifically, if
A is an n-fold chain complex in A and y € %, we have

(X ’ A)p17~.~7pn = Aprl(w:-wpx—l(n)

and the differentials are similarly reordered. Let x(,,, .. »,) be the image of x under the blow-up
homomorphism ¥, = ¥, 4+ 4,,. There is a natural transformation g, : Tot — Tot o x given
in multidegree (p1, ..., p,) by the sign of x(p,,..p,). Composition of these transformations has
the same effect as applying the sign associated to the composite permutation, such that

(gy *idy) 0 g = gy for any pair x, x’ € X,,.
Lemma 2.22. Let the pointed functor F': A*" — Ch(B) be given by F(A!, ..., A") =
F'(AY, .., AYQF"(A™!, ..., A") for a pair of pointed functors F”: A** — Ch(B) and F": A*"~" —
Ch(B). Then there is a natural isomorphism

Fs(A', .. A™) ~ Fj(A', ... AY) @ FJ(A™, .., A™).
Furthermore, this isomorphism is associative.
Proof. The tensor product F'(Al, ..., AY) @ F"(A*1 ..., A") is the totalization of a bicomplex,

so we can lift Fy to a functor F.: sCh;" — (n + 2)-Chy, such that Tot o F, = Fs. As before,
the differentials in multidegree (p1, ..., pn, ¢1, ¢2) are given by

(_1)p1+...+pi—1d14i , 1<i<n
di =S (—1)prttpn gt (AT A7 Ji=n+1
(= )ttt gF A Ay 4

Now the tensor product Fj(A', ..., A") @ F{(A™ ..., A") is obtained by reordering the differ-
entials and totalizing. Specifically, we must pass d, 1 past d;i1, ..., d,,, which in multidegree
(P1y -.r Pns Q1, @2) incurs a sign (—1)0Pi+1+-+Pn)  The natural isomorphism in the statement
of the lemma is thus obtained as the transformation g,, of Observation 2.21 where y; is the
cycle (i+1,...,n,n+1) € ¥,40.

The above recipe generalizes readily to a version with more than two tensor factors by
replacing x; with the permutation x;, . i, € Xn+m given by the composition of cycles

Xitsim = (1 + oo Fim+ 1, on+m)o..o(iy+1,...,n+1)

To see that this is associative, it is sufficient to look at the case of three factors:

F(Ay, . A) = FY AL . A) @ F*(Aig, o Aij) @ FP(Aiy iy, oy A)
Associativity of the natural isomorphism above now follows from the identity

(t+j+2,..,n+1,n+2)o(i+1,..,n,n+1)
=@G+1,.,n+1l,n+2)o(i+j+1,..,n+1,n+2)
in >, 9. O
Definition 2.23. Write (, for the natural isomorphism
G (F'® .. @F"); S F®.QF!

of functors A** — Ch(B) given by Lemma 2.22.
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Notation 2.24. Recall the cyclic bar construction from Definition 2.3 (2). We extend this
definiton to the functor C*: dgAlg, — Ch; by

Ay CF(A) = C(A®M) @ ... @ C(A%)
ie. CF(A) = NyBY(A®1) @ .. @ NyBY(A®n).

Definition 2.25. Recall that the cyclic bar construction B%: dgAlg, — sChy, is a symmetric
monoidal functor. We denote the natural structure isomorphism by

0,: BY(A)&..0BY(A,) — BY(A & ... 0 A,)

The isomorphism is given in simplicial degree k — 1 (in which we have nk tensor factors) by
the permutation y,; € X,k sending i + dk tod+ 1+ (i —1)n for 0 < < k and 0 < d < n,
with a sign like that in the proof of Lemma 2.4.

Proposition 2.26. The dg-category N® acts on Hochschild complexes of dg-algebras. That
is, we have natural transformations

N(k,m) ® CF — ™
of functors dgAlg,, — Chy compatible with composition. This action exhibits C': dgAlg, — Chy,
as a symmetric monoidal, E,.-comonoidal functor.

Proof. For k = (ky, ..., k,) denoting
N(SQE = (N5(9k1> ®...Q Ng(@kn» o Cni
NF(ARBY(A)) — N;BY(A®") ® ... NsBY(AF) = CF(A)

-----

component of fs at the n-tuple (A, ..., A,) of simplicial chain complexes over k. We now
have a composite morphism

i Ns(0) " % ( e )
CF(A) NE(B(A), .. BY(A))
l(fa)(scy(m ,,,,, Bev(A))
OR(A) s NFBY(A), . B (A)

We therefore get a morphism

i NE(K,mm) — Nat(CF(A), 0™ (A))

f — N(sem ) (f5 * idAkoch> e) (N(;QE)_I
whose adjoint is the morphism in the statement of the proposition. The contractibility of N
(see Lemma 2.18) now implies that C': dgAlg, — Chy is E,-monoidal and E.,-comonoidal.

However, since the shuffle maps are strictly symmetric, it is in fact symmetric monoidal as

claimed.
O

Lemma 2.27. The images of Nf((n), (n)) and Nf,((n), (n)) in Endcp, (C((—)®™)) are disjoint
for x # .
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Proof. Note that for A a commutative algebra we have
Ho(C((—)*")) = HHo((—)*") = (=)*"

so the induced action of f € NE(( ), (n)) on Ho(C'((—)®")) is given by permuting tensor
factors. Namely, N=((n), (n)) = N((n), (n)) acts as the identity since each f € N((n), (n)) is
homotopic to the identity map. Now each N'((n), (n)) is isomorphic to N((n), (n)), the map
given by postcomposition by y,, and it follows that each f € NXE(( n), (n)) is homotopic to
X« In particular, for A = k[z] we see that x and x’ act differently on k[x]®" ~ k[z1, ..., z,].
This proves the claim. U

3. DG-FATTENING OF PROPS

In this section we will build the fattening functor for dg-props and prove Theorem A.
The fattening functor will associate to a dg-prop P a certain full subcategory of the free
symmetric monoidal dg-category on P and N*, modulo relations expressing that the Dold-Kan
morphisms are natural with respect to the morphisms of P.

Remark 3.1. To spell out what Theorem A means, to each dg-prop P, there is a natural
homotopy-coherent P-action on the Hochschild complex of Ass® P-algebras. The homotopies
that make up the coherencies are encoded in a replacement dg-prop P which strictify the
homotopy-coherent P-action. This strictification is moreover functorial in the prop.

In order to produce the functor (—), we first construct an auxiliary functor @) : dgprop —
dgCat® landing in symmetric monoidal dg-categories. () is constructed using a natural family

of generators and relations and will contain (—) as a full subfunctor, i.e. there will be a

natural transformation (—) — () whose components are inclusions of full subcategories.

Construction 3.2. e Let C' be a dg-category. We define a symmetric monoidal dg-category
C® given as follows. The objects of C® is the free monoid on the objects of C. Given two
words a = a1 ® ... ®a, and b = b; ® ... ® b, in Ob C®, the morphism complex a — b in C® is

given by
Homge (a, b) @ ®Homc ais boi))-

We write (f; ® ... ® fn), for an elementary tensor in the summand of o € 3,,. Note that for
the empty product ) € Ob C?, the tensor product is indexed over the empty set, which by
convention means that Homee (0, 0) = k concentrated in degree 0.

If a and b are words of different lengths, i.e. a =a; ® ... ® a,, and b = g1 ® ... ® b,,, with
n # m, then Homes (a, b) = 0.

The composition

Homees (b, ¢) ® Homee (a, b) — Homes (a, ¢)

is given on elementary tensors by sending f: a — b and g: b — ¢, where f = (f1 ® ... ® fu)s
and g = (g1 ® ... ® gn)or, tO

go f — (_1)sgn(f,g,X) (90(1) o fl R.RQ Jo(n) © fn)o./a.

where x is the permutation of

(1®.®g®f1®..® fn)
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into
(9o(1) @ 1 ® Go2) @ f2 @ ... @ Go(n) @ fn)
and sgn(f, g, x) is the weighted sign of x.

The symmetric monoidal structure on C'® is given on objects by multiplication in the free
monoid on Ob C' and on morphisms by the inclusion

Homees (a,b) ® Homes (a’, b)) — Homee (a @ a’,b @ ')

n m n—+m
(@ ®Homc(ai, bg(i))>®( @ ®Homc(a;, bf,,(j))) — EB ® Home (af’, b))

oES, i=1 o' €S j=1 0" €S pm 1=1
where the summand of o € ¥,,, 0’ € ¥,, lands in the summand of
o' =0ox0d €, XxTn = Zhim
through the canonical inclusion, and an elementary tensor
®.®0HLof1®..0f,
is sent to
1 ® e ® frlim
where fi": @ — V], s given by

fl:al—>ba(l) ,1f1§l§n
fl,—n: a’;—n_>bla’(l—n) ’1fn+1 §l§n+m

We check that the monoidal product is functorial, i.e. we wish to verify that the following
diagram commutes . Consider morphisms

d Ly S i=0,1
such that each f?, ¢’ is an elementary tensor
fr=(fi®..®f)

9 =(h®..©g)

and compare the operations

Ho(g°, 9", [, 1) = (d"®@g") o (fP® [
and

H(g°. 9", [, 1) = (g"o [ @ (g" o f1).
From the recipes given for composition and monoidal product, we see that Hy and H; are
at least equal up to sign on elementary tensors. The signs are in both cases the weighted
sign of the same permutation, so they are equal. It follows that the monoidal product is
functorial. Note that the monoidal product is strictly associative and unital, where the unit
for the monoidal structure is given by the empty product (.

Fora=a,®..®a, and b =b; ® ... ® b, the twist map 7: a ® b — b ® a is given by the
elementary tensor
(ide, ® ... ®id,, ®idp, ® ... @ ids,,, )7, .

where 7,,,, € X, is the block permutation permuting the first n letters past the latter m
letters.
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Observe that for any elementary tensor f = f; ® ... ® f,, € Homge(a,b) and any o € 3,
conjugation of f by o produces the elementary tensor

fo1) ® ... @ fon) € Homee (0 - a,0 - b).

In particular, for morphisms f: a — b and f': @’ — V' in C?®, the conjugation of f ® f’ by
Tnm 18 precisely f' ® f, such that the twist morphism 7 is a symmetry for the monoidal
structure.

e Let 3 be the category whose objects are vectors, and whose morphisms are permutations
of the entries of vectors. Note that 3 is concentrated in degree 0, and can also be defined as
N®  the free symmetric monoidal dg-category on the discrete dg-category N. Here by discrete
we mean that Homy(n,m) = k in degree 0 if n = m, and zero otherwise. Then there are

symmetric monoidal functors > — N= and & — P® which are the identity on objects.

e By viewing the morphism complexes of P® as being concentrated in horizontal degrees,
we give P® an enrichment in bicomplexes. Similarly, we view N as being enriched in

bicomplexes, concentrated in vertical degrees. We define a category enriched in bicomplexes
Qo(P) as follows.

The objects of Qy(P) are vectors k= (k1,...,k,). To give a description of the morphism
complexes Qo(P)(k,
k

m), we define the following auxiliary notation. For E,Tﬁ € Ob Q(P)
and j € N, let C;;(k,m)

be given by
Pe(k,m) , if j even,
m

Ci(k,m) =4~
3 ) {Nz(k, ), if j odd.

Qo(P)(k, ) = P Cu@. ) @ Ciin(@io, 7)) @ .. @5 Gk, 71) / ~red;

€N
Z1,...,4,€0b Qo(P)
1=0,1

where the tensor product ®y means taking the colimit of the diagrams
Cii(T, Tjsa) @ (T, T5) ® Cjor(Tio1, Tj) =5 Cia(Tj, Tjga) ® Ciorn(Tio1, T5),
where 3 acts via its inclusions into P® and N described above. The equivalence relation

~eq 18 generated as an equivalence relation by the following relations:

(1) Permutation morphisms on the ends are absorbed into their neighbour. For example,
the word

ko 5 kS ke
where y € & and ¢ € N= is equivalent to the word
ko X%

using the inclusion 3 — N=.
(2) If a morphism in the middle of a word is a permutation morphism, then it is absorbed
into either its left or right hand neighbour.
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(3) If two adjacent morphisms are either both from P® of both from N > then they are
composed.

In other words a morphism in P is a reduced word composed of morphisms in P® and
N®, where the subcategories & C P® and & C N¥ are identified. Composition is given by
concatenating words and reducing, similarly to the case of free products of algebras. Note that
when we consider a general morphism in Qo(P) which can be represented by an elementary
tensor, we can add identity arrows at the ends as needed to ensure that the first arrow is from
P?® and the last is from N=. When we work with such morphisms later, we will implicitly
choose a representative of this form.

As for the enrichment in bicomplexes, (f) € P(n,m) has bidegree (|f],0) and ¢ € Nz(ﬁ, m)
has bidegree (0, [/]). The horizontal and vertical differentials act on P and N* respectively.
To be precise, the horizontal differential of a word

— ¢0 — ’70 — ¢1 m—1
k’o—>l€1%]€2—>...%k2m
where ¢' € P®"i(E2i,lg2i+1) and v¢ € NZ(E2i+17E2i+2), is the sum of applications of the
differential to each ¢, with sign (—1)!#°+h°I+-+1"" "and the vertical differential is defined
similarly.

There is one exceptional object in Qy(P), the empty vector 0 = (). The morphism space
Homyg, (0, 0) is declared to be the ground ring k in bidegree (0,0). Note that 0 does not admit
any morphism to or from a non-empty vector, as generators in N® cannot change the length
of a vector and generators in P® cannot change the number of entries.

e We write x for the concatenation of vectors. For a morphism f: l;o — kp in P® and a
vector m, let

fefid: Ko % 11 — Ky % 1
be the tensor product of f and id; using the symmetric monoidal structure of P?®. The
morphisms id ®F f is defined similarly. For a morphism 1 : kg — k; in N*, we also define

Y @Y id: Eo*ﬁ%lgl*ﬁ’i
and similarly id ®" 1) using the symmetric monoidal structure of N=.
Let @Q1(P) be the quotient of Qo(P) with respect to the following relations. For each pair

of morphisms f: ky — k; in P® and 1: my — m3; in N, we impose an interchange relation,
i.e. that the following diagrams commute.

. id o™ 1 Ly elid .
ko*’lﬁo k‘o*ml Tﬁo*l{?g 7”77,1*]{'0
f®rfid fefid ideff id @” f
1 0, o 1 1 0 1¢®Nid 1 * K1

To be precise, Q1(P) is the quotient of Qy(P) with respect to the ideal
I=((fe"id)o (ide" y) - (id@™ ¢)o (f @ id),
(f@Fid) o (([d @ ¢) — ([d @ ) o (f@Tid) | f e P? e f\72>
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Note that this relation is an identification of generators which respects bidegrees of
morphisms and is compatible with concatenation of words. It also respects the differentials of
morphisms, hence the result is a well-defined category enriched in bicomplexes. We expand
this notation to general morphisms. Given a morphism f: k — m in @Q;(P) represented by a
word

N N 0o - 0o 1 m—-1

K=k Sk ShS Dk, =m
where ¢’ € P®"i(E2i, E2i+1) and 7% € NE(E%H, E2i+2), and a vector l_: we write f ®; id for the
morphism represented by the word

— — (1] Pi — — 0 Ni m—1 Ni — —
(ko + 1) 228 () 220 2 29 (g, « )

We also define id ®; f similarly. Note that if =0 then
f®id=f=id® f.

To see that this construction is well-defined, take morphisms ¢: Eo — lgl and ¢': El — ];:2 in
P® and vectors 1y, ;. Then the following properties of the operation —®” id are immediate.

(1) id @ (¢ 0 ¢) = (id @" ¢') o (id @ ¢) and similarly for (¢’ o ¢) @7 id),

(2) for the identity morphism id;: & — k in P®, we have id ® id; = id .,z and id; ® id =

id]g*ﬁ in P®,

(3) (¢ " id) ©"id) = ¢ @ id: ko * ritg iy — k1 17ig * 1y,

(4) (ld ®P (¢ ®P ld)) = <<1d ®P ¢) ®P 1d> T)’_lb * ]{50 k Tﬁl — Tﬁo * ]{?1 * 7’7117

(5) d(id ®" f) =id @" df and d(f @ id) = (df) @ id.
Similar identities hold for morphisms in NE. We regard property (2) as a definition if k= 0.
Together these properties imply that if f, g are morphisms kg — k; in Qo(P) such that f ~ g
according to the interchange relation, then also (f ®;id) ~ (¢ ®;1id) and (Id®; f) ~ (id®1 g),
and that the operations f + f ®" id and f +— id ®" f, and the same operations for N* are
well-defined morphisms of bicomplexes.

The interchange relation now implies that

(id®1 f) o (9 ®1id) = (9 ®11d) o (id ®; f)

for any pair of morphisms f: ky — k; and g: 1o — 1y in Q1(P).
Finally, observe that for a pair of morphisms

Fo L & I
in @1 (P) and a vector m, we have
(fi 0 fo) ®1id = (f1 ®1id) o (fo ®11d)

and

id®1 (f10 fo) = (id®; fi) o (id @1 fo),
such that (— ®; id) and (id ®; —) are endofunctors on @ (P).

e Recall that for a pair of categories C and D enriched in bicomplexes, their tensor product

C ® D has objects Ob (C ® D) = ObC x ObD and morphisms
Homegp((a, b), (a’, b)) = Home(a, a’) @ Homp (b, ).
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We define a symmetric monoidal structure on @1 (P) as follows. The functor
®1: Q1(P) ® Q1(P) = Q1(P)

is given on objects by concatenating vectors. Given two morphisms f: lgo — k; and g: my —
my in Q1(P), we define the monoidal product
f@lgi Eo*m()%k_i*ﬁl
by the formula
f®1g:=(id® g)o (f®id).
Since (— ®; id) is a well defined operation on morphisms in Q1 (P), this gives rise to a well
defined morphism of bicomplexes
HOIan(p)(EQ, 121) ® Hole(p)(mo, ml) _@);) Hole(p)(Eo * T?LQ, ];:1 k ml)

We check that ®; is a functor. Given morphisms

and

we have
(1o fo) ®1(g1090) = (id @1 (g1 0 g0) © ((f1 0 fo) ®1id)
= (id ®1 g1) 0 (id ®1 g1) o (f1 ®1id) o (fo ® id).
Now the interchange relation implies that
(id ®1 91) o (f1 ®1id) = (f1 ®1id) o (id @1 g1)
as morphisms in Q1(P), so that

(f10fo) @1 (g1090) = (id @1 g1) o (f1 ®1id) o (id @1 g1) o (fo ®id)

= (f1 ®191) o (fo ®1 90)

as claimed.
The unit for the monoidal structure is given by the empty vector 0 = ().
Note also by properties (3) and (4) above that ®; is strictly associative, so ®; defines a
strict monoidal structure on Q;(P).
To give a symmetry for ®;, we first describe how the symmetric group X, acts on Q;(P)®".

Given an n-tuple of vectors (El, s En), the permutation
(0, k1, kn) s kyx ok by = ko) k% Ko

1ol R Ry |+t |Bn | 1€ if

.....

If ¢: /ZO — El is a morphism in P®, m is a vector, and 7 € Xy is the twist permutation, then
in P® we have

(id ®P ¢) o 7'“20‘7'%' = T|E1\,|r7z| o (¢ ®P 1d)
and
(6 ®"id) o Ty 70 = T © (1 @7 9)
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and similarly for : /ZO — k; in N®. This implies that for any morphism f: Eg — k; in Q1(P),
we have
(id ®1.f) © Tigy s = Ty © (f @11d)
and
(f ®11d) © Tigay o) = Ty © (1 ®1.S).
In particular, for g: 7y — 7i; another morphism in @1(P) we have
(9 ®1.F) 0 Ty o] = Ty © (f ©19)

such that 7 is a symmetry for ®;.

Notation 3.3. ¢ We write (1)" for the vector (1,...,1) of length n.

e For a vector @ = (ay, ..., a,), we write [(@) = n for its number of elements.

Remark 3.4. The following definition describes a way of functorially arranging the en-
tries of a vector k = (ki,...,k,) (in particular, I[(k) = n) according to the entries of a
vector a of length n, which we use to define the functor ). Informally one should think
of Parz(d) as given by arranging the entries of k according to the entries of @. Simi-

larly, for a morphism ~v: @ — b, one may think of Pary(y) as the natural transformation

NPa@ . NParz®) of functors sMod”*F — Chg whose (Aj, ..., Ag)-component equals the
(A1®...QAk, y «oy Akytoib, 1 +1®...® AL )-component of ~.

Definition 3.5. For cach vector k = (ki, ..., ky), k = |k/, let 1z sMod™* — sMod™™ be the
functor taking a k-tuple (A, ..., Ax) to the n-tuple (By, ..., B,) where

Bi = Apy sy 19 @Ak 4y
Writing N,, for the full subcategory of N on the objects d@ with |@| = n, let
Par;: N, — N,
be the functor taking @ = (ay, ..., a;) to
Pary(a@) :== (k1 + ... + kay s kay41+ -+ Kartas s s Kayrgap_g+1 + - + En)

i.e. the unique vector such that N%o ¢ = NP*%@  In particular we have |Par:(a@)| = k| and
[(Parz(@)) = I(@). For a morphism ~v: @ — b, Pary(v) is given by v xid, . In particular, the
following diagram commutes.

g

sMod**

Chy,
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Construction 3.6. e Let @ = (ay,...,q;) be an object of N,, (i.e. |d] = n) and f =
fi®...® fn: k — m a morphism in P® where [(k) = (m) = n. For each | <1i <[ we have
a morphism

(fa1+.4.ai+1®---®fa1+..4ai+1)

(kal—i-...ai—i-l +.+ ka1+---ai+1) 7 (ma1+--~az‘+1 + .+ ma1+~.-ai+1)

in P, and we write Pary(@): Pary(d@) — Parg(a@) for the tensor product in P® of these
morphlsms for 1 <14 < [. Similarly to Definition 3.5, one can think of this as grouping the
factors of f according to the entries of d. Below is an example where @ = (1,3). In this
example,

Par;(@) = Pary(a); ®F Parg(a@),

with
ar=1{ firki = my } Parg(@) = fi: k1 > my
fgi kg — Mo . . .
Ao = 3 f32 ]{Zg — M3 Parf(c_i)Q = ®i=2 fl Zi:2 kl — 2122 m;.
f42 k?4 — My

Let Q(P) be the quotient of Q;(P) with respect to the ideal generated by the following
relations. For each morphism ~v: @ — b in N,, and each morphism f: k — 1 in P® with
I(k) = I(im) = n, the following diagram commutes:

Par
Par:(d) £(@)

Pary(v) {

Parz(b) Par,;(b)

Par; (@)

Par;(7)

-

Par(b)

We call this the partition relation. If two morphisms f, g are equivalent under the partition
relation, we write f ~p, ¢g. The partition relation captures in a more general manner the
naturality of shuffle and Alexander-Whitney maps with respect to algebra homomorphisms,
see Observation 3.8.

These relations are compatible with concatenations of words and respect bidegrees of
morphisms. They are also compatible with horizontal and vertical differentials as the relation
only depends on the source and target of morphisms, hence the result is a well-defined
category enriched in bicomplexes.

