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Abstract

We introduce a notion of L?-Betti numbers for locally compact, second countable, unimodular groups.
We study the relation to the standard notion of L?-Betti numbers of countable discrete groups for
lattices. In this way, several new computations are obtained for countable groups, including lattices
in algebraic groups over local fields, and Kac-Moody lattices.

We also extend the vanishing of reduced L2-cohomology for countable amenable groups, a well
known theorem due to Cheeger and Gromov, to cover all amenable, second countable, unimodular
locally compact groups.

Resumé

Vi introducerer L2-Betti tal for lokalkompakte, anden tallelige, unimodulare grupper. Disses relation
med L2-Betti tal for gitre i lokalkompakte grupper undersgges. Séledes fas flere nye udregninger for
teellelige grupper, for eksempel for gitre i algebraiske grupper over lokale legemer, og Kac-Moody
gitre.

Vi viser ogsd at den reducerede L2-kohomologi forsvinder for alle amenable anden tellelige, uni-
modulaere lokalkompakte grupper. Dette udvider et velkendt resultat af Cheeger og Gromov for
teellelige grupper.
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CHAPTER 1

Introduction

It is good to have an end to
journey toward; but it is the
journey that matters, in the
end.

Ernest Hemingway

The theory of L2-Betti numbers has proved tremendously useful, particularly in group theory
and geometry (see Section for a quick panoramic glance). For a discrete group I', the L2-Betti
numbers are positive extended-real numbers S5 (I") € [0,00], n € No. They are coarse enough to be
computable in many interesting cases, yet reflect enough properties of I' that their computation is
not a meaningless exercise.

The goal of the present text is to suggest a definition of L2-Betti numbers for locally compact
(unimodular) groups. Let me indicate what I think are some good reasons to engage in such a task.

Lattices and orbit equivalence

Measurable group theory is the study of groups, for instance countable discrete groups, via their
actions on measure spaces. The standard setup is a countable discrete group I' acting on a standard
probability space (X, p) freely, and preserving the measure. Many striking methods and results have
been developed in this area, and in particular dealing with rigidity, that is, how much information is
retained by the orbit equivalence relation R(I' ~ X) induced by the action? See e.g. [37,38,[55,74,88].

D. Gaboriau proved in [41] that R(I" ~ X) completely remembers the L2-Betti numbers of I'. In
fact, a stronger result holds allowing one to conclude that the L?-Betti numbers are proportional for
groups which are measure equivalent in the sense of Gromov. The prototypical examples of measure
equivalent groups come from considering two lattices I', A C G in a locally compact group. Then the
actions I' ~ G/A and A ~ G/I" are measure equivalent, and the conclusion is that 7, (I") = c- B (A)
for all n > 0, and where ¢ is in fact the ratio of covolumes.

In particular, when G is discrete and I' C G is a finite index subgroup one has f,(T') = [G :
- ﬁ&)(G). This was well known since the beginning, and the fastest proof is via cohomology: the
L?-Betti numbers can be defined as ﬂ("z)(I‘) := dimypr H™(T, £’T") where the dimension dimyp is the
extended von Neumann dimension function of Liick. By the Shapiro lemma, H™(T, £’T") ~ H™(G, £2G)
for all n and this immediately implies the claim by an easy observation relating LI'-dimension to LG-
dimension.

This suggests a cohomological proof of Gaboriau’s theorem in the special case of lattices by es-
tablishing similar results when the ambient group G is a locally compact group and I' is a lattice in
G.



Higher L2-Betti numbers

The ideas just mentioned are part of a more general program concerning the (co)homological algebra
point of view of L?-Betti numbers. Namely, if one can establish relations between the cohomology of
lattices and that of the ambient group in some sense, then the hope would be that one can bypass the
oftentimes very wild behaviour of discrete groups and consider instead more mildly mannered locally
compact groups.

In the following this manifests in particular in several non-vanishing results for higher L2-Betti
numbers. By 'higher’ we mean typically ,[3("2)(—) for n > 3, or maybe even just n > 2. While several
results are known for vanishing of L2-Betti numbers, also the higher ones, non-vanishing results are,
to the best of my knowledge, only known for lattices in Lie groups (due to Borel [11]), and for product
groups via the Kiinneth formula (and groups measure equivalent to these). On the other hand, many
more interesting non-vanishing results are known for the first L2-Betti number.

The following argument is a little doctored, since it relies on results proved below instead of
intuition. Nevertheless, we obtain below several matural non-vanishing results for higher L2?-Betti
numbers of lattices in locally compact groups.

Not all graphs are Cayley graphs

For a finitely generated group I' and a (finite) symmetric generating set S, the Cayley graph G(T', S)
has vertex set I' and an edge (v,7') whenever y~*9' € S. The first L?-Betti number of T' can be
described in terms of the space of harmonic Dirichlet functions on G(I",S). Recall that a function
f: ' = C is a harmonic Dirichlet function if it satisfies (given no s € S has order two, 1 ¢ .S)

v7€r:f<v):ung(vs), and Y |f(1) — F(rs)P < oo

seS €I, seS

In particular, 8(T") = 0 if and only if the only harmonic Dirichlet functions are the constant ones.
The definition of harmonic Dirichlet functions makes sense on any locally finite countable graph,
and Gaboriau in [42] defines a notion of first L?-Betti number, B;)(G) for any locally finite, vertex-
transitive, unimodular graph G, i.e. there is a closed, unimodular subgroup G C Aut(G) which acts
transitively on the vertex set of G. As in the group case, the definition fits such that ,6(12)(9) vanishes
if and only if the only harmonic Dirichlet functions are the constant ones, and further, ,682)(1") =
ﬂ(lz)(g (T", S)) for a finitely generated group I'. Using the machinery for standard equivalence relations,
the (non-)vanishing of the first L?-Betti number has important percolation-theoretic implications for
the graph.

If one could extend the equality of first L2-Betti numbers for I" and its Cayley graphs to an equality
,5(12)(9) = ,5(12)(G) this would further strenghten the interplay between probability and group theory.

Locally compact groups are interesting!

Finally I would offer what I consider the most compelling reason to define and study a notion of
L?-Betti numbers for locally compact groups: locally compact groups are interesting in their own
right; and this is self-evident. Hence no excuses are really needed: it is OK to study locally compact
groups as an end in itself, and given the relevance of L?-Betti numbers for the special class of discrete
groups, generalizing the definition with that in mind is a natural thing to do.



Presently I want to discuss some aspects of L2-Betti numbers of locally compact groups in an informal
manner. The main results will be stated more formally below.

The homological algebra approach

Whereas the original definition of L2-Betti numbers (Atiyah and Cheeger-Gromov [3},21]) was geomet-
ric / analytic in nature and intent, Liick in the nineties recast it completely within the framework of
homological algebra [66]. Considering, for instance, the cohomologies H"(I", £°T") these carry naturally
a right-action of the group von Neumann algebra LT of I, which allows to define the L2-Betti numbers
as the LT'-dimension

By(T) = dimyr H*(T, £7T')

in the sense of Liick. The dimension function dim;r is defined for any LI'-module, in the purely
algebraic sense that we consider LT" just as a ring. Recall (see e.g. Appendix that LT' comes
equiped with a canonical trace 7, on which the dimension function depends, so that we may write
dim(;r ) when we want to emphasize this. Liick’s approach allows to bring to bear all the usual tools
of classical homological algebra, including spectral sequences.

The definition of L2-Betti numbers we make below is in this spirit. That is, given a locally compact
unimodular group G (below we have also the blanket assumption that G be second countable), we
want to construct a dimension function dim;; on the category of LG-modules and then define the
L?-Betti numbers as the LG-dimensions of suitable cohomology spaces.

In the general locally compact group case, the group von Neumann algebra comes equiped with a
canonical weight (see Appendix , which we usually denote ¢. Further, 9 is a trace exactly when G
is unimodular, and extends the construction of the trace on the von Neumann algebra of a discrete
group. In general 9 depends on the choice of scaling of the Haar measure x on G, whence so will the
dimension function.

Whereas the trace is finite in the discrete case, one only has a semi-finite trace in general. Even
in the case where G is a compact group, so that LG has a finite trace, the canonical trace which we
use is not finite unless G is discrete.

The first goal of this text is to make a definition (see Section

Bi»(G, u) = dim(ze,y) H"(G, L*G)

of L?Betti numbers for any locally compact (second countable) unimodular G. If we take for granted
that a nice dimension always exists, this still leaves open the choice of a "suitable" cohomology theory.

Which cohomology, exactly?

While one could in principle take a locally compact group G, forget the topology, and consider
cohomology H*(G, —) := Ext{s(C, —) where CG := span.{d, | ¢ € G} is the usual group algebra of
a discrete group, this is not exactly very useful. Indeed, considering for instance the second degree
cohomology one ideally wants this to classify some class of extensions; but if we forget the topology,
we are only classifying extensions of the discrete group GG. This is not necessarily bad in any objective
sense, but of course it is natural to consider a construction which retains some topological information
about G.

Constructing such a theory is not as straight-forward as one might like. Indeed, the way to take
into account the topology of G is to consider only modules with some additional structure, for instance



one can consider topological vector spaces on which G acts continuously. This presents new obstacles.
Indeed, the category of topological vector spaces admitting a continuous action of G is not abelian,
and so does not fall within the classical framework for homological algebra.

Nonetheless, several useful cohomology theories have been contructed for locally compact groups.
In particular, the measurable cohomology groups of C.C. Moore [76-79], and continuous cohomology
[14,48]. The choice of measurable cohomology is not so crazy, recalling Weil’s result that the Haar
measure essentially determines the topology. Fortunately, recent results [4] show that the two theories
coincide for Fréchet modules, in particular L?G; however, we do choose to work in the framework of
continuous cohomology since this seems the more studied of the two, with many useful results already
in the literature.

The continuous cohomology H™(G, L2G) is itself a vector space with a natural (quotient) topology,
which is not necessarily Hausdorff. We will also consider the largest Hausdorff quotient H"(G, LG)
and the associated reduced L?-Betti numbers of G. In Propositionwe show that dim;¢ H*(G, L?G) =
0 if and only if H"*(G, L?G) = 0. The same is not true for H"(G, L*G), even for G countable discrete:
in that case Bf)(G) = 0 for all n when G is amenable, but it is known that H*(G, L*G) is Hausdorft
if and only if G is non-amenable whence in particular H*(G, L?G) # 0. In particular this remark
also should indicate that the question of whether the cohomology is Hausdorff is interesting in and of
itself.

Scope of the definition

As just mentioned, we define the L2-Betti numbers for locally compact unimodular groups, also
assuming second countability. Here are some remarks to justify working with specifically these objects.

At first glance we might take the word ’group’ for granted here, but in fact it is the most arbitrary
of all the choices pertaining to the scope. The only reason for restricting attention to groups (instead
of say, groupoids) is that this was the most immediate concern, and of course conceptually a necessary
first step in any case. We leave further generalizations to future work.

Local compactness is an obvious requirement. The class of groups admitting a Haar measure
essentially correspond to locally compact groups by a classical theorem of Weil, and without a Haar
measure and the group von Neumann algebra one eventually construct from that, I just don’t know
how to define a suitable dimension function. (Nor is it clear what exactly the right coefficient module
would be, given that we approach the problem from the point of view of cohomology.)

Unimodularity seems equally obvious then. The canonical weight on the von Neumann algebra is
a trace exactly when the group is unimodular, and again this is needed for the dimension function
(to be canonical given the group).

Finally, there is the requirement that the group G should be second countable, i.e. that it has
a countable neighbourhood basis. This ensures in particular that L?G is separable. It also implies
that G is o-compact, which crucially lets us write spaces of cochains in continuous cohomology as
countable projective limits. Countability is needed here because the dimension function does not in
general behave "continuously" under uncountable projective limits, just like the Haar measure will
not be continuous under countable unions/intersections.

But we also want G to have a countable neighbourhood basis at the identity. Indeed, we develop
the dimension function only in the context of o-finite von Neumann algebras since certain arguments
to show (non-)vanishing of dimension boil down essentially to €/2™ type arguments on an orthogonal
decomposition 1 = };.; p; of the identity in LG. In order to do this we need the index set I to be at



most countable, and in certain situations I see no other way to ensure this but to force it as a blanket
assumption.

By the Birkhoff-Kakutani theorem |75, Theorem 1.22], having a countable neighbourhood basis at
the identity implies that G is metrizable (with a right-invariant metric). Then o-compactness implies
that G is separable whence in fact second countable. Thus the assumption.

I do want to comment that many things should still hold even if we drop the assumption of o-
compactness, and I think that this is a reasonable thing to do. For instance, I do not see any a priori
reasons why it is not interesting to consider uncountable discrete groups, but there are as mentioned
above some problems of analysis associated with this. For instance, it is not clear to me, and indeed
may even fail, that dim;r H™(T, £°T") = dimr H,(T,£°T") when I' is an uncountable discrete group.
Thus there may be some loss of flexibility in the definition. Secondly, I do not at the time of writing
know any examples of say, locally compact groups G which are metrizable but not separable, and
would be obviously interesting from the point of view of L2-invariants.

Cocompact lattices

In general, establishing an equality

By (G, ) = covoly(I') - B3y (T) (1.1)

when I' is a lattice in G turns out to be more subtle than in the case of finite index inclusions of
discrete groups. In Chapter |4 we establish equation in the special case where I' is a cocompact
lattice in G. This turns out to be much easier than the general case since the Shapiro lemma in
continuous cohomology provides an isomorphism H™(T,¢°T') ~ H™(G, L?G) when T' is cocompact,
but not in general.

Another subtlety compared to the finite index case is the comparison of the dimension functions.
For a finite index inclusion A C T" of discrete groups we can restrict the LI" action on any module E
to an action of LA, and we have dimy, £ = [I' : A - dim;r E.

For an inclusion I' C G where T is a lattice in G, this is not the case, and indeed one can produce
examples where dim,g F = 0 but dim;r E = oo (see Example [4.6). In Section we show that
equality holds on Hilbert modules, and we then change dimensions by approximating the cohomology
by such, in the sense of projective limits.

Connected groups; Lie groups

By the solution of Hilbert’s fifth problem [75], any connected locally compact group is a compact
extension of a Lie group. We will show that extensions by compact groups do not change the L?-Betti
numbers, and so computation in this case reduces to (connected) Lie groups, at least in principle.

A theorem of van Est allows to relate the continuous cohomology of a Lie group G with the
(relative) cohomology of its Lie algebra g, significantly simplifying computations. Then, when G is
semi-simple, one decomposes L?G using detailed knowledge of the representation theory, analyzing
the cohomology of each discrete series representation individually. In the first serious test of our
definition, we compute in Section the L?-Betti numbers of SLy(R) in a very direct and explicit
manner along the outline just given.

Passing to the Lie algebra and the (relative) cohomology of this, one loses a priori all topological
information about H"(G, L?G). An important consequence of the LG-module structure is that one



can still use the Lie algebra to show that the reduced cohomology H"(G, L?G) vanishes. Indeed by
the remarks above, this follows if the LG-dimension of the Lie algebra cohomology vanishes. Thus
in this important special case, the dimension function implicitly allows to keep track of topological /
analytic information.

Totally disconnected groups

From a technical perspective, there is really no reason to restrict attention to discrete groups instead
of (unimodular) totally disconnected groups.

Recall that any totally disconnected group G contains a neighbourhood basis at the identity
consisting of compact open subgroups (K,),cn. While a compact open subgroup K need not be
normal (in which case we would consider the countable discrete group G/K), the inclusion K C G
still in many ways resembles a discrete group. In particular, convolution by the indicator function
ﬁﬂx on L?G is a projection with range L?*(K\G), and whereas in general dim; g L2G = 00, we have
dimq L*(K\G) = ﬁ Further, the projections ﬁ]l k,, increase to the identity in G. This adds a
layer to every argument where one argues to use this approximation, after which everything proceeds
as normal.

In particular, the proof that one can define L?-Betti numbers via homology or cohomology as
one pleases has a very direct generalization to totally disconnected groups. In fact, early on in
the project I worked exclusively with continuous cohomology since that was what I knew from the
monographs [14,48], but as work progressed so did the realization dawn that many things could be
written down easier and in a more direct manner, using homology. There are (to my eyes) surprisingly
few research papers involving continuous homology, compared to the substantial literature devoted
to cohomology.

We also establish equation for any lattice in any totally disconnected group. There is still
no direct isomorphism of cohomologies but there is a map, and along the lines of the remarks just
made the property which allows us to conclude that this map is an isomorphism "up to dimension"
is exactly that everything happens on finite direct sums of spaces of the form L?(K\G) for K C G a
compact open subgroup.

Amenable groups

A very important result is the vanishing of all the L?-Betti numbers of any (infinite) amenable discrete
group. The main result in the present text is an extension of this to all (unimodular, second countable)
locally compact groups.

This was already established in degree one for connected groups, essentially by Delorme [24], the
same paper as the property (7T') result. The proof in that paper is very explicit and concrete. However,
wanting to establish the vanishing in all degrees, we are forced to take a more general approach, using
structure theory (for connected amenable groups) and spectral sequences to reduce the computation
to explicit groups - in fact we can reduce it all the way down to an explicit computation for R.

In the other extreme we have totally disconnected amenable groups. Backing up earlier discussion,
we provide a proof of vanishing directly generalizing a proof for discrete groups. In fact we provide
also a second proof, generalizing Liick’s proof for discrete groups via dimension flatness of the group
von Neumann algebra, though without so many details.



Spectral sequences

One consequence of the fact that the category of topological modules over a locally compact group G
is not abelian is that the Hochschild-Serre spectral sequence cannot be constructed in full generality.

To get around this we need to develop several versions of the Hochschild-Serre spectral sequence
to account for all the different possibilities. The obvious first step is that we need to use a spectral
sequence for the inclusion Gy < G, where Gy is the connected component of the identity in G. The
quotient G/Gy is a totally disconnected group, and with this in view we develop a notion of "quasi-
continuous cohomology", which allows that the coefficient modules are Hausdorff only up to mod’ing
out by a zero-dimensional (in the sense of LG-dimension) submodule.

While one can get around using the Hochschild-Serre spectral sequence developed in this context
by a more direct argument, since we are only after vanishing, the idea is that the quasi-continuous
cohomology is a natural theory to consider for totally disconnected groups in complete generality.

Simple examples

We compute along the way the L2-Betti numbers of several examples and classes of groups, including
SLy(R, Span(F4((t))), and all amenable groups. He is one example not touched upon:

1.1 PrROBLEM. Compute the L?-Betti numbers of a (topologically) simple, totally disconnected
group without lattices, e.g. the group contructed in [5].

Exact categories

Thanks in large part to the author’s lack of knowledge, the framework for homological algebra used
throughout is somewhat haphazard. Everything should fall within the framework of exact categories
and be expressed as such, though we only make a tiny digression on this in Appendix [D] Too bad!

Statement of results

The main text is divided in two parts: the first, consisting of five chapters (3| through |7]) develops the
central theme, namely the L?-Betti numbers of locally compact groups. The second, consisting of five
appendices ((A[through |[E|) develops various auxiliary results. In addition there is the introduction you
are presently reading, and a brief 'prologue’ chapter, containing some general references of interest
for L2-Betti numbers.

Of these, Chapters (3| through [7|represent original research and ideas carried out during my time as
a Ph.D. student at the University of Copenhagen, as do Appendices [B|and [D] The remaining chapters
and appendices are mainly expository in nature, even if they may contain material that has not been
published elsewhere, or maybe just not exactly in the form presented here. While the text is logically
structured in such a way that one should start at Appendix [A] read through all of the appendices and
then wrap around to Chapter [3] I expect that expert readers can safely start at Chaper [3] and refer
to the appendices as needed.

Appendix [A] recalls various standard results and fixes notation to be used throughout.



Results on the dimension function

In Appendix |B| we consider a o-finite von Neumann algebra o/ with a semi-finite, faithful normal
tracial weight 9. On the category of right-.o/-modules we then construct a dimension function dimy)
such that:

e For any projection p € o/ we have

dim(. ) p(L2¢) = ¥(p),

where L?9 is the Hilbert space in the GNS contruction for (<7, ). In other words, dim . y)
extends the well known von Neumann dimension,

e When % is a finite trace, our definition reduces exactly to that of Liick [66].

The dimension dim./ ) F is defined as the supremum of "von Neumann dimensions" (T'r ® 1)(p)
of modules p/™, where p € M, (<7) is a projection, embedding in E.

We refer to the dimension function dim( y) as the extended von Neumann dimension, Liick’s
dimension function, or simply .«/-dimension. It has a a number of nice properties that one would
expect from a "dimension", i.e. it satisfies continuity properties for increasing unions and decreasing
intersections, and a version of the rank theorem from linear algebra. See Theorem for a summary.
The first part of the appendix is devoted to proving all these basic properties.