To see that the symmetric monoidal structure is compatible with these relations, observe
that

Par(a@) * ¥ = Parg, (a@ * (1)'7),

which implies that the following diagrams are equal and commute.
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Par; (@) ®F id

Pary(a) * 7 Parg (@) = 7

Parz(y) ®" id

-—

k Par (v) @ id

=, —,

Pary(b) * 7 Par (b) * 7

-

Par;(b) ®% id

Parf®pid(c_i* (1) <T))

Pal”];*r_,(ﬁ * (1)“?)) Parm*; a *
Par;, (v ®@" id) [ l Pars.q(y @Y
Par]—c'*?(g* (1)1) Par.#(b * (1)1)

Parpgriq(b* (1 )lm)

The same statement also holds for tensoring with id on the left.
In particular this implies that if f,g: kg — k1 are morphisms in Q;(P) such that f ~p,, g,
and m is a vector, then

(f ®11d) ~par (9 ®11d)
and

(id ®1 f) ~par (id ®1 9),
which in turn implies that the monoidal product respects the partition relation. It follows
that the symmetric monoidal structure on @ (P) descends to a symmetric monoidal structure

on Q(P).

e Let P, P’ be dg-props and let g: P — P’ be a morphism of dg-props. The functor g
induces a symmetric monoidal functor ¢¥: P¥ — P'®. Define Qo(g): Qo(P) — Qo(P’) to

be the induced functor.It is the identity on objects and on generators coming from N=,
and acts by ¢® on generators coming from P®. This functor induces a symmetric monoidal
functor Q(P) — Q(P’). To see this, observe that since g is a prop morphism, we have

Qo(g)(f ®1id) = Qo(g)(f) ®1 id for any morphism in Qy(P) and Q(Pars(a)) = Parye s (a)
for any morphism in P®. This implies that Qo(g) descends to a functor Q(g): Q(P) — Q(P").
Symmetric monoidality of this functor can be seen by observing that

Q(9)(fo) 1 Qg)(f1) = (id®1 Q(g)(f1)) o (Q(9)(fo) ®1id)

= Q(9)(id @1 f1) 0 Q(g)(fo ®1id) = Q(g) (([d @1 f1) o (fo ®1id)) = Q(9)(fo ®1 f1)
and that since Q(g) is the identity on NZ, the image of the twist morphism in Q(P) is the
twist morphism in Q(P’).

Lemma 3.7. The canonical functors P® — Q(P) and N* — Q(P) are symmetric monoidal.

Proof. Let F: P® — Q(P) be the canonical functor taking a morphism f: k — m to the

morphism represented by the singleton word f. Note that for g: m — [ another morphism in
P® . we have

F(Q)OF(f)NredF(gof)

such that this is indeed a functor. Since the twist morphism in Q(P) lives in Sz’gﬁma, the
functor F takes the twist morphism of P® to the twist morphism of Q(P). To see that
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F' is symmetric monoidal, it is therefore sufficient to observe that for a pair of morphisms
fii kO,i — ?ﬁi, 1=20,11in P®, we have

(id®@" fi) o (fo @ id) ~pea fo @ f1,
such that F(fy) ®1 F(f1) = F(fo ®" f1) in Q(P). The case for N* is identical. O

Observation 3.8. The shuffle and Alexander-Whitney maps introduced in Notation 2.17
are special cases of the partition construction. In particular, if k has I(k) = n, then

shi = Par(sh,) : k — (|k|)
and similarly
AW = Parz(AW,) : (|k]) — k.

The partition relations imply that if k, and k&, are vectors with I(ky) = (k1) = n and
f="(f1, fn): ko — kq is a morphism in P®, then the following squares commute.

- f - - Parg((n))
ko ki (Ikol) = (|kal)
PaI‘EO (Shn) = Shgol lShE AWEO[ lAWEl = Par,;l (AWn)
(1Fol) 5oy (F1D) ko =5k

Observation 3.9. e For any n-tuple f = (f1, ..., f,) of morphisms in P, we have Par;((1)") =
f
e For a sequence
E{) i) El i) Eg
of morphisms in P®, where the I(k;) = n and @ € N, we have Par (@) o Par(d@) = Pary.¢(d).

Definition 3.10. For C a category enriched in bicomplexes, let Tot(C) be the dg-category
whose morphism complexes are the ®-totalization of the morphism bicomplexes in C.

Lemma 3.11. There is a natural symmetric monoidal functor F': Tot(Q(P)) — P defined on
objects by taking k to |k|, and on morphisms by taking f = (fi, ..., fn): k — m in P®(k,m)
to Parg((n)): [k[ — |m| in P, and v: k — m in N(k,m); to id if i = 0 and 0 otherwise.

Proof. 1t is clear that the assignment is natural in P if it is well-defined, which we now verify.

Given a morphism ~v: @ — bin N, and f=0f1,fn): k — m in P®, we must verify that
the diagram

Pars(a
Par(d) — @ Par, (@)
Parg(v) [ Par(7)
Par,z(_)) — Pary; (b)

Parf(b)
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-,

remains commutative after applying F'. It is sufficient to assume that v € N (d@,b)o. But F'
takes Parz(y) to the identity and we have in general that

Parpar, @ ((1(a@)) = Pars((n))
such that _
F(Pary(a)) = Pary((n)) = F(Parg (b)),
so F'is well defined. To see that F' preserves the differentials on each morphism complex,
note that for a morphism

¢1 ,ym —
f {]{?0—>k51 —>]€2 . —>l€2m}

where ¢' € P®(ky;, ksis1) and 4 € N (Egi“, E2i+2) the differential is given by
df = (dy™) 0 ¢™ 007" 0 ¢ + (=) Iy o (drp™) 0.0 0 ¢ +
+(— 1)|7m\+|¢m|+ +|v| mogmo...0q odyd’
In the case that F'f is non-zero (i.e. each |7 | = 0) this differential is identical to the
differential in P. U
Lemma 3.12. Let P be a dg-prop and let k,m € Ob Q(P). The map

Homray(q(py) (k, 17) — Homp(|k], [17i])
induced by F'is a quasi—isomorphlsm.

Proof. Denote by ¢,Homp(|k|, |173|) the bicomplex which has Homp(|k|, [7|) concentrated in
vertical degree 0, and consider the map of bicomplexes

Az ¢, Homp(|K], ri]) = N((|ri]), (|n7)) © Homp(|], [7i]) = Homgyp) (F, 1)

where the left map is the homotopy equivalence taking f € HomP(|k |, |7]) to id ® f, and
the right map takes v ® f to AWy oo f osh;. We will show that the totalization of A is a
quasi-isomorphism and a quasi-inverse to the map induced by F' on Hom-complexes.

Let f: k — m with |f| = (d,d) in Q(P) be a composition of generators of Q(P), i.e. f is
represented by an elementary tensor

S 40 o o gl m—1
k0¢—>k1—>k2¢ ’y—>k’2m

n Qo(P)(E, ?ﬁ), where ¢Z < P (kgl', k2i+1) and ’}/Z S N(k2i+1, k2i+2)0. We write
n; ‘= l(lggz) = Z(E2i+1).
For such an f, we write G(f) € Homp(|ko|, |K2m|) for the morphism

G(f) = Pargm-1((nm-1)) o ... o Pargo((no)).

Note that G(f) does not depend on the representative of f. In particular, well-definedness
with respect to ~p,, can be seen by the identity

Parpar, ) ((1(@)) = Parg((n)).

for any ¢: k — m in P® with Z(E) =n.
If for any ¢ which is represented by an elementary tensor, the homology class of ¢ is
represented by a composition AW, 075 o (G(¢)) o shg, where 5 € N((|]), (|7]))ar, then the
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map A above is a quasi-isomorphism after totalizing. Indeed, assume that f € Homgp (E m)
is a cycle with respect to the vertical differential. It is given by a sum

f = f1 + ...+ fn c HOIIlQ(p)(E, m)d,n.

where each f; is represented by an elementary tensor. We may assume that each f; has the
form AWy, o7 0 (G(f;)) o shz. Using the contractibility of N, we may in fact assume that
the ~; are identical, such that f represents the same vertical homology class as

AW,z 070 (G(f)) o shy

for some v € N((|m]), (|m])). Now the vertical differential acts only on ~, which must be a

cycle, hence a boundary in N(([r73]), (|72])) unless d = 0, hence this cycle represents a trivial
homology class if d > 0. In the case d = 0, v = id is a cycle which is not a boundary. It
follows that on homology,

H. (Homep)(F, 1); ) ~ Homp(| ], i)
We get an isomorphism of Fi-pages of the spectral sequence for a double complex:
HL(N((|]), (|7])) © Homp(|kl, ), d,) = H.(Homgp) (K, 17); d,)
hence A is a quasi-isomorphism after totalizing. Now, for any f € Homp(k, m) we have
FoTot(A)(f) = F(AWg o (f)oshy) = f

such that F' o Tot(A) is the identity. By the 2-out-of-3 property for quasi-isomorphisms, F
induced quasi-isomorphisms on Hom-complexes.

In the following, for a,b elements of a bicomplex C' with |a| = |b] = (d,d'), a vertical
homotopy h: a ~ b means an element h of C' with |h| = (d,d" + 1) such that d,h = b — a.

We are left to show that each morphism f € Homg p)(E, m) which is a composition of
generators admits a homotopy to the desired form. This is done by performing (strong)
induction on the vertical degree d’. For d’ = 0, the morphism f is given a priori by a sequence
of generators

,YO — ¢1 ,ym—l —
ko —> kl — ]fg L k’gm

where ¢ € P (ky;, kzip1) and v* € N(kair1, kw) Write n; := I(ky;) = I(kz;11). To begin,
we may fix for each 7* a vertical homotopy c(v?): 7' ~ AWy, oshg, . Applying the c(v)
we obtain a new morphism

0 AW osh 1 AWz oshp
g g ¢ koam  kam-1_ 7
g—ko—”ﬁ—”fz Kom

equipped with a vertical homotopy f ~ g. Now repeated application of the relations

. @ . . Pargi ((n:))
koi — kaina (|k2i|) —— (|k2isal)
ShEQ,, l lShEm*l AWEZL l lAWE2i+1
(|Fail) > (’kml’) ko —— kaia

Par i ((n
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allows us to rewrite g as the composition

g =AWy, —oPargm-1((nm-1)) o (AW}

kom—2
..o Pargi((n1)) o (AW}, oshi ) o Parge((ng)) o sh,
Now choose vertical homotopies [y (AW,;M osh ,—521_) — id(| Foil) giving us a composition of
the desired form. This completes the base case.
For d’ > 0, we may again write f as a sequence of generators

e} ShEQm_Q) o ...

— (O 0o 1 m—1
kofﬁklbkggﬁv—)k’gm
where ¢z € P®(E21',l;21'+1) with n;, = Z(Egl) = Z(Egprl) and now ")/Z € N(E2i+1>l;i+1,0)d’i' We
now consider two cases. Assume first that d; < d’ for each i. Let j be the least ¢ such that
|7"| > 0. By our assumption on the d;, j < m — 1. Write f’ for the composition

¢J+1 — J+1 — J+2 ’Ym 1

k2]+2 — ]C23+3 —> k?]_|_20 —_— .. — k’gm

and write f” for the composition

— — 0
ko k‘l ’Y—> /{32 —> —> k2j+2

By induction, we may rewrite f’ and f” up to homotopy as

[l AWy, 070 (G(f) oshy,. .,
where 7' € N((m), (m>>d;+1+ +d,_,»and

[ AW, 070 (G(f")) o shy,
where 7" € N((|E2j+2\), (|E2j+2|))d6+...+d;- Hence we get a vertical homotopy

[ AW, 07 o (G(f) 07" o (GU")) o shy,
By induction, we may now rewrite
(G(f) e 7" o (G(f") = 7" o (G(f)) o (G(")) = 7" o (G(f))

for some 7" € N((|Kam|), (|E2m|))d6+...+d; to obtain a composition of the desired form. This

completes the case when d; < d’ for all i.
Finally, assume that there is a j such that d; = d’. If j =m — 1, then the result follows

from the base case and contractibility of N((|i1]), (|/])). Namely, for a morphism f in Q(P)
represented by a sequence of generators

0 7n1

k’o-)lgl%kg—> %kzm
as above, where [y™1| = d’, we get vertical homotopies
fea"to AW - oq o (G(f)) oshy,
~ AW 070 (G(f)) oshy,

for some 7' € N(([kzm-1]); (|K2m—1]))o and v € N ((|kam|), (|E2m|))g', where the first homotopy

comes from the base case, and the second by contractibility of N((|n|), (|7i])).
If j < m — 1, we will provide a vertical homotopy between f and another morphism f’
for which d’,, = d’. By the above, this will finish the argument. We apply a homotopy

vy o~ AI/V/,ZQJ,+2 07’ o sh,,., where ¥ e N((|E2j+2|), (|l;2j+2|))d/. By contractibility, we may



26 ESPEN AUSETH NIELSEN

assume that 7; is of the form Parg, (7;) for some 7} € N((anrl), (nj+1))a- To name a

concrete such element, one can use the (higher) homotopies witnessing sh and AW as mutual
homotopy inverses. Now using the relations

Par¢j+1 ((nJ))

(|Fzjs2]) (|Fzjsl)
Par,;Qj+2 (v$) l lPar,;QHS (v$)
(Bosee) oy (o)

we obtain a composition
- 70 — 10 — as tm—1 —
f:f/:{k6¢—>k’17—>k§¢—>...7—>k’ }

where for i # j + 1 we have /2’21 = ky; and /;’21“ k:22+1, for i 7£ j+1 we have ¢'* = ¢', and for
i # j+1,j wehave 7' = 4". Finally, &y, = (1k251), ké]+3 (|Fajsal), 971 = Pargia ((nj11)),
VI = shg,,,, and AIHL = 4t o AI/VE%+3 o Park2j+3( v%). Collecting the differences between f
and f’ in a diagram, we have

_ - -
v’ - ¢’ - v’

E2j+1 Fajto kojis E2j+4
hE2J+\ (~) AWE2_;’+X
Par '
(’E2j+1|> M ‘k2]+1 AWE2.7+3
¢! = Parg;n ((nj+1)\/ Par ;1 ((nj41 \

Parg
27+2

(|kajrsl) ——— (|Ejss]) i

where the square marked (~) commutes up to vertical homotopy.
We see now that for the composition f’, |[v7*!| = d’, and this finishes the argument. [

Recall that for a prop P, a P-algebra is a symmetric monoidal functor ®: P — Chy and a
Ass ® P-algebra is the same as a symmetric monoidal functor P — dgAlg,.

Lemma 3.13. The functor Tot(Q(—)): dgprop — dgCat® has the property that there is a
natural transformation of functors dgprop” — Cat

a: Fun®(—,dgAlg,) — Fun®(Tot(Q(—)), Chy)
such that ap(®)(1) = C(P(1)).

Proof. We divide the proof into several steps. First we construct the functors ap(®). Then
we show functoriality in ®. Finally we will show naturality in P.

Step 1: Constructing ap(®P).
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Let P be a dg-prop, and let &: P — dgAlg, be a symmetric monoidal functor. Throughout
this section of the proof, we write A = ®(1) for ease of notation. We will produce a symmetric

monoidal functor ap(®): Tot(Q(P)) — Chy, that sends k to CE(A) (recall Notation 2.24).
We describe the action of ap(®) on morphisms in terms of the generators of Tot(Q(P)). If
f:n— misin P, then (f) acts by

This determines the action of morphisms in P®. Furthermore, N acts according to (the proof
of) Proposition 2.26. This determines how the generators of Tot(Q(P)) act. Note that the

relations ~,.q are preserved by this assignment. Furthermore, if f: EO — k1 is in P® and
Y Mg — My is in N¥, we have isomorphisms C**™0(A) = C*(A) @ C"(A), and modulo
these isomorphisms, we have

ap(®)(idm, ®° f) = idem 1) © ap(®)(f)
and
ap(®)(¢ @V idg ) = ap(®)(¥) ® id i

such that the interchange relation is preserved. Since

(idem ) @ ap(@)(£) o (ap(@)() @id s ) = (@p(2)(F) © ap(®)(1))
we have

ap(®)(f @1 9) = ap(®)(f) ® ap(®)(g)

such that ap(®) defines a symmetric monoidal functor Tot(Q1(P)) — Chy.
To see that this assignment descends to a symmetric monoidal functor Tot(Q(P)) — Chy,

we are left to verify that the partition relations are preserved. Let f = (f1,..., fu): k — 17 be

an n-tuple of morphisms in P and let v: @ — b be a morphism in N,,. We are will verify that
the relations

Parf(d’)

Par,;(c_i)
Parz () [

Parz(b) Parf(g) Par,;(b)

Par;;(a)

Parz ()

are preserved under the assignment ap(®). There is an isomorphism (see Definition 2.25 and
the proof of Proposition 2.26)

NoZt

ap(®)(Pary(@)) = CP# @ (A) "% NUBY(A®H), .. BY(A®n)).

Write N 5(ch(AE)) for the latter. Consider the following diagrams:
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. N%B% . . . ap(®)(Pars(@ .
Nd‘(ch(Ak)) M)Na(ch(Am)) CParg(a) (A) M))CParﬁ(a)<A)

’ych(AE)l l’YBCU(Aﬁ") Ne;ll lNeal

Ng By AE - NI; By A’rﬁ N&' By AE - Nd B¢y Am
(B(AF) o NB(A™) NS(BAR) o NA(B(A)

The left diagram commutes by the definition of N , while the right diagram commutes by the
naturality of the symmetric monoidal structure maps of B%. Finally, observe that
OCP(CD)(PELI'E(’Y)) = Né’g © Y peu(afy © N&gl

Together these facts imply that the relations in Tot(Q(P)) are preserved by the action. To
be precise, we have a commutative diagram

. ap(®)(Pars(a -
CPME(G)(A) M))C’Parﬁl(a) (A)
NoZ! No;!
R s NUBE()

N(B(AF)) ——= N3(BY(A™))
ap (@)(Parg(r) o e | ar(@)(Para()
B} - NUBY()) B}
NP(BY(AF)) ——— N*(B¥(A™))

NO; NO;

-

CParE(l;) (A)QFM)))CVPMWL@) (A)

Thus ap(®P) is a functor from Tot(Q(P)) as claimed.

Step 2: Showing that ap is a functor.

We will notationally identify an object in Fun®(Ass® P, Chy) with its value at 1. Let ¢: A —
B be a morphism in Fun®(P, dgAlg,). We will produce a natural transformation ap(A) —

ap(B). The component at [ e Q(P) is given by applying ¢;: A — B componentwise,
Le. ap(¢); = Cl¢r): C'(A) — CYB). It is sufficient to check naturality against the
generators of Q(P). If f: n — m is a morphism in P, then the following diagram commutes

because it commutes before applying C'(—).

craen L0 openy
C(fa) C(fB)
caem) C(Bo™)

C(om)
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Let ~v: k — 1 be a morphism in N and consider the following diagrams:

. No! B . NY(B%(A)) .
C*(A) —— N¥(B¥(A)) N¥(B#¥(A)) ——— N™(B¥(A))
c’%l lN’%B%)) N’%B%))l lw%%n
k E c i c m c
C*(B) oo N (B(B)) NYBYB)) o)y (BY(B)

The left diagram commutes by naturality of the symmetric monoidal structure maps of B
and the right diagram commutes by the definition of N. Since v acts by

ap(A)(y) = Nby, o N?(B¥(A)) o N+

the commutativity of these two families of diagrams implies naturality with respect to the
morphisms in N*>.

Step 3: Showing that « is natural in P.

Let i: P — P’ be a morphism of dg-props. We need to check commutativity of the diagram

Fun®(P', dgAlg,) — > Fun®(Tot(Q(P")), Chy,)

i*l lTot(Q(z‘))*

Fun® (P, dgAlg,,) — Fun®(Tot(Q(P)), Chy)

Let ®: P’ — dgAlg, be a symmetric monoidal functor. We first show that the functors
ap(i*®) and Tot(Q(7))*ap (P) are equal. Since ¢ and Tot(Q)(7)) are isomorphisms on objects,
we have

ap(i*®)(k) = CX(i*@(1)) = CF(@(1))
and . . B
Tot(Q(0))*ap(P) (k) = ap/(P)(k) = C*(P(1))
so they are equal on objects. Let v: k — i be a morphism in N=. Since Tot(Q(i)) is the
identity on N > we similarly have
Tot(Q(0))"ap () () = ap(®)(7) = Ny 0 N(B(®(1))) o NO!
and
ap(i*®)(y) = Ny, o N7(BY(i*®(1))) o N6 = N6, o N7(BY(®(1))) o N6 !

so the action of N= coincides as well. We now compare the action by a morphism f: k — m
in P. We have
C(f

ap(i*®)(f): CW(@(1)) ~ C(@(k)) <L C(@(m)) ~ 0V (2(1)).
Notice that ap(i*®)(f) = ap/(P®)(i(f)). Now since Tot(Q(:))(f) = i(f) in Tot(Q(P’)), we

have

Tot(Q(i))*ap (®)(f) = ap/(®)(i(f))
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so the two functors coincide on objects.

Before we verify that the functors also agree on morphisms, we recall a basic fact about
compositions of natural transformations. If C,C’, D are categories, j: C — C’ is a functor
and a: F' = G: C' — D is a natural transformation, then the pullback of o along j is given
componentwise by (o *id;). = ().

For a morphism v¢: & — ¥, we have the natural transformations

ap(t*Y): ap(i*®) = ap(i*V)
and
Tot(Q(i)) apr () - Tot(Q(4))"ap (®) = Tot(Q(2)) apr (V)
of functors Tot(Q(P)) — Chg. It is sufficient to check that they coincide on components. Let
k be an object of Tot(Q(P)). Then since i is the identity on objects, we get
ap(i*)(k) = CH(i*y(1)) = CH(w(1)

and

Tot(Q())"ap (¥)(F) = ap () (k) = CF((1)
so they are equal. O

Proof of Theorem A: Define (—): dgprop — dgprop to be the functor taking a dg-prop P
to the full subcategory of Tot(Q(P)) generated by the objects {(1)"},>0. To see that this
defines a functor, recall from Construction 3.6 that for a morphism of dg-props P — P,
the induced symmetric monoidal functor Tot(Q(P)) — Tot(Q(P’)) is the identity on object

monoids, hence it restricts to a prop morphism PP

The natural quasi-equivalence (—) — id.

Let F5: P — P be the composition
P — Tot(Q(P)) & P

It is clear that F'|5 induces an isomorphism on object monoids. By Lemma 3.12, F'|3 also
induces quasi-isomorphisms on Hom-complexes, hence it is a quasi-equivalence. Naturality of
F and the inclusion P — Tot(Q(P)) imply that F'|5 is a natural quasi-equivalence.

The natural transformation a.

To produce the natural transformation «, we use the transformation « from Lemma 3.13.
Recall that there is an equivalence of categories

Fun®(Ass @ P, Chy) ~ Fun®(P, dgAlg,,).
The natural inclusion i: (/:5 — Tot(Q(—)) gives us a natural transformation

i*: Fun®(Tot(Q(—)), Chy) — Fun®((—), Chy)

and we define a to be the composition

—

a=1i"oa: Fun®(Ass @ —, Chy) — Fun®((—), Chy).
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Because « is a restriction of «;, we have that for any prop P, and symmetric monoidal functor
®: Ass ® P — Chy, there is an equality ap(®)(1) = ap(®)(1) = C(P(1)), hence a has the
stated properties.

O

Example 3.14. Consider the example P = CHopf, the prop encoding a commutative Hopf
algebra structure. Note that every morphism in CHopf is an algebra homomorphism, hence
we have an equivalence Ass® CHopf ~ CHopf and Theorem A gives a recipe for the natural
coherent commutative Hggf/algebra structure on Hochschild chains of commutative Hopf

algebras. In particular, CHopf is generated in degree 0 by the morphisms

An example of a generator in degree 1 is the bialgebra relation, in which we need the homotopy
6 € N*((2,2),(2,2)); to interpolate between the upper and lower legs of the diagram. Here
F € ¥, is the transposition (2, 3).