One very important difference between the extended von Neumann dimension and the classical
dimension of vector spaces is that one can have .&/-modules E # 0 such that dim(,y)E = 0. In
Section we prove a very useful criterion for vanishing of «/-dimension, due to Sauer [90] for
finite trace:

LeMMA. (SeE LEMMA [B.27) Let E be a right-o/-module. Then dim(., 4y E = 0 if and only if for
every z € E there 1s a sequence of projections p, /' 1 in &/ such that z.p, =0 for all n.

This result, referred to as the (or Sauer’s) local criterion, is useful since it enables one to show
vanishing of .<7-dimension not by analyzing all possible embeddings of projective modules, but by
considering the action on individual given elemenents, where analysis is conceptually much easier and
more direct.

When the trace is finite, one can consider a subcategory of the category of all modules consisting
of rank complete modules, and there is a (idempotent) completion functor into this. In Section
[B.39 we recall this and make some further remarks. In particular, we advocate an analogy between
rank complete .«7-modules and vector spaces (in particular, every vector space is a rank complete
C-module), with «7-equivariant linear maps corresponding to linear maps. With this in mind we
prove an extension theorem for morphisms between rank complete modules:

THEOREM. (SEE THEOREM B.41|) Suppose that ¢ is a finite, faithful, normal trace on o/ Let E C
F and 'Y be rank complete o/ -modules. Then any </ -module homomorphism ¢ € hom,(E,Y)
extends to an </ -morphism ¢ € hom,(F,Y).

While the proof is a standard application of Zorn’s lemma, this observation has a number of useful
consequences. An abstract way of stating the result is that, on the category of rank complete modules,
the functor hom,(—,Y) is exact.



By definition, semi-finiteness of ./ means that the identity is an orthogonal sum of finite pro-
jections. This allows us to compare the dimension function for (<7, 1) with dimension functions for
finite traces, defined on corners of .«/. Through this, the above result leads to "dimension exactness"
results for the hom-functor hom,(—, .</) and, by adjointness, for the induction functor — ®,., % where
o/ C 4 is an inclusion of semi-finite von Neumann algebras. See Theorem |B.50

These results circumvent the unfortunate fact that in the semi-finite case, one does not seem to
have a suitable notion of rank completion. In Section |B.52| we consider an alternative construction
of a localization of the category of all modules wrt. morphisms that are isomorphisms in dimension
(i.e. have zero «/-dimensional kernels and cokernels) which does not require the completion. This
section is by intention less formal, and no proofs are given.

We also show in Section [4.1]the following result. In the statement, x is a Haar measure on G, 9 the
corresponding canonical tracial weight, and 7 the canonical, normalized trace on the von Neumann
algebra of the discrete group H.

THEOREM. (SEE 4.3)) Let G be a second countable unimodular locally compact group and H a
lattice in G. Then for every projection p € M,(LG),n > 1

1
di Ly = —— . di - L2yY™.
IM(rg,y) P (% Covol,L( H) M H,r) P (%

Topological modules and relative homological algebra

The rest of the appendices establish various results in continuous cohomology of locally compact
groups, and cohomology of Lie algebras. These theories are both "relative" cohomology theories in
that one restricts the short exact sequences under consideration in the definition of "injective" and
"projective" module [50].

In the first of these, Appendix we recall the construction of continuous cohomology. This
is well known, see e.g. [14,/48]. Thus we only briefly recall the main points, and note that the
cohomology spaces H™(G, L2G) are LG-modules for any locally compact, unimodular group G, and
more generally H"(G, E) are right-</-modules whenever F is a topological G-</-module, meaning
a topological (Hausdorff) vector space with a continuous action of G and a commuting action of .o
such that each a € .o/ acts continuously.

We also recall the construction of continuous homology, in particular H,(G, E), which we do in
slightly greater detail since there appears to be no comprehensive account available.

In Appendix [D| we discuss a more general notion of continuous cohomology which takes the dimen-
sion function into account, termed quasi-continuous cohomology and denoted HY. A bit loosely,
we consider modules that still have a topology, but now this is assumed to be Hausdorff only up to
taking quotients by zero-dimensional (in the sense of .«7-dimension) submodules.

This allows a more general construction of the Hochschild-Serre spectral sequence than is possible
in continuous cohomology, in particular:

THEOREM. (SEE THEOREM |D.24)) Let H I G be a closed normal subgroup and assume that G
18 totally disconnected (whence so are H and G/H). Then there is a Hochschild-Serre Spectral
sequence abutting to H4(G, L*G) with E;-term

B} = HY(G/H, Hy(H, LG)).
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This is very much in accordance with the slogan that we should try to put totally disconnected
groups within the same framework as discrete groups whenever possible.

Finally in Appendix |E| we recall the notion of smooth cohomology for Lie groups. This coincides
in fact with continuous cohomology, but has the advantage that there is a direct relation with the
cohomology of Lie algebras, due to van Est (see Theorem .

As we have already remarked upon above, keeping track of the dimension function allows in certain
cases a substitute for having a topology on the Lie algebra cohomology, and we give the definitions
with this in mind.

For the reader’s convenience we also give proofs of two versions of the Hochschild-Serre spectral
sequence in this setting (see Theorems respectively [E.19). The first is a well known version for
inclusions of Lie algebras, appearing also in the standard monographs [14,/48] in various guises, and
we make only minor changes in the exposition. The second is a "mixed case" version, which allows
us to consider the case of a discrete subgroup of a Lie group G, in particular the case where G has
infinite centre.

The definition of L?-Betti numbers

Chapter (3| contains the definition of L?-Betti numbers for locally compact, second countable unimod-
ular groups,
B)(G, u) := dim(zc ) H*(G, I*G),

where 1 is the canonical weight on the group von Neumann algebra LG, corresponding to the Haar
measure u on G, LG is a right-LG-modules via the anti-isomorphism of LG with its commutant,
and H"(G, —) is continuous cohomology.

We generalize two basic results from discrete groups, namely the computation of the zero'th L2-
Betti number
0 ,G non-compact

0 _
:3(2)(G1 ,Ll;) - { 1 ,G compact ) (12)

w(G)

and a vanishing result for abelian groups:
THEOREM. (SEE 3.11)) B3 (G, u) =0 for all n > 0 for any non-compact abelian group.
Finally, we compute the L?-Betti numbers of SL,(R) by analyzing the representation theory. See
B.17

Results on lattices

Using Lemma [4.3| relating the dimension functions dimys and dim;y when H is a lattice in G, we
show in Chapter [4] one of our main results:

THEOREM. (SEE THEOREM [4.8)) Let G be a second countable, unimodular locally compact group
with Haar measure i and suppose that G contains a cocompact lattice Hy. Then for every lattice
(not neccesarily cocompact) H in G and every n we have

ﬂ(’;)(H) = covol,(H) - ﬁ&)(G, L)
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The cocompactness ensures that we have an (homeomorphic) isomorphism H"(H,, £2H,) ~ H"(G, L*G)
of LH-modules, by the Shapiro lemma. That this is a homeomorphism implies, by results on discrete
groups explained in the prologue, that we can, essentially, assume that the cohomology H™(G, L*G)
is Hausdorff. This allows us, along the lines explained above, to approximate the cohomology by a
limit of Hilbert spaces, on which the two dimension functions in play coincide.

In the general case of a lattice I' in G, the Shapiro lemma does not give an isomorphism of
L2-cohomology, but only an LI-equivariant (continuous) linear map

H"(G, I2G) —*~ H™(G, CoindG £°T") ~ H2(T, £°T)

where the coinduced LT-module is Coind$ £°T' ~ L2, (G/T', £°T"), the space of locally square integrable
{?T'-valued functions on the quotient G/T"; by definition this is the space of functions ¢: G/T' — £°T
which are measurable and such that [r||¢||%rdv < oo for all compact subsets K C G/T', where v is
the left-invariant finite measure on G/T.

In particular, L?G ~ L*(G/T', £°T') embeds continuously in CoindS ¢°T", inducing the map ¢ above.
For totally disconnected groups, everything can be considered relative to some compact open sub-
group, so in spirit the situation here is closer to

H"(G, L*(K\G)) —*> H"(G, (CoindS £2T")X)

and we can then argue that the LI-modules L>(K\G) respectively (CoindS ¢°T")¥ are isomorphic up
to dimension, in the sense that the natural inclusion of the former in the latter has cokernel with
LT'-dimension zero. This leads to:

THEOREM. (SEE THEOREM Let G be a totally disconnected, second countable, unimodular
locally compact group with Haar measure wu, and suppose that I' 1s a lattice itn G. Then for all
n>0

,3212)(1—‘) = covol,(T') - ﬂ&)(G, 1)

The examples Sps,(F,((¢)))

In Section we apply the results relating the L?-Betti numbers of lattices in totally disconnected
groups to the following situation: Let F, be a finite field with cardinality ¢ and consider the non-
Archimedean local field of formal Laurent series F,((%)).

It is known that the symplectic groups Sp.,(F4((¢))) for n > 2 contain lattices, but that no such
lattice is cocompact.

Using the action of Sp.,(F4((t))) on its Bruhat-Tits building, we show that once the residue field
F, is sufficiently large, the top L-Betti number 85 (Sp2n(Fq((t))), #) # 0. This implies then:

THEOREM. (SEE [5.31]) For any lattice I' C Sp,,(F,((t))) we have, when g s sufficiently large,
B (T) > 0.

This result is interesting since the lack of cocompact lattices means exactly that there are no
discrete groups acting "nicely" on the Bruhat-Tits buildings, in particular with finite fundamental
domain. This means that the analysis we do to compute the L2-Betti numbers does not a priori pass
to the action of a discrete group, so that the approach of passing through the ambient locally compact
group and using the change of dimension theorem seems to be the most natural way to compute the
L?-Betti numbers of such lattices.
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Amenable groups

Recall that a (second countable) locally compact group G, where we fix a left-Haar measure g,
is amenable if it admits a left-invariant mean on L*(G, 1), that is, a positive linear functional
m: L*(G) — C such that m(1) = 1 where 1: g — 1 for all ¢ € G, and m(g.f) = m(f) for all
g € G and f € L*(G, ). Equivalently, G is amenable if and only if it admits a Fglner sequence, that
is a sequence (F,) consisting of (Borel) subsets F,, C G of finite measure, such that for any (Borel)

F C G of finite measure,
F, FAF
M —n 0
p(Fn)
where A denotes the symmetric difference.
Our main result is an extension of Cheeger-Gromov’s vanishing result for L2-Betti numbers of

amenable countable discrete groups [21] to locally compact groups.

THEOREM. (SEE THEOREMS [7.10| AND [7.12]) Let G be a non-compact, amenable, second count-
able, unimodular locally compact group. Then for alln >0

The result itself is joint with D. Kyed and S. Vaes [58|, where it is established by entirely different
methods.

Here, our approach is based on structure theory for locally compact groups, and the various spectral
sequences developed in the appendices. In fact, these reductions allow us to split the proof essentially
in two cases:

(i) First, we show that the theorem holds when G is totally disconnected. It is not surprising that
the proof is a direct generalization of a proof for discrete groups.

(ii) Second, we have to show that when G is a second countable, unimodular locally compact group
and R embeds in G as a closed subgroup, then dim;; H"(R, L?*G) = 0 for all n > 0. See Lemma
[7.6l

Product groups

In chapter [6] we establish the following Kiinneth formula for locally compact groups.

THEOREM. (SEE THEOREM [6.5|) Let G, H be totally disconnected, second countable, unimodular,
locally compact groups with Haar measures u respectively v. For alln >0

By (G x Hyux v) =" Bloy(G, 1) - Bloy " (H,v).
k=0

Using the "structural result" in Theorem this implies essentially that, since we can compute
the L2-Betti numbers of any connected Lie group, the computation of ,6(”2)(G, p) for any group G
reduces to the computation of the L?-Betti numbers of the totally disconnected group G/Gy.

This leads also to non-vanishing results of (higher) L?-Betti numbers of certain Kac-Moody lat-
tices, see Theorem This provides in particular non-vanishing results for a large class of simple,
finitely generated (or even finitely presented) discrete groups by results in [18].



CHAPTER 2

Prologue

The purpose of this chapter is to give a brief account of various results which, besides their own
intrinsic interest, when taken together shows that the theory of L2-Betti numbers is interesting in a
broad mathematical sense.

Needless to say, omissions and unsuppressed bias runs rampant. Sorry.

2.1 L2-BETTI NUMBERS FOR COUNTABLE DISCRETE GROUPS

Let M be a compact Riemannian manifold with universal covering M. Denote by L>A™(M) the
Hilbert space of square-integrable complex-valued exterior n-forms on M. These are Hilbert modules
over the group von Neumann algebra L(7;(M)) of the fundamental group of M.

Atiyah defines in [3] the L?-Betti numbers ,6(7‘2)(1\;[ ) as the von Neumann dimensions of the space
of square-integrable harmonic n-forms H"(M), where L?A™(M) = dA"—1(M) & H™(M) ® d*Ar+1 (M)
is the Hodge-Kodaira decomposition.

2.2 THEOREM. (Dodziuk [26]) The L?-Betti numbers are homotopy invariants of M.

n=0
the usual Euler characteristic, the L?-Betti numbers have the advantage that they behave well under
finite coverings, i.e. if N — M is a k-sheeted covering, then

By (M) = k- By (N),

While the "L?-Euler characteristic" defined by x(z)(M) := Ta5™(—1)" - B3 (M) coincides with

which is not true for the classical Betti numbers.

Similarly, one may define the L2-Betti numbers of (the universal covering of) a finite simplicial
(or CW) complex.

In [21], a general notion of L?-Betti numbers ,B("z)(I‘) is defined for any countable discrete group I, in
such a way that for a compact Riemannian manifold M (respectively finite simplicial- or CW-complex
X), Blpy(mi(M)) = ,B("z)(]\?f) (repsectively ,B(”z)(f()). A good introduction and survey is [31].

In fact, the notion is defined more generally in [21]: via singular cohomology one defines for any
(free) action of a T" on a topological space X a sequence of L?-Betti numbers B (X;T), coinciding
with B (T') if the space is contractible.

2.3 THEOREM. ( [21]) For T' infinite amenable, B3 (T') = 0 for all n > 0.

This theorem shows in particular that if X is a K(I",1)-space for ' amenable, then x(X) = 0. I
do not know of a proof of this fact which doesn’t go through L?-Betti numbers.

Let X be the universal cover of the finite K (T, 1)-space X := X/I". That is, X is a finite CW-
complex and I' = m1(X) is its fundamental group. While the L*-Betti numbers 8f)(T") = ,6(”2)()2' ;1)
do not coincide with the classical Betti numbers (X ) (that is the whole point!) it is nevertheless an

13
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important part of the theory to establish comparison results. The following result, due to W. Liick,
is central, and has motivated many further developments. Most results of this type are called ’'Liick
approximation theorems’ in homage. See e.g. [8,28,,33,(93| for further developments.

2.4 THEOREM. (LUcCK’s APPROXIMATION THEOREM [62]) Suppose that I' = m1(X) s residually
finite and let (I'y) be a decreasing sequence of normal subgroups with trivial intersection. Then
B (X/T)

In contrast to Theorem , [21] shows also that for the free groups Fy on k generators, B (Fx) =

k —1 and all other £ (Fx) = 0. There are many interesting results using the first L?-Betti number;
see the discussion below.

Bz(T) = hin

2.5 CONJECTURE. (CHERN-HODGE) Let M be a closed connected Riemannian manifold of even
dimenton dimM = 2m, and suppose M has (strictly) negative sectional curvature. Then
(=1)"x(M) > 0.

For m = 1 the conjecture follows from the Gaus-Bonnet theorem, and for m = 2 was proved by
Milnor, see [102].

2.6 THEOREM. (GRrRoMOV [46]) The Chern-Hodge conjecture holds for M Kdhler hyperbolic.

Related to the Chern-Hodge conjecture is also the following conjecture (we state only parts of it).
See [66, Chapter 11].

2.7 CONJECTURE. (HOPF-SINGER) Let M be a closed, connected Riemannian manifold of evendi-
menston dim M = 2m, and suppose M has (strictly) negative sectional curvature. Then ,BZ’;)(M) >
0 and all other By (M) = 0.

Let M be be a closed, aspherical manifold of even dimension dim M = 2m. Then ,B(’;)(M) =0
forn#m

A groundbreaking work in the theory of L?-Betti numbers is the paperGa02 of Gaboriau. There,
Gaboriau proves that the L?-Betti numbers are measure equivalence invariants. Recall that two
countable groups I', A are measure equivalent (ME) with compression constant c if there is a standard
measure space (X, ), in general with u(X) = 0o, admitting commuting actions of I" and A each with
a fundamental domain Fr respectively F), with finite measure, and c := u(Fr)/u(Fy) (caveat: ME is
an equivalence only omitting ¢, which is not symmetric in T', A).

2.8 THEOREM. (GABORIAU [41]) If " @s ME to A with compression constant c, then for all n,

,B(nz)(l—‘) =cC- ﬂ&)(A)-

Gaboriau’s proof goes through a definition of L2-Betti numbers in general for a standard measure-
preserving equivalence relation on a standard probability space. He then shows that ﬂg‘z)(f‘) =
By (R(T' ~ (X, p))) for any essentially free measure-preserving action of I' on a standard proba-
bility space X.

This gives in particular a more conceptual proof of the vanishing theorem of Cheeger-Gromov for
amenable groups, since the orbit equivalence relation generated by any free measure-preserving action
of an amenable group is hyperfinite.

Here is another application of this fact.
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2.9 THEOREM. (GABORIAU [41]) Let 0 N r A 0 be a short exact sequence of
groups and suppose that N,A\ are infinite and that ﬂ(lz)(N) < 0o (e.g. N 1s finitely generated).
Then By (T") = 0.

This implies in particular that if I is finitely presented, then the deficiency of def(T") := max{g—r |
I'={y1,...,% | wi,...,w,)} satisfies def(I") < 1.

Another breakthrough was the work of Liick who put the theory properly inside the framework of
homological algebra, using his extended von Neumann dimension [63-65]. See also his comprehensive
book [66].

the extended von Neumann dimension dim(. . is defined, given a finite von Neumann algebra .o/
with a fixed faithful normal trace 7, on the category of all modules over <7, in the algebraic sense
of a module over the ring /. It enjoys many nice properties that one would want in a "dimension
function".

Using this, Liick can define directly the L2-Betti numbers as

BP(T) := dim(zr,) Tor," (LT, C).

This was unified with Gaboriau’s work in [90] where Sauer gives an algebraic definition of the L?-
Betti numbers of a discrete measurable groupoid. In general, the homological algebra framework of
Liick is generalized by Connes and Shlyakhtenko in [22] who define, for R a weakly dense %-subalgebra
of a finite tracial von Neumann algebra .27, the L?-Betti numbers of R as

BEUR, T) := dim oy .yor ror) TOrZ®E" (/@7 R).
n (F® ,T®T) n

This provides a general framework and allows e.g. a definition of L2-Betti numbers for quantum
groups [57].

The attentive reader will have noticed that we have discussed both L2-Betti numbers with the
index in superscript, and L2-Betti numbers with indix in the subscript. The convention is that we
write Sy (—) or B3 (—) depending on whether the exact definition of "L?-Betti number" is based on
cohomology respectively homology.

Generally speaking it is clear that all definitions agree under suitable finiteness assumptions, e.g. it
is obvious that the definitions of Liick versus Cheeger-Gromov coincide for groups with classifying
spaces admitting a finite model. However, for contable groups in general there are some subtleties
since e.g. the definition of Cheeger-Gromov relies on projective limits here and in that case one does
not necessarily "see" all non-trivial cocycles in the algebraic sense. We show in an addendum, see
Section that there is in fact no difference; probably these results are well-known to the experts,
but I did not manage to find an exact statement of this in the litterature.

The main step in the argument is the following result

2.10 THEOREM. (THOM, SEE [85,97,98|) For any countable group T' and all n > 0,
dim(zr ) Tor, (LT, T') = dim(zr ) ExtZn(C, £°T).
In particular, one can describe the first L?-Betti number of T' as
B(z)(T) = dim(zr - Z*(T, £T) /BT, £°T),

where Z'(T, £°T") is the space of 1-cocycles, i.e. maps &: I' — £2T such that £(gh) = g.£(h) + £(g) for
all g,h € T'. Next we will describe a number of results revolving around the first L2-Betti number,
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arguably the coolest and most popular of all the L2-Betti numbers, but first we state the following
important problem:

2.11 PROBLEM. [t is well known that for any countable group I" there is an inequality
Blz)(T) < cost(T') — 1,
where cost(I") us the cost as defined and studied in [61] and [40]. Does equality hold in general?

A countable discrete group I' is called unitarizable if every uniformly bounded representation of
I' in Hilbert space is similar to a unitary distribution. It is known that every amenable group is
unitarizable [23,25,094], and is an open question whether the converse is also true. A partial result in
this direction is the following result, due to Epstein and Monod, keeping in mind that the L2-Betti
numbers all vanish for amenable groups.