A, A Fo (AW, AW
(A, A) (2,2) ( )

(1,1)

(1,1,1,1)

sh Par(3 2)(sh) 61/ (sh, sh)

Par(A,A) ((2))

(2) (4) (2,2)

Par(g,z) (AW) oF,

m Par(,,m)((2)) o F. (m,m)

(A) AW
(1)

(1,1)

In a similar way, we need the contraction o 1): AW osh ~id € NZ((1,1),(1,1)) for the
antipode diagrams.

Note that CHopf still has a strictly commutative multiplication. If CE,Hopf encodes
commutative and [E,-cocommutative Hopf algebras, then CE,Hopf will also be E,, cocom-
mutative for n < oo, but if CCHopf is the prop encoding a Hopf algebra structure which

is both commutative and cocommutative, then CCHopf is strictly commutative but only
E.-cocommutative, since AW is not a symmetric monoidal transformation.
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ABSTRACT. We construct the Hochschild complex as a symmetric monoidal functor of
quasi-categories from the Morita (2,1)-category to the quasi-category of chain complexes,
conditioned on the existence of a certain symmetric monoidal structure on the latter. As
an application, the Hochschild complex on a commutative Hopfish algebra, of which a
commutative quasi-Hopf algebra is an example, obtains a the structure of a commutative
Hopf algebra object in the quasi-category of chain complexes.

Note: The main theorem of this paper depends on the statement that the simplicial nerve
of the category of connective chain complexes, whose simplicial structure comes from the
Dold-Kan equivalence, can be given the structure of a symmetric monoidal quasi-category
which on the homotopy category agrees with the derived tensor product. Although probably
true, this statement does not appear in the literature to the knowledge of the author, and
should be taken as an additional assumption in the theorem.

1. INTRODUCTION

In this paper we will prove that the Hochschild chain functor extends to a “weak symmetric
monoidal functor” from the Morita (2,1)-category to chain complexes. To make this precise,
we employ the theory of quasi-categories. As an application, we obtain a natural homotopy
coherent Hopf algebra structure on the Hochschild complex of several variations of Hopf
algebras, such as quasi-Hopf algebras and Hopfish algebras.

The Hochschild complex of an algebra (also called the cyclic bar complex) takes a k-algebra
A to the chain complex C(A), where C(A), = A®"! and the differential is the alternating
sum of multiplying the ¢’th and ¢ + 1’st coordinates modulo n + 1. This definition has a
natural extension to dg-algebras and dg-categories which we give in Definition 5.1.

Fixing an inaccessible cardinal s, let £ be a commutative ring, dgAlg, the category of
dg-algebras over k. We write Chy, for the dg-category of chain complexes over k. We require
that the ring k£ and all k-modules we consider are smaller than . It is known by the work of
Richter [27] that the Hochschild complex dgAlg;, — Chy is a so-called E.,-monoidal functor.
In other words, the nerve of the Hochschild complex functor,

N(dgAlg,) — Na(Chy),

can be given the structure of a symmetric monoidal functor of quasi-categories.
The Morita (2,1)-category Mory, of k is the (2,1)-category of k-algebras and their bimodules.
It is defined in Definition 3.1 and admits a symmetric monoidal 2-functor of (2,1)-categories

m: dgAlg, — Mory,

2010 Mathematics Subject Classification. 13D03, 16E35, 18D05, 18D10.
1
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where dgAlg, is considered as a (2,1)-category with only identity 2-morphisms. Our main
theorem is that the symmetric monoidal of quasi-categories N(dgAlg,) — Na(Chy), factors
through m.

Main Theorem: (Conditioned on Assumption 2.32) Let k be a commutative ring.

e (Theorem 5.22) The Hochschild complex gives rise to a functor of quasi-categories
NpMor, — NaChy such that the following diagram of quasi-categories commutes up to
homotopy.

N(dgAlg,) Np(m) Np(Mory)
C _

o) (—)
Na(Chy)

e (Theorem 6.7) The above diagram upgrades to a homotopy commutative diagram of
symmetric monoidal functors of quasi-categories which fits into a homotopy commutative
diagram in the category of symmetric monoidal quasi-categories:

Np(m)
N(dgAlg,)® ————— Np(Mory)®

[C(—)
Na(Chy)®

c(-)

The functor NpMor, — NaChy will be constructed as a composition:
C(=): Np(Mory) — Np(dgCat{*") 2 Na(dgCat{’y)) — Na(Chy)

where the first map is induced on the level of (2,1)-categories and the last map is induced on
the level of simplicial categories. The compatibilities of the symmetric monoidal structures is
Theorem 6.7.

As an application of the theorem, we obtain a homotopy coherent Hopf algebra structure
on the Hochschild chains on commutative Hopfish algebras in the sense of [30], of which
commutative quasi-Hopf algebras are examples, see Section 7, in particular Proposition 7.6.

The paper is structured as follows. In Section 2, we review the theory of (2,1)-categories
and quasi-categories. In Section 3, we construct the (2,1)-category of algebras, bimodules
and bimodule isomorphisms associated to a ground ring k. In Section 4, we review some
material on the Dold-Kan equivalence and its monoidality properties which we need to
compare symmetric monoidal structures. In Section 5 we construct the vertical functor in
the Main Theorem. In Section 6, we finish the proof of the Main Theorem by showing that
the vertical functor is symmetric monoidal comparing the symmetric monoidal structures
in the diagram. In Section 7 we explore some consequences for the algebraic structure on
Hochschild complexes of Hopf-like algebras.

Acknowledgements

I am very grateful to my advisor Nathalie Wahl for helpful discussions, comments and
proofreading, and to Tobias Barthel for helpful discussions. I am thankful to Marcel Bokstedt,



ON THE MORITA FUNCTORIALITY OF THE HOCHSCHILD COMPLEX 3

Sgren Galatius, and Birgit Richter for helpful comments. The author was supported by the
Danish National Research Foundation through the Centre for Symmetry and Deformation
(DNRF92).

2. SOME CATEGORICAL NOTIONS

In this section we introduce some elementary notions of the theory of (2,1)-categories and
quasi-categories which we need in the coming sections. We will define nerve constructions
Np (Definition 2.10) and Na (Definition 2.12) which take (2,1)-categories, resp. simplicial
categories, to their associated quasi-categories. Furthermore, Np and Na are equivalent
for strict 2-categories whose 2-morphisms are invertible (Lemma 2.21). We also review
basic theory about symmetric monoidal quasi-categories. When applying the functor Na
to a dg-category, we implicitly treat the dg-category as a simplicial category by using the
Dold-Kan equivalence. For a more thorough introduction to quasi-category theory, see [15],
and for a detailed account, see [22] and [23].

Convention 2.1. We fix an inaccessible cardinal k. We call a set, category, algebra etc. small
if it has cardinality less than s, and large otherwise. Unless stated otherwise, all introduced
objects are assumed to be small.

2.1. (2,1)-categories and their nerves.

Definition 2.2. [1, Definition 1.1] A (2,1)-category C is the data of

e a set of objects ObC,

e for each pair a,b € ObC, a groupoid of morphisms C(a, b),

e for each object a € ObC, an identity object 1, € C(a,a),

e for each triple a,b,c € ObC, a functor o, .: C(b,c) x C(a,b) — C(a,c),

e for each 4-tuple a,b,c,d € ObC, a natural isomorphism called an associator

Qg bed- Cabd (ob,c,d X 1d> — oa,c,d<id X oa,b,c)u

e and for each pair a,b € Ob(C, isomorphisms called left and right unitors
Aap: Oapp (1p, —) = ide(ap)

Pab: %aab <_7 1a) — idC(a,b)
such that the associators satisfy MacLane’s pentagram relation, and the unitors satisfy the
triangle relations.
We call the objects of the morphism groupoids C(a,b) the morphisms of C, and the
morphisms of C(a,b) are called the 2-morphisms of C.

Notation 2.3. For a (2,1)-category C and a pair of morphisms f: a — b and g: b — ¢ of
C, we may denote the composition o, (g, f) by g * f when the sources and targets are
understood.

Remark 2.4. The cited definition for Definition 2.2 allows arbitrary categories C(a, b) instead
of just groupoids. We would then obtain the definition of a bicategory. In [1] a (2,1)-category
is called a bicategory which is locally a groupoid. The theory of bicategories is quite exotic
when compared to ordinary category theory, but we will only have need for the simpler notion
of (2,1)-categories, which behave much closer to ordinary categories.

Definition 2.5. Let C be a (2,1)-category. A morphism f: a — bin C is called an equivalence
if there exists a morphism ¢g: b — a and 2-morphisms go f — 1, and fog — 1.
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Definition 2.6. [1, Definition 2.1] A (2,1)-category C for which the associators and unitors
are identity morphisms is called a strict (2,1)-category.

Examples 2.7. e Any (small) ordinary category can be considered a (2,1)-category whose
morphism groupoids are discrete.

e There is a large (2,1)-category Cat whose objects are categories, morphisms are functors
and 2-morphisms are natural isomorphisms.

e Similarly to the above, let k be a commutative ring and let dgCat,(f’l) be the (2,1)-category
whose objects are k-linear dg-categories, morphisms are degree-preserving dg-functors and
2-morphisms are natural isomorphisms.

The above examples are all strict (2,1)-categories. In the next section, we will see an
example of a non-strict (2,1)-category, namely the Morita category Mor,. We now discuss
the notion of 2-functor between (2,1)-categories.

Definition 2.8. [1, Definition 4.1] Let C and D be (2,1)-categories. A 2-functor F': C — D
is the data of

e A function F': ObC — ObD,

e for each pair a,b € ObC, a functor F,,: C(a,b) — D(Fa, Fb),

e for each a € ObC, a 2-morphism F : 1p, = F, (1),

e and for each triple a,b,c € Ob(C, a 2-morphism, natural in f: a — b and g: b — ¢,

Fa,b,c(Qu f) - OFq,Fb,Fc (Fb,097 Fa,bf) — Fa,c(oa,b,c<ga f))a

such that

e for each a,b € C, and each f € C(a,b) the following diagrams commute in D(Fa, Fb),

)\Fa(Fa,bf)
Ly * Fopf Fouf
Fy, +id |Fa,b(>\a,b(f))
Fyo(1y) x F, Fop(1
bo(1e) * Foupf Fora o 7 (L * f)
PFa(Fa,bf)
Fa7bf * 1pg Fa,bf
id * Fy, Fap(pan(f))
Fa * Fa a 1a Fa * 10L
of *Faalla) s Fualf 1)

and
e for each 4-tuple a,b,c,d € ObC, and morphisms f:a — b, g: b — c and h: ¢ — d,
the following diagram commutes in D(Fa, Fd):
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QFa,Fb,Fe,Fd

(Feah % Fyog) * Fopf

Foah* (Fyeg* Fopf)

Fb,c,d(h, g) * id id = Fa’b’g(g7 f)
Fb,d(h*g) *Fa,bf Fc,dh*Fa,C(g*f)
Fop,a(h =g, f) Foc,a(h,g* f)

Faa((h*g)* f)

Foa(h
Faa(ap.ca(h, g, f)) alh = (g f))

Definition 2.9. [1, Remark 4.2 (”strictly unitary morphisms”)] A 2-functor F': C — D
between (2,1)-categories is called normal if for each a € ObC the morphisms F, : 1p, —
F,4(1,) are identity morphisms. We denote by Homé\;,l)Cat(C , D) the set of normal 2-functors
between a pair of (2,1)-categories.

We write A for the standard simplicial category. It has as objects the finite linear posets
[n] = {0 — ... = n} and as morphisms poset maps between these.

Definition 2.10. [10, Section 6] Let C be a (2,1)-category. Considering the linear posets [n]
as (2,1)-categories with only identity 2-morphisms, the Duskin nerve of C is the simplicial set
Np(C) whose set of n-simplices is given by the set Homg’I)Cat([n],C) of normal 2-functors
[n] — C. The assignment

[n] = Hom 0 [1],C)
defines a functor A°? — Set, where the simplicial structure maps are given by precomposition:
for any ¢: [m| — [n] in A and F' € Homgyl)Cat([n],C), we have ¢*(F') = F o ¢.

Spelling out this definition, an n-simplex F' € Np(C),, is given by the data of

(1) for each 0 < i < n, an object F(1),
(2) for each pair 0 <14 < j < n, a morphism F(f;;): F(i) = F(j) in C, and
(3) for each triple 0 <14 < j <k <mn, a 2-morphism «; ;x: F(fjx) o F(fi;) = F(fir),

such that for each 4-tuple 0 <1 < j < k <[ < n, we have an equality
g0 (idy,, * aijr) = aijio (g *idy, ).

The face maps d;: Np(C), — Np(C) act by forgetting all pieces of data where the number
i appears. For example, (d;); i = ajr g, where

P Lif0< g <1

PEUg+1 Liti<i<n
and so on. Let F' € Np(C), be as above. The degeneracy maps s;: Np(C), — Np(C),41 take
F to the element s;F' whose data is given by shifting the indices similarly to the above, i.e.

g ) Lif0 <5 <4
TV -1 Jifi<j<n+l1

with the implicit assumption that F'(f;) and a;j, are identity (2-)morphisms if an index is
repeated.
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2.2. Simplicial categories and their nerves. We recall some quasi-categorical notions.
Recall that a simplicial set X is a quasi-category if it admits internal horn fillers. That
is, if A} denotes the boundary of the representable n-simplex, minus the face opposite the
k-th vertex (explicitly, A} is the subset of A™ generated by those simplices i: [k] — [n] such
that the image of ¢ does not contain {1,....,k — 1,k + 1,...,n}) then for each simplicial map
A} — X, where 0 < k < n, the dashed arrow exists in the diagram below, such that the
below diagram commutes.

A

x
-
-
-
-
-
-
-
-
-

ATL

A functor between quasi-categories is just a map of simplicial sets. Quasi-categories were
originally introduced in [4].

Definition 2.11. A morphism of simplicial sets f: X — Y is an inner fibration, if it has
the right lifting property with respect to inner horn inclusions. That is, if the solid part of
the below diagram commutes and 0 < k < n, then the dashed arrow exists and the whole
diagram commutes.

AP X
{ ///// f
AP Y

Definition 2.12. [22, Section 1.1.5] Let n > 0. The simplicial category €[A"] has objects
Ob€[A"] = Ob[n] = {0,...,n} and morphisms given as follows. For 0 < i < j < n, define a
poset P;; ={I C{i,....,j} | i,j € I} ordered by set inclusion, and define

o NP, . i<j
Hoqun](z,j):{ 0 7 i>;’

and composition given by taking unions of subsets.
The assignment [n] — €[A"] extends to a cosimplicial object A — sCat as follows:
if f:[n] = [m] is a morphism in A, the induced simplicial functor
fo: €[A"] — C[A™]
takes the object i to f(i), and for i < j in [n], the map

Homean (4, 5) — Homeam (f(4), f(5))
is induced by the functor P;; — Py s(;) taking I C {i,...,j} to f(I) = {f(k)|k € I}.
The coherent nerve functor Na: sCat — sSet is given by taking C € sCat to
Na(C)e = Homgcat(€[A®],C)

Example 2.13. Let M be a simplicial model category. Writing M, for the subcategory
of fibrant-cofibrant objects, the underlying quasi-category of M is given by Na(M.y). In
this paper we make use of the category of connective chain complexes over a ring k with the
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projective model structure, whose simplicial structure is obtained by passing its dg-structure
through the Dold-Kan equivalence. See also [23, Proposition 1.3.1.17].

Remark 2.14. If C is a simplicial category, then another method of producing a quasi-
category from C is to first take its levelwise nerve, producing a bisimplicial set, followed by
taking its diagonal simplicial set. This is equivalent to taking the coherent nerve up to weak
equivalence. To be precise, [2, Theorem 8.6] states that the levelwise nerve is a right Quillen
equivalence from simplicial categories to Segal categories, and [17, Theorem 5.7] states that
the diagonal is a left Quillen equivalence from Segal categories to quasi-categories.

Definition 2.15. Let C be a strict (2,1)-category. The simplicial category Ca has the
same objects as C and morphism spaces given by the nerve of the morphism category in C:
Home, (¢, ) :== NHome(c, ).

Recollection 2.16. ([13, Section IV.3.2]) The truncated simplex category A, is the full
subcategory of A on the objects {[i] }i<,. The inclusion 4,,: A<,, < A gives rise to a truncation

functor tr,: sSet — Set®<n. This functor admits both left and right adjoints. The left adjoint
is writen sk,, and called the n-skeleton. The right adjoint is written cosk, and called the
n-coskeleton. A simplicial set which is in the image of cosk, is called n-coskeletal. We
denote the compositions cosk, o tr,, =: cosk,, and sk, o tr, =: sk,,. These are idempotent
endofunctors on sSet, i.e. there are isomorphisms cosk, (cosk, X) = cosk, X. An n-coskeletal
simplicial set X can hence be thought of as a simplicial set for which any map of truncated
simplicial sets tr,,S — tr,, X admits a unique extension to a simplicial map S — X.
Since tr,, and cosk,, are both right adjoints, we have in particular isomorphisms

tr, (X X Y) 2 tr,(X) x tr,(Y)
for all XY € sSet and
cosk, (X X Y') = cosk, (X) x cosk,(Y)
for all X,Y € SetA%pn, and so the following definition makes sense.

Definition 2.17. e Let C be a simplicially enriched category. tr,C is the Set®<n_
enriched category for which Obtr,C = ObC and

Homy,, ¢ (¢, ¢) = tr,Home(c, )
is the n-truncation of C(c, ). The composition of morphisms is given by
tr,(Home(c, ¢")) x tr,(Home(c, ")) = tr,(Home (¢, ") x Home(c, ¢))
— tr,Home(c, &)

where the arrow is induced by the composition in C.

e Let D be a Set®<n-enriched category. cosk, D is the simplicially enriched category for
which Ob cosk,D = ObD and

Homgsk,p(d, d") = cosk,Homp(d, d')

is the n-coskeleton of D(d, d"). The composition is defined as above.

Lemma 2.18. The functors tr,, and cosk, form an adjunction between Set®<n-enriched
categories and simplicially enriched categories.
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Proof. Let C be a simplicially enriched category and let D be a category enriched in Set®<n.
A functor F': tr,C — D is given by a function f: ObC — ObD and for each pair of objects
¢,d € ObC a morphism

F.o: tr,Home(c, ') — Homp( fe, fc)

. op
in Set®<n.

The adjunction isomorphism is given levelwise on morphism spaces. Il

Recollection 2.19. Recall that nerves of categories are characterized as those quasi-categories
which have unique inner horn filling in dimensions n > 2 ([22, Proposition 1.1.2.2]). In
contrast, nerves of (2,1)-categories are characterized as those quasi-categories which have
unique inner horn filling in dimensions n > 3 ([10, Theorem 8.6]). The following lemma is
not new, but the author was unable to find a reference in the literature.

Lemma 2.20. Let X be a simplicial set which has unique inner horn filling in dimensions
k > n. Then X is n-coskeletal.

Proof. By the adjunction, X is n-coskeletal if and only if the morphism
X = Homgser (A, X) Yn, HomS A (tr, AF tr, X) = Homsse (sk,AF, X)

op
<n
is an isomorphism for every k& > n.

Consider a morphism f: sk,A* — X. We proceed by induction, and prove that f extends
uniquely to a morphism f,.1: sk, A¥ — X. Since sk, A* = A¥ this will finish the proof.
Now, since

Skn+1Ak ~ |_| AL / ~

Hom Ac;pn (aA”+1,SknAk)
Set =

where ~ glues the faces appropriately, it is sufficient to prove that any morphism g: A% — X
uniquely extends to a morphism §: A¥ — X when k > n. To show this, let A¥ denote the
boundary of the k-simplex, minus the face opposite the i’th vertex. By unique inner horn
filling in dimension k — 1, there is an isomorphism

Homsset(aAk, X) = Homsset(/\f, X)

for 0 < i < k. To see this, let h: A*¥~! — X be the restriction of g to the i’th face of JA*.
Then h is a filler for the the restriction A r-1: Af_l — X for any 0 < j < k — 1, which by

assumption is unique, so h can be reconstructed from h|yar-1 and so g can be reconstructed
from g|,x. Now g|y+ admits a unique filler g: A* — X, and by uniqueness of inner horn
fillers in dimension k — 1, we have g|sar = g. It follows that the map

X 2 Hom  por (tr, AF tr, X)
Set” <n

is an isomorphism and that X is n-coskeletal as claimed. O

12

Lemma 2.21. Let C be a strict (2,1)-category. Then there is an isomorphism Np(C)
Na(Ca).

Proof. We will construct a bijection between the set of normal 2-functors [n] — C and the
set of simplicially enriched functors €[A"] — Ca. There is a forgetful map

U': Homyear(€[A"],Ca) = Hom ycae([1], C)
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taking a simplicially enriched functor f: €[A"] — Ca to the normal 2-functor Uf: [n] — C
given as follows.
e The object i is taken to U f(i) = f(1).
e A morphism ¢ — j is taken to Uf(i — j) = f({i,j}).
o Let ¢, = f({i,k} C{i,j,k}) € C(f(i), f(k). In other words, ¢; ; is a morphism
in C(f(4), f(k)) with source and target

pigwr: JHi kY = f(5, k}) = fF({i.7})

The composition 2-morphisms of U f are given by (U f); jr =
e Let 7,7, k,l € [n]. Since the pair of 2-morphisms

WU f)ijao (dx (Uf)jna): f{R D) F({G kD) * F{i,51) = f{E 1))

-1
i,5,k"

and

U )ineo (Uf)iguxid): f({R 1) f({5, k) * F{i,5}) = F{i1})

both are in the image of {i,1} C {3, j, k, [}, they are equal, such that U f satisfies the
conditions of Definition 2.8.

Conversely, given a normal 2-functor F': [n] — C, we construct a functor of categories
enriched in Set®<>

RE: tIQQ:[An] — tI'QCA
as follows.

e the object i € {0,...,n} is taken to RF (i) = F(i).
e On morphisms, the morphism of simplicial sets

troN Py, — traN(C(F(0), F(n))

is given by sending
{0,n} to F(0 — n),
{0,4,n} to F(i - n)* F(0 — i), and
{0,i,5,n} to F(j = n)x F(i = j)x F(0 — 1).
Inclusions of subsets {0, n} C {0,i,n} is taken to Fy ', etc.

For a monoidal category V' and V-enriched cateogries C' and D, we write Funy (C, D) for
the set of V-enriched functors from C' to D.

By Recollection 2.19 and Lemma 2.20, nerves of categories are 2-coskeletal, the forgetful
map of sets

FunsSet(Q:[An], CA) tr_2> Funs tA (tI'QQ:[An], tI'QCA)

op
<2
is a bijection by the adjunction in Lemma 2.18. The map U also factors through try. It
follows that U and tr,*(R—) are mutually inverse maps of sets. Since all of the maps defined
are also natural with respect to the cosimplicial structure maps of €[A®], we are done. [

Corollary 2.22. Let C' be an ordinary category and let C'a be C' considered as a simplicial
category with discrete morphism spaces. Then N(C) = Na(Ca)
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2.3. Symmetric monoidal quasi-categories.

Notation 2.23. Write Fin, for the category of finite pointed sets and basepoint preserving
set maps, and let (n) be the pointed set {x,1,...,n}.

We will now briefly recall some aspects of symmetric monoidal categories in order to
motivate the definitions below, in particular Definition 2.27. A symmetric monoidal structure
on a category C' can be defined [28, Section 2| as a 2-functor from the category of finite
pointed sets to the (2,1)-category of categories:

Fin, — Cat
S O

where |S| denotes the number of non-basepoint elements of S. Using the Grothendieck
construction, this is equivalently a so-called Grothendieck opfibration (in the sense of [14])

p: C® — Fin,

where C'® is the category defined as follows: an object of C'® consists of a pair ((cy, ..., ¢,), (n)),
where the ¢; are objects of C'. A morphism

((Cla ) Cn)? <n>) - ((Cllv ) Clm)’ <m>)
in C® is a pair ((fi, ..., fm), @) where a: (n) — (m) is amap of pointed sets and f;: &
¢ are morphisms in C.

The structure of a Grothendieck opfibration p: D — Fin, can be summarized as a functor
such that for each morphism a: (n) — (m) in Fin,, and each object ¢ € Ob D such that
p(c) = (n), there exists a morphism f: ¢ — ¢ in D such that p(f) = a and such that the
induced functor of slice categories

i€a~1(j

Dy = Doy XFin, 0y, Filtap(s)/

e/
is an equivalence of categories. To spell out what this equivalence means, for every morphism
of finite pointed sets 5: (m) — (I) and every morphism h: ¢ — ¢’ in C® such that p(h) = Soa,
there exists a unique morphism g: ¢ — ¢’ in C® such that p(g) = 8 and go f = h. This
situation is depicted in the below diagram.

Such a morphism f is called a coCartesian morphism. The existence of coCartesian
morphisms encodes the fact that the fibers of a Grothendieck opfibration p: D — Fin, are
functorial in the base category.
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The remarkable fact is that given such a Grothendieck opfibration such that

p~H((n) = p~H ({*, 1})",
the category p~'((1)) is a symmetric monoidal category, and so this is an equally good
definition of symmetric monoidal categories. It turns out that this definition, using a

version of Grothendieck opfibrations adapted to quasi-categories, is a robust generalization of
symmetric monoidal categories to the quasi-categorical setting.

The join [22, Definition 1.2.8.1] of two simplicial sets S and 7" is denoted S *T" and has
n-simplices given by
(SxT),=S,UT,U |_| S x T;
i+j=n—1
where the face maps d;: (S*T), — (S+T),_1 are defined using the i’th face map on .S,, and
T,. To define d;: S; x T}, = (S*T),_1, let 0 € Sj and 7 € T},. Then d;(co, 7) is given by

di(o,7) = (djo,7) € Sj_1 x T, Jif i < g,5 #£0,
di(O', T) = (O’, di,j,ﬂ') S Sj X Th_1 ,ifi>jk 7& 0,
do(o,7) =T €T\ ,if j =0,
dy(o,7) =0 €S, 1 Jif k=0.

If X is a simplicial set and f: K — X is a simplicial subset, we denote the slice of X
under f to be the simplicial set written X, with n-simplices the subset

Homgset (A", Xy/) C Homgser (K x A", X))

consisting of those maps g: K x A™ — X such that g|x = f. The simplicial structure comes
from the cosimplicial structure of {A®}. In particular, if C is a quasi-category and f: ¢y — ¢
is an edge in C, then the slice Cy, is defined as the slice over a morphism A' — C hitting f.
Similarly, the slice over an object C/., is defined using a morphism A° — C hitting co.

Definition 2.24. Let p: C — D be an inner fibration between quasi-categories.
(1) [22, Definition 2.4.1.1] An edge f: co — ¢1 of C is p-coCartesian if the canonical map

Cry = Ceo/ XDy, Dotr)/

is an acyclic Kan fibration.

(2) [22, Definition 2.4.2.1] p is called a coCartesian fibration if for each edge g: dy — d;
of D and every object ¢y in C such that p(co) = dy, there exists a p-coCartesian edge
f:co— c1 of C such that p(f) = g.

Observation 2.25. e The structure of a coCartesian fibration implies that the fibers
of p depend covariantly on the base. This is encapsulated in the straightening-
unstraightening theorem [22, Theorem 3.2.0.1].

e Given a coCartesian fibration p: C — D, an object ¢y € ObC and an edge g: p(co) —
p(c1) in D, the space of coCartesian lifts of g with fixed starting point cg is contractible.
Namely, in the language of [22, Section 3.1], p: C* — D is a fibrant marked simplicial
set over D and {0} — (A!)* is a marked anodyne morphism. Let (A!)* — D be a
marked simplicial set over D picking out ¢g. Using using [22, Remark 3.1.3.4], the
restriction map

r: Homp (A, CF) — Homp ({0}, C%) = Cheo)
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where Cy(c,) is the fiber over p(c) in C, is a trivial fibration. In particular, each fiber of
r is contractible. In this map, the source simplicial set is the space of all coCartesian
morphisms in C.
e An edge f: ¢y — c; of C is equivalently p-coCartesian if the diagram
f*
C(Cl, CQ)

C(CQ, 02)
p* p*

D(p(c1),p(ca)) T D(p(co), p(c2))

is a homotopy pullback square for all objects ¢y of C [22, Proposition 2.4.4.3]. See [22,
Section 2.4] or [15, Section 4] for more details on coCartesian fibrations.

Definition 2.26. [28, Definition 2.1] Let p: C — NFin, be a coCartesian fibration. We
denote the fiber over (n) by C,.

For 1 <i <mn, let r,; be the map of pointed sets r,;: (n) — (1) such that 7’;;(1) = {i}.
Choosing coCartesian lifts of r, ; gives a functor p,;: Ciny — Cpy.

The Segal map py: Cpny — (C1y)*™ is given by the product ], pp.;-

Definition 2.27. [23, Definition 2.0.0.7] Let C be a quasi-category. A symmetric monoidal
structure on C is a coCartesian fibration p: C® — N Fin, such that the fiber Cpyy is equivalent
to C and the Segal maps p,: Cg% — (C%)X” are equivalences for each n. A functor of
quasi-categories over N Fin,

C® f D®
X %
N Fin,

is symmetric monoidal if it takes p-coCartesian morphisms to g-coCartesian morphisms.

Observation 2.28. By straightening-unstraightening [22, Theorem 3.2.0.1], a symmetric
monoidal category is equivalently a functor of quasi-categories F': N Fin, — Cat, satisfying
the Segal condition (i.e., the canonical maps F'({(n)) — (F({1))*™ are equivalences, and a
symmetric monoidal functor is a natural transformation.

Using the equivalences F'({n)) — (F({1))*", every object of C® corresponds to a tuple
(Cy,...,Cp, (n)) [23, Remark 2.1.1.5].

The existence of coCartesian morphisms allow us to define the tensor product of the objects
C; by choosing a coCartesian lift of the map a: (n) — (1) where a=!(x) = {x}:

(Chy .ty Cry (n)) — (D, (1))

and defining &), ., C; := D. This determines the tensor product up to a contractible space
of choices. o

The following description of morphisms in C® is not new, but the author could not find a
detailed treatment in the literature and so we include a proof for completeness.
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Lemma 2.29. Let p: C® — NFin, be a symmetric monoidal quasi-category and let C be
the fiber at (1). Let C' and D be a pair of objects of C® corresponding under the Segal
condition to tuples (C1, ..., Cp, (n)) and (Dy, ..., D,,, (m)) respectively. Let a: (n) — (m) be
a map of pointed sets and write Hom, (C, D) C Homes (C, D) for the space of morphisms
lying over a. Then there is a homotopy equivalence

Hom,(C, D) ~ [ Home (®ica—1(5Ci Dy) -

1<j<m

Proof. Choosing for 1 < j < m coCartesian lifts r,, j1: D — D;, by [23, Definition 2.1.1.10],
these morphisms induce a homotopy equivalence

Homa(C’, D) >~ H Homaj(07 D])

1<j<m
where aj = 7y, ; 0 a. A coCartesian lift of «; takes (Ci,...,Cy, (n)) to a;,C 1= ®Rica-1(;)Ci,
and by definition of coCartesian morphisms, we have an equivalence

® ~® .

A5,

Considering the maximal Kan-subcomplex containing {D;} x {id}, we get a homotopy
equivalence of spaces
HOIIlC((X)Z‘Eo[—l(j)C'i7 DJ) ~ Homaj (C, Dj>
O

Notation 2.30. Let p: C® — N Fin, be a symmetric monoidal quasi-category. To simplify
the notation, we may write an object (C1, ..., Cp, (n)) of C® simply as (C, ..., C,).

Examples 2.31. e Let C' be a symmetric monoidal category. Then applying the nerve
to the Grothendieck construction C® — Fin, exhibits NC' as a symmetric monoidal
quasi-category.

e [20, Proposition 4.3.13] Let M be a simplicial symmetric monoidal model category
and let ./\/l?f denote the full subcategory of M® on the objects (C1, ..., C,,) such that
each Cj is fibrant-cofibrant. Then M?} is a simplicial category, and applying Na to
the Grothendieck opfibration M?f — Fin, gives a symmetric monoidal structure for
NaM.s where the coCartesian lifts of a morphism a: (n) — (m) are the morphisms
(C1,....,Cn) — (D1, ..., Dyp,) in M?} such that each ®;cq-1(;)C; — Dj is a homotopy
equivalence.

Assumption 2.32. The quasi-category Na(Chy) carries a symmetric monoidal structure
given by the derived tensor product of chain complexes.

The results [23, Remark 7.1.2.12 and Theorem 7.1.2.13] prove a similar result for the
hammock localization of the subcategory Chj, of cofibrant objects.

There is a notion of symmetric monoidal (2,1)-category, but the definition is technical. For
the conventional definition, see [16, Section 1.1]. For our purposes, we use the following proxy
definition. The compatibility of this definition with the conventional one is Lemma 2.34.

Definition 2.33. A (2,1)-category is called symmetric monoidal if its Duskin nerve Np(C)
is a symmetric monoidal quasi-category. A symmetric monoidal functor of (2,1)-categories
C — D is given by a symmetric monoidal functor of quasi-categories Np(C) — Np(D).
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The following lemma concerns the compatibility of our proxy definition of symmetric
monoidal (2,1)-categories (Definition 2.33) and the conventional definition given in [16]. In
order to keep the length of this paper reasonable, we omit the definitions of (3,1)-category
and Segal nerve used in the proof, which can be found in [5].

Lemma 2.34. Let C be a symmetric monoidal (2,1)-category in the sense of [16, Section
1.1]. Then Np(C) is a symmetric monoidal quasi-category. If f: C — D is a symmetric
monoidal functor between (2,1)-categories, then Np(f) extends to a symmetric monoidal
functor Np(C)® — Np(D)®.

Proof. Denote by BiCat the (3,1)-category of (2,1)-categories. By [16, Theorem 2.3|, there
is a functorial assignment of a pseudo-functor f: Fin, — BiCat such that f((n)) ~ C*".
Passing to nerves, we get a functor of quasi-categories N Fin, — A(BiCat) — Cat.,, where
A(BiCat) denotes the Segal nerve of the (3,1)-category of (2,1)-categories, see [5]. O

Remark 2.35. As stated, the definition of symmetric monoidal (2,1)-category in [16, Section
1.1] is potentially stronger than that of Definition 2.33. Henceforth a ”symmetric monoidal
(2,1)-category” will mean in the sense of Definition 2.33, unless stated otherwise.

Observation 2.36. By [3, Theorem 3.3.12], a (2,1)-category C which is symmetric monoidal
in the sense of [16] corresponds to a "fibered (2,1)-category” p: C® — Fin, such that for
each fiber we have C,,y ~ C*". In that case, like in the case for ordinary categories, there is
an isomorphism Np(C)® = Np(C?®).

Lemma 2.37. Let C be a symmetric monoidal (2,1)-category, and let p: Np(C)® — NFin,
be the associated coCartesian fibration. Let a: (n) — (m) be a map of pointed finite sets.
Then the coCartesian lifts of a are those morphisms f: (4, ..., A,) = (B, ..., By,) in Np(C)®
such that each of the morphisms ®;co-1(;)4; — B; is an equivalence in C (see Definition 2.5).

Proof. Recall from Observation 2.25 that the space of coCartesian lifts of a: (n) — (m) start-
ing at (A, ..., A,) is contractible. Since the property of being an equivalence on components
is preserved by homotopies, to prove the result it is sufficient to show that morphisms of the
stated type are coCartesian lifts of a.

Let f be a morphism in Np(C)® as in the statement. We have to show that the diagram

Np(€©)(Brs oo B, (Ch, s ) —2-

Np(C)®((Aq4, ..., Apn), (C1, ..., C))

NFin,.((m),(l))

N Fin,((n), (1))
is a homotopy pullback square for each object (C1,...,C}) in Np(C)®. In other words, for
each g € Fin.((m),(l)), we need to show that

Np(C)®?((Bi, -, Bi), (C1, -, C1) X NFin. vy {8} = No(C)¥((Ay, ..., An), (C4, ..., 1))

is a homotopy equivalence onto the component of Np(C)®((Ay, ..., 4,), (C1, ..., C})) lying over
B oain Fin.((n),(l)). This means that for each k € () \ *, the induced map

[+ Np(C) (®jea-109 B Ei) = Np(C) (®ie(goa)-1(0)Ai, Ei)



ON THE MORITA FUNCTORIALITY OF THE HOCHSCHILD COMPLEX 15

is a homotopy equivalence, which is equivalent to saying that
f*: C(®jes-109 By Br) — C (ie(gon)-1(0)Ais Ei)
is an equivalence of categories, which holds by assumption. O

Definition 2.38. e [22, Definition 3.1.0.1] Let sSet™ be the category of marked simlicial sets.
The objects of sSet™ are pairs (X, ), where sXy, C £ C X is a subset of X; containing the
degenerate edges. The morphisms (X, &) — (Y, &) in sSet™ are morphisms of simplicial sets
f: X — Y such that f(€) C &

e Given a simplicial set X, define the marked simplicial sets
X" =(X,sX,) and X*= (X, X;)
with markings given by the degenerate and all edges respectively.
e [22, Notation 3.1.0.2] Let sSet;rS be the over-category of sSet™ with respect to S*.

e [22, Definition 3.1.1.8] Given a morphism of simplicial sets p: X — S, let X* = (X, &,p) €
sSet;“S be the marked simplicial set over S where &£ is the set of p-coCartesian edges in X.

Definition 2.39. [22, Section 3.1.3] If X — S and Y — S are simplicial sets over S, define
the mapping space Hom*(X,Y) C Hom g+ /s(X,Y) to be the subspace of the simplicial
mapping space defined by

Homgset (K, Hom*(X,Y)) Homyg qr. (K* x X,Y).

Lemma 2.40. [22, Proposition 3.1.3.7] There is a simplicial model structure on sSetjrS, called
the coCartesian model structure, for which the equivalences are the Joyal equivalences and
cofibrations are monomorphisms. In this model structure, the fibrant objects are the marked
simplicial sets X? where p: X — S is a coCartesian fibration.

Lemma 2.41. [22, Lemma 3.1.3.6] Consider the morphism F' in Set;rs
F

BN

such that F' is an inclusion of simplicial sets and let C' — S be a coCartesian fibration. Then
the induced map F*: Hom*(Y, C%) — Hom?*(X,C) is a Kan fibration.

X

Y

q

S

Definition 2.42. Let p: C® — NFin, be a symmetric monoidal quasi-category. We define
its object monoid ObC® by fixing one coCartesian lift f; for each pair

((n) L (m) € NFin., (C), ...,C,) € ObC*™)

such that id, = id, and taking the full subcategory of C® on these morphisms. We obtain an
inclusion 7: ObC® — C® over NFin,.

Lemma 2.43. Let p: C® — NFin, and ¢: D® — NFin, be symmetric monoidal quasi-
categories and let i: ObC® — C® be the inclusion of the monoid of objects. If F': C® — D®
and G: ObC® — D are symmetric monoidal functors and v: G — F|opce is a natural
equivalence, then F' can be pulled back along + to produce a new symmetric monoidal
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functor F’: C® — D® which equals G on objects and on morphisms sends f: z — y to
F'(f) ~ 7, o F(f) 0 v

Proof. Let I be the groupoid with objects 0,1 and an isomorphism 0 — 1. The Kan complex
N1 classifies homotopy equivalences in quasi-categories [9, Proposition 2.2]. We apply Lemma
2.41 to the inclusion i: ObC® — C® and the symmetric monoidal quasi-category D%, then
the induced map of simplicial sets Hom*(C®, D®) — Hom*(Ob(C®, D®) is a Kan fibration by
Lemma 2.41. As such, we can find a lift in the square

A Hom*(C%, D®)

P

Hom*(ObC®, D?)

NI

The image of 1 under h then has the desired property. It follows that %(1) also preserves
coCartesian edges and so is a symmetric monoidal functor. Il

Replacing N Fin, with the point A" as the base simplicial set and using the same argument
results in the following result:

Lemma 2.44. Let C and D be quasi-cateogries and let i: ObC — C be the inclusion of the
set of objects. If F': C — D and G: ObC — D are functors and v: G — Fopc is a natural
equivalence, then F' can be pulled back along ~ to produce a new functor F”: C — D which
equals G on objects and on morphisms sends f: z — y to F'(f) ~ fyy_l o F(f)on,.

3. THE MORITA CATEGORY

Throughout, fix a commutative ring k. We denote by dgAlg, the (large) category of
dg-k-algebras and algebra homomorphisms.

In this section we introduce the (large) Morita (2,1)-category, which is a 2-categorical
version of [18, Section 2.4] and study its properties and relation to the category of algebras
over k. In the following, by Morita functoriality we will mean a functor out of the Morita
(2,1)-category.

Definition 3.1. Fix a commutative ground ring k. We define the Morita category Mory, as
the following (2,1)-category.
e The objects are dg-k-algebras.
e For a pair of dg-algebras A, B, Mory(A, B) is the groupoid of (B, A)-bimodules and
(B, A)-bimodule isomorphisms.
e For a triple A, B, C € Ob Mory, the composition functor

Mor (B, C) x Mor,(A, B) — Mor(A, C)

is given by tensor product over B: (P,Q)+— P ®p Q.
e The unit of a dg-algebra A in Mory, is given by A considered as an (A, A)-bimodule.
e The associators and unitors are given by the associators and unitors for the tensor
product, that is

OzA,B,QD(P, Q,R): P ®c (Q Rp R) = (P Rc Q) ®p R
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)\A,B(P):B®BP1>P

Lemma 3.2. The following defines a 2-functor m: dgAlg;, — Mory.

e m is the identity on objects.

e A homomorphism of dg-algebras f: A — B is sent to the (B, A)-bimodule By = B,
with left structure map the multiplication m: B ® B — B and right structure map
mo(id® f): B& A — B.

e The 2-morphism my, : 1) — ma a(ids) is given by the identity morphism A — A
in the category of (A, A)-bimodules.

e For dg-algebra homomorphisms A ENy: XNV , the 2-morphism
M4 BC: Cg Xp Bf — Cgof
is given by the natural isomorphism ¢ ® b — ¢ - g(b), where - is the product in C.

Proof. We need to verify the commutativity of the diagrams in Definition 2.8. The vertical
arrows in the unitor diagrams are identity morphisms, so it is sufficient to observe that for
an algebra homomorphism f: A — B, the structure maps

ma,p,8(idgs, f): B, ®B By — By
and

maaa(f,ida): By ®4 Aiq, — By
are exactly the unitor maps in Mor,. For the associator diagram, we need to show that for
dg-algebra homomorphisms

the following diagram commutes:

QA B,C,D
(Dn ®c Cy) ®@p By Dy, ®c (Cy ®p By)
mg,c,p(h,g) ® By Dy, ®c ma,g,c(g, f)
Dhog @ By Dy @c Cgoy
ma,g,p(hog,f) ma.c,p(h,go f)
Dhogos - Dhogos

this follows from a calculation on elementary tensors. Namely, for d € Dy, c € Cy and b € By,
both sides of the diagram yield the composition

d®@c@bed-hc)- (goh)(b) =d-hic-g(b))
0

Definition 3.3. The 2-functor m: dgAlg, — Mor;, constructed in Lemma 3.2 is called the
modulation 2-functor.

Remark 3.4. Note that modulation is not a strict 2-functor as for homomorphisms of

k-algebras A % C , the (C, A)-bimodule C;, ® g By is only isomorphic and not equal to
Coof-
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The reason we restrict the 2-morphisms in Mor; to be isomorphisms is because Lemma
5.11 does not hold for arbitrary bimodule homomorphisms.

Lemma 3.5. ([29, Example 2.10]) Mory, is a symmetric monoidal (2,1)-category, in the sense
of [16], under tensor product over k.

Lemma 3.6. The modulation functor m: dgAlg, — Mor; induces a symmetric monoidal
functor of quasi-categories

®
N(dgAlg,)® —™— Np(Mor;)®

i

NFin,

q

where m® is defined as follows: it is given by the identity on objects, and for a morphism
f: (A, ..., Ay) = (By, ..., By) lying over a map a: (n) — (m), the image

m®(f): (A1, ..., An) = (Bi, ..., Bm)
is the morphism given on components by m(f); = m(f;) = (B;)y,

Proof. We first show that m® is indeed a functor. We will construct a map Fun([2], dgAlg}) —
Homg’I)Cat([Q], Mor}). From the construction it will be clear that the general case follows
similarly.

Given a finite set I and algebra homomorphisms g;: A — B fori € I, the (®;e;B?, @ic1 A?)-
bimodules ®;e; B, and (®ie1B’)g,.q, are in fact equal.

An element of Fun([2],dgAlg}) is given by a pair of maps of finite pointed sets

(n) % (m) 2 (r)
and morphisms

(A1, ., Ay) L (By, .. Bp) S (Ch, . C)

lying over these. The composition m®(g)m®(f), given componentwise by

(m®( ® ® A, ST T ®jes—100M ® B m(gk

JEBTL(K) ica=1(y) JjeB=1(k)

a (Ck, ®;A;)-bimodule, this is given by

(Ck)gs ®8 5101 Bs (®jes1w)(Bi)r,) = (C)a, B®;es-1005s (®jeﬁfl(k)3j)®jeﬁfl(k)fj
such that the composition 2-morphism m®(g)m®(f) — m®(g o f) is given componentwise by
the canonical isomorphism mg, 4 6.5 c-

In summary, the normal 2-functor [2] — Mory obtained from (f, g) takes (0 — 1) to m®(f),
(1 = 2)tom®(g) and (0 — 2) to m®(go f), with structure map m®(g)m®(f) — m®(gof) given
componentwise by Mg, 4s,8,c. The functoriality of m® therefore reduces to the functoriality
of m, and the general case follows similarly.
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Let a: (n) — (m) be a map of finite pointed sets. By Lemma 2.37, the coCartesian lifts of
a in N(dgAlg,) are precisely those morphisms f: (Ay, ..., A,) — (B, ..., By) such that each

component

i€a~1(j)
is an isomorphism. Such an edge is sent by m to an edge where each component is a
Morita equivalence, which is coCartesian by Lemma 2.37). It we conclude that m® preserves
coCartesian morphisms and is a symmetric monoidal functor. O

Definition 3.7. Let dgCat,;, be the (large) category of dg-categories over k. We consider it
as a dg-category. Given a pair of dg-categories A and B, the complex of functors Fun (A, B)
is given in degree n by Chg-enriched functors A — B such that for each pair of objects
ag,a; € Ob A, the chain map

A(ao, Cll) — B(Fao, Fal)

has degree n.
We denote the underlying (strict, large) (2,1)-category of dgCat, by dgCat,?’l). It is given
as follows:
° dgCat,(f’l) has the same objects as dgCat,.
e Given as pair of dg-categories A, B, the category dgCat,(f’l)(.A, B) has objects given
by ZyFung (A, B), and for a pair of such functors F,G: A — B, the two-morphisms
F' — G are given by natural transformations.