2.12 TuEOREM. ( [35]) Every countable discrete, residually finite group T' with B, (T') > 0 is
non-unitarizable.

It was well-known that F,, the free group on two generators is non-unitarizable, and it is easy to
deduce from this that any discrete group containing I, is non-unitarizable as well. However, using
results from [85], an example of a residually finite torsion group I’ with B, (I") > 0 was constructed
in [83]. See also [67].

On the other hand, [85] contains a quite striking Freiheitssatz, stipulating that any torsion-free
countable discrete group I' such that every non-zero element in the complex group ring acts on 2T
without kernel contains a free non-abelian subgroup if ,6(12)(1") > 0. It is an open problem whether
there exists a torsion-free group not satisfying the first part of the hypothesis.

Returning to the Hopf-Singer conjecture, Sauer and Thom were able to prove the following partial
result using homological algebra machinery and measured groupoids.

2.13 THEOREM. (SAUER-THOM [91]) The Hopf-Singer conjecture holds for any closed, aspherical
manzifold with poly-surface fundamental group.

Finally let us mention

2.14 THEOREM. (SAUER-THOM [91]) Let H < G with G countable discrete. Suppose that both
groups H and G/H are infinite, and that B (H) = 0 for 0 < m < n. If B, (H) < oo then
,B(nz)(G) = 0.

2.15 SoME DuariTy RESULTS FOR DISCRETE GROUPS

2.16 LEMMA. Let o/ be a o-finite, semi-finite von Neumann algebra with a faithful, normal,
tracial weight ¥, and let M be a right-o/-module. Let Q be a submodule of the dual M' :=
hom,, (M, o/) which separates points on M.

(1) Then, considering Q as a left-o/ -module (with </ acting by post-multiplication) we have

(1) Further, the same statement holds with hom,, (M, L?y) in place of M .
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Proof. (i): Let P be a 1-fg. projective submodule of M, say P ~ pa/™. Then we have P ~ o/™p and
from the hypothesis it follows readily that the restriction map 7 : Q — P’ has (algebraically) dense
image.
It follows then that
dimy (Q) = dimy P’ = 9(p) = dimy, P.

This proves (¢). The second claim is entirely analogous, or even better it follows directly from the
observation that M  is rank dense in hom, (M, L?%). O
2.17 COROLLARY. For any right-</ -module M,

dimy, M' = dimy PM.

Proof. Recall that PM is that quotient of M by the algebraic closure of {0} in M. Thus M’ = (PM)’
and separates points on this. On the other hand, PM embeds in the dual of M  and separates points
on this by definition. O

If I is a countable discrete group we define a duality between ¢2-cohomology H*(T,¢°T") and
homology with coefficients in the group von Neumann algebra H,(T', LI'), where we consider LI' a
left- LT-right-I"-module, as follows. For £ : I'" — £°T and f € CI'™ ® LT, which we identify with
finitely supported functions into LI" we define

(£,€):= > f(7).£(y) € £T.

yern

Note that the sum is finite so that this is well defined.
By a straight-forward computation (which we leave out) one then sees the following result.

2.18 PROPOSITION. For all f € CI™ ® LT and ¢ : T™ — {°T,

{dnf, &) = (f,d"¢).

2.19 THEOREM. Let I’ be a countable discrete group. Then we have

dimyr H*(T',£°T) = dimyp H™(T,£°T)
This theorem should be seen as a generalization of [85, Corollary 2.4]. The middle equality, which

is by far the most substantial, is proved in [85, p. 6] (for general refence, see also [97,98]). We will
give a more direct proof of this equality below as well.

Proof. The first and third equalities are consequences of the following two equalities:
dimLpﬂ"(F,ﬁl") = dimL]_'\ PHn(F,LF) (21)
dimL]_'\ ﬂn(l—‘,ezl—‘) = dimLp Hn(F,LF) (22)

The first of these, (2.1), follows straight from the previous proposition once we note that since
' is countable discrete, L2 ('™, £°T') = {¢ : ™ — (°T'} is isomorphic as a right-LI-module to
homLp(LE(F”, LF), Z2F)
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The second will take some more work but the basic observation is that while one cannot detect
whether a cocycle ¢ : '™ — 2T is a coboundary by considering its restriction to finite sets, once
a cycle is a boundary it stays a boundary, so to speak. This means we can actually get precisely
H,(T", LT") as an inductive limit of finite-dimensional modules.

For all m,n € Nlet SU™ C T be finite sets, all containing the identity, incresing in m to I, and such
that (S{™))2 C S{™). Denote K(™ = [T, S{™ the n-fold direct product of S{™ with itself. It is then
easy to see that the (co)boundary maps give well-defined maps df.,, : F(K{™, £T) — F (K{7), 2T
and similarly the boundary maps so that we get complexes

0 gor S, FK™, er) =

and .
0 LT & CKk™ QLT « ..

Identifying CK(™ ® LT with functions K{™ — LI we get again by restriction a duality (-, ),
for brevity usually we drop the subscript, by

B feCK{™ gLl
= Z f(’)’)f(l_‘), ¢ c ./T(K,(Im),fzr) .

yern

This is LI'-bimodular and by a direct calculation satisfies the analogue of the previous proposition:
for all m € N,n > 0 we have

(dSf,€) = (f, dimy®). (2.3)

Denote Bf,,) := Imd(m) iy = kerdl,, B(™ := Imd™, z(m) = kerd( ). Then we have the
following

2.20 LEMMA. For all ¢ € F(K(™), £2T")
(i) €€ 20, o Vf e B{™: (f,€) =
(i1) € € B, " & vf e zim  (f,6) =

Similarly, for all f ¢ CK™ @ LT

(1) f € Z(™ & Vé € Br, : (f,€) =0.

(i) feBY svee zp, : (f,6) = 0.

We postpone the proof of this lemma until after we finish the proof of the theorem.
Denoting H{™ := z{™ /B{™ and H{,,) := Z[,,/ Bl M2 the lemma then tells us that

dimzp H7,,y = dimyp PH™ = dimp HO™

where the final equation holds since everything is finitely generated.
To finish the proof we need to show that H, (T, LT') = lim , H(™ and H"(T,{°T") = lim,_ Hi.
The inductive limit is clear: There is are inclusion maps ¢,,: H™ — H,(T, LT') whence a map
from the inductive limit. This is obviously bijective.
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In the projective limit case we get (by restriction) maps &,,: H"(T',£’T") — H{,,, whence a map
into the projective limit lim,  H{,, and this has rank dense image, e.g. since we have a commutating
square
H'”'(]__‘, ZZF) — llmgm H(Lm)

| y

H™(T,£T) ——lim,  H{,,

where 7 has rank dense image by an easy €/2" argument.

For injectivity we have to show that £ € B™(T",£2I") if and only if &, := Kk, (§) € % for all m.
This follows the same observation as in surjectivity: For the left-to-right implication we note that
d*'ny = £ in F(T™, £°T) if and only if for all m we have df,.j (km(T)) = Km (Al ) =& Em-

For the converse implication simply take, for given finite set KX C I'” and € > 0, an m such that
K C K™ and an n € F(K\™, £2T) such that ||¢, — LNz < € and then again this is the same as
I€m — Km(d™n0)||2 < € where 7, is the extension of 1 by zero.

this finishes the proof of the theorem. ]

Proof of the lemma. The equivalences (z) and (z22) are obvious by the remark just before the lemma,
i.e. that the duality is compatible with the (co)boundary maps. So are the left-to-right implications
of (22) and (z2v).

For the right-to-left implication of (iz) suppose that £ ¢ %H'”z and let P € M, o ® LT be the

projection onto the orthogonal complement of B(”m)H'Hz. Then one of the rows (p;.) is non-zero and
letting f(k) = pix, k € K{™ we get a non-zero cycle (since (f, B} = 0 by construction of P) and
we may choose 2 such that (f,¢) # 0 since P¢ # 0. This proves (2).

——(alg)
For (v) we do essentially the same thing: Let f ¢ B{™ and recall that there is a projection

——lalg)
Q € M, o ® LT such that B~ = (CK{™ ® LG)Q. Then again this means f.(1 — Q) # 0 so that
we may take a £ € (1 — Q)(CK{™ ® £2G) such that (f,£) # 0. For instance we may again take ¢ an

appropriate non-zero column of 1 — Q.
As for (i1) we see by (i) that ¢ is a cocycle since Q.¢ = 0 implies that (B{™, ¢) = 0. O

Finally we give a proof of the middle equality which is, in our restricted setting, more direct than
the general proof given in [97].

Proof of (*). Consider the complex of inhomogeneous chains for computing £2>-homology:
0+ LT« F(T',LT) - -- (2.4)

Since rank-completion is a dimension-exact functor, the ¢2-Betti numbers can equally well be com-
puted as dimensions of the complex

0 < ¢(LT") < ¢(F(T, LT) ¢ - - - (2.5)
Then we make the observation that the completions are, as LI'-modules,

o(Fe(T™ LT)) ={f: T™ = U(T") | YO # p € Proj(LT")3IF C I finite Vy e I \ F : (1 — p).f(y) = 0}.
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It is easy to see that the dual of this is exactly F(I'*,U(T")). Hence, since taking duals is dimension-
preserving exact functor on the category of rank-complete modules, we get that the £2-Betti numbers
are the dimensions of homology spaces of the dual complex

0 — U(T) — F(T,UT)) — - (2.6)

By an €/2" type argument, F(I'",U(T")) is the rank-completion of F(I'", £2T"), and then appealing to
dimension-exactness of rank-completion we are done, recalling from above that the coboundary maps
on inhomogeneous cochains are indeed dual to the boundary maps in inhomogeneous chains. O



CHAPTER 3

L?-Betti numbers of locally compact groups

3.1 THE GENERAL DEFINITION OF L?-BETTI NUMBERS

Recall from Appendix |C|the setup for continuous cohomology as a derived functor from the category
¢, of topological G-.7-modules to the category of «7-modules, where G is a locally compact group
and &/ a semi-finite tracial von Neumann algebra. In particular, given a choice of Haar measure yx on
a lcsu group G we can define the n’th (cohomological) L2-Betti number

By (G, ) = dimy H™(G, L*G)

where 1 is the canonical weight on LG corresponding to u. In particular, our definition coincides
with the usual one in case G is a countable discrete group and p the counting measure.

By uniqueness of the Haar measure up to scaling by strictly positive reals, the sequence (ﬂ&)(G’ 1“))n
of L2-Betti numbers is unique up to a scaling constant not depending on n. (See Proposition be-
low.)

We also define a reduced version of the L2-Betti numbers. For countable discrete groups these co-
incide with the (non-reduced) L?-Betti numbers defined above (see Section but the introduction
the situation is not so clear in the non-discrete case, so we introduce notation to formally distinguish
these.

é?z)(G’ p) := dimy H*(G, L*G),

where H"(G, L*G) := H"(G, L?’G)/{0}, the closure taken in the topological space H"(G, L*G),
which is not necessarily Hausdorff. In other words, H"(G, L?G) ~ kerd"/imd" ! is the largest
Hausdorff space which is a continuous image of H™(G, L*G).

Alternatively we could take Liick’s definition [66, Definition 6.50] and extend it by recalling also
from Appendix |C|that the continuous homology H,(G, LG) is a left-LG-module. We define the n’th
(homological) L?-Betti number as

BP(G, u) := dimy, H,(G, LG).

As noted in Section it is shown in [85] that the cohomological and homological L?-Betti
numbers coincide for countable discrete groups. In Chapter [5| we show that all three definitions
coincide on the more general class of totally disconnected lcsu groups.

Also note that we have not defined a reduced version of the homological L2-Betti numbers since
it is not clear what that would be. It is natural to consider the reduced cohomology and associated
version of the L2-Betti numbers in light of the use of projective limits, and also because Hausdorff
cohomology is inherently interesting [14, Section IX.3] - recall for instance that amenability of G
is characterized by H!(G, L*G) being non-Hausdorff. On the other hand the situation seems more
complicated for inductive topologies where appears natural to consider closures in weak topologies.
In particular, inductive topologies can be harder to work with than projective ones.
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3.2 REMARK. Generally it would be interesting to explore the options offered by the compar-
1son theorems for different cohomology theories in the recent [4]. In particular, there is an
isomorphism id: H™(G, L?*G) = H%,,.(G, L*G) by [4, Theorem A].

We finish this section with some basic results.

3.3 PROPOSITION. Let G be a lcsu group and c € (0,00). Let u be a Haar measure on G and
denote by . the scaled Haar measure satisfying pu.(A) = c- u(A) for every measurable subset A
of G. Then for allm >0

1

and similarly for the reduced and homological L?-Betti numbers. In particular, the vanishing of
L?-Betti numbers is independent of the choice of Haar measure

Proof. Denote by 9. respectively 1 the canonical weights on LG corresponding to u. respectively
p. Then it is easy to check that y.(z*z) = f¢(z*z) for all z € LG?, and the proposition follows
immediately from this. [

3.4 PropoSITION. If G is compact, then ﬂ&)(G, ) =0 for all m > 1.
Proof. The cohomology vanishes by [48, Chapter III, Corollary 2.1]. O

3.5 LEMMA. Let G be a lcsu group. For every symmetric subset K of G, denote (K) := UpenK™.

Then. 1

p((K))

In particular, for every subgroup K of G, the projection Px in LG onto the right-submodule of

LG consisting of functions constant on left-K -cosets has trace ¥(Px) = ﬁ

dimy{f € L’G | (d°f)|x = 0} =

Proof. Indeed fix K denote by F' the module in the left-hand side above and note that it is closed in
L?G. Let P be the projection onto F in L?G. Now let P, be a fixed but arbitrary subprojection of P
with ¥ (F) < oo.

Then P, is given by left convolution by a left-bounded function f, € L2G. We have then for all
he L?Gandally € G,se€ K

L SR s dut) = (foxh)(s™)
= (fox W) = [ fo(OR(E )du(d).
Substituting st for ¢ on the left-hand side we conclude that in fact for all s € K,
Asfo = fo.

It follows that f, is constant on (K) so that this has finite measure if f; is non-zero. In particular, if

P has non-zero trace, we may always find a non-zero fy, proving the claim in the case p({K)) = co.
On the other hand suppose u((K)) < oo. Then since P = P is the projection of L*G onto the

submodule of functions constant on cosets of (K), given by convolution by m]lg{) it has trace

v (A (@m@)) = T
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3.6 PROPOSITION. Let G be a lcsu group. If G is mot compact then (for any choice of Haar
measure)

On the other hand, if G is compact and we normalize the Haar measure such that u(G) = 1,
then By (G, p) = 1.

Proof. This follows directly from Lemma (3.5] [

The following lemma will be used in the next chapter to allow a change of dimension from a group
to a subgroup. It shows, roughly speaking, that the reduced L2-cohomology of a locally compact
group is, up to dimension, a projective limit of Hilbert spaces in a sufficiantly nice way.

3.7 LEMMA. Let G be a locally compact, 2nd countable group and n € N. Let (K;),cn be an
increasing sequence of compact subsets of G™, cofinal in the net of compact subsets. Let H be
a closed, unimodular subgroup of G and 9 the tracial weight on LH induced by some choice of
Haar measure.

Denoting by Z; respectively B; the closures in L?(K;, L°G) of the images of Z™(G, L*G) re-
spectively B™(G, L*G) under restriction to K;, we have

dimLH ﬂn(G, L2G) = ].lm dlm(LH,¢) Zi &) Bi,
100

an increasing limit of dimensions of closed, invariant subspaces of HRL?G ~ KQL?*H with H,K
Hilbert spaces.

In particular, if G 15 also unimodular and dim gy E = dim(LGﬂ/;)E for every closed LG-
submodule E of HRL?G then

é?(lz)(G, ﬁ) = dim(LH,¢) ﬂn(G, LZG)

Proof. Letting ¢, : L2 .(G™, L*G) — L*(K;, L*G) and ¢, : L*(K;, L*G) — L?*(K;, L*G) be restriction

loc

maps, this induces a projective system (Z;/B;, ¢;;) and there is an injective map of LH-modules
t: H*(G, L’G) — lim Z;/B;.

Denote H; := Z"(G, L*G)/¢;'(B;). The ¢; induce injective morphisms of LH-modules ¢;: H; —
Z; © B; with dense image, whence by Lemma (B.34| we have

dim(LHﬂ/,) H,; = dim(LH,¢) Zi e Bi.

Further, we have N;¢; '(B;) = B"(G, L?G). Hence the claim follows by Theorem in case
dimzzy) H "(G, L?*G) < . (The projective limits theorem is applied here both to the projective
system (Z;/B;); and the images of the decreasing L H-modules ¢; '(B;) in the reduced cohomology.)

On the other hand, the claim is also clear if dim .z 4) H"(G, L?G) = oo by injectivity of ¢. ]

3.8 PROPOSITION. Let G be a lcsu group. Then for alln >0
H™(G,L*G) =0 if and only if g?z)(G’, ©) = 0.

In particular the vanishing of ,B(’;)(G, w) implies the vanishing of reduced L?-cohomology in degree
n.
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There is a caveat here that vanishing of £} (G, u) does not imply that the cohomology H"(G, L?G)
vanishes. An example is provided e.g. by any amenable, countably infinite discrete group and n = 1.

Proof. This is a direct consequence of the previous lemma and the faithfulness of the dimension
function on standard hilbert space. O

3.9 ABELIAN GROUPS

In this paragraph we exploit the following observation to show that the L2?-Betti numbers all vanish
for abelian (non-compact) groups. The point is that if @ € LG is a central projection then as right-
LG-modules we have an isomorphism H"(G, Q(L?*G)) ~ H™(G, L*G).Q, which is just given by the
inclusion map of L7 (G™, Q(L*G)) in L} (G™, L*G).

loc loc

3.10 PROPOSITION. Let (o/,%) be a semi-finite, o-finite, tractal von Neumann algebra and
suppose that (Qx) is an increasing sequence of central projections in o/ with limat the identity.
Then for any right-o/ -module M

dim(dﬂl,) M= llin dil’n(g/,d,) MQk = llin dim(Qk%#}(Qk')) MQk

Further, the limit 1s increasing.

Proof. The second equality and the inequality ">’ in the first are clear. To prove that the left-hand
term is at most equal the middle term let P < M be a y-finite projective submodule, P ~ p&/™ for
some n and p € M, ().

Then also P.Qy is a 9-finite projective submodule of M.Q and P.Qr ~ (1, ® Qx)p</™. This gives

dimy P.Qx = (Tr, ® ¥)((1, ® Qi)p) / (Tr, ® ¥)(p).

The proposition follows since P was arbitrary. [

3.11 THEOREM. Let G be a lcsu, non-compact abelian group. Then for all n > 0,

Before the proof we recall some facts about the Fourier transform.

Let G be the unitary dual of the abelian locally compact group G, and denote by F : LG — LG
the unitary extension of the Fourier transform. Recall that this is an isomorphism, and that it sets up
a spatial isomorphism between the action of L'G on L?G by convolution and that of (a weak-operator
dense subalgebra of) LG acting on L?G, extending to a spatial isomorphism of LG and L®G.

By the characterization of the canonical weight 9 on LG (that ¢¥(z*z) < 00 & z = A(f), f € L*G
and in that case ¥(z*z) = ||f||2) we see that 9 corresponds just to integration against f, the Haar
measure on G. (This is normalized such that F is an isometry.)

Proof. We show that in fact there is a sequence (Qy) of central projections in LG increasing to the
identity and such that for all k£ the cohomology H™(G, Qx(L?*G)) = 0. By the previous proposition
this implies the theorem.

By [48, Chapter III, Proposition 3.1(i)] it is enough to find the @y such that for every & there is a
g € G such that (1 — A(g))|o.(z2¢) is invertible.
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To this end let {g;}:cn be a countable dense subset of G and define for 4,7 € N subsets B, ; of G
by

~ 1
Bi;={x€G||x(g:) -1 > ;}

Then we get (U;;B;;)® = {1} C G. Since G is non-compact the dual is non-discrete so that this has
measure zero. It follows that if we denote by C;;; C B;; pairwise disjoint sets with finite measure
and B;; = N;C; j,, then 1 — A(g;) is invertible when restricted to V; ;; = F~*(1¢,,,.L>G). Hence if we
let the Q; be (exhausting) finite sums of the projections in LG (corresponding to) multiplication by
T¢,;, the claim follows since for any such finite sum we get

H™G, (®sinlc,,,)(L*G)) = ®5in H™(G, 1c,,,(L*G)) = 0.

Actually the proof clearly yields the following stronger statement:

3.12 PorisM. Let G be a lcsu group with non-compact centre. Then ,6("2)(G, i) =0 for alln > 0.
[

3.13 COMPACT NORMAL SUBGROUPS

3.14 THEOREM. Let G be a lcsu group and K a compact, normal subgroup. Denote by v = u,
the push-forward of the Haar measure  on G to H .= G/K
Then for allm >0

This theorem is proved in two parts: first we identify the relevant cohomology spaces, then we
justify the change of dimension funtion.