Definition 3.8. Define a functor P_: Mor, — dgCat,f’l) by sending an algebra A to the
dg-category P, of finitely generated projective left dg- A-modules and dg-A-module homomor-
phisms. Given a (B, A)-bimodule P, assign the functor P ® 4 —: P4 — Pp. To a bimodule
isomorphism \: P — P’, assign the transformation A ®4id: P4 — = P’ ®4 —.

4. THE DoLD-KAN EQUIVALENCE

In this section we briefly recall some material on the Dold-Kan equivalence.
The Dold-Kan equivalence is an equivalence of categories
M: sMod, = Ch%: T
between simplicial k-modules and connective dg-k-modules.
Definition 4.1. The functor M takes a simplicial k-module A, to the chain complex M A,

where M A, = A,/sA,_1, the quotient of A, by the degenerate simplices. The differential
d: MA, — MA,_; is given by the alternating sum of face maps d = 7_ (—1)'d;.

sMod;, and Ch,f0 are symmetric monoidal categories under the degreewise tensor product
® over k and the usual tensor product ® of complexes, respectively. M is an equivalence of
monoidal categories, but not of symmetric monoidal categories, as the inverse functor is only
an E..-monoidal (we will not need this notion in the present paper; see [27] for a definition).

Definition 4.2. A (p, q)-shuffle, is a permutation o of (1,...,p + ¢) such that
o(l)<o(2) <..<a(p)

and
ocp+l)<olp+2)<..<olp+q).
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Let X4 € Xp4q denote the subset of (p, ¢)-shuffles.

Definition 4.3. [11, 5.3] Let A; and Ay be simplicial k-modules. The shuffle map is the
natural transformation M(A;) ® M(Ay) — M(A;®A;) given by

sh(a; ® ap) = Z SEN(0)So(prq)---So(p+1)a1 & So(p)---So(1)d2.
€Y (p,q)

Definition 4.4. [12, 2.9] Let A and B be simplicial k-modules. The Alezander- Whitney map
AWap: N(A®B) — N(A) ® N(B)

is defined on elementary tensors a ® b € A,, ® B,, as

AWap: (@®@b) =Y digy...dn_1d,a® (do)'b
i=0
As with the shuffle map, we omit A, B from the notation AW, p when there is no risk of
confusion.

The shuffle and Alexander-Whitney maps are associative (see [11, Theorem 5.4] and [12,
Corollary 2.2]) and mutual homotopy inverses [12, Theorem 2.1].

Notation 4.5. Write sh,, for the natural transformation
shy,: M(A) ®...0 M(A,) - M(A®..Q0A,)
of functors sMod;™ — Chy.

5. HOCHSCHILD CHAINS ON DG-CATEGORIES
We first remind the reader of some standard constructions.

Definition 5.1. [18, Section 5.4] The cyclic bar construction on a dg-category A is given by
the simplicial chain complex

CalA)n= P Alan a) ® Alag,a1) ® ... ® A1, a,)
ag,...,an€O0b A
with simplicial face maps
oR.Qfinfi®.f ,i<n
d; e ® fn) = , .
fo®..® fu) { fofa® ® . ® foy | Li=n

The Hochschild boundary operator is given by b = " (—1)'d; and makes Ca(A) into a
double complex C.(A). We define the Hochschild complex C'(A) of A to be the @-total
complex of C.(A).

If F: A— B is a functor between dg-categories, let C(F): C(A) — C(B) be given on the
level of the cyclic bar construction by
Fapa®-®Fa,_1.an

Alap, a9) ® ... @ Ala,_1,a,) > B(Fa,, Fag) ® ... @ B(Fa,_1, Fa,).
Definition 5.2. Let s, ,: [p+ q] — [p] % [g] be the embedding given by
s(a) = (a,0) ,0<a<p
L (pa=p) p+l1<a<piq

Thinking of s, , as a sequence of moves either vertically or horizontally, the set of (p, ¢)-shuffles
acts on s by permuting the moves.
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Definition 5.3. e Let A, B be dg-categories over k. Define the dg-category A ® B with
objects Ob A x Ob B and morphisms (A ® B)((a,b), (a',0)) = A(a,a’) @ B(b, V).
e Given a Hochschild chain

fro— [
(an Jo, ao EEN /i ap-1 > ayp)

in A, write f: k[p] — A for the restriction to the latter p morphisms.
The external shuffle map

S_hABZ C(.A) ® C(B) — C(.A & B)
is defined as

(Cln g ap g f;;;> ap—1 E} CLp) &® (bn g bo g %;1> bq,1 g bq) —

Z sg(a)(fo ® go, (f @ 9)(0 - $p6)(0 = 1)), (f @ 9)(0 - spg)(P+a—1 = p+0q)))

o€(p,
o(i)q(iﬁne the external Alexander- Whitney map
AW 45: C(A® B) — C(A) ® C(B)
taking
(ans bn) 5 (a0,b0) = oo = (an1, b0 1) 7" (an, by)
to

n

Z(fOfn--pr ®f1®...®@ fp) ®(gp--90 ® Gpt1 ® ... @ gn)
p=0
As in the case for algebras, sh and AW are mutually inverse quasi-isomorphisms.

Lemma 5.4. Let A and B be dgas over k, considered as dg-categories with one object. Then
ShA,B = ShA,B and AWA,B = AWA,B-

Proof. That the Alexander-Whitney maps agree is immediate from the simplicial structure
of the cyclic bar construction.
To see that the shuffle maps agree, fix a (p, ¢)-shuffle 0. Given a degree p Hochschild chain

of a = ay®a of A, where a € A®?, and a degree ¢ Hochschild chain b = b, ® b of B , we have

og-(@®@b)sy (r—r+1)= <a (a®1)syq(r —r+ 1)) ® (a (1 ®’5)sp7q(r — 7+ 1))
where o - (@ ® 1)s,,(r — r+1) = 1 if an only if c~!(r) > p. In ohter words,
ag ® <a (@®1)8,,(0—=1),..,0- (@@ V)s,,(p+qg—p+aq+ 1)) = So(p+q)---So(pt1) 0
and similarly
by ® (O’ (b® 1)spq(0 = 1),...,0- (b® Dspe(p+q—=p+q+ 1)> = So(p)---So(1)b-
Il
Lemma 5.5. ([18, Section 5.5]) Let A be a dga over k, and regard A as a category with one

object *. The inclusion i4: A — P4 sending * to A induces a natural homotopy equivalence
ea: C(A) = C(Pa).

Definition 5.6. For each dga A over k, let fa: C(Pa) — C(A) be a homotopy inverse to

€A.
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Remark 5.7. We do not know if f4 can be chosen to be strictly natural in A, but we
expect it to be impossible. For ordinary algebras, the known construction corresponds to
realizing each projective A-module as a direct summand of a free module, see the proof of
[24, Proposition 2.4.3].

By the above, using a non-symmetric monoidal version of Lemma 2.43, a functor F': P4 —
Pg induces a morphism fgo Foey: C(A) — C(B), which is compatible with composition
up to coherent homotopy in the sense of Lemma 2.44, and this morphism is a homotopy
equivalence if the functor is an equivalence. In particular, such a map is induced by a
(B, A)-bimodule P, and is a homotopy equivalence when P witnesses a Morita equivalence.

Remark 5.8. It is well known (see [19, Section 4.1.1]) that conjugation by an invertible
element induces the identity morphism on Hochschild homology. The same is true for the
modulation functor landing in the Morita category, see [18, Section 2.4].

Lemma 5.9. Let f: A — B be a map of dga’s. The following diagram commutes up to
natural isomorphism:

€A

C(A) ——— C(Pa)
f By
C(B) C(Pg)

and hence the maps HH(A) — HH(B) induced by f and the (B, A)-bimodule By are equal.

Proof. We examine the two compositions at the level of the cyclic bar construction. The
lower part of the diagram takes a Hochschild chain (ag, ..., a,) € A" to

(f(ao), ..., f(an)) € B*".
The upper part takes a Hochschild chain (ay, ..., a,) € A®"*! to the chain
(1®ag,...,1®a,) € (By @4 A)*"
where the natural isomorphism is the unitor pg 4: Bf ®4 A = B taking (1 ® a) to f(a). O

Lemma 5.10. Let M and N be a pair of (B, A)-bimodules and let ¢: M — N be a bimodule
isomorphism. We obtain a natural isomorphism M ®, — — N ®4 — of functors P, — Pp
given componentwise by ¢ @ id: M ®4 P — N ®4 P.

Proof. Given a morphism : P — @ of perfect A-modules, the naturality squares are of the
form

¢ ®id
M®4 P N®yP
id ® 1 id ® ¢
M@AQ¢ — N®aQ

and so they commute. U
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Lemma 5.11. Let A and B be a pair of dg-categories, F, G: A — B a pair of dg-functors and
¢: F'— G a natural isomorphism. Then ¢ induces a homotopy h: C(F) — C(G) between
the induced morphisms C(F),C(G): C(A) — C(B).

Proof. We construct a presimplicial homotopy in the sense of [19, 1.0.8] at the level of the
cyclic bar constructions. This will imply the statement. For a Hochschild chain

Jn— n
(07% io-) ao il% —1> Ap—1 f—> an,

in Ca(A)p, let hy: Ca(A),, = Ca(B),11 be given by
hi: (f07 7fn) = (F(fO) o ¢(;117F(f1)7 "'7F<fi)>¢ai7G(fi+l)a 7G(fn>>

We are left to verify the relations
(1) dzh] = hjfldi for i < j,
(2) dzh] :dihj—l for 0 <z§nandz:] OI'Z.:]"i‘l,
(3) dlh] = hjdi—l for i > j+1,
(4) doho = C(G), dpsihy = C(F)
Note that since ¢ is a natural transformation, the below diagram commutes, and h;( fo, ..., fx)

can be viewed as the Hochschild chain starting at G(a,), traversing the upper part of the
diagram for the first ¢ morphisms and then goind down to the lower part.

F 0 F I3 F 1+1 F n
Py F0FE) L Fe) FG) L
Pa, [Gﬁai Pa,
G 0 G i G +1 G n
o) (fo) ~— Gf) () (fir)  Gfn) Gla)

Relations (1) and (3) clearly hold. Relation (2) boils down to the commutativity of the
following diagram:

Flay) i) Fla)

w| e

G(al_l) m G(CLZ)

for i = or i =+ 1, which holds by naturality. Relation (4) is checked by hand:

dOhO(an ) fn) = (¢a0 © F(fO) © ;nl’ G(fl)a ) G(fn)) = (G(fO)a L) G(fn))
by the naturality of ¢. Similarly,

dn+1hn(f0, :fn) = (F<f0) © ;nl © ¢an>F(f1)>"'?F(fn)) = (F(f0)>7F(fn))
Then h =" ,(—1)"h; is a homotopy between C'(F) and C(G) by [19, Lemma 1.0.9]. O

Corollary 5.12. If A and B are dg-categories over k and F': A — B is an equivalence of
categories, then F' induces a homotopy equivalence C(F): C(A) — C(B).
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Definition 5.13. Let A™ be the groupoid 0 = 1 < ... S n. and let kA™ € dgCat, be
the free k-linear category on A™. In other words, for every 0 < i,j < n, kA"(i,5) = k
concentrated in degree 0.

Lemma 5.14. The Hochshcild complex C'(kA™) is acyclic.

Proof. This follows from Corollary 5.12 since kA" is equivalent to its full subcategory on
0. O

Definition 5.15. Let S.A,, be the reduced simplicial chain complex of the n-simplex, i.e. it
has a generator in degree k for each functor f: [k] — [n] such that f is injective on objects,
and the differential d: SpA,, — Sk_14, is given by d = Zf:o 0f, where 0;: [k — 1] — [k] is
the injection omitting the ¢2’th object.

Definition 5.16. Let m,n > 0. There is a map i,,: S«(AS™) — C((kA™)®™) given by
sending a functor f: [p] — [n]*™ to the Hochschild chain

in(f)=(fO=p) L f0=1),...f((p—1) = p))
For ease of notation, we simply write ¢ := ;.

Lemma 5.17. Let A: A, — AX™ be the diagonal embedding, and write also A: kA" —
(kA™)®™ for the diagonal functor. Then the diagram

i

C(kA™)

| B

Su(AF™) ——— C((kA™)®™)

tm

comimutes.

Proof. The diagonal map A, : C(kA™) — C((kA™)®™) takes a Hochschild chain (fo, ..., f,)
to the diagonal chain (Afp, ..., Af,), such that the upper part of the diagram takes a functor

f[pl = [n] to
Ai(f) = (Af(0—=p) AF(0—=1), .., Af((p—1) = p)).

On the other hand, the diagonal map A,: S.(A,) — S.(A™) takes a functor f: [p] — [n]
to the composition

m

] & [n] 5 ().

such that
im © Du(f) = im(D o f) = (AF(0 = p) 7L AF(0 = 1), Af((p = 1) = p)) = Adil(f).
So the diagram commutes. O

Lemma 5.18. The following diagram commutes.
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Su(A)Em " Gk An)Em
shl k%
SL(AZ™) s (kA

Proof. We give a proof for the case k = 2. The general case is similar. We have to prove that
the following diagram commutes.

S (A) ® S.(A,) 2L C(kA™) ® C(kA™)
sh sh
Su(Ay X A,) ——— C(RA" @ kAT

(3

Recall the functors s,,: [p] X [¢] = [p + ¢| from Definition 5.2 and the action on s,, by
shuffie maps. Then given a pair of functors f: [p] — [n] and g: [¢] — [n], the lower part of
the diagram evaluates to

isosh(f,g)=is [ D (seno)(f x g)o(0-sp)

0€Yp q

= ) (sgno) (f0=p) ' ®g(0—=q) ", (f xg)o(0-50)(0 = 1),...
o€ q
o (fxglo(o-spg)((p+a—1) = (p+9))
However, this action of the (p, g)-shuffles is precisely the action on Hochschild chains, so this
is equal to

Z (sgno)o- (f(0=>p) ' ®@g(0— ¢ ', f®id,id® g)
| — Sh(i(f).i(g))

so the diagram commutes. O

Observation 5.19. e By the Dold-Kan equivalence, we can consider Chy as a simplicial
category with morphism spaces

HOHlChk (A, B)n = ZoHOIHChk(S*An (%9 A, B)

i.e. chain maps S,A, ® A — B. The composition of two degree n morphisms S,A, ® A B
and S.A, ® B C is given by the composition

S, @ ALY g (A, xA) @A YI G A wSA ©A Y s A, 0B C

e Since dgCat,(f’l) is a strict (2,1)-category, it has an associated simplicial category dgCatgi)

)

see Definition 2.15). A degree n morphism in dgCa‘c(Q’1 is given by a chain
k,A

JoNRAN NN 8
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of natural isomorphisms of functors F;: A — B in Zy(Fun(A, B)). This can equivalently be
expressed as a functor kA" ® A — B in Zy(Fun(kA™ ® A, B)). In other words, there is a
natural isomorphism

dgCati’y (A, B),, = Zy(Fun(kA" © A, B)).

Lemma 5.20. Let A and B be a pair of dg-categories, F,G: A — B a pair of dg-functors
and ¢: F' — G a natural isomorphism. We get an induced morphism

S.A; ® C(A) 289 c(kAY) @ C(A) T (kAT @ A) 25 O(B).
This map is equal to the homotopy constructed in the proof of Lemma 5.11 when evaluated
at the top non-degenerate simplex [1] SN [1] in S.A;.
Proof. Write u: 0 — 1 for the morphism in A! and let

an, Jo, ag...Gp—1 ELN an,

be a Hochschild chain of A. Then the above composition evaluates to

(072 01) @ (fos o fu) &5 (0, 0) @ (fos s )
B3 (seno)o - (o u™), (a0 @u), (18 fi), e (19 £))

o€X1,n

n

= : <_1)i((f0 ® u_1)> (fl & 0)7 sy (fz & O), (ai & u)v (fi+1 ® 1)? sy (fn ® 1))

o2 i _
SN (D HEfo) 0 bty FU), o () Gay Gfi)s s Gf)
i=0
which agrees with the homotopy h constructed in the proof of Lemma 5.11. O

Lemma 5.21. By the Dold-Kan equivalence, consider Ch, as a simplicial category. Let A
and B be a pair of dg-categories. There is a simplicial map NFun(A, B) — Hom(C(A), C(B))
extending to a functor of quasi-categories C'(—): NAdgCat,(jg) — NAChy.

Proof. We will construct a simplicial functor up to coherent homotopy dgCatgi) — Chy.
Then such a functor gives rise to a simplicial map between their simplicial nerves.

Let Fy,..., F,: A — B be a collection of dg-functors and let Fj LN N F,, be a chain of
natural isomorphisms, and let ¢: kA" ® A — B be the associated functor sending i ® a to
Fi(a) and u; ® a to ¢, ,: Fi_1(a) = Fi(a).

We precompose the induced chain map of ¢ with the external shuffle map (see Definition
5.3) to obtain a chain map

C(8): S.A, ® C(A) 24 C(kA™) ® C(A) & C(kA™ @ A) 25 O(B).
We now verify that this assignment is compatible with composition. If we in addition have

dg-functors G, ..., G,,: B — C and natural isomorphisms G| LN N G, we get an induced
functor ¥: kA" ® B — C as above. We can also horizontally compose the 1;’s and ¢;’s to
obtain a chain

GOFO ¢1*¢1> ¢n*¢n> GnFn

and an associated functor ¢ x ¢: kA" ® A — C. These chains fit into commutative diagram
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EA™ ® A
A®id vx¢
EA™ @ kA" @ A EA™ @ B C
id® ¢ (G
where A: A" — A" ® A" is the diagonal functor, and v * ¢ is the composition of ¢ and ¥ in
dgCat,(fi).

Similar to the map i: S,.(A,) — C(kA™), the Hochschild complex C'(kA™ ® kA™) contains
a product of two n-simplices there is a map

in: Su(Ap x Ay) = C(EA™ ® kA™)

The composition C(¢) o C(¢) is given by the upper part of the below large diagram, which
the lower part is given by C'(¢ % ¢). The only squares that need to be checked are the leftmost
ones. The lower leftmost square commutes by Lemma 5.17, while the upper leftmost square
commutes up to homotopy by Lemma 5.18.

10i®1 1®sh 1® ¢
Si(An) @ S:(An) @ C(A) — Su(An) @ C(EA™) ® C(A) — Su(An) @ C(EA™ ® A) — S.(An) ® C(B)

i1®1 i®1 i®l
1®sh 1® ¢x
AW C(kA™) ® C(kA™) ® C(A) —> C(kA™) @ C(kA™ @ A) —> C(kA™) @ C(B)
sh®1 sh sh
i2®1 sh (1® @)«
Si(An x Ap) @ C(A) C(kA™ @ kA™) ® C(A) C(EA™ @ kA" ® A) C(kA™ @ B)

i®1 sh (¥ * @)«
C(kA™) ® C(A) C(kA™ ® A)

S«(An) ® C(A)

The general case for an m-fold composition in degree n is similar, with the homotopies
parameterizing the m-fold composition contained in the complex

Natggerxm (Si(— X ... X =), Su(— X ... X —))

which is contractible by [6, Satz 1.6]. In other words, we have obtained a functor up to
coherent homotopy

dgCat,(jg) — Chy.
Now, let A,, ..., A,, be dg-categories, and for each 1 < i < m, let

b1, Pni
FO,i — Fl,i~-~ — Fn,i

be a sequence of natural isomorphisms defining a functor ¢;: kA" ® A;,_; — A;. By the
contractibility of the above complex, there is a morphism of simplicial sets

NPo,m — HOIIlChk (-A07 Am)
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(recall Definition 2.12) sending the subset I = {0, 11, ..., ix, m} to the composition

C(¢n kX ...k ¢ik+1) o C(¢zk k* ...k ¢ik71+1> O0...0 C(¢1 * gb“)
and the inclusion I \ {i;} C I applies the homotopy corresponding to the square

bijpa—iy ©lij—ij_s

S AT @ S, (AR

C((kA")2irm=4) & O((KA™) 1)

AW sh

Yijp1—ij—1

SL(AHTI C((kA™)@i+1-ii1)

Finally, given a natural isomorphism H: ¢ — ¢ * ¢1 in N, AdgCat,(ji), the homotopy C(H)
is contained in the lower right corner of the big diagram above, so that it does not interact
with the homotopies relating the different composites. Indeed, we may extend the assignment
above such that NP takes {0, 1,2} to C(¢2)oC(¢1) and {0,2} to C(¢), where the inclusion
{0,2} € {0, 1,2} applies the homotopies C'(H) and sh o AW — id in any order. The general
case is identical, so the above assignment extends to a morphism of simplicial sets

NadgCat{y) — NaChy,
as claimed.
O

Theorem 5.22. The functor dgAlg, — Chy, taking A to C'(A) factors through the modulation
functor dgAlg,, — Mory. Furthermore, C'(—) takes equivalences of dg-categories to homotopy
equivalences of chain complexes. We obtain the below diagram, which commutes up to
coherent homotopy.

N(dgAlg,) Np(Mory,) ——— Np(dgCat")
O —
c(-) - (=)
Na(Chy)

Proof. The middle and right vertical functors exist by Lemma 5.21. The right triangle
commutes by definition, while the left triangle commutes by Lemma 5.9. U

6. SYMMETRIC MONOIDAL STRUCTURE

In this section we will prove that the left triangle of Theorem 5.22 can be upgraded to a
homotopy-commutative diagram of symmetric monoidal quasi-categories. This will complete
the proof of the main theorem.

We begin by discussing shuffle maps of Hochschild complexes of dg-categories of finitely
generated projective modules.

Notation 6.1. For an n-tuple of simplicial k-algebras A= (Aq, ..., Ay,), we write
C(P(A)) = C(Pa,) ® ... ® C(Pa,)
We apply the maps e, fa, ha of Definition 5.6 componentwise to obtain maps

- -,

ey: C(A) = C(P(A))
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-, —,

fx: C(P(A)) = C(A)
hiezfz— idC(P( 1)
Construction 6.2. Consider an n-tuple of dg-algebras A = (Aq, ..., A,) and write
A=4®..®A,.
We define a map sh! : C(P( H)) — C(P4) by
sh!, = eqosh, o fz.

Then the following square commutes:

O(d) —2 o(p(A))
sh, hsh;
C(4) —— O(P)

A homotopy inverse to sh, is given by AW, :=e ;0 AW, o fa.

Since f, the homotopy inverse of e, is not a strict natural transformation, the following
alternative choice of shuffle maps will be needed to produce a strictly natural shuffle map for
dg-categories.

Definition 6.3. e Let

(—®—): Pa®@Pp — Pagn
be the natural functor given on objects by (M, N) — M ® N and on morphisms by the
canonical map

Hom (M, M") @ Homp(N, N') — Homugs(M ® N, M’ ® N')

induced by the symmetric monoidal structure of Chy,.
e For A and B dga’s over k, we define the internal shuffle map as the composition

sh: C(P) © C(Pp) 2 C(Pa @ Pr) "2 C(Pass).

Lemma 6.4. The square

C(A) @ C(B) AL Py © C(Py)
sh sh
C(A® B) C(Paws)

€ARB
commutes. It follows that sh and sh’ are homotopic maps. In particular, sh is a homotopy
equivalence with inverse AW’.

Proof. This is a consequence of Lemma 5.4. In particular, the image of sh under e4 ® eg O

Remark 6.5. One can in fact observe that sh’ = sh o (e4 ® eg) o (fa ® fg). Indeed,
sho(es®ep)o(fa® fa) = (eawn) osho (fa ® fp) = sh’, and the homotopy relating sh and
sh’ is simply the homotopy ha ® hp: (ea ® ep) o (fa ® fg) ~ id.
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Lemma 6.6. Let P = (Pr,...,Py): (Ay, ..., Ay) — (By, ..., By) be an n-tuple of morphisms in
Mory, i.e. for each ¢, P; is a (B;, A;)-bimodule. We write A = A1 ®...Q0A,, B=B®...Q B,
and P=P, ®..® P,: A— B. Denote the induced maps on Hochschild complexes by

P.: C(P(A)) — C(P(B))
and

Then the following diagram commutes up to homotopy.

- P, o
C(P(A)) C(P(B))
shnl lshn

C(Pa) C(Pg)

Proof. We give the computation for the case n = 2 and at simplicial level 1. The general case
is similar. o
We begin by factoring sh,, as (— ® —), o sh,, to expend the diagram as follows

- P, -
C(P(A)) C(P(B))
sh sh
(P ® Ps)s
C(Pa, @ Pa,) C(Pp, ® Pg,)

(—® =)« (—®-)
(Pl & P2)*
C(Pa) C(Ps)

Now the upper square commutes by naturality of sh, and we will produce a homotopy for the
bottom square. The legs of the bottom square are both induced by functors

Pa, ® Pa, = Pp.

By exhibiting a natural isomorphism between them, we will obtain a homotopy by Lemma
5.11. Now the upper leg of the bottom diagram is induced by the functor

(My, M) = (Pr ®a, My) ® (P2 ®a4, M>)
and the lower leg is induced by the functor
(M, M) = (P, ®@ Py) ®4,04, (M ® Moy).
There is a canonical isomorphism
(P1 ®a, M) @ (P2 ®a, Ma) = (P1 @ P2) ®a,04, (M1 ® M,).

This isomorphism is natural, such that given homomorphisms f;: M; — Nj of left A;-modules
and fo: My — Nj of left As-modules, there is a commutative diagram
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(id®f )®(id®f )
(P @4, My) @ (Py @, M) : 2 (P @4, N1) @ (P @4, No)

~ ~

(d®id) ® (f1 ® f2)
(P ® P2) ®@a,04, (M1 ® Ms) (P ® P2) @a,04, (N1 ® Ny)

which finishes the proof. O

Theorem 6.7. The Hochschild complex functor C(—): NpMor, — NaChy of Theorem 5.22
extends to a symmetric monoidal functor of quasi-categories

o ¢ ®
S
N Fin,
such that the diagram
Npm
NdgAlg® —2— NpMor?
C(-)

C(-)

NaChY

is a homotopy commutative diagram of symmetric monoidal quasi-categories.

Proof. The component over (n) € N Fin, is given by applying the functor C'(—): NpMor, —
NaChy, of Theorem 5.22 componentwise, sending an n-tuple (4, ..., 4,) in NpMor}y to
(C(Pa,),...,C(Pa,)) € NaCh?. Using the description of morphisms of Lemma 2.29, a
morphism P: (A, ..., A,) — (B, ..., By,) lying over a map ¢: (n) — (m) with components

.....

is sent to the morphism
C(P): (C(Pay),...,C(Pa,)) = (C(Pg,),...,C(PBg,,))
whose components are given by

C(P;)

sh
C(P);: ®ieg1(j) C(Pa,) = C(Pg,a,) — C(Ps))
We extend this assignment to a simplicial map C'(—): NpMory — NAChP. In simplicial
degree 2, this looks as follows. The general case is similar. Let [2] — Mor} be a normal
2-functor, corresponding to a diagram
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(A1, A) —2—— (By, ..., By) (n) —>—— (m)
x : \ F
(Ch,y oy C) (1)

where the left triangle lies over the right triangle and commutes up to an isomorphism
¢: Qo P — R. In NAChY, we then have a diagram for each non-basepoint element k € ([},
in which the upper triangle commutes by associativity of shuffle maps, the square commutes
up to homotopy by Lemma 6.6, and the lower triangle commutes up to homotopy as given
by Lemma 5.11.

sh Rjep—1(m) (f3)x
Rica-1() Bjes-10.C(Pa;) — Qjes10) CPorepr ) — Qjep-1ay €(Ps;)

sh sh

jEB*l(k)Bj)

(gk)

C(Pck)

In this way, the functoriality of C(—): NpMory — NAChY reduces to the functoriality of
C(—): NpMory — NaChy, which we know by Theorem 5.22.

Now, P is p-coCartesian if and only if each P; is an equivalence in Morj (see Lemma
2.37), i.e. the (B, j, ®;eq-1(jyAi)-bimodule P; is a Morita equivalence, such that the functor
(P; ®a—): Po,c 1 A T Pp,; induced by tensoring with P; is an equivalence of categories,
and finally this implies that the induced morphism C(f;) is a homotopy equivalence by
Lemma 5.11. Since sh is a homotopy equivalence by Lemma 6.4, this implies that each C'(P);
is a homotopy equivalence, hence C'(P) is coCartesian (ref. Example 2.31). We conclude that
C(—) preserves coCartesian edges, such that C'(—) is a symmetric monoidal functor.

Consider now the following diagram of categories over N Fin,

Npm
NdgAlg? D NpMorf
C(-)
(=)
NAChY

This diagram commutes over each (n) € NFin, by Theorem 5.22. Let g: (n) — (m) be a
map of finite pointed sets and let f: (Ai, ..., A,) = (By, ..., By) be a morphism in NdgAlg}
lying over g with components

e

Now by Lemma 6.4 there is a commutative diagram where the upper and lower horizontal
morphisms are the images of the f; under the lower and upper legs of the diagram respectively.



ON THE MORITA FUNCTORIALITY OF THE HOCHSCHILD COMPLEX 33

sh C(fj)
Ricg—1()C (Ai) C(®iA;) C(B;)
®icg—1(5)CA €(®ieg_1(j)A"') €B;
sh C(Bj.5;)
Rieg1()C(Pa,) C(Pg,,) C(Ps,)

We conclude that e defined as natural equivalence between the upper and lower legs of the
triangle, which finishes the proof.
0

7. HOCHSCHILD COMPLEXES OF HOPF-LIKE STRUCTURES

Definition 7.1. Let CHopf be the prop of commutative Hopf algebras. A commutative
Hopfish algebra over k is a symmetric monoidal 2-functor

®: CHopf — Mory

To expand on this definition, a commutative Hopfish algebra is the data of

o A k-algebra A,

e An (A, A® A)-bimodule M,
e A left A-module 7,

e An (A® A, A)-bimodule A,
e A right A-module €, and

e An (A, A)-bimodule S,

together with structure given by

e An isomorphism of (A, A ® A ® A)-bimodules

M @apa (A® M) =M Qsg4 (M @ A)
e An isomorphism of (A® A ® A, A)-bimodules

(A®A) ®aga A= (AR A) ®aga A

e Isomorphisms of (A, A)-bimodules

M ®@apa (M@ A) ZA=M Qaga (AR )

(A®€) Dapa A= A= (e®A) ®aga A

M @apa (A®S) ®aga A=EN®e= M Qapa (S®A) ®aga A

e An isomorphism of (A ® A, A ® A)-bimodules (where 7: A® A - A® A is the twist
map)

(M@ M)Rpes (AQM(T) @A) Qo1 (ARA) = ARy M
e An isomorphism of right A ® A-modules
ERQAM=Ze®e€
e An isomorphism of k-modules
k=Ze®an

such that these isomorphisms are compatible with one another in the sense defined by the
2-functoriality of @, to the effect that any pair of compositions built from these isomorphisms
with the same source and target are equal.
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Remark 7.2. Let ® be a commutative Hopfish algebra and let A = ®(1). In [30], a
commutative Hopfish algebra is required to send the multiplication 2 — 1 in CHopf to

m(A® A LLLLN A), the image of the algebra multiplication under the modulation 2-functor.

Example 7.3. o If A is a commutative Hopf dg-algebra, then A arises as the image of 1 of a
symmetric monoidal functor ®: CHopf — dgAlg,, so the composition by the modulation

CHopf 2 dgAlg, = Mor,

is a commutative Hopfish algebra.
e For an example of a commutative Hopfish algebra which is not Morita equivalent to a
Hopf algebra, see [30, Section 6], in particular [30, Example 6.11].

There is a variation on Hopf algebras called quasi-Hopf algebras, where the co-associativity
of the coalgebra structure is weakened.

Definition 7.4. e [8, Page 116] A quasi-bialgebra is a unital associative algebra (A, m,n)
equipped with algebra homomorphisms A: A -+ A® A and €: A — k, and an invertible
element ¢ € A ® A ® A such that

(1) for all a € A, (A ®id)A(a) = ¢(id ® A)A(a)p™
(2) ([d®id® A)(¢)(A®id®id)(¢) = ([d® ¢ (1d ® A ®id)(¢ ©id),
3) (e®id)o A = (id®¢€) oA,
(4) ((d®e®id)(¢) =1 € k.
e [8, Page 119] A quasi-bialgebra (A, m,n, A €, @) is a quasi-Hopf algebra if there is an
anti-homomorphism S: A — A and elements «, 8 € A such that for all a € A,

Z S(ay)oas = €(a)a
> a1BS(az) = €(a)B

where we use Sweedler notation A(a) = > a1 ® as.

The following is a special case of a theorem of Tang-Weinstein-Zhu.

Theorem 7.5. ([30, Theorem 4.5] If (A, m,n, A€, ¢, S, a, 3) is a commutative quasi-Hopf
algebra, then the modulation (A, m(m), m(n),m(A), m(e),m(S)) is a commutative Hopfish
algebra.

We now have some examples of algebraic structures on Hochschild complexes of Hopf-like
algebras.

Proposition 7.6. (1) Let A be a commutative Hopfish algebra, then C(A) carries a
commutative Hopf algebra structure up to coherent homotopy. In particular this is
the case if A is a commutative (quasi-)Hopf algebra.

(2) Let A be a (commutative) quasi-bialgebra, then C'(A) carries a coalgebra structure
(resp. bialgebra structure) up to coherent homotopy.

Proof. (1) Since A is a commutative Hopfish algebra, there is a symmetric monoidal 2-functor
®: CHopf — Mody, such that A = ®(1). Then post-composition with the Hochschild chain
functor gives a symmetric monoidal functor of quasi-categories

C(®): NCHopf — NaChy,
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such that C(®)(1) ~ C(P(1)) ~ C(A). In other words, C(A) is a Hopf algebra object in
NaChy, which is precisely a Hopf algebra up to coherent homotopy.

(2) Let f,g: A — B be algebra homomorphisms. Then m(f) = By and m(g) = B, if and
only if are isomorphic there exists an invertible element ¢ € B such that f(a) = g(a)y ™
for all a € A (see [30, Lemma 2.1]). For a quasi-bialgebra (A, m,n, A€, ¢), let

v (A® A)gtaeaya@er — (A® A)daear)a)
be the canonical isomorphism. Then (A, m(A), m(e),~) define a symmetric monoidal 2-functor
Ass — Mory,

from the opposite category of the prop of associative algebras to the Morita (2,1)-category.
Post-composing with the Hochschild complex functor gives a symmetric monoidal functor of
quasi-categories
®: NAss®? — NaChy,
for which ®(1) ~ C(A).
If A is a commutative algebra, then we get a coherent bialgebra structure on C(A) be a
similar argument. U

Remark 7.7. A special case of Proposition 7.6 is when the Hopfish algebra is the modu-
lation of a commutative Hopf algebra. In this case, the author gave a strictification of the
commutative Hopf algebra structure on C(A) in [25].

In some cases we do not need to demand that our algebras are commutative to obtain
product structures on Hochschild complexes.

Definition 7.8. e For any dg-k-module A, let pio, pas, p13: A®? — A®3 be given by
— p12(a®b) :a®b® 1,
—psfla®b) =1R0a®Db,
—pi3(a®b) =a®1®0D.
For any element R € A® A, write R;; := p;;(R). Also, write 7: A® A - A® A for
the twist morphism a ® b+ (—1)11’lp ® a.
e A bialgebra (or Hopf algebra) A is called quasi-triangular if there is an invertible
element R € A ® A such that for any a € A,
— 70A(a) = RA(a)R™,
- (A ® ld)(R) = R13R23,
- (ld ® A)(R) = R13R12.
A is called triangular if in addition 7(R) = R~

Proposition 7.9. ([7, Section 10]) If A is a quasitriangular (resp. triangular) Hopf algebra,
then the module category P, is braided monoidal (resp. symmetric monoidal).

Corollary 7.10. If A is a quasi-triangular (resp. triangular) bialgebra or Hopf algebra, then
the Hochschild complex C'(A) is an Ep-algebra (resp. an E-algebra) in Chy.

Proof. We prove the quasi-triangular case. The triangular case is similar, replacing all
instances of Ey by E.,. Writing Cat,, for the quasi-category of quasi-categories, the full
subcategory on nerves of ordinary categories is equivalent, as a quasi-category, to the Duskin
nerve of the (2,1)-category Cat. By [21, Example 1.2.4], the braided monoidal structure on
P4 can therefore be expressed as a symmetric monoidal 2-functor

E, — NAdgCat,(jg)
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which gives a Es-algebra structure on C(P4). The Es-structure on C(A) then follows by
Lemma 2.43. 0

Conjecture 7.11. If A is a bialgebra, then C'(A) carries a coalgebra structure. How does the
algebraic structure of Corollary 7.10 interact with this coalgebraic structure? In particular:
o If A is a quasi-triangular (resp. triangular) bialgebra, is the Hochschild complex C'(A)
an Eo-commutative bialgebra (resp. an E..-commutative bialgebra) in Chy?
e If A is a quasi-triangular (resp. triangular) Hopf algebra, is the Hochschild complex
C(A) an Ey-commutative Hopf algebra (resp. an E,-commutative Hopf algebra) in Chy?
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1. INTRODUCTION

In this paper we define formal operations on topological Hochschild homology and more
generally on factorization homology of structured ring spectra. We use this to obtain exten-
sion results for 2D topological quantum field theories generalizing results of Costello [5] and
Wahl-Westerland [21].

This work is an extension of the program of Wahl [20] to the setting of oo-categories. This
also extends the results of Klamt [12], who generalized the framework of formal operations to
a model categorical setting and obtained a special case of Theorem 2.28 for chain complexes.

Our main tool is the theory of co-categories, which is necessary to define and analyze the
formal operations. When performing calculations on TQFTs in Section 3, we will relate the
homotopy theory of Hochschild functors to moduli spaces of manifolds, which is our second

technical tool.
1
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The open-closed cobordism category OC is the co-category whose objects are one-dimensional
manifolds with boundary, and whose space of morphisms OC(M, N) is the moduli space

OC(M,N)= || BDifi(T;MUN)
Mu][\i]aal“

i.e. the moduli space of Riemannian cobordisms with corners from M to N, and composition
is given by gluing cobordisms. The open cobordism category is the full subcategory of OC
on the objects U,R. O and OC are both symmetric monoidal co-categories under disjoint
union.

Let Sp be the oco-category of spectra. An open (resp. open-closed) conformal field theory
is a symmetric monoidal functor O — Sp (resp. OC — Sp).

The main goal of this paper is to prove the following claim, which is a spectral version of
[21, Theorem 6.2].

Main Claim: (Theorem (3.26) Let ® : O — Sp be an open conformal field theory. Then
Ehere is a natural open-closed conformal field theory ® : OC — Sp such that ®|p ~ ® and
O(SY) ~THH(®(1)).

In order to prove this claim, we introduce an oo-categorical version of Wahl’s notion of
formal operations on Hochschild homology [20]. For a symmetric monoidal oo-category P
admitting a symmetric monoidal functor A,, — P, we can consider THH of P-algebras by
restricting the P-algebra structure to the A..-algebra structure and applying the cyclic bar
construction. This gives rise to a functor

THH : Fun®(P,Sp) — Sp
Natural operations on THH of P-algebras are then defined to be morphisms of the form
THH(®)®™ @ (®(1))*™ — THH(®)®" @ (®(1))®"

which are natural in ® € Fun®(P,Sp). In fact the above procedure does not require the
functor P — Sp to be symmetric monoidal, and se can still define THH of functors ® : P —
Sp which are not symmetric monoidal. Roughly speaking, operations on this kind of THH
are called formal operations.

The paper is structured as follows. In Section 2 we recall some oco-categorical machinery
and define Hochschild functors and their formal operations. We then give a technical result
on how to compute formal operations. Finally, we relate the formal operations to natural
operations of Hochschild functors. In Section 3, we relate our Hochschild functors to factor-
ization homology and apply the results of Section 2 to the problem of universally extending
open conformal field theories to open-closed conformal field theories.

2. HOCHSCHILD FUNCTORS AND THEIR FORMAL OPERATIONS

2.1. Review of ends and coends. We follow [10].

Assumption 2.1. Throughout this section, let C be a presentable closed symmetric monoidal
oo-category in the sense of [13, Definition 5.5.0.1],[14, Definition 2.0.0.7].
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Definition 2.2. Given a small co-category I, the twisted arrow category Oy is given by
(O1)n = Izp41 with face and degeneracy maps

dix = dp—idpt1447
S;T = Sp—iSn+144T

The opposite category ((5 1) is given the special notation O!. We define the forgetful functor
Hy: Op — I x I taking z € (Op), t0 x|jgn) X Z|jnt1,2041], and write H! := (H ).

Definition 2.3. Let 7 : I x I°? — C be a functor. The coend of T is the colimit

I
/ T :=colimT o H'
or
Dually, let 7" : I°? x I — C be a functor. The end of T" is the limit
/T = li~mT’ OH[
I Or
Definition 2.4. Given a pair of functors F' : I — C and G : [’ — C, we obtain a functor
F X G by the composition
Ix1*=excle

and we write

I
F®1G2=/F&G

Notation 2.5. To eliminate confusion, we distinguish between two Hom-space notations.
Let F,G : C — D be functors. Denote the Hom-space functor Homp(—, —) : D x D — S.
We write Homp(F,G) : C? x C — S for the composition Homp o F? x G. On the other
hand, by Nat¢(F, G) we mean the space of natural transformations from F to G.

Proposition 2.6. ([10, Proposition 2.3|, [7, Proposition 5.1]) Let D be an oco-category and
let F,G : I — D be functors. Then there is a natural equivalence

/1 Hom(F(=), G(—)) ~ Nat,(F, G)

Lemma 2.7. Let C be a small oo-category, let D be a presentable oco-category and let
F:C — D and G : C”? — D be functors. Let S(F,G) be the colimit of the simplicial
diagram given by

[n] = colim F(a(0)) ® G(a(n))

aeMap([n],C)
where Map([n],C) is the maximal sub-co-groupoid of Fun([n],C). Then there is a homotopy
equivalence

Proof. See Appendix A. O

Definition 2.8. Let C be an oo-category, let D be a presentable oo-category and let F :
C — D and G : C? — D be functors. Let B(F,C,G), be the simplicial object given by

[~ @B Fleo) ®Ccr, 1) @ ... @ Clen1, cn) @ Glen)

Write B(F,C,G) for the colimit of this simplicial diagram.
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Lemma 2.9. Let C be the nerve of an ordinary category, let D be a presentable co-category
and let F': C — D and G : C°? — D be functors. Then there is a natural equivalence

S(F,G) % B(F,C,G)

Proof. Since C has unique horn fillers above dimension 1, the indexing space Map([n],C)
decomposes as

Map([n],C) ~ I_I C(co,c1) X oo X C(Cp_1,Cn)

cQ,...,cn €mOC

such that S(F,G), splits as
S(F,.G)a~ @  colim Flc) ® Glcn).

f‘Z'GC(ci,c,L-+1)

€05--,Cn €MOC i=0,...,n—1

Since the latter colimit is over a constant object, it is equivalent to tensoring by the indexing
space C(cg, 1) X ... X C(¢p—1,¢y), such that

S(F,G), ~ @ F(co) @ C(co,c1) @ ... @C(cp_1,¢n) @ G(cyp)

€0,y Cn €TOC

and the claim follows. O

Lemma 2.10. [13, Proposition 5.1.2.3] Let F': C — D be a functor of co-categories and let
X be an object of D. Then whenever F' admits a (co)limit, there are equivalences, natural
in X and F', such that

Homp (X, lién F) ~ lién Homp (X, F(—))

Homp(colim F, X) ~ lim Homp (F(—), X)
¢ op

2.2. The Stable Yoneda Lemma.

Remark 2.11. Despite the literature on spectral oo-categories being lacking at the time
of writing, there is a rich theory of stable oo-categories, which carry a natural spectral
enrichment as a result of their internal structure, analogous to the natural enrichment in
abelian groups of ordinary additive categories. In this framework, a spectrally enriched
functor corresponds to a functor preserving finite limits. Recall that a functor C — D of
stable co-categories preserves finite limits if and only if they preserve finite colimits ([14,
Proposition 1.1.4.1]). In particular this implies that for B : £ — Sp a functor, the coend
functor (=) ®¢ B : Fun(&,Sp) — Sp preserves finite limits.

Recollection 2.12. Let C be a stable oo-category. Recall that then C is also stable, and
the functor

Fun'**(C, Sp) 27, Fun!®™ (C”?,S)
is an equivalence of co-categories ([14, Corollary 1.4.2.23)).

Definition 2.13. ([18, Definition 6.1]) Let C be a stable co-category. A functor F' : C% — Sp

is called representable if it preserves finite limits and the composite C KN Sp 2% S s
representable. If ¢ is a representing object of Q*°F'| we say that ¢ represents F'.
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Lemma 2.14. (Stable Yoneda Lemma, [18, Proposition 6.3 and Remark 6.4]) Let C be a
stable oco-category. The Yoneda embedding j : C — Fun(C,S) lifts through Q> to a fully
faithful embedding C — Fun'*™(C°,Sp). Let F,G : C — Sp be functors such that F is
represented by ¢ € C and G preserves finite limits. Then

Nateor (F, G) ~ G(c)

Corollary 2.15. Let C be a stable co-category and let F, G : C — Sp be functors preserving
finite limits. Viewing Hom(F, G) and a functor C®? x C — Sp, we have

/ Hom(F,G) ~ Nate(F,G) € Sp
Oc¢

Proof. This follows because the two functors Fun'®™(C, Sp)®” x Fun'®™(C,Sp) — Sp both pre-
serve finite limits and are equivalent under (2. U

Observation 2.16. Let K(n) denote the n’th Morava K-theory at an implicit prime, and
let Ly (n)Sp denote the category of spectra localized at K (n) and let i : Lg,,)Sp — Sp be the
(fully falthful) right adjoint of the localization functor. Representable functors Lg,)Sp™ —
Sp factor through Lg,)Sp, so in the stable Yoneda lemma for Ly ,)Sp, we may replace Sp
by Lk n)Sp as follows.

Lemma 2.17. The Yoneda embedding j : Li(»)Sp — Fun(Lg,)Sp™, S) lifts through 2% o
to a fully faithful embedding Lg,)Sp — Fun'® (LK(n Sp? LK(n)Sp) Let F,G : L Sp —
Lk »)Sp be functors such that F' is represented by ¢ € C and G preserves finite hmits. Then

Natr,,sper (F, G) =~ G(c)

2.3. Hochschild and coHochschild functors. In this section we lay out the general
framework of Hochschild and coHochschild functors, which will be the object of study for the
remainder of the paper. For technical reasons, the treatment of the topological and spectral
cases need to be separated. The structure of this section will be such that each statement
about topological (co)Hochschild functors will be immediately followed by its spectral ana-
logue. The proofs of the latter will only be given at the points where the argument differs
from the topological proof.