The first part is in fact clear: by [48, Chapter III, Corollary 2.2], see also Proposition we get
immediately an isomorphism of LG-modules

H"(G,L*G) ~ H"(H,L*H). (3.1)
Alternatively this follows from an application of the Hochschild-Serre spectral sequence in continuous
cohomology. See e.g. [48, Chapter III, Section 5]
Here the LG-action on L?H is the usual one via. the identification L?H = L?(K\G).
To see that the dimension functions fit, we note the following (surely well-known)

3.15 LEMMA. The orthogonal projection Py: L?G — L*H®1x is central in LG, and Py LG ~ LH.
Further, the inclusion of LH C LG 1n this way, 1S given on LHjV by extension of functions
¢ — & with £(hk) = £(R). In particular, it 1s trace-preserving. ]

Proof of the Theorem. By equation (3.1)), all we need to show is that
dimray,) H*(H, I’H) = dimzc,y) H*(H, L H).

This follows directly from the lemma: Any f.g. projective LH-module is also a f.g. projective LG-
module, with identical trace. On the other hand, the action on the right-hand side is nothing but
(£.T)(h) = &(h).(PyT) for h € H™ and, say, £ an inhomogeneous cocycle.

Then clearly any f.g. projective LG-submodule of the cohomology, is identically a f.g. projective
L H-submodule. O
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3.16 THE EXAMPLE SL,(R)

We now compute ,8(12) (SLx(R), 1) by exploiting knowledge of the representation theory to give a precise
description of H'(SL4(R), L?*(SLy(R))). The end result, Theorem follows in fact already from
Theorem [4.8/and the well-known fact that [F, is a lattice in SL,(R), and that the latter has cocompact
lattices, e.g. by the uniformization theorem, or more generally by [10, Theorem C]. Alternatively,
and we emphasize this point, one can view Theorem through Corollary [4.8], as a new proof that
Bloy(SLy(Z)) = {5 whence B (F2) = 1, by entirely different means than in [21].

The latter theorem, |10, Theorem C] coupled with Theorem and the methods in [11] gives a
more general version of equation below than presented here, but the concrete example SLy(R)
already illustrates the approach. Note that while the emphasis in [11] is on the L2-cohomology of
symmetric spaces, we focus on group cohomology and the computation of von Neumann dimension,
which is not described in [11]. We also use the trace on the von Neumann algebra of the ambient locally
compact group instead of passing to the von Neumann algebra of a lattice, using e.g. [2, Equation 3.3]
(see also [45, Theorem 3.3.2]), further streamlining the computation.

In this example we fix

G::SL(2,R):{<Z f}’) GMg(R)|mv—uy:1}.

For convenience we recall some basic facts about G. Recall that the Iwasawa decomposition
G = KP" = KAN is a bijection G = K x P* as sets, where

P co§9 sin@ 0eRY ~T,
—sinf cosf

A:{<fj eg)\tER},N:{(é j)\seR},

AT is the subset of A for which ¢ > 0, and P™ = AN. We denote by ug a general element of K and by
p a general element of P*. Note that K and P* are subgroups of G, with K maximal compact. We
denote general elements of A by a. and of N by n,. Then the Haar measure x on G is du = e?*dfdtds.
Alternatively, one has the polar decomposition G = KUKATK = KAtK, and in this setting the Haar
measure has the form dp =  sinh(2¢)d6;d6.dt.

We write g respectively ¢ for the Lie algebras of G respectively K.

Now by [48), p. 124] there are exactly two simple (g, ¢)-modules with non-vanishing first cohomol-
ogy, denoted there Ef. These are invariant submodules of Ho,1 - the Hilbert space of maps f : G — C
satisfying (here (B.X)’s refer to p. 278 in [48))

(B.1)  f(g-p) =a *f(9), f(g.(—12)) = f(g), 9€G,peP"
(B.2) ;/K\f(k)\zdk < 0.

Clearly H,,, is isomorphic to L*(—%, Z) since f € H,, is given by its values on K, but in order to write
the action of G in the most convenient form we consider a different realization. Following [43, Chapter
VII] we denote by F; the set of functions on the closed unit disc in C, analytic in the interior and

infinitely differentiable on the boundary. Then G acts on this by

aw +b
bw + @

@6)w) = ¢ (FoF2 ) Gu+ )
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where
_[(a B a=3((a+8)+i(y—B))
g_<7 5)’ b=3((@—=08)—i(y+9))

By [43, Chapter VII, Section 5.4] there is a G-invariant inner product on this given by (here
dw = dz + 1dy)

&mn) = : ¢(w)n(w)dwdd

2 Jjw|<1

= / &(z +1y)n(z + 1y)dzdy.
32+y2<1

Denote by H™ the Hilbert space completion. This is a unitary representation of G with an
orthogonal basis {wk}ke{o}UN consisting of monomials. For each uy € K the eigenvectors of this are
exactly the w*, k = 0,1,... with corresponding eigenvalues e2(**1)# It follows in particular that the
space of K-finite vectors is the linear span E;" = span{w*}.

Next we want to determine explicitly representatives of the cocycles in H!(G, E{). This is done by
applying [48, Chapter II, Proposition 5.1]. Recall the Cartan decomposition g = ¢ @ p where ¢ = R. X,
and p = span{X;, X5} for

1 1 1
Xo=( % 1) x = OV x= (1),
-1 0 0 —1 1 0

For the complexifications pc and g¢ we have pe = span{X,} with X, = X; +1X,, and the brackets
in gc are given by

[Xo, Xa] = +26X., [X,, X_] = —4iX,.

Denoting by 7 the action of G on H ™" we have for the corresponding representation dn of the complex
Lie algebra &¢

dmr(Xo)w® = 12kw", (3.2)
0 fXy=X_and k=0

dm (X )w* = : 3.3

m(XeJw { (2 + 2k)w**  otherwise (33)

Now by [48, Chapter II, Proposition 5.1] we have H(g,¢, EY) = Hom(pc, B ). By the above, it
follows directly that

X+Hw0:1

Hl(g) E) Ef—) = (C'¢+) where ¢+ : X_ =0

(3.4)

Recall that the way one realizes a simple, admissible discrete series module H inside L?G is through
matrix coefficients g — (9.£,1)w, &,n € H. Here we consider the matrix coefficients for H™, &, :
g — (m(g)w™,w™). Then for all n € Ny, F™ := span{{,,. | m € No} C L>G with the right-regular
representation is isomorphic to the module E; . So is, for all m € Ny, F,, := span{&,.. | n € Ny} with
the left-regular representation.
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To see that indeed H™ is square integrable, i.e. in the discrete series, and find out exactly how it
embeds in L2G we compute the “top left” matrix coefficient

boo(ue,arg,) = (m(ug,arug,)w®, w®)g+
(m(arug,) w®, m(u g, )w®)s+

e2(01402) (1 (g w®, wO) s

_ ezi(61+92).% . (wsinht + cosht)2dwdw
w|<1

_ ezi(61+62)(COSh )2 ;/ | (1 — (—wtanht)) *dwdw
w|<1
_ 7rezi(el+ez)(cosh )72,

where the final equality follows e.g. by a power series expansion of the integrand. Then we get

Hfo,o”g = 2m*.

Denote by A; := span{{,,,. | m,n € No}. Then for the left-regular representation, the space of
K-finite vectors in A; is exactly the (algebraic) direct sum A; := @Zlé’Noﬁ. Clearly these are all
smooth, so A; = (A{°) k). Further, this is invariant under the right-action of LG.

Similarly we can denote for F; an A_; etc.

We are now in position to make the final steps of the computation. Denoting by G4 the set of

discrete series representations we have for (L*G),, the discrete part of LG,
(LZG)d - ®w€édA(w)

where A(-) denotes the bi-module of matrix coefficients. In particular A; = A(H ™). Here the comple-
ment of (L?°G), is a direct integral wrt. a diffuse measure whence, since only finitely many admissible
modules have non-vanishing cohomology (see [48, Chapter II, Corollary 4.2]), this does not contribute,
cf. [48, Chapter III, Proposition 2.6]. By the same theorem H'(G, (A+1)* N (L%G)4) = 0.

By [48, Chapter III, Proposition 1.6] and van Est’s theorem [48, Chapter III, Corollary 7.2] (See
also [48, Remark 3.5, Chapter II]) we have H'(G, A.,) ~ H'(g, K, AS;) ~ H'(g, ¢, A%,), and checking
Guichardet’s explicit formula for the van Est isomorphism (p.227 in [48]) this is an isomorphism of
right- LG-modules. See also Theorem [E.11

By the explicit description in equation it follows that, as right-LG-modules, H*(g, £, AS) ~ FO,

Thus we need to compute 9(P) for the orthogonal projection P onto this subspace. We claim that
P is given by left-convolution by ¢ = 555&o,0. Indeed by the computation of ||¢|> above the formal
degree of HT is d(HT) = 555, so we get

272

1

E+O0 = o5 [ 0w (97 0%, uP)sdu(g)

1 o
— %(')’.wo, W)+ (WO, WO)gy+

= &(7).

It follows that £ is left-bounded since it acts as an isometry on the range of the (in principle
possibly unbounded, affiliated) operator of left-convolution by £. Then it follows from this that &
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is also left-bounded since the group is unimodular. Further the calculation shows that A({) is an
orthogonal projection and clearly this is P as claimed.
Thus by the same calculation as above with vy = 1 we get ¢¥(P) = ||¢]|3 = 5.

One gets an entirely analogous calculation for E; , and adding the two we have shown:

3.17 THEOREM. With the Haar measure u on SLy(R) induced by the Lebesgue measure on T
with total mass m (i.e. du = £ sinh(2t)d6,d6,dt as above),

Bl (SLa(R), 1) = By (SIa(R), ) = .

Proof. The first equality holds since G is non-amenable, so that H'(G, L?G) is Hausdorff cf. [48,
Chapter III, Corollary 2.4].
The second follows by the discussion above. [






CHAPTER 4

Cocompact lattices

In this chapter we prove (Theorem that whenever H is a cocompact lattice in the lcsu group G
then the L2-Betti numbers of H and G coincide up to scaling by the covolume of H. In fact it then
follows that this is the case for any lattice in G, by a result of D. Gaboriau.

In the first section we prove a more general result about changing the dimension function from
dimg,y) to dimy ) when H is a lattice in G, without the assumption of cocompactness. This
extends the well-known (easy) fact that for a finite index inclusion of discrete groups, the dimension
functions satisfy

dim(LGﬂ/,) B = [G . H] . dim(LH,T) B

for any LG-module E, when the traces are normalized such that (1) = 7(1) = 1. The question is
slightly more subtle when G is a general Icsu group, and one cannot expect equality to hold generally
(see Example [4.6]).

4.1 THE DIMENSION FUNCTION FOR LATTICES IN A LOCALLY COMPACT GROUP

In this section we compare the dimension function dim;s ), where 9 is the tracial weight on LG for
a lcsu group G, to dim(.y ) where 7 is the canonical trace on LH for a lattice H of G with finite
covolume. For simplicity we fix the choice of Haar measure x on G such that the covolume is 1.

Since LG acting on L?G from the left commutes with the right-action of LH on L*G = L*(G/H)®L*H
we have an inclusion LG C B(L?*(G/H))®LH, so that there is another natural candidate for a tracial
weight on LG, namely Tr ® 7. In the sequel we show that these are in fact the same weight on LG.
This is surely known, but I was not able to find a reference. Recall the construction of ¥ from the
preliminaries.

The idea here is to decompose ¥ as a sum of vector states, each implementing a copy of 7, the
trace on LH, on pairwise orthogonal right- H-invariant subspaces of L?G, each isomorphic to L?H.
The following lemma will allow us to do this in a convenient manner. Denote F, := s,(G/H) is a
cross-section of the canonical projection G — G/H (see preliminaries).

4.2 LEMMA. Let {e,}nen be an orthonormal basis of L*F,, and let €,6 > 0 and N € N be given.
Then there s a finite family {K,}finie of patrwise disjoint (relatively) compact (in G) subsets
of F., and an open subset V of G containing the identity such that:

(1) Denoting by 1k, the indicator function of K, the distance from e, to span{lg, | alli} is
at moste for 1 <n < N.

(1) (V) <6, and 1k, * 1x, has support contained in V for all i.

31
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Further, we may take V to be contained in any given neighbourhood of the identity in G, and
we may also take {K,} to be consistent with any given finite partition of F, by Borel sets, in
the sense that each K; lies in at most one equivalence class of the partition.

Proof. Let V be any open suset of G, containing the identity, contained in some given open set if
needed, and with measure (V') < 4. Choose a compact subset C of F, such that u(F, \ C) < £. Let
Sn,m = 1,..., N be step functions, supported on C, such that ||le, — s,|]z < e foralln =1,...,N.
Let {Sz(n)}izl ,,,,,,, be the supports of the characteristic functions defining s, forn =1,..., N.

By continuity of the group operations, there is for each ¢t € C' a relatively compact neighbourhood
U(t) of t such that U(¢t)U(t) ! C V. Then clearly for U any (Borel) subset of any U(¢), the convolution
1y * 1y-1 = 1y * 1y has support contained in V.

Now we finish the proof by noting that C can be covered by finitely many U(¢;),...,U(t,,). Let
{K/}i=1,., be a relabeling of the family of intersections {U(¢;) N S](-,n) |1<j53<m,1<7 <i,}. Then
we can take

K= K]\ (UZLK)).

The very final statement is clear. [

Now let us fix an orthonormal basis {e,} of L?F,, with e; = 1, and a countable, decreasing,
relatively compact ne1ghbourhood basis {V;};en around 1 in G. Then for each 7 € N we choose,
recursively, a family {K }ze ;; asin Lemma , say with € =8 = 277 and V =V}, such that the j'th
family is consistent with the (5 — 1)st family. We put

) K7 K“’ G) L 70
&= ~—, N = & *
lieolle ™ yuEPy &

Then the (fz(j ))i are pairwise orthogonal, n; is Cp with support contained in Vj, and

1 ~
; = _— 1.6 1. ¢ d du(t
Il iez}jﬂ(Kfj))/G/G 0 ()T g (s D) du(s)du(t)

1
= zEZI]’u(K'(J))/ K(J)(S /]lK(J)(t d:u'(t)dl*"(s)

e (o) (a0
= ZM( i]

{ i EZ& —(5+1) }:{ 1_2_(j+1) }

Here inequality >’ in the final line follows from Lemma [4.2(1) since e; = 1p,.
Denoting by @(-) := Eielk(~§§k), 55’“)) the sum of vector states we see that for every left-bounded
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f e L*G
oMF* 1) = SO fer, e

1€l

= /f*f)(t) (Zf *&(k)) (t)du(t)

‘LEIk

= L HEmaut)

(f = £)(1)
= |Ifll3 = $(A(f * £))-
On the other hand, denoting by M, the span of {Efk)}ie 1, these are increasing finite dimensional

subspaces with dense union in L*(G/H) so that for Py, the orthogonal projections of L?F, onto these
we get with T'r the trace on B(L?*(G/H)) = B(L?F,)

oA+ ) = (Tre7)((Pu, ® DA * £)(Pu, ® 1))
= (Tra7)(A(f)(Pu, ® 1)) A(f)(Pu, ® 1))
Tr @ 7) (A(f)(Pu, ® L)A(S)")
Tr @ T)(A(HAF))
Tr ® T)(A(f* ).

4.3 LEMMA. Let G be a lcsu group and H a countable discrete subgroup with covolume 1. Then
for every projection p € M,(LG).

(
(
(
(

dimy pL*Y™ = dim, pL*y™.
Proof. By the above, T'r ® T is equal to ¥ on the set of projections in LG. Hence the claim follows
by this and Lemma [B.34] O

4.4 THEOREM. (RESTRICTION) Let G be a lcsu group and H a countable discrete subgroup with
covolume 1. Then for every ¥-fg. LG-module M, we have
dimy M = dim, M,

with ¢ the canonical weight on LG corresponding to the Haar measure, T the trace on LH, and
where we on the right hand side consitder M an LH-module in the canonical manner, via. the
embedding of LH wn LG.

Proof. Suppose that M is 9-fg with presentation 0 - K — L — M — 0 and L = p(LG™) for some
p € M,(LG) with finite trace. Then in fact L C (LG?)" so that we can consider it as a submodule of
p.(L?G)". Then by additivity, Lemma and Lemma [4.3| we get
dim¢ M = d1m¢ L— d1m¢ K
= dim, Z"* — dim, &'*
dim, L — dim, K
= dim, M.
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4.5 COROLLARY. With notation as in the theorem, for any LG-module M,
dimy M < dim, M.

4.6 EXAMPLE. The following example shows that the inequality in the previous corollary can
in fact be strict, which 1s not the case if one considers only countable discrete groups.

Let G be a mon-discrete lcsu group and H a lattice (cocompact or mot). Then ¥(p) = oo
for the canonical tracial weight ¥ on LG and any non-zero projection p € LH. It follows that
the LG-module E := LG/LG?,, has mon-zero LH-dimension, by Sauer’s local criterion, since
Ilp=p#0wm E forp#0 i LH.

However, clearly dimycy) E = 0, again by the local criterion.

4.7 L°?-BETTI NUMBERS OF COCOMPACT LATTICES

We identify Coind$4?H ~ L7 (X,£?H), where we denote X := G/H, and under this identification

the action of G is (recall that « is the canonical cocycle for the inclusion H < G, see preliminaries
for definition of 7, s,)

(9:8)(z) = (97" 5,(2))£(g7" ) = a(z,9).£(97"2).
Hence L?G embeds canonically in CoindgFH as a left-G-right- L H-modules. This yields maps
in: H"(G,L*G) = H"(G, [*(X,*H)) — H™(G, Coind$¢*H). (4.1)

The next theorem uses Theoremto establish equality of L2-Betti numbers of a locally compact
group and all its lattices under the assumption of the existence of at least one cocompact lattice. This
should be seen as a strong indication that equality holds generally, but the use of Gaboriau’s machinery
is somewhat unsatisfactory.

4.8 THEOREM. Let G be a lcsu group with Haar measure u and suppose that G contains a
cocompact lattice Hy. Then for every lattice (not neccesarily cocompact) H in G and every n
we have

By (H) = covol,(H) - B (G, ).

Proof. Let n be given. We can assume that Hy has covolume 1.

Since Hy is cocompact the morphism H™(G, L2°G) — H™(H,, {?H,), given by i, and the Shapiro
lemma (see Lemma , is an isomorphism of right-L Hy-modules and a homeomorphism. Then
using first Lemma [4.3| combined with and then appealing to we get

If the right-hand side of this is infinite the statement now follows. If it is finite we get by Theorem
and Theorem

dim, B*(G, L?G) > /B™(G, I’G) < dim(zm, . B*(G, L*G) " /B™(G, I*G)
= dim(pz, - B (Ho, £Hy) '/ B™(Ho, £ Hy) = 0.

Then by additivity the claim follows again by the computation above. Hence we have shown the
statement for H = H,. For general H it follows now by the theorem of Gaboriau on the measure
equivalence-invariance of £2-Betti numbers [41, Theorem 6.3]. O]



CHAPTER B

Totally disconnected groups

In this chapter we restrict attention to totally disconnected groups, where several simplifications can
be made. The slogan is that the theory in this setting is a natural extension of the theory of ¢3-
Betti numbers for discrete groups. In particular, the bar resolutions for totally disconnected groups
constructed in Section [C.36 where one relativizes with respect to a compact open subgroup, can be
approximated by modules with finite dimension over the group von Neumann algebra.

This observation, along with the dimension-exactness properties of induction- and hom-functors is
applied in Sections and to first extend the duality and change of coefficient results for discrete
groups of section [2.15, and then to prove equality of L2-Betti numbers of lattices and the ambient
totally disconnected group, see Theorem

In Section we show that the definition of L2-Betti numbers coincide with the definition due to
Gaboriau [42] of the first L2-Betti number of a locally finite, vertex-transitive unimodular graph. We
also consider actions on simplicial complexes, and make some remarks about general L2-Betti numbers
of actions of (totally disconnected) locally compact groups, in the spirit of Cheeger-Gromov’s original
definition for countable groups [21].

In Section we prove that all L?-Betti numbers of any (non-compact) totally disconnected,
amenable lcsu group vanish. Consistently with the slogan of this chapter, any proof that works for
countable groups should extend naturally and effortlessly to totally disconnected groups. I chose my
favorite exposition, that of Lyons [69], and the proof is a direct generalization.

We also sketch a second proof which is more algebraic, generalizing Liick’s ideas for dimension
flatness of the inclusion CI' C LI" for countable discrete groups, in Section [5.39,

Note that the vanishing in degree one for amenable groups follows already from the results of
Gaboriau in [42] and the equivalence of definitions in Theorem [5.22] One can for instance use [34] to
conclude vanishing for the first L2-Betti number of the graph.

5.1 DUALITY RESULTS FOR TOTALLY DISCONNECTED GROUPS

Let G be a totally disconnected lcsu group, and fix a compact open subgroup K and a Haar measure
4 on G such that K has measure one. In this section we set up a duality of the complexes of inho-
mogeneous (co)chains in |C.37 and [C.39| and extend the results of Section to totally disconnected
groups.

5.2 THEOREM. (CHANGE OF COEFFICIENTS) Let G be a totally disconnected lcsu group. For every
n>0
BI(G, p) = dim(zgy) Ha(G, L*G);  By(G, 1) = dimzey) H*(G, LG).

We need the following easy observation for the proof.

35
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5.3 LEMMA. Fiwz n and let L be a fundamental domain for the action of K on G%. Let E be a
topological G-LG-module, dense in a quasi-complete module E. For f € F(G%, E) we have f €
spanc{f — f'.k| f' € F(GY,E), k € K} if and only if (f) =0, where &: F.(G%, E) — F.(L, E)
as the LG-linear map given by

&(f):=L>z— /K( £.k)(z)du(k) € B.

Proof of Theorem [5.2. We consider complexes

Q. F(Gy, [*G) ~———— F(G3, I2G)
o o]

M, : -~ F(GY, (LG3,US)) <= F(GEH, (LG, US)) < - --
% ¢n+1l

N, - F(G, LG) < F(G%', LG)

where US indicates the ultra-strong topology on LGfp and the maps ., ¢, are induced by the relevant
inclusions.

Denote by $¢, the map & of the lemma in the G%-term of the top complex, etc. The maps ¢., ¢.
commute with the $, and since the $, are also LG-morphisms it is clear that the inclusions

on(ker dgn ) Cker®,  and ¢, (ker Pgy, ) C ker Py,

are rank dense.

It follows that the induced morphisms @,: CxpIN, — Cx L, and ¢.: C kM, — CpMN, are rank-
isomorphisms in all degrees.

This proves the statement about homology. Cohomology is handled entirely analogously. ]

For f € F.(G%, LG),¢ € F(G%, LG) we define
<fa§> = Z f(gl:gn)f(gl))gn) € LG.

(9:)€G%

This is well-defined since f is finitely supported.

5.4 LEMMA. The duality (—, —) induces a duality of € xF.(G%, LG) and F(G%, LG)¥, and under
this duality:

(i) F(G%, LG)¥ ~ hom;(€ xF(G%, LG), LG) as right-LG-modules.
(1) (dnf, &) = (f,d"¢).

In particular,
dim(LG,d,) ﬂn(G, LzG) = dim(LG,d,) PHn(G, LG)
Proof. (i) follows directly from the corresponding statement
F(G%, LG) ~ hom;q (F.(G%, LG), LG),

which is clear.

(ii) is a direct computation, which we leave out.

By (i) and (ii) it follows that H"(G, LG) ~ hom;s(PH,(G, LG)) and then the final claim follows
by Theorem [B.50] O
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Now let for all m,n € N, S{™) C G be compact subsets such that:
e For all m,n, the compact open subgroup X C S{™), and for all n € N, we have S(™ ~G.
e For all m,n, (S{T))? C Stm).

We may construct such a (double-)sequence as follows. Let {g;} C G be a countable set such that
G=U,¢;K. Put T,,, =U" 9, K.
Then let for all m,n,

2771—77-
S(m) — Tm y M Z n, )
i K, m<n

Denote by F(™) the (finite) K-invaiant (wrt. the action on the first coordinate) subsets of G}
generated by the projections of [T*, S{™ in G%.
Then one checks that, just as in Section [2.15] we get complexes as in the following diagram,

Mz F(R, LGY — - F(RT, LG ——
I I
: <_r_>F7(lm) : <_1_>F7(17Jrrbi

M G (R, LG) < € F(RT, LG) ——

Then we can refine the analysis of the previous lemma to show:
5.5 LEMMA. Under the duality (—, —)om:
(1) F(F\™, LG)¥ ~ homya(€ x F(F{™, LG), LG) as right-LG-modules.

(@) (dnf,€) = (f,d"¢).

In particular,
dim(LGﬂ/,) ﬂn(G, LZG) = dim(LGﬂ/,) Hn(G, LG)

Proof. Again (i) and (ii) are clear.
To see the final statement note that, since on F{™ a K-invariant element ¢ ¢ F(F{™), LG)¥ takes
values in the module of fixed points (LG)m@i)eFv(mm)Kgl =15 * LG, the F(F{™ LG)¥ all have

(9;)€F,

finite LG-dimension, whence so do the CxF.(G%, LG)-spaces by (i) and Lemma .16
Now consider complexes

£m o F(FM) [2G)K L}-(F(m) [PG)K —

n+1)

By rank density arguments these have cohomology with dimension
dimy H"(L]) = dimy H™ (L") = dim, H™(9N7).

We now claim that H"(G, L2G) is rank-isomorphic to the projective limit lim, H"(£7). Indeed,
there is a map ¢ into the projective limit by restriction of inhomogeneous cocycles.

Injectivity is straight-forward: If ¢ € F(G7%, L2G)¥ is in the closure of the space of cocycles, then
clearly it maps to zero in all H"(£7*) by restriction. Conversely, if £ is an inhomogeneous cocycle map-
ping to zero by restriction for all m, we take for each fixed m a sequence 1™ in d"™ '(F (F,(LT%, L2G)K)



38

converging to the restriction of £, and extend it by zero to a sequence n." PeF (G¥ ', L?G)X. Clearly
the net d”~*(n™°), ordered lexicographically, converges to ¢.

To see surjectivity, let =* be the submodule of the projective limit consisting of elements that have
representative sequences &, of inhomogeneous cocycles such that for m < k we have ¢, | Fr-t—&mo1 €
dr1(F(F™ ™ 12G)X . Then we have NZ;, C im(:) since for such an element we can recursively define
an equivalent representative which is an inhomogeneous cocycle on all of G%. But since everything
is finite dimensional each =, is rank dense in =;_; whence by induction in the projective limit. The
claim follows now by the countable annihilation lemma.

By the isomorphism up to rank of H"(£") and H™(IM*), compatible with restriction maps, the
projective limits have the same dimension, so that, since everything is finite dimensional

dim, H™(G, L*G) = dim(z,y) lim H" (7).
By (i) and (ii) we can apply the dimension-preservation of the hom-functor, Theorem to get
dim(LG’¢) H"(S)ﬁ’*”) = dim(LG,¢) Hn (‘ﬂf‘),

and this is compatible with restriction, repectively inclusion maps, i.e. these are dual maps also,
whence

dim(rg ) Im(H™"(ONF) — H*(MT ) = dimzg4) im(H, (N 1) — Ha.(M7)).

Finally, the homology H,(G, LG) the direct limit of homology of 97", whence the statement follows
by the projective respectively injective limit formulas, see Theorem [

5.6 THEOREM. Let G be a totally disconnected lcsu group. Then for all n > 0,

BA(G, u) = BE(G, 1) = B)(G, ).

Proof. In view of the previous lemma, it is sufficient to show the second equality. It follows from
Lemmal5.4(1),(ii) and the dimension exactness and -preserving properties of the hom-functor hom;¢(—, LG)
on countably generated modules, Theorem that

dlm(LG ) H (G LG) dim (LG,) Hn(G LG)

Then by Theorem [5.2] the statement follows. O

We observe that the proofs in this section do not rely on the fact the coefficients are specifically
the group von Neumann algebra of the group in question. We use only the rank isomorphism of LG
and L2G in Theorem and the dimension exactness and -preserving properties of homyg(—, LG)
on countably generated modules. Hence we single out the following result for easy reference.

5.7 PorisM. Let G be a totally disconnected group and G a lcsu group such that G < G. Then
for allm >0

dim ¢ 4 H™(G, L’G) = dim ¢ 4, Ha(G, LG).
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5.8 LATTICES IN TOTALLY DISCONNECTED GROUPS

Denote in this section ,: H,(G,Ind% L2H) — H,(G,L?G) the maps induced by the inclusion
Ind$, L?H % LG, where Y := H\G, see Definition . Let us be more specific:

By definition, an element in Inde L2H is represented by an equivalence class of functions in
L?(G, L?H). Recall that this means functions f which are compactly supported Borel maps into the
Borel structure on L?H given by the norm topology, and such that [,]|f||2dy < oco.

Further, by the condition that functions be compactly supported, we have a canonical inclusion
L3(G,L?H) C LY(G,L?H), and since functions in the latter allow an integral [, fdu € L?H we get
an induced map i(f) := [, f(g9).9du of Ind§ L?H into L?G, and this is an injective morphism of
left-L H-modules.

Recall from the previous section the construction of the sets £{™) C G7% and consider the complexes

d(m) d(m) 4™
oy G F(F™, [PG) T g, 126G ——0

Recall that H,(G, L?*G) ~ lim_, H, (M7, dﬁm)). Similarly, we get a sequence of complexes

d d") dg™
nm s L G F(F™, Ind$ LPH) — -+ —> € Ind§, [PH — 0

with coefficients in Ind$ ¢2H instead of LG, and H,(G,Ind$ 2H) ~ lim_, H,(M™, d™).

5.9 THEOREM. Let G be a totally disconnected lcsu group and H a lattice in G. Then for all
n >0,
By (H) = covol, (H) - B3 (G, ).

Proof. We can assume Without loss of generality that the covolume is one. See Proposition
Since the inclusion +{™): 9™ — 9™ has dense image and the ambient modules are (1somorph1c
to) p(”)(LQG”) for some projections p(™) with finite trace, it follows by Lemma and the local
criterion that +{™) has rank dense image for the L H-module structure.
Then by the inductive limit formula it follows that
dimze,y) H.(G,L’G) = sup inf mdlm(LG¢ m(H, (O™ — H, (™)

m mim'>

= sup inf dimgpy,)im(H,(INT) — H (™)

m m'm/'>m

= sup 1n/f dlm(LHT im(H,(M™) — H,(M™)

m mim!'>

= dimgr) Ha(G, IndH L’H),

where the change of dimension in the second equality follows e.g. by Lemma [4.3| and additivity.
Now the theorem follows by changing the coefficients, cf. Theorem [5.2] O

5.10 SIMPLICIAL ACTIONS OF TOTALLY DISCONNECTED GROUPS

In this section we give the definitions and some basic results for L?-Betti numbers for actions of totally
disconnected groups on simplicial (or CW-) complexes. These are equivariant homotopy invariants.
When the totally disconnected lcsu group G acts on the contractible simplicial complex A with
compact stabilizers, the L?-Betti numbers of the action coincide with those of the group. For our
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examples this is actually the only case we need; regardless, I find it more natural to give the general
definitions.

We give only quite brief proofs and indications. Generally speaking, the results and proofs are
very well known in the discrete case, and not much is gained from laboriously expounding on the
details; on the other hand, we study in Section below the special case of actions on graphs, where
we give exhaustive details.

5.11 DEFINITION. Let A be a countable stmplicial (respectively CW) complez and G a totally
disconnected, lcsu group acting continuously and with compact stabilizers on A. We define the
simplicial (respectively cellular) L?-cohomology of the action as the cohomology of the complex

me 00— ‘Falt(AO) LZG)G LO) alt(Alx LZG)G Ll) T

where the coboundary maps are given by (in the simplictal case - the cellular case is sitmilar)

n

(d"€)(Voy - -+, vn) = D (—1)€(voy ..+, Diy oo, Un),

2=0

and the spaces of functions on the n-skeletons are endowed with the topology of pointwise
convergence. We denote this

H)(A;G) = HZ,y(A;G, L*G) = H™(I).
Then we define L?-Betti numbers of the action as
Bizy(A; G, p) == dimy H{3)(A; G).
Similarly we define the L?*-homology as the homology of the complex
Mot = CoFean(Br, LG) —2= CoFean(Do, LG) —>0,

where G acts on LG by g.T = Tg ! for T € LG, and the boundary maps are
(dnf)(v1,- -, Uni1) = > £(8).

56A-,,,+1:5:(’U,111,...,11-,7_+1)

Here the spaces are endowed with their inductive topologies, and we denote
HO(A;G) = H(A; G, LPG) = H, ().
The (homological) L?-Betti numbers are then defined as
BE(A; G, k) = dimze ) HO(A;G).

5.12 THEOREM. Let G be a totally disconnected lcsu group acting continuously and with compact
stabilizers on the countable simplictal complex A. Then for all n > 0 the homological and
cohomological L?-Betti numbers of the action coincide,

By (D; G, 1) = BO(A; G, ).

Further, the L?-Betti numbers of the action are invariant under G-homotopy of A, and if A
18 contractible then for all n > 0

Bioy)(A; G, ) = By (G, 1) (5.1)



41

Proof. We prove the final part first. Suppose that s* is a contraction of A, i.e. a contraction of the
complex

OHCéFalt(Ao,C) L alt(Al,(C) L .
0 <~

S 51

Observe that, by definition of the coboundary maps, we can arrange that on any given finite subset
F of A;_1, the values of s* |7, & € A; depend only on the values of £ on some finite subset of A,;. (For
instance, start with some contraction of the complex to compute homology F..:(A,,C) - C — 0
and let s* be the duals.)

Consider the spaces Fui:(Ay, C) ®q1y L2G as subspaces of Fo (A, L2G). Then it is clear that the
induced maps 5*: Fu:(Ai, C) ®uig L*G — Far(Ai_1,C) ®ay L?G are bounded, whence they extend
continuously to a contraction of the injective resolution 0 — L?G — Foi(As, L2G).

We leave out the entirely analogous prove of equality for homology L?-Betti numbers.

We leave out the proof of the homotopy invariance. For the equality of homological and cohomo-
logical L2-Betti numbers, we just remark that the proof is entirely analogous to the duality results of
Section 5.1} In any case, since we only use the case where A is contractible, this follows from Theorem
and the part already proved. N

We note that any totally disconnected (2nd countable) group acts on a contractible countable
simplicial complex with compact stabilizers. In fact there is a universal model for such a complex,
EG, constructed as follows [6].

Denote W := UxG/ K, the disjoint union of coset spaces over all compact open subgroups of G.
Then we let EG be the infinite Milnor join W x W % - ... Note this is countable since there are only
countably many compact open sets in G.

5.13 COROLLARY. For any totally disconnected lcsu group G and all n > 0,
Bin)(G, 1) = By (EG; G, ).
O]

We note for reference that the equalities of the previous theorem and corollary actually follow by
equalityof the cohomology spaces:

5.14 PorisM. Let G be a (totally disconnected) lcsu group acting continuously on the con-
tractible, countable simplicial complex A. Then for all n > 0,

H™(G,L’G) = Hpy(A;G)  and  Ho(G, LG) ~ HP(A; G).

The next results show how to compute the L2-Betti numbers of a simplicial action of G in terms
of the spaces of £?-chains and -cochains on the simplicial complex. For the statements, denote by A,
the n-skeleton of the simplicial complex A, i.e. the set of n-simplices. There is a canonical action of
S,41 on this, and we denote by £2,(A,) the space of £2-functions f on A, such that for all v € A,
and all ¢ € S,,.1 we have f(o.v) = sign(o)f(v). We then get a complex

0 1 2
0 HFAO i’@lt(Al) Leilt(Aﬂ e
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where the coboundary maps 0™ are given by

n

(0" F)(Woy- -, Un) =D (1) F(Voy - -+, By e oo, Up)-

1=0

We denote by £2(A,) closure of the space spanned by finite cycles, equivalently the orthogonal
complement of ker 8, and by £3(A,) the closure of the image of 8, ;. We might also denote by
Z(»(A) and Z(2)(A) the spaces of £2 n-cocycles, respectively -cycles, i.e. the kernels of 0 respectively
8, 1= (8")*; we denote then also Bf(A) and BY)(A) the spaces of £ n-(co)boundaries, where we do
not automatically take the closure.

We identify £2,(A,) with a subspace of the direct sum of right-LG-modules £2(G; \ G) where s
runs over a fundamental domain for the action of G on A, and G, is the stabilizer. This in particular
gives a right-LG-module structure on ¢2,(A,), and the coboundary maps are LG-equivariant.

5.15 PROPOSITION. Let A be a locally finite countable simplicial compler with a continuous
action of the totally disconnected lcsu group G, such that the stabilizers are compact.

Suppose that the action 1s cofinite, 1.e. in each n-skeleton A, there is a finite fundamental
domain for the ation. Then the L?-Betti numbers of the action can be computed as the LG-
dimensions of homology spaces Hyy (G; A) =~ H,(9M*,0%) of the complez

m* - 0— >£2A0 60> giltAl o >

where each £2,7\; is a finite-LG-dimensional Hilbert module, isomorphic as such that &] Z"LLQ(_F('l-\
G) with the K, compact open.
The L?-homology can be computed as H®(A;G) ~ H,(N,,d,), using the complex

61 2 60 2
m* . st > ealtA]_ > ealtAo > O ]

where the boundary maps 8; := (6°)* are the adjoints of the coboundary maps.
Furthermore, the reduced and unreduced L?-cohomology have the same LG-dimension, coin-
ciding also with the dimension of the L?-homology:

BO(A; G, p) = By (A; G, u) = dimy H*(M,8%) = dim, ker 8" / imor 1
= dimy £2,A, 6 (A, & £2A,) < .
Proof. The first equality is clear. The equality of dimension for reduced and non-reduced cohomology
of the complex 9* follows by additivity and Lemma [B.34]

Denote for each n > 0 by L, a fundamental domain for the action of G on A,. Then there are
isomorphisms of LG-modules fitting into a morphism of complexes

0— -Falt(AO, L2G)G LO) alt(Alx LZG)G L) e

Lolw Lliw

0 A, % 2.0 —2

where the ¢, are essentially evaluation on the fundamental domains. Specifically, if § = g¢.0y for a

8o € L, one puts (£,£)(8) = £€(60)(Gs,971).
We leave out the straight-forward details here. See Section for more details in low degree. []
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To compute the dimensions of subspaces of £2,A,,, we have the following lemma.

5.16 LEMMA. Let G be a totally disconnected lcsu group and fix a Haar measure . Let K;,1 =
1,...,n be compact open subgroups of G and denote for all © the projections p; := ﬁ)\(ﬂm),
where A\ 1s the left-regular representation of G. Then there are isomorphisms of right-LG-
modules p;.L?’G ~ L?(K;\G) and for submodule E < &;L*(K;\G) we have
n 1 _ _
dimiey) B = ) ——~(Pg. 1k, 1k,)r2(x)\0)»
( ¥) ;ﬂ(Kl)< E > (Ki\G)

where Pg is the orthogonal projection onto the closure of E and the 1k, are understood as the
indicator on the points K; € K;\G in the discrete countable set K;\G, and L?*(K;\G) is equiped
with the inner product induced by counting measure on K;\G.

Proof. This follows from rank-density considerations and the following observation: namely, let
Cj,7 € N be a decreasing neighbourhood basis at the identity in G with each C; a compact open
subgroup. Then the tracial weight ¢ on LG is given by

1
VI = P e

Then we can take C; C N;K; ]

1T L, 13-

5.17 THEOREM. Let G be a locally compact, 2nd countable unimodular group acting continuously
as degree zero automorphisms on a locally finite, countable simplicial complex A. Assume that
A 1s contractible, that the stabilizer of any given simpler (ordered or unodered) is compact in
G, and that the action s cocompact (i.e. cofinite).

Denoting by A, the n-skeleton of A, by L, a fundamental domain for the action of G on
A,, and by P, the orthogonal projection onto £2,(A,) © (£2(A,) ® £2(A,)) then, for all n € Ny

By (Go) = B (Gow) = dimmy £4(A0) © (B(A,) @ £(4,)
1
B SEZLn #(Gs)

Proof. This follows directly from the previous proposition and lemma, and Theorem [5.12 [

<Pn]ls; ]ls>len-

5.18 COROLLARY. Keep notation and assumptions as in the theorem. Denote further by L., a
fundamental domain for the action of G on A,/Sni1, t.e. the set of unordered n-simplices.
Suppose that A s an infinite tree. Then ,B&)(G, u) =0 forn #1 and

Bizy(G,p) = dimy £3,(A;) — dimy £2(Ao)

1
- (Z u(Ga) -t

More generally, 1f A has dimension n > 1 then ,B(’g)(G, k) =0 for m >n and

Bi(G,u) > dimy £3,(An) — dimy £3,(An 1)

1 1
 (Sae) (2 )
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O

The final theorem of this section shows in particular that our definition corresponds to that of [21]
for countable discrete groups.

5.19 THEOREM. Let A be a countable simplicial complex with a continuous action of the totally
disconnected lcsu group G and suppose that the stabilizers are all compact. Let A®) k € N be
an (increasing) ezhaustion of A by locally finite, G-tnvariant subcomplezes on which the action
15 cofinite. Such an exhaustion always erists.

For any fized n > 0, denote for k <1 by Ry, the restriction of the projection onto 2,A% o
(EAY @ £AD) to 62,47 © (A & £AY).

Then:

B(A;G,u) = supinf{dim,im (HP(A®;G) —» HA(AY; @) |1 > k}

keN

= supinf {dim, ZP(A®) - dimy, B(AD) N £,(A%)) | 1 > k}
keN

= supinf{dim¢ iImRy; | 1> k}
keN

and this also coincides with é?z)(A; G,u) = ﬂ&)(A; G, u).