Notation 2.18. Let S be the co-category of spaces, i.e. the underlying co-category of sSet
with the Kan-Quillen model structure.

Notation 2.19. In the following, C will refer to one of S,Sp or Ly ,)Sp (or in general any
presentably closed symmetric monoidal oo-category for which the Yoneda lemma holds). If
C is fixed and & is an oo-category, then by the functor £(—, —) : £? x £ — C we mean the
representable bifunctor composed with the functor C — § given by

id JifC=8
Y *°(infinite suspension) , if C = Sp
Z(;(O(n) s if C = LK(n)Sp

Definition 2.20. Let £ and &£ be oo-categories equipped with a functor ¢ : £ — &£’. Let
B : & — C be a functor. The Hochschild functor Cg(—) : Fun(€’,C) — C sends a functor
d:& = Cto

CB((I)) =100 Re B
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Definition 2.21. Let B, B’ : £°? — C be functors. The formal operations from B to B’ are
given by the mapping object

HOChg/(B, B/) = NatFun(g/,c)(CB(—), CB/(—))
Lemma 2.22. Let £ be a small oco-category, let D be a closed symmetric monoidal oo-
category and let F': £ — D and G : £ — D be functors such that the coend F ®¢ G exists
in D. Then for every object X in D, we have
Homp(F ®¢ G, X) ~ Natg(F, Hom(G, X))
where Hom(G, X) : € — D takes Y € € to Homp(G(Y), X).

Proof. We have a sequence of natural equivalences
Homp(F ®¢ G, X )~Homp(colimpe (F K G o HE), X)
~lime, Homp(F X G o HE, X)
~lime, Homp(F X G, X) o He
~limp, Homp (G, Hom(F, X)) o He
~Natgor (G, Hom(F, X))
O

Corollary 2.23. Let £ and £ be a small co-categories equipped with a functor i : £ — &'.
Moreover, let B : £ — C and H : Fun(€,S) — C be functors. Then we have an equivalence

Nat((—) ®¢ B, H(—)) = Nat(B,Hom(—, H(—)))
of functors Fun(&,C)? x Fun(€,C) — C. Here Hom(—, H(—)) : £ — C takes e € & to
Natpun(e.c)(—(€), H(=))-

Proof. This follows since each equivalence in the proof of Lemma 2.22 is natural in F, G and

X. U

Lemma 2.24. Let £ and £ be a small co-categories equipped with a functor i : £ — &’ and
let B : £ — S be a functor. Let €’ be an object of £’. Then there is an equivalence

Natpun(g/7s)(—<€/), Z*(—) ®g B) ~ gl<€/, Z(—)) ®g B

Proof. Let ® : & — S. Then, by the universal property of mapping objects, we obtain a
map

g'(e,i(—)) ®e B® ®(e') ~ colim (£'(¢',i(—)) K B o HE) @ ®(¢)

OE
~ colim (E'(ei(-)) @ B(e') B B) o HE =% colim(i"®(~) K B) o HE

Taking the adjoint of this map, we get a map
Fy: E'(€)i(—)) ®e B — Hom(®(€'),i*® ®@¢ B)
Since all the maps involved are natural with respect to ®, this assembles into a map
F:&(¢,i(—)) ® B — Natpun(er,s)(—(€'),7"(—) ®¢ B)
Going the other way, evaluating at £'(e/, —) we get a map

evalgr (e _y - NatFun(gIVS)(—(e/)7 i*(—) ®e B) — Homg(E'(¢',¢'),E'(¢,i(—)) ®¢ B)
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Denote by Id the unit map A° LENY (¢’,€') picking out the identity of ¢’. Evaluating at id.
gives a map

Homg(E'(€/,€),E(¢/,i(—)) ®e B) ~ Homg(E'(¢/,€'),E'(€/,i(—)) ®e B) @ A°
198 Homs(E'(,¢), E'(¢,i(—)) ®e B) @ E'(¢,¢) < €'(¢,i(—)) ®¢ B
We call G the composition
G = evo (evalg/(e -y ® Id) : Natpue s)(—(€'), 7" (=) ®c B) = E'(¢',i(—)) ®¢ B

We now show that ' and G are mutually inverse equivalences. The composition G o F' is
given by the right side of the following commutative diagram:

F®id

(&'(¢'i(—)) ®e B) @ A° Nat(—(e),7*(—) ®s B) ® A°

id ® Id k evalg/(e/’_) ® Id

Ferer ) ®id
(E'(e,i(=)) ®e B) @ £'(¢, ¢') =1 Hom(E'(¢/, ¢'), £'(¢,i(~)) ®e B) @ E'(¢!, ')

Fwe',—)/

&'(e,i(—)) @ B

so it is sufficient to show that the left side is homotopic to the identity. But on components,
the left side is equivalent to

c(gigm(g/(e,, i(—)XB)o HE @ A°

225 colim(€/(¢,i(—)) B B) o HE @ /(¢! )
@

~ colim((£'(e",i(—)) ® £'(e, ) W B) o HE

S E(¢i(-) B B) o HE

where comp is composition in £, and this is homotopic to the identity because comp o Id ~
idgr(er,—). To investigate the composition /oG, consider the following commutative diagram:

Nat(—(¢'),i*(~) ®e B) ® A @ —(¢') G®id

id®Id ®id

ev o evalgr(er,_y o ®id

Nat(—(¢'),i"(—) ®e B) @ £'(¢,¢') @ (') — £'(¢/,i(=)) ®e B& —(¢)

id®co% F,
Nat(—(e'),i"(—) ®e B) @ —(€') = i*(—) ®e B

from which it follows that (F' ® id) o (G ® id) ~ id. But by the universal property of
Hom-objects, this implies that F o G ~ id, so we are done. U
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Lemma 2.25. Let £ and £’ be a small co-categories equipped with a functor i : £ — & and
let B : £ — Sp be a functor. Let €’ be an object of £. Then there is an equivalence

Natpun(er,sp)(—(€'), 1" (=) ®e B) = X%E'(¢',i(—)) ®e B

Proof. In the proof of Lemma 2.24, replace every instance of £'(—,—) with X&' (—, —).
The map Fy is obtained from the adjoint of the evaluation map on spaces &'(—,—) —
Q*Homs,(®(—),®(—)). The equivalences in the proof are all consequences of universal
properties which also hold in Sp, so the proof carries over.

A completely analogous argument also gives the following, replacing > by Z}’?(n) =
Lk () o ¥£°°, the infinite suspension composed with the K (n)-localization functor.

Lemma 2.26. Let £ and £ be a small co-categories equipped with a functor i : £ — &’ and
let B : £ — Lin)Sp be a functor. Let ¢’ be an object of £'. Then there is an equivalence

Natpun(er, Ly ) (—(€),17(=) ®e B) = g E'(€,i(—)) ®e B
Theorem 2.27. Let £ and £’ be small oco-categories equipped with a functor &€ — £’ and
let B, B": £ — S be functors. Then there is a homotopy equivalence
Hochg/ (B, B') = DgCp(E'(—,—))

Proof. By Corollary 2.23, putting H = — ®¢ B’, we have

Nat(— ®¢ B, — ®¢ B') ~ Nat(B, Hom(—, — ®¢ B'))
By Lemma 2.24, we further have Nat(—(¢’), —®¢ B’") ~ £'(¢/, —)®¢ B’. Since this equivalence
is natural in €, we moreover get

Nat(B, Hom(—, — ®¢ B')) ~ Nat(B,&'(—, —) ®¢ B') ~ DgCp ((E'(—,—))
where the last equivalence is by the definition of the Hochschild and coHochschild functors.
O

Theorem 2.28. e Let £ and £’ be small oco-categories equipped with a functor £ — &’
and let B, B’ : £ — Sp be functors. Then there is a homotopy equivalence

Hochg (B, B') = DpCpi(X®E'(—, —-))
e Let £ and &' be small co-categories equipped with a functor £ — £’ and let B, B’ :
EP — Lg(n)Sp be functors. Then there is a homotopy equivalence
Hoche/ (B, B') = DpCp(E%,)E (=, —))
2.4. Formal vs. natural operations.

Assumption 2.29. We now assume that £® and £® are symmetric monoidal co-categories
and i : E¥ — £'® is a symmetric monoidal functor.

Definition 2.30. Let Fun®(£'®, 8%) be the category of symmetric monoidal functors from
E'® to 8% and let B, B" : £°? — S be functors. The natural operations from B to B’ is the
space

Hoch) (B, BY) = Natiuys s s0) (C(—), Crr(—))

Observation 2.31. There is a forgetful functor Fun®(£'®, 8§¥) — Fun(&’,S), and this gives
rise to a restriction map

7 : Hochg (B, B') — Hochg, (B, B')
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Conjecture 2.32. If 1 : £ — &' is the symmetric monoidal envelope of a morphism of
oc-operads j : O — ', then the restriction map r is an embedding.

3. OPERATIONS ON FACTORIZATION HOMOLOGY

Definition 3.1. Let M be a framed n-dimensional manifold and let [E,, be the symmetric
monoidal envelope of the framed n-disk oco-operad. Then for ® : E, — S a functor, the
chiral homology of ® over M is given by

M
where Lg1 is the configuration functor of M, which we will define in the next section.

3.1. Configuration Functors. In this section we define the functors £, : E? — S param-
eterizing factorization homology and study some of their properties. We begin by recalling
some facts about the oo-categorical Day convolution due to Glasman [9].

Recollection 3.2. Let C' and D be symmetric monoidal co-categories such that the tensor
product in D preserves colimits in each variable. Then the functor category Fun(C, D)
attains a symmetric monoidal structure such that E.,,-monoids correspond to lax symmetric
monoidal functors C'— D. Given an s-tuple of functors (Fj), the tensor product is given by
the point-set formula

®Fi (X) >~ colim m.(Fy(Yy))
1€(s)

®
(YS)EC'(S)/X

where m is the active map (s) — (1) and m, denotes the coCartesian pushforward.

Definition 3.3. Let Mfld’" be the co-category of framed n-dimensional manifolds without
boundary, and framed embeddings between them.

Observation 3.4. Disjoint union of manifolds gives Mfld/" the structure of a symmetric
monoidal oo-category, and E, embeds into Mfldgr as a symmetric monoidal subcategory by
sending 1 to R™ with the standard framing.

Remark 3.5. The oo-category Mfldff arises naturally as a topological category, but becomes
an oo-category by passing through suitable Quillen equivalences. We will not need point-
set level information about it, so we do not concern ourselves with its model-categorical
presentation.

Definition 3.6. Let M be a connected framed n-manifold without boundary. Define the
configuration functor of M to be the restriction to E?% of the representable functor MfldiT’Op —
S associated to M. In other words, £;(m) = Emb/"(L1,,R", M).

Proposition 3.7. [6] The assignment Mfld,, x Algg (C) — C given by (M, A) — Ly Qg, A
corresponds to factorization homology. In particular, for a ring spectrum A, Lg1 ® 4. A is
topological Hochschild homology.

Lemma 3.8. The assignment M — L), gives a symmetric monoidal functor Mfld/" —
Fun(E%, C).
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Proof. Let M; be framed n-manifolds for ¢ = 1,...;s. Let P(n,s) be the set of partitions of
the set {1,...,n} into s disjoint subsets. Using the point-set formula of Recollection 3.2 in
the case C = E, we get that

colim  m.((Lar,(n))ies) = D Q) Emb/ (U, R", M)

&
(ns)€Cy /n (@1.ens05)EP(ny5) i€ (s)

On the other hand, £, 5, (n) ~ Emb/"(U,R", ", M;) splits into components according to
which copies of R" lands in which M;, such that the functors £, 5, and ®;Ly, are objectwise

equivalent. Now since the functoriality in both cases is given by precomposition, the result
follows. O

Lemma 3.9. There is a homotopy equivalence
(ﬁM ®£N) ®-Aoo A ~ (ﬁM ®Aoo A) X (,CN ®-Aoo A)

Definition 3.10. Let I\/Ifldff, s be the co-category of n—s-dimensional manifolds P equipped
with a framing of P x R*, and morphisms the embeddings P — P’ such that P x R®* —
P’ — R® becomes a framed embedding.

Lemma 3.11. Let N = P x R?® be a framed manifold. Then the maps

Ey(n,1) — Emb/" (L™, P x R*, P x R?)
sending f:n — 1 toid x f gives P x R® an E,-algebra structure.
Proof. We construct an operad morphism E® — Mfldf@’ witnessing the algebra structure as
follows. The unique object of E§<t> is sent to (N, ..., N); € Mfld{:ﬁ’. Let ¢ : (t) — (r) be a
map of finite sets and f = (fy,..., f;) : (1,...,1); = (1, ..., 1), a morphism in E? lying over ¢,

such that f; : (1,...,1);, — (1). In other words, for each 1 < i <r, f; is an element of Ey(¢;).
We sent f to the morphism (g1, ...,9:) : (N, ..., N); = (N, ..., N), where g; = id x f;. O

3.2. Examples of non-trivial formal operations.

3.2.1. Product structures. As an example of non-trivial formal operations, we may observe
that the E,,_;-product structure on THH of E,-algebras is formal. Namely, it arises from
maps L, s1)grr-1 — Lgigrn-1 given by realizing the fold maps
Vk : UkS ! — S !
as embeddings of n-dimensional manifolds. More precisely, we have maps
E,_1(k) = Emb/"((U;S) x R"~1, 81 x R*1)

given by 7 — Vi x v. By the same method we obtain formal E, _4-algebra structures on
factorization homology of [E,-algebras over a d-dimensional Lie group.

3.2.2. Adams operations. For factorization homology of E..-algebras, the p-fold covers St —
S1 can be realized as embeddings

St x R™® < St x R®
giving a formal action of the multiplicative monoid (N, -, 1) on THH of commutative algebras.
Note that the coherence of the action requires appending an infinite-dimensional euclidean

space. However, the embeddings themselves exist with only two extra dimensions, so that
we still have the action of (N, - 1) on the homotopy groups of THH of Es-algebras.
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3.3. Open conformal field theories.

Definition 3.12. Let M and N be one-dimensional compact manifolds with boundary. We
define a cobordism M — N to be a Riemann surface I' with corners, whose boundary is a
union JI' = 0;,I"' U Oppeel’ U O I” and equipped with orientation preserving diffeomorphisms
M — 0;,I' and N — 9,,. We call 9;,' the incoming boundary, O, the outgoing
boundary and Ofy..I" the free boundary.

Definition 3.13. Let OC the open-closed oo-category of Riemann surfaces. Its objects are
one-dimensional manifolds with boundary. If M and N are two such manifolds, then the
space of morphisms is given by

oc(M,N)= | |  BDiff(I; 0T, OouT)
aiF:J\/[II:]BOF:N

That is, the moduli space of Riemannian cobordisms with corners relative to the incoming
and outgoing boundary. For technical reasons, we will only allow those connected compo-
nents for which I' has a non-empty incoming or free boundary.

Definition 3.14. Given an open-closed cobordism (T, 9;,I", 9, "), define the embedding
space

Emb*(I",R*) C
Emb((T, 0;,,L, 0puiT), (R, {0} x R {1} x R™™1))

as the subspace of embeddings e : ' — R* which are orthogonal to the first coordinate in
an e-neighbourhood of the boundary. That is,

e(T) N ([0,€) x R®1) = [0,€) x e(iT)

eMN((1—e1] xR =(1—¢1] X e(Opul)
We write
Emb?(I) ~ colim Emb* (", R®)

e—0

Note that the diffeomorphism group Diff(T", 9;,I", 0, ') acts freely on Emba(F). We write
I(T, 9,1, 00 I) := Emb®(I) /Diff(T, 0;,,T, OpusT)
Observation 3.15. This space is equivalent to BDiff(I"; 0;,,I", 0 '), hence a model for OC

can be given by
OC(M,N)~ || IT,0uL, 0pul)
HP=M 5,P=N
We will use this model heavily throughout this section.

Definition 3.16. Let O be Segal’s co-category of Riemann surfaces, i.e. the full subcategory
of OC on disjoint unions of intervals.

Lemma 3.17. There is an inclusion A, — O whose essential image consists of those open
cobordisms which are disjoint unions of disks with exactly one outgoing boundary component.
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Proof. The inclusion is given by sending a linear ordering on {1,...,n} to a disk with one
outgoing boundary component and n incoming boundary components corresponding to the
linear order. Since a disk with a single outgoing boundary component is determined up to
contractible choice by the ordering of its incoming boundary components, and since such a
disk has a contractible diffeomorphism group, the inclusion is an equivalence onto its essential
image. U

Definition 3.18. Let C be a symmetric monoidal oco-category

e An open topological conformal field theory (OTCFT) is a symmetric monoidal functor
O —C.

e An open-closed topological conformal field theory (OCTCFT) is a symmetric monoidal
functor OC — C.

Terminology 3.19. Because of the restrictions we put on the connected components of the
morphism spaces of OC, our OCTCFTs may also be called non-positive boundary OCTCFTs.

3.4. Operations on THH of Open Field Theories. In this section we apply the frame-
work of formal operations to prove Theorem 3.26.
To prove this result, it is sufficient to produce a symmetric monoidal functor

OC — Hoch§,

Below we will use geometric methods to obtain a functor OC — Natn. Composing by the
restriction map we obtain the desired functor. In order to see that the resulting action
on THH is nontrivial, we compare it on rational homology to the action constructed by
Wahl-Westerland in [21].

For f € Lgi(n) = Emb/"(U,R, SY), let f; be the restriction of f to the i’th copy of R. We
assume that for each such f, the closures of the images of the f; are disjoint. Note that this
does not change the homotopy type of Lg1(n).

Definition 3.20. (Open-closed cylinders) Let
Cyl: Lsr = OC (%], [3])
be the map taking f € Emb/"(LI,R, S?) to the cylinder Cyl(f) = S* x [0,1] with Qo =

St x {1} and 9;, = U™ ,Im(f;), the closures of the images of the f;. The morphisms in A%
act compatibly on both objects, such that Cyl is a natural transformation.

Lemma 3.21. The transformation Cyl is a natural equivalence onto the connected compo-
nent of S x [0, 1].

Proof. Let Cyl(n) be the subspace of OC ([%],[}]) of open-closed cobordisms equivalent to
Cyl(f) for some f € Lgi(n). The spaces Lg1(n) and Cyl(n) both contain one copy of the
circle for each cylic ordering of the n copies of R. A full rotation of the copies of R in Lg1(n)
corresponds to a Dehn twist in Cyl(n). O

Definition 3.22. Let nq, no, m1, ms be non-negative integers with n, +m; > 1. Define the
map

R:OC ([77:111] ) [7?122]) — NatAgg (£51, OC ([m?lJ:(lf)} ’ [77:122]))
which takes I"to f+—T'o <id[n1_1] L Cyl(f)).
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Lemma 3.23. The maps defined in Definition 3.22 give rise to a map

OC (7], 172)) = Nat gz (£, 0C (1%, [72]) )
Proof. Use the map defined in Definition 3.22 and Corollary 2.23 and Lemma 3.8. U

Lemma 3.24. There is a map

P 0C (1], [#]) = Olms, =)  Lpna

m2

which is a right inverse to composition.
Proof. See Section 3.4.1. U

The two lemmas imply the following calculation of the formal operations on THH of
O-algebras, and via the restriction map we obtain the following calculation.

Lemma 3.25. The maps from Lemmas 3.23 and 3.24 give rise to a map

i+ OC (5] 72]) = Nato (Lpmy. L))

mi ma

Since the map j of Lemma 3.25 is defined on connected components, it takes disjoint
unions to tensor products:
J:TUul — () ® ()
We may now combine this with the composition structure and deduce the following theorem,
generalizing [21, Theorem 6.2].

Theorem 3.26. There is a symmetric monoidal functor of co-categories
F: OC — Hochp

The following conjecture concerns the compatibility of our computation in spectra with
the work of Wahl-Westerland [21, 20] in chain complexes.

Conjecture 3.27. Given a functor f : C — Sp, write HQ ® f : C — Modyq for the
composition

¢ Ly sp 195, Mod g -
The morphism

HQ & OC ([1), 7)) %% HQ & Hocho (Ljm1, £ )

S Natug ((HQ® L)), (HQ® O(—, -) ©a (HQ® L))

is homotopic to the map described by Wahl-Westerland [21, 20].

ni
mi

The following conjecture is a generalization of [20, Theorem B|.

Conjecture 3.28. The functor of Theorem 3.26 is an equivalence of symmetric monoidal
oo-categories.

The following conjecture is the spectral version of [5, Theorem A].

Conjecture 3.29. The assignment L : Fun®(O, Sp) — Fun®(OC, Sp) induced by the map
F in Theorem 3.26 is a left adjoint to the restriction functor

Fun®(OC, Sp) — Fun®(O, Sp).
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3.4.1. Decompositions of surfaces. In this section we prove Lemma 3.24.

Idea 3.30. The idea of the proof is to decorate the open-closed cobordisms with arcs connect-
ing the free boundary to each closed outgoing boundary. Pushing the free boundary along
these arcs allow us to decompose the cobordism into an open cobordism composed with a
disjoint union of cylinders, providing an inverse to the composition map. The arc complex
Areg(S) on a surface S is a contractible space carrying a free action by the mapping class
groups of S. We can use this to produce an alternative model for OC admitting a vertical
map as pictured in the below diagram. The meat of the proof will therefore be in providing
a diagonal map, as in the diagram, that commutes with the action of the diffeomorphism
group on each component.

OC ([0, )

oc ([mol] ) [7222]) O(mly _) & Ao £[nz]

comp M

We begin by defining OC. For this we need some preliminary definitions.

Observation 3.31. We may assume that an open-closed cobordism comes equipped with
a marked point on each open and each closed boundary component, corresponding to the
point 0 on St and (—1,1). Doing so does not change the homotopy type of the moduli space.

Definition 3.32. Let e : S — R* be an embedded orientable surface representing a mor-
phism in OC ([mi], [ma]) and let T = {x1, ..., Tnytnytmi+me r b€ the set of marked points
described above. We assign a second set A of marked points in .S as follows. On each closed
boundary component choose a point y; # x;, where z; is the point "marking” the closed
boundary component. On the boundary components of S containing open boundary com-
ponents, choose a point y; on each free section of the boundary component. Note that these
choices are unique up to homotopy and reordering. We now make the following definitions.

e An essential arc o in S is an embedded interval
ag: (1,01) = (S, AU ppeeS)

such that ag only intersects 05 U A at its endpoints, and such that «g does not
separate S into two components one of which is disk that intersects A only at the
endpoints of ay.

e An arc set is a collection of arcs o = {ay, ..., a3} such that if i # j, then o; and «;
have disjoint interiors and are not isotopic rel V.

e An arc system [o] is an isotopy class of arc sets rel A.

e An arc system is filling if it cuts S into contractible subspaces which do not contain
elements of A in their interior.

Definition 3.33. Let S be an embedded surface representing a morphism in OC ([;4], [ma])
where ny+ns+mi+mse > 1 and let 0,9, ..., 0,,.5 be the outgoing closed boundary components
of S. We say that « is an admissible arc set if the following conditions hold.

e « either contains or can be expanded to contain arcs which cut S into ny components
such that for each 1 < j < ng, the j’th component contains the interiors of all arcs
in « starting or ending at 0;S.
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e o does not contain an arc starting and ending at 0;S for and 1 < j < ny.

o Foralll < j <ny, lety; be the marked point of A on 0;S, and let o, , ..., «v;, be the
arcs in a which start or end at y;. The arc set « also contains arcs Bj,, ..., 5;, such
that the subspace ((Ujoy) U (UiB))) \ y; is connected.