Proof. Clearly we can exhaust A by subcomplexes on which the action is cofinite. Then all we have
to see is that a stabilizer of any n-simplex must act with finite orbits on the set of n + 1 dimensional
simplices containing this as a face. But this is clear since stabilizers are compact by hypothesis and
open by continuity of the action.

Now consider the complexes

d1

N, : te HQch,alt(Ana LG) Qch,alt(Ab LG) i>QC;’~7:.c,a,lt(A0; LG) —0

LT : :

Moo CoFean( AP, LG) — -+ = O Foan (AP, LG) —> Co Frue (A, LG) — 0

Then H,(MN,) ~ lim_, H,(9M¥), and since the modules H,(N*) all have finite dimension by Propo-
sition [5.15| whence the claim follows by the inductive limits formula, see Theorem [B.1
The coincidence of homological and cohomological L2-Betti numbers was already noted in Theorem

b.12l O

5.20 (GROUPS ACTING ON LOCALLY FINITE GRAPHS

In this section we show explicitly how to take an action of a group G on a graph and construct a partial
injective resolution of L>G from this. The end result is Theorem which shows that the first L?-
Betti number of a unimodular, vertex-transitive closed subgroup of automorphisms of a locally finite
graph coincides with the first L2-Betti number of the graph as defined by Gaboriau [42, Definition
2.10].

This is written to be quite independent of Section One can also read it as a more detailed
proof of a slightly more general version Theorem [5.17, in degree one. This version says that one can
compute the L?-Betti numbers up to degree n + 1 using an n-connected simplicial complex.
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By a graph we mean a one-dimensional simplicial complex, that is, a graph G convists of a set of
vertices V and a set of edges £ C V x V such that £ is disjoint from the diagonal and symmetric. For
an edge e = (v,u) € £ we denote the opposite edge & = (u,v). For vertices u,v € V we write v ~ u
if (v,u) € € (equivalently (u,v) € £€) and say that v and u are neighbours in this case. When we
consider e.g. a path in the graph G we will say, slightly abusing language, that the path is the sum of
its edges.

Throughout this section (unless explicitly stated otherwise) let G be a lcsu group acting contin-
uously as a vertex-transitive group of automorphisms on a countable, connected, locally finite graph
G =(V,&), and assume that the stabilizer of any given simplex is compact in G. We fix once and for
all a basepoint p € V.

Let G, be the stabilizer of p. Since the action is continuous this is a compact, open subgroup of
G. We fix the Haar measure px on G such that u(G,) = 1. We freely identify V with G,\G as well as
with G/G,, the former by g.p +» G,g ! so that the action by G is inverse right multiplication in this
case. We fix sections s; respectively s, of the canonical projections G — G,\G resp. G/G,.

5.21 REMARK. If G 1s discrete and G, = {1}, this vmplies that G is a Cayley graph for G with
(finite) symmetric generating set S={g9g € G | g.p ~ p}.

Note that by [42, Proposition 2.9 / Definition 2.10], the definition of B*(G) in [42] satisfies
BHG) = ﬁ(12)(F) when G 1s a Cayley graph of the finitely generated group I'. Theorem 18
then the natural extension of this to locally compact groups.

In order to state Theorem [5.22] denote

(&) ={f e £€] f(e) = —f(e)}

and consider the coboundary map 8: €2V — ¢2,& given by (8¢)(u,v) = £(v) — &€(u). Then we denote
2(&) = aEvy .
Also we consider the "cycle space" £2(£), i.e. the closed span of alternating charateristic functions
of cycles,
£%(€) ;= span {Z(é(w,wH) — O(vipaw)) | Vi1 (Vi V1) €E, Upy1 = ’Uo} .
=0
Note that this coincides with notation in Section for the simplicial complex A = G.

5.22 THEOREM. Let G be a lcsu group acting continuously as a verter-transitive group of
automorphisms on a countable, connected, locally finite graph G = (V,€), and assume that the
stabilizer of any given stmplex 1s compact in G. Let p € V and fiz the Haar measure u on G
such that u(G,) = 1.
Denote by P the orthogonal projection onto (£2(€) ® £2(€))* C £2,(€) and for e € €, b, :=
(6. — 0z). Then
1

Bi)(G u) = ﬁzw&p,v),&p,mm
vp

- Z (P(p,0), 0(p,0)) ¢

vr~p

The proof is given below, after all the auxilliary results.
In the interest of generality we will presently consider coefficients in a general quasi-complete
topological G-LG-module E instead of L%G.
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Consider modules

F° = {f:V — E},
F' = {f:£E > E|Vec&: f(e)=—f(e)},

both with the topology of pointwise convergence. These are left G-modules by (g.f)(-) = ¢.f(¢7*)
and right- LG-modules by post-multiplication.

Fix once and for all an unoriented spanning tree 7 of G. Recall that adding an (oriented) edge
(vo,v1) to T, the resulting graph contains exactly one oriented cycle c(y,.,), the fundamental cycle
of (vg, v1). Note that this is a simple cycle, i.e. it does not intersect itself, and that any cycle is a sum
of simple cycles, in the obvious sense.

We denote by C(7) the set of (oriented) fundamental cycles, endowed with discrete topology. We
may leave out the superscript if this causes no confusion. We then set

F*:={f:C— E|VcecC: f(c)=—f()},

the bar as usual denoting reversal of direction. We endow also F? with the topology of pointwise
convergence.

5.23 REMARK. It 1s well-known, and straight-forward to check, that the set of alternating
characteristic functions on undirected fundamental cycles, i.e. functions of the form 1. — 1;
where ¢ is an oriented fundamental cycle, forms a Banach space basis of the cycle space £2(€).

By the preceding remark, we can identify F? with the set of alternating functions f : {all cycles} —
LG such that if ¢ = 3, ¢; is the unique decomposition of ¢ into fundamental cycles, possibly with

repetitions, then f(c) = >, f(c;) and still f(c) = —f(€). In particular this identification gives the
G-action as

@O =0.fg70) =g (; )

5.24 PROPOSITION. The F*,i=0,1,2, are injective.

See also [14, Chapter X, Section 2.4].

Proof. We prove the claim for F!, the two others being entirely analogous. Consider a diagram

where u is strengthened injective with left-inverse s : B — A. We have to show the existence of a
G-map w : B — F! making the diagram commute. To this end we define for b € B.

(wb)(vo, v1) = ;Z /G v (s (vi)k.s(k "5, (v:)7".b)) (vo, v1)du(k),
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For a € A we then compute

v (sr(vi)k.s(k s, (v:) " u(a))) (vo, v1)du(k)

M.-
N

©

(wou)(a)(vo,v1) =

o
Il
o

v (sr(vi)k-s(u(k s, (v:) ".a))) (vo, v1)du(k)

M.-
o

©

M.-
N

o
©

v (s,(vi)k.k’lsr(vi)’l.a)) (vo, v1)du(k)

o
=l

NI~ NI~ N~ N
. .
I
o

/G (@) (vo, v:)dp(k) = v(a)(vo, v1).

0

o
Il

Thus the diagram commutes. Clearly w is linear and, noting that g~*s,(vo) = s,(g '.v9)k’ for some
k' depending on g and vy, we get

w(g.b)(vo,v1) = Z/ v (s (v)k.s(k™! (vi)_lg.b)) (vo, v1)du(k)

2
= ; > /G v (g Ys.(v:)k.s(k7 (g _1sr(v¢))_1~b)) (vo, v1)du(k)
— ; 3 /c; v (gs, gty kk.s((k’k)_ls,(g_l.vi)_l.b)> (vo, v1)du(k)
= ; > /c-: v (gs,(g v;)k.s(k™'s,(g _1~'Ui)_1-b)> (vo, v1)du(k)

- ; /G g.v (Sr(g_lvi)k~3(k_1sr(g_l.vi)_l.b)) (g7 g, g vy )du(k)

i=0
wbd)(g t.vo, g tvy).

~~

Thus w intertwines the G actions. This proves the claim for z = 1. [
Define ¢ : E — F° and the coboundary maps di : F* — F**!,4=0,1, by
(egm)(v)=m, veV,
(dgf)(vo,v1) = f(v1) — f(wo), (wo,01) € E

and
(dgf)(c) = f(vo,v1) + f(v1,v2) + -+ F(Vn_1,Vn) + f(Un, v0),

where c is an oriented fundamental cycle,

F2
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with the F* injective. Next we define a (truncated) contraction as follows. Define s} : F* — E by

sgf = £(p),
sg F' — F% by
0 Yy U=p
(31)(11) - v v v v ’
’ ooty + F 7, o) - 4 F (o) ) v e
where (p, N v) is the unique path in 7 from p to v. And finally, we define s : F? — F! by
0 ecT
s2f)(e :{ ’ .
(Q)() f(ce) ,€¢T

5.25 PROPOSITION. For the maps defined above we have s§ oeg = 15 and
GgOSg—l—SéOdg = Lo,
dgosé—f—séodé =1p.
Proof. Let f € F° and v € V. For v = p we get
(eg 0 5 + 55 0 dg)(f)(p) = (€g 0 sg)(f)(p) + 0 = f(p)-
For v # p, with (p,v\"), ..., v) the path in 7 from p to v as above, we get
(eg 0 5g + 55 0 dg)(f)(v) = (eg o sg)(f)(v) + (sg o dg)(f)(v)
= f(0) + (@) (P v”) + -+ (@G (@il 1,v) = F(v):
Next, we have if (vo,v,) € T
(dg o 55 + 55 0 dg)(f)(vo,v1) = (s5f)(v1) — (s.f)(vo) + 0

_ ) f(w,v1) , incase vp = vi(”jl)),l
—f(v1,v) , in case not, i.e. v; = "’75&))71
— f(’Uo, 'Ul).

For (vo,v1) ¢ T we get that

(dg o sg + 55 0dg)(f)(ve,v1) = (s5)(v1) — (s5.£)(v0) + (dg f)(Cuo,01))
— f(p) 'U](.vl)) Tt f(vgzjvll))_l”ul) -

—£(p, v1"™) = -+ = F(Usug)-1,v0) +
+f(vo,v1) + f(v1,v2) + -+ - + f(vn, o)
= f(vo, v1).
Here the final equality is by the picture below
(2 i Vs

|
§Z7/4 €T
Voer

Vo Clvo,v1) VUj<—e

‘
7 CET
€T L. ET \

U, ,Ugvl) _ ,U§UO)
TET

P
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from which one notes that for instance v, = vfg’jl))ﬂ and v, = vfé’fg)fl. [

5.26 REMARK. Note that all maps d, s5,1=0,1,2 are continuous.

c d9 d .
It follows now automatically that the complex 0 — F % F° % F' % F? is exact, and that the
coboundary maps are strengthened. (Compare [48, p. 332].)
By standard homological algebra arguments, the simply connectedness of this complex implies
that

HY(G,E) ~ H'((F*)°).

From hereon in we again focus on the case where E = LG in order to relate the right-hand side
of the previous equation to the £2-spaces appearing in Theorem First note that

h:(F°)¢ 5 {f € I’G |Vg € G: f|g,q = const. } ~ L*(G,\G)

where the isomorphism 4 is evaluation in p. By the identification of G,\G with V (recall: G,¢9 ! <> g.p)
we identify (F°)¢ with £V where now the right-action of G on L?(G,\G) corresponds to the usual
left-action on £2V. Hence there is a correspondence between closed LG-submodules of L*(G,\G) and
closed invariant subspaces of £2).

Fix a fundamental domain L; for the action of G on £. Note that L; consists of oriented edges.
We can and will take the edges in L; to have the form e = (p, v) and we denote by G. (or G(,.)) the
stabilizer of (such an edge) e. Then again we get an isomorphism by evaluation at the edges in L;:

(F1)¢ 5 FL C P{f e L’G|Vg€G: flg., = const. } = (P L*(G.\G),

ecLy ecLy

where F, is the submodule consisting of £ = (&.)ecr, such that £&.(g9) = —€.(g') where g.e = g'.€’.

In particular, if G does not flip any edges (discrete case: no generators of order 2), L; splits as
Ly = {es1,... ey, 23U{eq,..., €1, 2} and the summands corresponding to the latter term may then
be ignored. One should keep in mind though that this will change calculations by a factor 2 at some
point.

Note also that each G. is a compact open subgroup.

Denote for e € L; by ¢, the map on {f € L?G | Vg € G : f|g., = const. } = L*(G.\G) into £2,(€)
given by (tef)(g.€) = f(Geg'). Then the map ¢ := @y, e is an ismorphism

vi Foy = £54(8).

5.27 LEMMA. With notation as above, the diagram

(FO)G i (Fl)G

hoe’u\LN LOE’U\LN

ey —2- £2,.(E)

commutes.
Further, under the isomorphism v o ev, the kernel of the coboundary map dé|(F1)G 18 exactly
(e C 6y(E).
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Proof. We first prove commutativity of the diagram. We have for e = (p,v) € Ly,

(ioevodg)(f)(g-e) = (dgf)(pv)(g7") = f(v)(g™") — fp)(g7).

On the other hand, letting v = h.p we get

(Oohoev)(f)(g-e) = (hoev)(f)(gh.p)— (hoev)(f)(g-p)
= flp)(h g™ - flp)(g™")
= (RSP = flp)(g7h) = f(h.p)(g™") — flp)(g71).

Thus we have shown the first part of the lemma. Let ¢ = (ey,...,e,) be a fundamental cycle and
f € (FY)C. Then
(dgf)(e)(g) = Zf(e =Y (ioev)(f)(g " e).
1=1
If the left-hand side vanishes, we see that (2 o ev)(f) sums to zero around every fundamental cycle,
and since these span the cycle space, around every cycle. Thus f € £2(€)*.
Running the equations in reverse gives the other inclusion, showing the second part. [

5.28 LEMMA. For e € Ly, the adjoint of L. 1s given by
o= 1(Ge) L ge
Proof. This is trivial. O

Proof of Theorem [5.23. The equality of the right-hand sides is a direct computation, using e.g. that
(Pd., 6s) = —(P4,, d.) since P4, is an alternating function.

By Lemma (.27, H(G, L?G) ~ £2,(€)/(8(£*V) @ £2(£)) as topological vector spaces. Further, it
follows by additivity and Lemma [B.34] that the dimension of the right-hand side is equal to that of
£2,.(E)e (L&) @ £2(€)). To see this note that dimy £2,,(€) < oo since this is isomorphic, as a right-
LG-module, to a subspace of @cr, £%(G. \ G), which has finite LG-dimension by Lemma [3.5| (see also
Lemma [5.16)). It follows from this that

By (G, ) = (Tryr, ® Y)(¢ " Pu).

Let e = (p,v0) € L. Then G, splits as the disjoint union G, = G,(vp)UG,(v1)U- - - UG,(VUn(e))
where G,(v;).vo = v;. In particular G,(vp) = G.. Further, each G,(v;) is a translate of G. whence
they all have the same measure u(G,(v;)) = u(G.) = ﬁ
The statement now follows directly from the observation that the restriction of 9 to the corner

A1g,)LGA(1g,) is given by ¢(A(lg,)z*zA(1g,)) = ( ||z 1g,|3. Thus

¥ (e eePr) = (n(e)+1)- (Vu(G))(t HgePrlela,, o) 12g

= (n(€e) + 1){(Pé(p,u0)s O(p,00)) 22¢
n(e)
= Z<P5 (pyvi)s 5 pVi)>l25'

=0

Summing over e € L, finishes the proof. O]
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5.29 EXAMPLES FROM ACTIONS ON BUILDINGS

A rich class of actions by groups on contractible simplicial complexes comes from algebraic groups
acting on their associated Bruhat-Tits buildings. In [29] the cohomology of algebraic groups with
coefficients in unitary representations, including L?G, was investigated using the associated buildings.
In particular, [29, Proposition 8.5] gives the top L?-Betti number of such a group G given that the
pair (X, G), with X the building, is in their class #t. This amounts to a condition on the size of
the residue field, depending on the dimension of X. (In the terminology of [29], the results give the
L?-Betti numbers of the building; this amounts to the same thing, by Theorem m)

In this section we investigate a special case, obtaining a non-zero lower bound on the top L?-Betti
number ,Bg‘z)(szn(K ), 1) for K a non-archimedean local field, under slightly weaker assumptions, and
using a much more elementary argument than is needed for [29, Proposition 8.5]. We can take this
more elementary approach, avoiding the use of almost orthogonality, since we want, in this example,
to apply the result to obtain non-vanishing results for £2-Betti numbers of non-cocompact lattices, for
which the more detailed knowledge of the L2-cohomology in [29] is not needed.

For a general reference to buildings see [15], and for the buildings associated to reductive groups
see [16]. We recall, see [15, Chapter V, Section 2A], that a BN-pair in a group G consists of subgroups
B and N of G satisfying

e G=(B,N)and T := BN N is normal in N.
e The quotient W := N/T = (S) is a Coxeter group.

(BN1) C(s)C(w) C C(w) U C(sw) for all s € S,w € W where we write C(w) = BwB and recall that
this is independent of the representative of w.

(BN2) sBs™' ¢ B,s€ S.

Given a BN-pair we can construct a building with a (strongly) transitive action of G by declaring the
special subgroups of G to be conjugates of groups of the form B(S')B with S’ C S and then A is the
simplicial complex with simplices the special subgroups of G ordered by reverse inclusion (with G the
empty, or —1-dimensional simplex). The action of G is by conjugation. Recall that equivalently one
can consider special cosets, being the left-translates of the cosets of special subgroups and G acting
by left-translation [15, Chapter V, Section 2B].

For us the point of the strong transitivity of the action is that there is a unique orbit of simplices
of maximal dimension, namely the conjugates of B (for this reason, when thinking of B as a simplex
in the building we call it the fundamental chamber), and that B is the stabilizer of the fundamental
chamber.

Let K be a local field (we assume that it has charateristic p # 2) with a discrete valuation
v : K* — Z, valuation ring A and residue field ¢ = A/7A where 7 € A is such that v(7w) = 1.
Following usual conventions we set v(0) = oo as well. We then consider the linear algebraic group
G(K) = Span(K),2 < n € N. Recall that this is the subgroup of GL,,(K) consisting of matrices

g € G(K) such that
(0 1.\ [0 1,
I \-1, 0)9 721, o)

We will consider also the groups G(A) and G(¢) defined by the same relation in addition to the
requirement that the entries be in A respectively ¢. Then we have an embedding ¢ : G(A) — G(K)
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and a projection k : G(A) — G(¥), the latter given by (entrywise) reduction modulo 7. Also note
that since A is compact open (in K) so is G(A) (in G(K)).

We let N be the group of symplectic monomial matrices, i.e. those with exactly one non-zero
entry in each row and each column. We let B be the inverse image under s of the subgroup of upper
triangular matrices in G(¥), and normalize the Haar measure on G(K) such that u(B) = 1.

One then verifies that this is a BN-pair for G(K) and that the generators of the Weyl group W

verifying the axioms are represented in G(K) by the matrices S = {s1,..., Sn_1,7n, 71} Where the s; are
permutation matrices corresponding to the (double transpositions) permutations (z :+1)(2n—i—1 2n—
1) € San,t=1,...,n — 1, r; the permutation matrices corresponding to (1 2n — 1) € Sy,,2=1...,n,
ie.
0 1
]ln—2
1 0
S = ]1 n— ye ey Sn —
1 2n—4 0 1
]ln—2
1 0
]lnfl
0 1
01
= 1op 2 ) y'n = 1 0
1 0
]ln—l
T 0 ot
7’1 =" Ton o = Ton o
rt ™ 0

Given all this it is easy to check (by Gaussian elimination!) that the stabilizer of each (n — 1)-
dimensional face of the fundamental chamber splits into a disjoint union of £ + 1 cosets of B so that
labeling these faces fo,..., f» we get by Corollary

1 ft—n
fe+1  fe+1°
Backtracking, we really only rely on the fact that each special subgroup B(s)B, s € S decomposes
as a union of it + 1 cosets of B, and remarking without elaboration that the same is true for SL,(K)
we summarize the above in the following

By(Gip) 21— (n+1)-

5.30 THEOREM. Let n € N be giwven and let K be a non-archimedean local field of charac-
teristic p # 2 and with cardinality of the residue field f¢ > n. Then for G equal to either of
Spon(K),SL,(K) we have

:B(n2)(G7 ,U') > 0.

In particular, applying Theorem we get the following result.

5.31 CorOLLARY. With notation and assumptions as in the theorem, if H is a lattice in G then
By (H) > 0. [l
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5.32 REMARK. (i) Note that Corollary includes the case where K 1s a local field of
positive characteristic, e.g. functions fields, in which case it is well-known, see [36, Section
3.1.1], [70, Chapter IX, 1.6(viii)], that Sp.,(K) has no cocompact lattices. As far as I
am aware the result was previously unknown in this case. Of course, when there is a
cocompact lattice this acts on the building as well, and the action s cofinite so that the
analysis above passes directly to the lattice. Then by [41, Theorem 6.3] the nonvanishing
passes to every other lattice. Hence the most interesting case of Corollary[5.31] is the case
of positive characteristic.

(1) For vanishing tn degree different from n, see e.g. [14, Theorem 3.9], or [29, Theorem 5.1].

(11z) We note also that [14, Theorem 3.9] (see also [20]) gives a description similar to how the
result in [11] gives equation (3.4). In particular, with more detailed analysis, one might
be able to remove the restriction on the size of the residue field in Theorem |5.30.

5.33 VANISHING IN THE AMENABLE CASE

In this section we show that for any totally disconnected lcsu group G, the L2-Betti numbers vanish,
:B(nz)(Gnu') =0,n>1

The proof follows that of Liyons in [69], which is itself a refinement of earlier proofs [27,130], and
is not radically different from the proof given by Cheeger and Gromov in [21, Theorem 0.2]. The
core idea, which notably also appears in Elek’s observation that the analytic zero divisor conjecture
is equivalent to the algebraic zero divisor conjecture in the case of amenable groups [32], is to approx-
imate the LG-dimension using dim¢ on finite-dimensional subspaces of £2G spanned by elements in a
Fglner sequence.

Let for the moment A be a simplicial complex with a cofinite, continuous action of G, with compact
stabilizers, and suppose that G is amenable. Denote by L a fixed fundamental domain for the action
of G on A, and by (F}%) a Fglner sequence in G. Recall this means that for any F C G such that
u(F) < oo,

u((Fe.F\ F)U(F\ F.F))
p(F)

Note that L is not necessarily a simplicial complex. We denote by L the closure of L in A, i.e. the
smallest simplicial subcomplex containing L. More explicitly this consists of all simplices which are
faces in some simplex in L.

Then we define an exhaustion of A by subcomplexes I'®) := F,.L and define the (combinatorial)
n-boundary, where I'(*) is the n-skeleton of I'(*),

n

— 0.

8,IT*® .= M)\ By L.

For any subset S C A, of the n-skeleton of A, we write u(S) := Y scs 1(Gs).
The theorem of Dodziuk and Mathai then is the following.

5.34 THEOREM. ( [27,30]) Suppose that G ts an amenable countable discrete group, acting freely

(on unordered simplices) and cofinitely on the simplicial complex A, and suppose that Fj, C G 1s

a Fglner sequence wn the sense above. Then denoting by L a fundamental domain for G ~ A,
ﬂn(I‘(k))

Bl (83.G) = lim =2y,
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where B,(T'®)) are the ordinary Betti numbers of the finite simplicial complez T'*),
The same statement holds with A instead a CW-complez.

Denote for k¥ € N the orthogonal projection of £2,A, onto £2,T'*) a finite dimensional vector
space, by Ilpx. For B C £2,,A, a closed subspace (not necessarily invariant) we define

dimpa) B = Trea, (rw Pe) = ) (Pel,, Ly)pr-
761"55)

The following proposition is a slight generalization of observations due to Eckmann [30] in the
discrete case.

5.35 PROPOSITION. Let G be an amenable totally disconnected lcsu group, acting continuously,
cofinitely, and with compact stabilizers on a stmplicial complez A and fiz an n > 0. Let L, (Fy),
etc., be as above. Denote K := Ngcr, Gs. We can and will take the Fj to be unions of cosets of
K.

For any closed subspace E C {2,/ the hollowing holds:

(1) For allk € N
0 S dim]_'\(k) E S dim@ Hr(k)(E),

and dimpu B = dime pw (E) if and only if E C £2,T'(F),
(i) If F C 2,7, is a closed subspace and E L F then for all k

dim]_'\(k) E@F = dimr\(k) E+ dimr\(k) F.

In particular dimpw B < dimpe) E whenever E < E.
(1i2) Suppose E s a closed invariant subspace. Then for all k € N:

0,T'(%))
0 < dimpos B — u(Fy) - dimy B < 0,0 < KO0
< dimpw E — p(Fy) - dimy B < { <R
(w) Denote F := Uscr, {9 € G| g.6 € L\ L}. Then
u(8,T®)) <YL, - u(Fy.F \ Fy).

w(F)

In particular, dimy B = lim,, whenever E 1s a closed invariant subspace.

Proof. Part (i) is clear: the positivity since Pg is a projection onto a subspace of £2,A,, C £?A,,, and
the upper bound by the computation

dim@ Hr\(k)(E) = Tr(Ran[HF(k) PE]) Z T[‘(HP(@ PEHF(k)) = TI’(Hl-\(k)PE),

using that the operator norm ||IIpx) Pgllpw|| < 1 whence the positive operator Ilnx) Pgllne) is domi-
nated by its range projection.

The final part of (i) is trivial, as is (ii).

To prove (iii) we compute, using invariance,

. K
/.L(Fk) . d1m¢ E = Z Z M<PE-19.5; ]lg.6>[21-\£1’°) - Z <PE~]17; ]l'y>,

9EFL,CG/K §€Ln [Gs : K] YEFg.Ln
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whence since 1 > Pg,

u(Fy) - dimy, E + §8,0* Z (Pg.1,,1,)+ Z = dimpw B > 0.

This proves the first inequality and the second is trivial.

For (iv) we just note that if we denote for v € 8,I'®) in the orbit of some fixed 7, € L, the set
F,:={9 € G|g.7 =~} then u(G,) = u(F,) and U,cp rng.r, Fy C FieF'\ Fi,. The statement follows
directly from this.

The very final statement is clear since F} is a Fglner sequence. [

Let now G act on a contractible simplicial complex A, not necessarily cofinitely, and let A®) be
an increasing exhaustion of A by G-invariant subcomplexes whereupon the action is cofinite. Fix
fundamental domains L, also increasing in 4. Denote the finite exhaustions of A(*) as above by
IR

We prove now that 82)(A; G, u) = 0. By Theorem , this means we have to show that for every
i,

_ i :
dimy [U;5:(BE (A9 0 £, (AD))] = dimy ZP(AW)" (52)

First, the proof of [69, equation (4.2)]* now transfers verbatim to our setting, which we record for
convenience:

5.36 LEMMA. (COMPARE [69, EQUATION (4.2)]) For each 1,

dim, Z2(Al )_hm dimg B*(T'(49).

1
p(Fr)

Then we compute:

: ; . I » a1t
d1m¢[ 552 BO(AD) 0 82, A } = hinmdlmr(i,k) [Uj:jZiBg)(A(]))ﬂezltA( )}
< 11m1nf ! dim¢ I1 <[U B (AW N g2 zr>
> (4,k) 7 a
M(Fk) C ir 7>t it
1 . gL

< timyinf s dime T ( [Uggos U Ba(T99) 01 82,80] ).
< timnt L ame T ([0 0 BTON) 0 2,80

For any [, we have B, (T'UY) N 2,08 C B, (T0D) N £2,A0), so we deduce

— . N1 L . . 1
dimy [Uj;2:BP(A9) n £,A0]" < liminf dime Mpe.s ([uj:jzi Uy Bn(r“’l))meiur“”“)})

1
p(Fr)

= liminf

1 . .
dimg (Z, (DGR N g2, 000
,U'(Fk) ( ( ) It )
where the equality holds because A is acyclic, so that Z,(T*F) C U, ;s Uy BL(TUY).
But the orthogonal complement of the cycles in a finite complex is just the space of coboundaries,
and then by Lemma |5.36| we conclude that

*It is completely coincidential that the previous equation in the present text is numbered (4.2) as well.
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. — y 7, J— . . ]- . n 'L
d1m¢ [Uj;jZiBg)(A(J)) N ZiltA( )] S 111’Ilkll’lf m dlm(C B (F( ,k))

: T n (i - ; ;
= lim W(F) dime B™(T'H)) = dimy Z&(ADY: N 22,400,

Now (5.2]) follows since, by the inclusion U;.;»; BP (AWM L2, A C Z)(AD), the other inequality
is trivial. This proves the claim.

5.37 THEOREM. Let G be a totally disconnected amenable lcsu group. Then

Proof. Combining the above with Theorem [5.6] and Theorem [5.19 we have

By (G, w) = BY(G, 1) = BO(EG; G, ) = 0.
]

For easy reference we single out the following slightly more general statement, as a consequence

of the theorem.
5.38 COROLLARY. Let G be a totally disconnected amenable lcsu group and G a lcsu group such
that G < G. Then for alln > 1

dim ¢ ) H™(G, L’G) = 0.

Proof. By Porism it is sufficient to prove the claim for homology instead of cohomology, and by
Theorem we can take coefficients in L& instead of L?G. That is, it suffices to show

dim, s H,(G, LG) = 0.

But here we have isomorphisms 7: LG ®rg (€xFe(GL, LG)) — € Fo(G%, LG). Indeed, this
follows from the fact that we kan describe the quotients ¢ x(—) algebraically as the kernels of maps

& cf. Lemma 5.3
These obviously commute with boundary maps, i.e. induce an isomorphism of complexes

> C g F(Gk, LG)) ®LGLG’@>"'4>LG®LG LG—0.
i d DR l

CxF(G%, LG)

Hence by the dim-exactness of the induction functor LG ® ¢ — in Theorem we get the desired
O

conclusion.
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5.39 AN ALGEBRAIC APPROACH

In this section we take an algebraic approach to the vanishing of L2-Betti numbers for totally discon-
nected groups, based on the general operator algebraic framework for Fglner sequences in [1]. Since
we have already one proof above, we will favor brevity over giving exhaustive details below.

Let G be a totally disconnected lcsu group and denote by H(G) the associated Hecke algebra,
i.e. the convolution x-algebra of compactly supported, locally constant, complex-valued functions on
G. This is not unital, but it is idempotented, i.e. the multiplication map H(G) ®c H(G) — H(G) is
surjective, and H(G) = N,p,H(G)p,, is an increasing union of corners with p, € H(G) idempotents (in
our case we have an almost canonical choice for the p,,, namely the indicator functions of compact open
subgroups constituting a topological basis at the identity; in this case the p,, are also self-adjoint).

As noted in [14, Chapter XII], the category of (non-topological) smooth G-modules @fy,G is equiva-
lent to the category of non-degenerate H(G)-modules, and moreover, many of the results and methods
of homological algebra usual proved under a blanket assumptions that the rings or algebras in ques-
tion have a unit, actually hold more generally over idempotented algebras. Further, it is clear the
two notions of "projective" in QEQG are equivalent. Since also the category QEQG is abelian we write
HI(G,E) := Tor2®)(E,C) for a module E € ¢/, .

5.40 PROPOSITION. Let E be a quasi-complete topological of -G-module. Then, canonically,
H,(G,E) = H,(G, E®) = H{(G, E™).

We leave out the proof, referring instead to the ideas in |14, Chapter XII].

As discussed elsewhere the «/-module structure is canonical on H/ (G, E), so it follows by standard
theorems in homological algebra (see e.g. [105, Theorem 2.7.2]) that we may compute the homology
by taking a projective resolution of the second variable in the Tor-functor.

Further, since Tor "commutes" with direct limits, we have

:67(12)(G) H’) — dlm(LG,m/z) Hn(Ga LG) — dlm(LG,‘L/)) H,,]:(G, LGOO) — dlm(LG,1/}) lil;il Hr{(G) LGpm)

It follows from rank-density arguments and the inductive limit formula that it is then sufficient to
show that for all m > 1 we have for the corners

0 = dim(re, w(pm) HI(G, LG,,,) = dimre,, 4(pm)) TOIRPm (LG, ., C).

But now the algebras are unital, and further the corners LG, of the group von Neumann al-
gebra, are finite, tracial von Neumann algebras, and the corners H(G),,, are weakly dense, unital
x-subalgebras.

The result then follows directly from the dimension flatness result |1, Theorem 4.4] since the tower
C C H(G),,, C LG,,, has the strong Fglner property, as defined in [1], for all m when G is amenable.






CHAPTER O

Product groups

I already am a product

Lady Gaga

Kiinneth theorems relate the (co)homology of products to that of the factors. The original result
[56] deals with the Betti numbers of a product of manifolds. For L2-Betti numbers, a Kiinneth formula
was proved in [21] for countable groups.

In the context of locally compact groups, the continuous cohomology of products is studied in [14,
Chapters X, XII]. In that book, the authors study principally the case where the coefficient modules
are admissible in some sense, which allows, under suitable circumstances, to forget the topology on
the coefficient modules and reduce the computation to a computation in the category of vector spaces.

The idea in this chapter is similar, but since the coefficient modules we are interested in are
not admissible, we instead reduce the computation to a purely algebraic one "up to dimension".
For this, working with homology seems more appropriate since the corespondence with an algebraic
tensor product of complexes is more direct. This and the need to work with modules that have finite
dimension restricts the statement of Theorem to cover only totally disconnected groups.

6.1 PRODUCTS OF TOTALLY DISCONNECTED GROUPS

Let G = G x H be a product of totally disconnected lcsu groups. Let K < G and L < H be compact
open subgroups, K:=KxUL, and forn>0
n+1
Qtot Z]_- (G/K) X (H/L)n+1 7 LZG)

=0

We denote by Q;; the term F.((G/K)" x (H/LY, L*G) for 1,5 > 0 and note that
Qij ~ F((G/K), F((H/LY, L*G))

as a G-module, and similarly when considering Q;; as an H-module. (Actually the isomorphisms are
as G-modules.)

Consider boundary maps d; ;: Qit2,; — Qit1; and d;: Qi ;12 — Qs 541 for 1,7 > 0, given by the
usual ones restricted to the relevant arguments:

i+1
(d;,jf)(gla"')gi-l-l)h'l)"')h'j) - Z 1)k< Z f(gl) ')gk)g)gk-l-l)'")gi-l-l)hl)"')h'j))

k=0 geG/K

j+1
(d;/,jf)(gl)“')gi;hl)"')h’j—‘rl) — Z 1)k< Z f(gh'-')gi:h'l)'")hk)h)hk+1)"~)hj+1)> .

k=0 heH/L

59
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Hence we can fit everything into a third quadrant double complex

Qi e Qo0 Qoo = LG
Qi1 e Q11 Qo
Qz 7 Ql,j QO 7

Computing the spectral sequence for linear spaces associated with this complex we see that the E2-
term is zero everywhere whence the complex

(QiOt) d/ + d//) L2é O

is a resolution of L2G. Since a direct sum of strengthened maps is strengthened the resolution is
also strengthened. (A more direct approach to show that (Q%*,d' + d”) is a strengthened resolution
is to write down an explicit contraction s’ + s” where s’ and s” are contractions of the horizontal,
respectively vertical, subcomplexes.)

By the isomorphism Q;; ~ F.((G/K x H/L)*, F.((H/L), L?*®)) for j > 1, and similarly for the
opposite inequality, Q; ; is a projective topological LG-G-module for all 3, 7>1

If 5 = 0 we have Q,o = F.((G/K)*, L?G). By a Hochschild-Serre spectral sequence argument it
follows that these are all ®-acyclic in the sense of Definition Similarly the Qo ; whence the
Q™ are all ®-acyclic. Hence the resolution of L?G by the Q! computes homology, H,(G, L*G) =
H, (% 5(Q%)), by Proposition

Let Sy, T, be finite K-invariant subsets of G/K respectively H/L, increasing with union G/K =
UmSm and H/L = U,,T},. Denote by M? the submodules

M: =span{f — f.g|f € F.((G/K)", [*G),g € G} N F.(T:, L*G).

Similarly we denote N, for H/L. Then we consider complexes

Qj’: : “e if(T;—&—z, L2G)/M:’;"2 d; f(Tf:'l, LQG)/M;j_l di1 L
j’j:”' : .. g]:(sﬂﬁ, L2G)/N,::_2 di F(S;jl, L2G)/N,:;L|—1 di—1 o

The next lemma is a type of result we already used in the previous chapter, in a slightly different
formulation, stating that one can write a certain complex as an inductive limit and then compute the
homology as the inductive limit of homology modules.
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6.2 LEMMA. The inclusion maps @pmm: F(TL2, [PG) — F(TH?, L*G) for m < m' induce an
inductive system (G m: O /M — &™ /M: ), and the maps @ commute with the boundary
maps. Hence there are maps of LG-modules

lim H,(87") — Ha(G, L*G)
for all n > 0. These are isomorphisms. Simalarly,
: m 2
11£an(.6* ) — H,(H,L°H)
are 1somorphisms.
Proof. All the needs proving is that for all 7, the maps
: i+1 72 i+1 =+l 72
hin}'c(Tm yL°G) /M, — CoF((G/K)", L*G)

(exist and) are isomorphisms. Existence, continuity, and surjectivity are all trivial. Injectivity is true
by construction. [

6.3 PorisM. Denoting Qi m = Fo(T% x Si.,I?G) and R := M} ®NI, we consider the com-
plezxes
Q- =@M Qinr1-im/Ripp1i —
Then the morphisms
lim H,(Q") = Ha(G, L*G)

are isomorphisms. []

Observe that the Q; ;. are Hilbert spaces, and by a 3 x 3 argument, Q; ; m/R; jm =~ 6?@5;”. We
denote these quotients Q7% := Q; ;m/Ri;-

6.4 LEMMA. Consider the inclusions i jm: O Qug N — Qijm/Rijm- Then whenever E < &
and F < 97 are LG- respectively LH-submodules, we have

dimLé« Li,j,m(E ®alg F) = dimLG E. dlmLH F.

Proof. Since the 7" and §]" are finite dimensional Hilbert modules over the respective von Neumann
algebras (e.g. the & are summands in direct sums ®]*"L?(G/K;) for compact open subgroups K;)
we can assume that E, F' are closed, hence images of projections p, g, respectively, in finite matrix
algebras over the resective von Neumann algebras, which can be assumed to be of the same rank,
ie. pe My(LG),q € My(LH) for some k.

The claim is then obvious since ¢; ;m(E ®ay F) is isomorphic to the image of p® g. [

6.5 THEOREM. (KUNNETH FORMULA) Let G = G x H be a product of totally disconnected lcsu
groups and fir Haar measures 4 on G and v on H. For alln > 0,

n

BAG uev) =3 pAG, u) - B (H, v).

k=0
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Proof. Since dim( L&) Q" < oo for all m,n, Lemma and the inductive limit formula imply that
it is sufficient to show that for all m,n we have

dim ;¢ gy Hn(QT) = Y dimre,y,) Ha(67) - dimpay,) Hak (D7)
k=0

We deduce this from Lemma as follows. Consider the diagram (where the tensor projducts are
purely algebraic)

d/
Qm i—1,7—1 m
dr .
LV Ly w2
di_1®1
m m i m m
1 ® N7, & ® N,
d’ .
m 1—2,7 m
1Qd;_» Qi,j 1—1,3
m %i—201 m m

which is part of a larger diagram for the inclusion map of double complexes L, 4 : (BT ®HT,dQd) —
';_o+imd;_, .. Then we have (note that

(QF.,d +d"). In this case we consider the image E :=imd;; ,
we can always take the closure or not as we please, cf. Lemma |B.34]

dim(Lé’,LZ) E - dim(Lé«’,lz,) im d;lJiz + dim(LéﬂZ) im d{ifl,jfl — dim(Léﬂ’Z) im d;/’]72 ﬂ im dfi*l,jfl
= dim(LG,W) im di,]_ . dim(LH,%) f);n;l + dim(LGﬂpM) 05:”' : dim(LHﬂ/,u) im ®d]‘,2

— dim(LGﬂpM) im di,]_ : dim(LH,d,u) im djfz.
Thus, considering Q7 = Y7 Tme1-; we know the LG-dimension of image B, of d' +d": Qr., —

Qrr as well as that of the image E,, ; of d' +d": Q' — Q7 ; in terms of LG- and LH-dimensions of
images of boundary maps. We also know that
n+1
dimpe ) Qn = > dimey,) 67 - dim@zay,) Hr
i=0

Now the theorem follows (by additivity, since everything is finite) from a direct computation of
dim(Léﬂ/,) Hn(QT) = dim(L@, ") Q? — dim(Léﬂ;) En — dim(L@ﬂ,;) En—l,

substituting the expressions above. [

6.6 PRODUCTS OF TOTALLY DISCONNECTED GROUPS AND SEMI-SIMPLE GROUPS

The next theorem is an observation extending the the Kiinneth formula in Theorem [6.5] by using the
classical result that semi-simple Lie groups always contain cocompact lattices. This will be used in
the next chapter to show that, at least in principle, the computation of L2-Betti numbers of any lcsu
reduces to the computation of L2-Betti numbers of some totally disconnected Icsu group.
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6.7 THEOREM. Let G,H be lcsu groups and suppose that G is a connected semi-simple Lie
group with finite centre, and that H 1is totally disconnected. Then

ﬂzlz)(G X H?:U’ X V) = ZIB(ICZ)(Ga /1’) ) ﬁ&;k(Hi V)‘
k=0

Proof. By [12,13] G contains a cocompact lattice I' whence for all £ we have ,B(kz)(G, p) = covol,(T") -
,BZ“Q)(F). Thus the statement follows from the Kiinneth formula for totally disconnected gorups, The-
orem [6.5], applied to I" x H. ]

6.8 A COMMENT ON KAc-MoOODY GROUPS

Kac-Moody groups are constructed by Tits in [99]. In particular, given certain root datum one can
associate to any finite field F, a locally compact group G(F,, which contains a BN-pair, leading
to a strongly transitive continuous action on a building X, with compact stabilizers. Further, G is
topologically simple [18], in particular unimodular. Hence we are well within the framework of Section
.10l The dimension dim X of the building does not depend on the "ground field" F,.