Let B(S,A) be the topological poset of admissible arc sets, and let By(S,A) be the sub-
poset of the filling admissible arc sets.

Observation 3.34. Note that the first condition in the definition of admissible arc systems
implies that no arc can connect two closed outgoing boundary components, and the filling
condition implies that there is at least one arc connecting each outgoing closed boundary
component to the free boundary.

Lemma 3.35. ([19, Cor. 2.23, Cor. 3.25]) Let S be an open-closed cobordism whose
boundary is not completely outgoing closed, then B,(S, A) is contractible and admits a free
action of the diffeomorphism group

lef(sa ainsa aouts)-

We describe the action of the diffeomorphism group on B¢ (S, A). Let Dif f(S; A) be the
subgroup of Dif f(S;0inS, OputS) which preserves the marked points A. Note that the in-
clusion Dif f(S; A) C Dif f(S;0inS, 00utS) is a homotopy equivalence. Let f € Dif f(S; A)
and let a = {ay, ..., a1} be an arc system. The action of f on « is given by

f Q= {f o (o, 7f o Oék}-
If f € Dif f(S;0inS, 00uS), there is an essentially unique f' € Dif f(S; A) such that f ~ f/

and we define f-a := - a.

Observation 3.36. In Definition 3.32, we may remove the condition that the arcs are
pairwise non-isotopic by considering arcs with multiplicity. This can be thought of as adding
degeneracies to a semi-simplicial set and does not change the homotopy type of the arc
complex.

Definition 3.37. Let Arcg ([,0,], [3]) be the space of pairs (e, ), where e : I' — R* is an ele-
ment of colime_o Emb®(I", R*>) is an embedded surface representing an open-closed cobordism
and a € By(e('), A) a filling admissible arc set on e(I"). We denote by Arco ([,0,], [#2]) |r
the component corresponding to a fixed cobordism type I'. On this component, the diffeo-
morphism group of I' acts by

f-(e,a)=(eof, [ a)

Observation 3.38. Since B((I',A) is contractible, the quotient of Arcy by the diffeomor-
phism group action is another model for BDif f(T", 0;,I", Opus ).

Lemma 3.39. Let I' € OC ([,.], [#2]). There is an equivalence

Areo ([,0,] [72]) Ir = Emb®(T) x %B(T")

which is compatible with the action of the mapping class group of T'.

Proof. The leftward map is given by taking a pair ([e],a) of the equivalence class of a
representative embedding e € Emb®((I', R*>°) and an arc set on I" to the pair ([e], e(7y)). Note
that e(y) depends only on the equivalence class [e] and not on the representative e, hence this

map is well-defined. The rightward map is constructed similarly, taking a pair ([e], ), of an
equivalence class of a representative embedding e € Emb®((I', R*) and an arc set on e(I'),
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to the pair ([e¢], e !(a)). The arc set e *(a) on T is uniquely determined by the requirement
that e(e !(a)) = a. These maps are actually mutually inverse homeomorphisms. O

Definition 3.40. Define the space

OC ([,2], [2]) = U Areo ([0, [52]) 1/ DIfE(T, 95T, B l)

rjeoc([0,][ma])

Observation 3.41. Arcg ([,0.], [m2]) defines the total space of a fiber bundle over OC ([,3.], [

—

whose fiber over the component corresponding to I' is 28,(I"). Hence the projection OC — OC
is fully faithful.

The decoration of surfaces by arc sets is sufficient to define an inverse to the composition
morphism. The below construction produces a morphism

OC (15, 172]) = B (O(ma,ma + =), A, L)
and by Lemma 2.7 this gives a map to O(my, ms + —) @4, /C[TLOQ].

Construction 3.42. For an open-closed cobordism I' € OC ([,2 ], [#2]), with marking A
as in Definition 3.32, let a € Bo(I',A) and let e € Emb?(T). For 1 < i < ny, let O,
be the i’th outgoing closed boundary component of I', let y; € A be the marked point on
o;I', and let J; = {a;1,..., s, } be the cyclically ordered finite set of arcs intersecting y;.
By perturbing the arcs «;; in a sufficiently small neighborhood of their endpoints, we may
assume that the arcs as a whole are disjoint, not just their interiors. We may then choose
tubular neighborhoods U; ; of the arcs such that the closures in I' are disjoint: Wjﬂm =0
unless ¢ =4’ and j = j'. For each (4, ), let V; ; = U; ; NO;I'. and let W, ; be the components

of o;I' \ (U;Zl ‘/;J), cyclically ordered according to the orientation on §;I" such that W; ;

separates V; ; and V; j ;1. Define the surface

Fa = F\ (G O U@j)

i=1j=1
viewed as an open cobordism in O(my, ms + Y .2, 7;), and define the restricted embedding
eo := e|r, € Emb?(T,).

Finally, let f, € Emb’"(Us,. R, Ll,,S") be the the map sending the (4, j)’th copy of R to Wi,
where we have identified the i’th copy of S! with ;I". We now produce an assignment

Fr: %O(F, A) — (’)(ml,mg + —> D As E[TLOQ]

sending a to 'y ® fo. Let o/ € By(T', A) be another filling admissible arc system such that
o/ C «. Assuming for simplicity of exposition that I has a single outgoing boundary, this
inclusion overlies an inclusion of cyclically ordered finite sets 6 : J' — J. We associate to
the inclusion o/ C « an element of A (|J],|J']), defined up to a cyclic permutation of tensor
factors, as follows. Write s’ : J' — J' for the successor function on J’. For each j' € J,
let J; € J be the subset {0(j'),...,0(s'(j")) — 1} and define mg ;; € Ax(|J;],1) to be the

inclusion
myj : Ujes, Wi = Wigin U Viggn+ U .U Wigs(iy-1 R
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We now write my o for the tensor product

Moo = Q) maj € As(|J], 1))

jed’
Then we have I'yy ~ my o 0 'y and f, ~ for 0 My o. By realizing the coend as a two-sided
bar construction, we then send a sequence of p composable inclusions o C ... C a, to the
p + 1-simplex
Loy ® Moy 10, ® oo @ Magiar @ fag
It is then clear that the assignment Fr is compatible with the poset structure on By (I", A),
i.e. up to coherent homotopy, the image of Fr does not depend on a.

We describe how Fr behaves with respect to the Dif f(I"; 0;,1', 9, [')-action on By (T", A).
For a diffeomorphism g € Dif f(I'; 0;,I", 0pusl'), we have Fr(goa) =ya ® foa = 9(T'a) ® fa,
where ¢g(I',) is the image of I', under g as a subspace of I'. The identity f,., =~ f, is due to
g preserving the outgoing boundary pointwise.

From the above, we conclude the following lemma.

Lemma 3.43. The functors
Fr %O(F, A) — O(ml,mg + —> XA ,C[%z]

induce a morphism

F:OC ([, [2)) = O(ma,my + =) @a Ly
which admits a homotopy

comp o F' ~id.

Proof. Let Arcy := UpBo(I", A) and

F = |—|FFF : .A?“CQ — O(ml,mz + —) XA ﬁ[?”(b]z]
By the universal property of quotients, this induces the morphism F of the statement. From
Construction 3.42, for each I' the composition comp o F is homotopic to the projection
Bo(T, A) = OC ([ ], [#2]) onto the connected component of I'. This implies that comp o F

is homotopic to the projection. By the universal property of quotients, we then have that
comp o F' ~ id. U

A similar argument to the above, using arcs connecting the free boundary to the open
outgoing boundary, can be used to construct a natural transformation

O(my,mg + =) = O(my, —) @4 Lioj

3.4.2. CoHochschild Reduction of Open-Closed Cobordisms. In this section we will prove the
following statement.

Lemma 3.44. The map R of Lemma 3.23 is a homotopy equivalence.

Lemma 3.45. Let F' € Nat 4o (Ls1,OC ([mfﬂr_(l_)] ,[%2])). There is a unique open-closed
cobordism I' associated to F' such that for f € Lg1(n), the last n incoming open boundary
components of F'(n)(f) are the sole open boundary components on a boundary component
of I', and appear on that component in the same cyclic order as they do in f.



18 ESPEN AUSETH NIELSEN

Proof. Any f € Lgi(n) can be written as a composition f o m,, where m, € Ay(n,1)
and f € Lg(1). This implies that the last n open boundary components must lie on the
same boundary component. To see that these are the only open boundary components
on that boundary component of the surface, observe that F' must also preserve the cyclic
permutations of the inputs, which cannot happen if there are additional open boundary
components. Finally, the cyclic order is preserved, otherwise A.-functoriality cannot be
preserved. O

Construction 3.46. We will produce a map
S Natag (Ls1, OC ([ s [ml)) = OC ([ [72])

which we will later show is inverse to the map R described in Lemma 3.23. By Lemma 3.45,
any F € Nator (Lg1,0C ([mﬁﬂr_(l_)] ,[m2])), is determined up to contractible choice by the
restriction to F(1) : Lg1(1) — OC ([231] . [72]). To construct S, it is therefore sufficient to
consider the connected component of a single open-closed cobordism I"' € OC ([,’,‘llljrll] , [7?122])
Let 0" be the boundary component of I' which contains the last open boundary component.
Let CiI" be a collar of 0,I". The space of collars is contractible, hence C1I" may be extended

to a compatible choice of collar for each surface in the connected component of I'. By
interpreting CiI' C I' as an element of OC ([J],[{]), we can realize I" as the composition of

CiT c I and a surface Ip = T\ C1T € OC ([24],[22]). Since the choice of collar is global
and we may assume that diffeomorphisms of I restrict to the identity in a neighborhood of
C1T', we deduce that the assignment F — I'p is compatible with diffeomorphisms.

In summary, we have produced a decomposition

F(n)(f) = Tr o (idguy—n U CyL(f))
where T € OC ([2],[2]) depends only on F. This gives a map
Nat gz (Ls1, OC ([wi'vh)]  [ma))) =
OC ([mi], [m]) x5t Nataer (L5, OC ([(D)],[)])) —
~ OC ([mi] s [m2))
taking F' to '

From the construction, it is clear that R adds a sequence of cylinders to I', and .S simply
cuts out the same cylinders, such that S o R ~ id. To see that also R o S ~ id, note again
that a natural transformation

F e NatAgg (‘CSI> oc ([m?l-‘r_(l—)] ) [7%22]>)
is determined by its value at 1 € A, and it is easy to see that F/(1) ~ S o R(F)(1).

3.4.3. Gluing and Cutting Surfaces. In this section we give an idea for how to prove that the
map F' of 3.43 is a homotopy equivalence.

Lemma 3.47. Let I' € OC ([,0.],[+2]) and let I be a set of arcs connecting the outgoing
closed boundary to the free boundary. Assume that there is at least one arc intersecting
each outgoing closed boundary component. Then I can be extended to an admissible filling
arc set.
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Proof. We assume that no pair of arcs are isotopic relative to their endpoints, and that no
two arcs end at the same point on the free boundary. Let {0;I' }o<i<n, be the list of outgoing
closed boundary components. For each i, let {a; ;};er, be the cyclically ordered set of arcs
intersecting 0;I". By the assumption that the a;; connect the outgoing closed boundary to
the free boundary, the second condition of admissibility is automatically satisfied. For each
pair (i,7) with 0 <4 < ny and j € I;, let x; ; be the point at which «; ; intersects the free
boundary, and let A; ; be the closure of an open subset of I' containing «; j, such that the
A; ; are pairwise disjoint away from the endpoints of the «; ;. For each i, let C; be a closed
collar of 0,I" such that each of the subspaces a; ; N C; and A; ; N C; are connected for j € I;
and C; does not intersect any ay y such that i # ¢'. Finally, let B, = C; U |J ier, i The
points z; ; divide the boundary of B; into one component for each arc ¢; j, namely there will
be a component of the boundary of B; connecting x; ; to x; 11 according to the cyclic order
of I;. Call this component ; ;. It follows that the set {3 ;}je;, cut I' into two pieces, one
of which containing the interiors of exactly the arcs intersecting 0;I". Furthermore, if y; is
the marked point on 0,1, then Ujey, (o, ; U B; ;) \ yi is connected. Applying this procedure
to each outgoing closed boundary component, we see that the first and third conditions of
admissibility are satisfied. Thus the arcs 3;; and «;; cut I" into a set of subspaces, only
for each a; ; as well as one piece containing the part of the boundary which is not outgoing
closed. By adding more arcs, this subspace can be cut into contractible pieces. Thus we have
proved that the a; ; can be extended to a filling admissible arc set, finishing the proof. [

Conjecture 3.48. The composition map
OC ([, + 7)) s O(mi,ma+ —) @a. ﬁ[%z]
is a homotopy equivalence.

Proof idea: Let O be the full subcategory of OC on copies of intervals, and let Z[nz] be the

ma
As.-submodule of OC ([°], [#2]) taking a natural number n to the arc complex of open-closed
cylinders with n incoming open boundary components. Observe that if I' is an open closed
cobordism and « is an admissible filling arc set on I', then when cutting along arcs as in
Construction 3.42, we can remember the remaining arcs in the arc set to obtain an admissible
filling arc set on T'y,. We write a € Arcy(T',,) for this arc set. Let Cylp(a) € Areo(Cyl(fa))
be the arc set on Cyl(f,) given by connecting each free boundary component to the outgoing
circle along the shortest path. The map F' lifts to the map cut in the below diagram, taking
an admissible filling arc set « to the element

cut(a) = a ® Cylp(a).

Similarly, the contractibility of the arc complex implies that the composition map also lifts:

cut
-, ~ ~

OC (1.0, 7)) O, =) ®a.. Lyne]

— mo
comp
‘ \

O(ml, —) ®Aoo £[TL2]

m2

comp
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Fix an open-closed cobordism type I' and an element a € Arco (.5, , [72]) [r. Contractibil-
ity of the arc complex implies that

(Otm, =) @ Lz ) I
contracts onto cut(a). Specifically, for any
WS (6(7711, —) QA Emﬁ) I

thereisa a’ = (f',a’) € Emb?(T") x By (T) such that 2 = cut(f, ). The space of zig-zags con-
necting a and @' in Arco ([,0,], [#2]) |r is contractible, such that there is a contractible space
of homotopies between x and cut(a). Thus, cut and comp are mutually inverse homotopy
equivalences.

It remains to see that they respect the Diff(T", 9;,I" U 9,,")-action. The only thing that
needs to be checked is the compatibility of the cut map with Dehn twists at the outgoing
closed boundary. This generator of the mapping class group can be realized both in O(m, —)
by acting on the image of I',, in I'; and in E[m] by acting on the arc system on Cyl(f,). W

now show that these actions are in fact identified in the tensor product.

We give the details for ny = 1. The argument in the general case is identical. As the below
diagram shows, there is an element 7" € A (1,1) such that composing by 7" and acting by
the Dehn twist produce identical results up to homotopy, and transporting 7' across the
tensor product one sees that the two Dehn twists are identified.

R NN/ SR =)

~ e @ =)

It now remains to prove that forgetting the arc sets in
(6(77117 _) ® Ao Z[%]) |F

corresponds to quotienting by the Diff(T", 9;,,I"' U 9,,,")-action.

APPENDIX A. COENDS AND BAR CONSTRUCTIONS

In this appendix we prove Lemma 2.7. Most of the argument is reproduced verbatim from
private communication with Rune Haugseng.

Definition A.1. Given oo-categories C and D, the space Map(C, D) is the maximal sub-oco-
groupoid of the functor co-category Fun(C, D).

Definition A.2. Let C be an oo-category. The category of simplices A ¢ is defined as the
pullback of oco-categories



FORMAL OPERATIONS ON TOPOLOGICAL HOCHSCHILD HOMOLOGY (WORK IN PROGRESS) 21

A/C _— Catoo/c

|

Cate

A

where the lower functor is the embedding A — Cat cg Caty,. Since Caty e — Caty is a
right fibration, so is A e — A.

Remark A.3. The functor A% — S corresponding to the right fibration A o — A is given
b
' [n] = Map([n],C)
such that this simplicial space is the co-category C viewed as a complete Segal space.
Lemma A.4. The colimit of the composite functor
A e = A — Caty,
is equivalent to C.

Proof. This follows from the description of Cat,, as complete Segal spaces. U

Definition A.5. Let A, be the category with objects given by pairs ([n],), where [n] € A
and i € [n], and a morphism ([n],7) — ([m],7) is given by a functor ¢ : [n] — [m] and a
morphism ¢(i) — j in [m].

Observation A.6. The projection 7 : A, — A is the coCartesian fibration for the inclusion
A — Cat.,. The coCartesian morphisms over ¢ : [n] — [m] are the morphisms of the form

([n],7) = ([m], ¢()).

It follows that the coCartesian fibration for the composite A, — A — Cat, is given by
et Do = Do xa Ay — A
Corollary A.7. There is an equivalence of oo-categories
A e fcoCart™"] ~ C.
Proof. This follows from the description of colimits in Caty, in [13, Section 3.3.4]. O

Definition A.8. e Let [ : A — A, be the section of 7 defined on objects by I([n]) = ([n],n),
which makes sense because any functor ¢ : [n] — [m] admits a unique morphism ¢(n) — m
in [m].

e Let A : A, — A be the functor given on objects by ([n],7) +— [i]. Given a functor
¢ : [n] — [m] and a morphism ¢(i) — j, then ¢ restricts to a functor [i] — [j], which we
define to be A(¢).

Observation A.9. e There is a natural isomorphism
Homa, (([n], 7),1([m])) ~ Homa([n], [m])

such that 7 is left adjoint to [.
e A morphism ([n],n) — ([m],7) in A, is determined by a morphism [n] — A(([m],4)) in
A, i.e. we have a natural isomorphism
Homa, (I([n], ([m], 1)) ~ Homa([n], A([m], 7))
such that [ is left adjoint to .
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Definition A.10. Let LV be the set of last vertex morphisms of A, i.e. functors ¢ : [n] — [m]
such that ¢(n) = m.

Lemma A.11. e )\ takes the m-coCartesian morphisms to morphisms in LV.
e [ takes morphisms in LV to m-coCartesian morphisms.
e the unit map [n| — Al([n]) is in LV (being in fact the identity map on [n]).
e the counit map IA([n],i) = ([i],7) — ([n],7) in m-coCartesian.
Therefore the adjunction [ 4 A induces an equivalence of co-categories
ALV ~ A, [coCart™].

Lemma A.12. The adjoint triple 7 [ = X\ induces for all oo-categories C an adjoint triple
of functors
Tc = lc = )\C

between A /¢, and A/.. The observations of the previous lemma also hold here, so we get
an adjoint equivalence
ALV =~ A e JecoCart ™).
Corollary A.13. There is a natural equivalence of co-categories
ALV ~C.
Proof. This follows from Corollary A.7 and Lemma A.12. O

Definition A.14. Let textrev : A — A be the order-reversing automorphism of A, given on
objects by [n] — [n] and on morphisms by sending ¢ : [n] — [m] to rev(¢)(i) = m — ¢(n —1i).
Lemma A.15. There is a natural pullback square

reve
A/Cop —_— AC

|

A

A

rev

Since rev is an equivalence, so is reve.
Proof. The pullback of A — A along rev is the right fibration for the composite
AP A S 5
and this composite is precisely the complete Segal space corresponding to C. Il

Definition A.16. Let IV be the set of initial-vertex morphisms in A, i.e. functors ¢ : [n] —
[m] such that ¢(0) = 0.

Lemma A.17. The automorphism reve sends morphisms in LV to morphisms in IV, such
that there is a natural equivalence of co-categories

ATV ~C.
Proof. This follow from Corollary A.7 and Lemma A.15. O

Proposition A.18. The canonical functor A — A ¢[LV~'] is coinitial and cofinal.
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Proof. By definition of Ac[LV™'] there is a pushout square

LV

LV[LV™]

A ALV

By [13, Corollary 4.1.2.6] the map LV — LV[LV '] is cofinal, so by [13, Corollary 4.1.2.7]
the pushout A, — A /C[LV_l] is also cofinal. Applying the same argument on opposite
oo-categories, this map is also coinitial. O

Corollary A.19. The four functors
ANie—=C, A —C?, A% —C, A;”g — C?
are all coinitial and cofinal.

Corollary A.20. (Bousfield-Kan) Let D be a cocomplete oco-category. The colimit of a
functor F': C — D is equivalent to the colimit of a simplicial object A°” — D given by

nl = colim  F(a(0))
a€Map([n],C)
Proof. We can compute the colimit of F' after composing with the cofinal map A‘;’é — C,

which takes a : [n] — C to a(0). This colimit we can inturn compute in two stages, by first
taking the left Kan extension along the projection A[/’Z — A which produces a simplicial
object of the given form, and then taking the colimit of this simplicial object. O

Remark A.21. This derivation of the Bousfield-Kan formula is credited to Moritz Groth.

Definition A.22. Given a functor F' : C x C® — D, its bar construction B(F) is the colimit
of the composite functor

A?’é—)CXCO”—)D,
where the first functor is induced by the functors A;’Z — C and A;’Z — C° constructed
above.

Lemma A.23. If D is a cocomplete oco-category, then the bar construction of a functor
F :C x C? — D can be computed as the colimit of a simplicial object A°”? — D given by

[n] = colim F(a(0),a(n)).
a€Map([n],C)

Proof. The colimit over A;’Z can be computed in two steps by first taking the left Kan
extension along the projection A% — A° which gives the desired simplicial object, and
then taking the colimit of this simplicial object. U

Definition A.24. Let ¢ : A — A be the subdivision endofunctor, given by [n]| — [n] * [n].

Lemma A.25. The functor ¢* : Fun(A%,S) — Fun(A%,S) takes complete Segal spaces to
complete Segal spaces.

Definition A.26. The twisted arrow category Tw(C) of an co-category C is the co-category
escribed by the complete Segal space ¢*C (with C viewed as a complete Segal space).
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Lemma A.27. There is a natural pullback square
Ajrwie) —— Ae

-

A A

Proof. The pullback of A c — A along € is the right fibration for the composite
ASASS,
which by definition is A /g c). O

Lemma A.28. There is a commutative diagram

op
At

|

Tw(C) —— C x C

A%

Lemma A.29. €7 : A’ — A° induces homotopy equivalences on colimits valued in spaces.

Proof. This is [2, Lemma 1.1]. In short, the statement is proven for representable simplicial
spaces and extending by colimits. [l

Lemma A.30. ¢ : A°? — A° induces homotopy equivalences on colimits valued in spectra.

Proof. Let X be a simplicial spectrum. Then there is an equivalence

X >~ colim X™Yu @ E,

Xy =X

Here is colimit is taken over the comma-oco-category ¥y | X, which is defined as the
pullback

Sy | X ——— Sphy

A

Sp2”
2%y P

and FE, is a spectrum.
By [2, Lemma 1.1], pulling back along € induces a homeomorphism, in particular a homo-
topy equivalence, between geometric realizations. In oco-categorical terms, the realization is

precisely the colimit, such that e”? : A’ — A° preserves colimits, hence €’ is cofinal, hence
€ is coinitial. U

Corollary A.31. A pye) —+ Ac is coinitial.
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Proof. The (the dual of) [13, Proposition 4.1.2.15], the pullback of a coinitial map along a
Cartesian fibration is coinitial. O

Proposition A.32. Given a functor F': C x C®? — D, its coend, given by the colimit of the
composite

Tw(C) - C xC? — D,

is equivalent to the bar construction B(F).

Proof. We have a commutative square

op op
Ao A

Tw(C) ——— C x C

where the top horizontal and left vertical maps are cofinal by Corollaries A.19 and A.31. [
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