Further, while it is highly non-trivial, and in many case apparently still an open problem to decide
whether G has any lattices [36, Section 3.5], it is known [89] that the product G x G contains a
lattice I', sometimes referred to as a Kac-Moody lattice. Important questions concerning such lattices
concern their similarities and differences compared to S-arithmetic lattices.

When X is in the class #+ of [29], i.e. when ¢ > @, it follows directly from [29, Theorem B

2
and Corollary I| that ,B(’g)(G, w) # 0 exactly for n = dim X. We conclude:

6.9 THEOREM. Let I' be a Kac-Moody lattice in G(F,) x G(F,) for some complete Kac-Moody

group G(F,) with ¢ > 422;;mx where X 1is the building associated with G(F,). Then

=0 ,m#2dimX
>0 ,n=2dimX

A1) {
O]

6.10 REMARK. By the simplicity results for Kac-Moody lattices in [18] leads leads to examples
of finitely generated simple discrete groups I' for which ,6(22”)(F) > 0. As remarked in [18], it even
happens that some of these are finitely presented.






CHAPTER

Killing the amenable radical

In this chapter we extend Theorem to cover all amenable lcsu groups (Theorems and [7.12)).
Using the Hochschild-Serre spectral sequence we actually prove a stronger result, namely the vanish-
ing of L2-Betti numbers given that the amenable radical, i.e. the maximal closed amenable normal
subgroup, is non-compact. The vanishing of reduced L2-cohomology for amenable lcsu groups with
non-compact amenable radical is joint with D. Kyed and S. Vaes [58], established there by different
means.

Having previously handled the totally disconnected case, what remains is to prove vanishing of
L2-Betti numbers for connected amenable Icsu groups, and to stitch the two results together.

The first part uses the solution of Hilbert’s fifth problem by Montgomery, Zippin, and others.
See [75]. This reduces the problem essentially to solvable Lie groups, and then through structure
theory for Lie groups and the Hochschild-Serre spectral sequence, to R. The proof of vanishing of
L2-Betti numbers of abelian groups (see Theorem does not seem to apply here since we actually
have to prove vanishing with coefficients in a larger Hilbert space - the L?-space of the ambient group.
Hence we reprove the result in this generality also. See Lemma 7.6

A vanishing result for reduced L2-cohomology of connected solvable Lie groups in degree one was
obtained, essentially, in [24, Théoreme V.6], and the extension to connected amenable groups carried
out in [71].

The second part then stitches the two vanishing results together - that for connected and that
for totally disconnected amenable groups - using the Hochschild-Serre spectral sequence in quasi-
continuous cohomology.

On the way we obtain a "structural result" for L2-Betti numbers of locally compact groups: it
is known that, modulo the amenable radical, every lcsu group is a direct product of a semi-simple
connected Lie group with trivial centre, and a totally disconnected group; hence the Kiinneth formula,
Theorem reduces the computation of L?-Betti numbers to totally disconnected groups, at least
in principle.

7.1 REDUCTION TO TOTALLY DISCONNECTED GROUPS; STRUCTURE THEORY

Let G be a locally compact group. Given any family {H;};-; of amenable closed normal subgroups of
G, the closed subgroup H generated by the H; is normal, and one sees readily enough by the extension
and continuity properties of amenability (see e.g. [7, Proposition G.2.2]) that H is again amenable.

Thus H is the largest closed, normal, amenable subgroup of G - the amenable radical, and we
denote in general this by H = Ramen(G). See also [39, 73]

In general, it is known that for any locally compact group G, the quotient G/Ramen(G) has a
finite index open, normal subgroup G* such that G* = L x H with L a semi-simple, connected Lie
group with trivial center, and H a totally disconnected group [73, Theorem 11.3.4]. The same is true

65
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if one considers just the "connected" amenable radical, as we now show.

7.2 DEFINITION. For any locally compact group G we denote by Rameny(G) := Ramen(Gy),
where Gy 1s the connected component of the identity in G, the "connected amenable radical” of
G.

Observe that since Gy is a characteristic subgroup in G, and Ramen(Gy) characteristic in Gy, it
follows that Rameny(G) is characteristic, in particular normal, in G.

7.3 REMARK. The terminology "connected amenable radical” 1s an abuse of language since the
amenable radical in a connected group need not be connected (it might very well be countable
discrete), nor is there necessarily a connected amenable normal subgroup which ts mazimal
among all such.

The following is entirely analogous to |73, Theorem 11.3.4]. I thank N. Monod for explaining this
to me.

7.4 PROPOSITION. Let G be a locally compact 2nd countable group. Then the quotient G/ Rameny(G)
contains a finite index open, normal subgroup G*°, canonically 1somorphic to a direct product
G*® = L x H where L is a semi-simple connected Lie group with trivial centre and H is totally
disconnected.

Proof. Denote G := G/Rameny(G) and let x be the canonical projection k: G — G onto this.
Since G /Gy is totally disconnectec it follows that Gy = x(Go) (we write here Gy for the connected
component of the identity in G, instead of the more explicit (é)o), and we note that this has trivial
centre. Indeed, if Z is the centre of Gy, then we have a short exact sequence

0——Ramen(Gy) —=k 1(Z)—=Z—0

Since the outer groups are amenable, so is the middle group, contradicting the maximality of Ramen(G))
unless Z is trivial.

Applying the same argument twice more with Z a compact normal subgroup, respectively the
solvable radical, instead of the center, we conclude the Gy is a Lie group (by the solution to Hilbert’s
fifth problem [75]), respectively a semi-simple Lie group.

Consider the action of &G on its connected component by conjugation and denote the kernel of the
induced homomorphism K := ker(G — Out(Gy)).

Let k € K. Then there is a go € Gy such that for every h € Gy, we have khk~! = gohg, * whence
9o 'k € Z5(Gy). Thus

K =Go-Zs(Go) :={gh | g € Go,h € Zs(Go)}.

Further, since the center of Gy is trivial, this is in fact a direct product, K = Gg x ZC;.(G’O).

We observe that since Gy has trivial center, the centralizer Zs(Go) embeds into G/G, whence it
is totally disconnected.

Finally K has finite index in G since Gy is a semi-simple (centre-free, without compact factors)
Lie group whence Out(é’o) is finite: essentially, outer automorphisms of the simple factors correspond
to automorphisms of Dynkin diagrams. See the argument and references in the proof of [73, Theorem
11.3.4]. Thus G*° := K works with L = Gy and H = Z5(Gy). O
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7.5 THE AMENABLE RADICAL IN A CONNECTED GROUP

We prove some auxiliary lemmas needed in the next section.

7.6 LEMMA. Let H be a non-compact connected lcsu group, and G lcsu group such that Gy s
a Lie group, and H s a closed subgroup of G. Suppose that H/K is an abelian Lie group for
some compact normal subgroup K. Then

dimzey) H"(H,L’G) =0, n>0.

Proof. Let K be a compact normal subgroup of H such that A := H/K is an abelian Lie group,
which is connected since H is. Note that A is non-compact, and that we may take it without compact
factors, whence A ~ R™ for some m > 1.

Then by the Hochschild-Serre spectral sequence for groups (see Theorem it is sufficient to
show that dim;q.4) H"(4, (L?G)¥) =0 for all n > 0.

First we observe (by induction on m) that by the Hochschild-Serre spectral sequence for Lie
algebras, see Theorem [E.17 and Lemma [E.3| it is sufficient to prove the claim for A = R. Since this
has dimension one and is non-compact, we need in fact just show that dim ;g4 H'(A4, (L*G)¥) = 0.

Let I C A be the closed unit interval I = [0, 1] and denote by z the canonical generator (z = 1) of
7 < A. To avoid confusion we write the group A multiplicatively, including its subgroups.

Let ¢ € C(4, (L*G)¥) be an inhomogeneous (continuous) cocycle. By [48, Chapter III, Corollary
2.5] and Sauer’s local criterion, it is sufficient to show that there is a sequence p; of projections in
LG, increasing to the identity, and such that ¢(-).ps is bounded in L?-norm for all .

We can write any element ¢ € A as ¢ = rz',¢ € Z,r € I. Then we have

(M) +r(@ 2+ ) L(z) z=rhi>1
((z) =1 <) 2 =0
((r) —rz i (z" 4+ 24+ 1)L(z) ,z=rz71>1

Since ((I) is bounded by compactness of I, it is thus sufficient to find our p; such that, for each
k, on the range projection of ((z).p, the operators q; :== 2* + -+ + z + 1 are bounded in operator
norm, uniformly in ¢ (but possibly depending on k).

Denote by ||z the absolute value ||,z = (z*z)? in the ring of operators affiliated with the (finite)
von Neumann algebra LZ (recall this is isomorphic to the ring of measurable complex-valued unctions
on the unit circle). Then we have an inequality of unbounded affiliated operators

\@|ez <2|(z — 1) Yz, 22> 1.

Let p; be a sequence of spectral projections of the right-hand side, increasing to the identity in LZ,
and such that |(z — 1) *|.zp), is bounded for all k. Then also ¢;p} is bounded in norm for all k£, and
for fixed k the bound is uniform in 2.

By polar decomposition we get an increasing sequence of source projections (i.e. right supports)
o € LG of p,.{(2) € LG, increasing to the right support py of {(z). If this is not the identity, add
the orthogonal complement py = 1 — py to each projection p,. This completes the proof. [

7.7 LEMMA. Letn > 0 and letT" be a countable discrete subgroup of a lcsu group G. If,B(”z)(l") =0
then
dimyreq) H*(T, L’G) = 0.
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Proof. By Porism [5.7] it is sufficient to show that dim,¢ H,(T', LG) = 0. Let (P,,d,) — C — 0 be a
projective resolution of the trivial I'-module C. Then H,(T', LG) is the n’th homology of the complex

1®d 1®d

LG Q¢cr P, LG Qcr Py

H%LG Qrr LI’ Rcr P, wdHLG Qrr LI’ Qcr POH'O

0.

The statement then follows by the hypothesis 83)(I") = 0 (see Theorem [2.19)) and the dimension-
exactness of the induction functor LG ®.r —, see Theorem |B.51 l

7.8 LEMMA. Let Gy be a connected lcsu group, let K be the mazimal compact normal subgroup,
and denote k: Gy — Gy/K the canonical projection. Then k(Ramen(Gy)) = Ramen(G,/K) has
connected component which 1s either trivial or non-compact.

Proof. Indeed, the connected component Ramen(Gy/K) is a characteristic subgroup of Gy/K. In
particular, it is normal, whence it is either trivial or non-compact by maximality of K. [

7.9 THE VANISHING RESULT

We now use the Hochschild-Serre spectral sequence in various guises, and structure theory for locally
compact groups and Lie groups, to deduce our main result, vanishing of reduced L?-cohomology for
lcsu groups with non-compact, normal amenable subgroups, from the results of previous sections. As
mentioned in the chapter introduction, this result appears in joint work with D. Kyed and S. Vaes [58],
esteblished there by different means.

7.10 THEOREM. (SEE ALSO [58]) Let G be a lcsu group. If Rameny(G) is non-compact, then
B (G,u) =0,  for alln > 0.

Proof. 1t is sufficient, by Theorem to prove the theorem for G/K where K is the maximal
compact normal subgroup of Gy, the connected component of the identity in G.

Hence we may assume that Gq is a connected Lie group with no compact normal subgroups. By the
previous lemma, Rameny(G) then is either (countably-)infinite discrete, or it contains a characteristic,
non-compact, amenable, connected Lie group H, which is then normal in G since the connected
amenable radical is characteristic. Thus the proof splits in two cases:

(i) Suppose first that I' := Rameny(G) is discrete. Then by the "mixed case" Hochshild-Serre
spectral sequence (Theorem , Lemma , and the countable annihilation lemma, we see
that for all n > 0,

dim(LG,d,) Hn(f g do, L2G(OO’GO)) =0.

(Caveat: Here ¢ is the Lie algebra of a maximal compact subgroup in Gy. Such a subgroup need
of course not be normal.)
Since Gy is connected, this gives directly by the van Est theorem that dim ¢ 4y H*(Go, L*G) = 0.

Finally, by the Hochschild-Serre spectral sequence in quasi-continuous cohomology, Theorem
D.24] the statement now follows in this case. Alternatively one can avoid quasi-continuous
cohomology and proceed by a stadnard double-complex argument, see Sectionsec:QCcrutch.
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(ii) In the second case, H := Rameny(G), is a non-compact connected amenable Lie group, normal
in G. Hence H has non-compact solvable radical by [87, Theorem 14.3], which is then also
normal in G, so we assume without loss of generality that H is solvable.

Let {1} = HM aHM™- Y qgM™-2)q... 4O = H'<H®® = H be the derived series of H. Note
that each H*) is connected. Let k, be the minimal ky = k such that H® is compact. Then
H(~1) satisfies the hypotheses of Lemma [7.6| whence we conclude that

dimzey) H*(H*™D, [?G) =0, foralln > 0.

By the connectedness of H*o=1) this is the same as dimyrg ) H" (ko1 C pko=1) [2G(eGo)) = 0.
See Lemma [E.3l

then using the Hochschild-Serre spectral sequence for Lie algebras, see Theorem ko times
(formula this should of course be structured as an induction argument on k), along with the
countable annihilation lemma, it follows that

dimze.y) H* (£ C go, L2 G(®C)) =0, foralln >0.

Since Gq is connected we get now by the van Est theorem

dim(LGﬂp) Hn(Go, L2G) =0.

As in case (i) we finish the proof of this case with an appeal to the Hochschild-Serre spectral
sequence in quasi-continuous cohomology, see Theorem

The two cases having now been proved, we are done. O

7.11 ProposITION. Let H < G be a finite index inclusion of lcsu groups. Then, letting v be
a fired Haar measure on H and u the Haar measure on G such that L?*(G,u) ~ L*(H,v) ®
Z%G/H,ﬁ, we have
dim(LGﬂ/,) B = dim(LHﬂ/,) E,
for any LG-module E, where ¢ =4, =19, ® ﬁ -Tr 2s the canonical tracial weight on LG.
In particular, ,6(”2)((}’, w) = ,B("Z)(H, v) for allm > 0. []

We leave out the easy verification. We also note that a finite index subgroup is automatically open
whence lcsu, given that the ambient group is so.
We can now combine all this with Corollary to show:

7.12 THEOREM. (SEE ALSO [58]) Let G be a totally disconnected lcsu group. If G has non-compact
amenable radical, then ﬂ&)(G, ) =0 for all n > 0.

On the other hand, if Ramen(G) is compact, then G/ Ramen(G) contains an open finite index
subgroup G* whaich 1s isomorphic to a direct product of a connected semi-simple Lie group L,
with trivial centre, and a totally disconnected group H (both groups lcsu), and

By (G, 1) = 3~ Bhy(L, 1) - B3y (H,v),
k=0

where u* 1s the Haar measure on G pulled back from the Haar measure on G*, declaring this to
have covolume one in G/Ramen(G).
In particular, if G is non-compact amenable, then H"(G, L*G) = 0 for all n > 0.
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Proof. If Rameny(G) is non-compact, the claim follows from the previous Theorem m

So suppose that Rameny(G) is compact. Then by Proposition we have G/ Rameny(G) > G; ~
L x H, with L as advertised, H; a totally disconnected lcsu group, and G; having finite index. Hence
by Theorem [6.7] we have

,5(n2)(G1,/f' X v)= Zﬁ(kz)(LnU') ) ﬂzlz;k(Hl,V)-
k=0

Hence the claim follows, if Ramen(G) is compact, by Theorem and Proposition [7.11]

Finally, Ramen(G;) = 1 x Ramen(H;) and so if Ramen(G) is non-compact, then Ramen(H;) is
non-compact. Hence we need to show that in this case, all the L2-Betti numbers of H; vanish. But this
follows by Corollary and the Hochschild-Serre spectral sequence in quasi-continuous cohomology,
Theorem [D.24l

If Ramen(H,;) is compact then we take H := H;/Ramen(H,).

The very last claim follows by Proposition |3.8 O

7.13 AVOIDING QUASI-CONTINUOUS COHOMOLOGY

This section provides a work-around to the use of the Hochschild-Serre spectral sequence in quasi-
continuous cohomology. It is not different in an essential way, but since we only use the spectral
sequence for vanishing results, it is possible, if one wishes, to replace it by a more direct double
complex argument as follows

7.14 PROPOSITION. Let G be a lcsu group, and H a closed normal subgroup in G such that the
quotient Q := G/H 1s totally disconnected.
If dimgy) H*(H, L*G) = 0 for all n > 0 then ,5("2)(G,,u) =0 for alln > 0.

Proof. Fix a compact open subgroup K of . We consider a first quadrant double complex of
LG-modules (that is, we consider everything purely algebraically, with no regard for the topologies
involved) given by

KP? = F((Q/K)*,C(G*, L?G)¥)?,

endowed with coboundary maps d': K7 — KP*t1¢ which are the usual coboundary map on the bar
resolution of the topological @Q-LG-module C(G%*!, L2G)¥ of Section [C.36) and d": KP4 — KP9*!
which applies the coboundary map dg: C(G*!, L*°G)? — C(G%"2, L?G)* pointwise.

Then there is a spectral sequence 'E3? of LG-modules abutting to the total cohomology, and the
E,-terms are (as LG-modules)

I gpa _ HYG,L?G) ,p=0
Pe =
0 ,p>0

?

which follows as usual by the fact that C(GP*?, L2G)" is an injective topological Q-LG-module,
whence the cohomology, which is computed by the bar resolution we consider here, vanishes when
p>0.

Thus this spectral sequence collapses, and the total cohomology of our complex is just the L2-
cohomology of G, as LG-modules. (In fact as topological spaces as well, but we won’t use this.)

On the other hand there is a spectral sequence "E3? also abutting to the total cohomology, where
the E,-terms are given as the cohomology of complexes H*?(d"). Hence it is sufficient to show that
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dimyg H?9(d") = 0 for all p,q. Let £ € kerd’ N K??. Then clearly {(zo,...,2z,) € kerdy for all
Zo,...,Tp € Q/K.
First we construct a linear section

s: F(Q/K)P™,dy(C(G*, LPG)*))° — F((Q/K)PT, C(GHY, L*G)H)S.

Indeed, just take any linear (not necessarily continuous, LG-linear) section s, of the couboundary
map dy|c(ge+,126)x from its image dy(C(G?', L*G)¥). Then fix a fundamental domain Z for the
action of @ on (Q/K)P. Given ¢ € F((Q/K)P*, dy(C (G, L2G)H))? we define s(£¢) on Z by

1
s(&)(zo,...,Zp) = 7/ z.50(&(z0, - - -, Tp))du(z),
P IU’(Q(:BO ..... :Bp) Q(mo ..... zp) P
where 4 is the Haar measure on Q and Q(q,,....z,) is the stabilizer of the point (zo,...,z,) € Z. Then

s(§)|z extends (uniquely) to a Q-invariant function which we call s(¢). It follows that the image of
d’ is exactly F((Q/K)P',dy(C(G?M!, L2G)H))¥. (Note: it is not really important that s be linear.)
By hypothesis and the countable annihilation lemma, then inclusion of LG-modules

FU(Q/K)P™, dy(C(G*, L*G)))? < F((Q/K)*™  kerdy N C(GP™, L*G)F)®

is rank dense. Hence we have indeed by the local criterion dims H?4(d") = 0 for all p,q > 0. [






AppPENDIX A

Preliminaries on groups and von Neumann algebras

In this chapter we recall some basic notation and results in group theory and operator algebras. We
give no proofs. Most of the results are standard and so we do not explicitly give attributions.

A.1 LOCALLY COMPACT GROUPS

By a locally compact group we mean a group G with a locally compact Hausdorff topology in which
the group operations are continuous. A general reference on locally compact groups is [75]. Generally
we will assume, unless explicitly mentioned otherwise, that G is 2nd countable, i.e. that its topology is
generated by a countable family of open sets. Every such group has a left- and a right- Haar measure,
that is, left- respectively right-translation invariant positive Radon measures on the Borel o-algebras.
These two measures are determined uniquely up to scaling by the properties of being left- respectively
right-invariant. We may sometimes abuse language and say e.g. "the left-invariant Haar measure".

A locally compact group is called unimodular if its left- and right-Haar measures coincide. We
abbreviate 'locally compact 2nd countable unimodular’ by ’lcsu’.

Given a left-invariant Haar measure u on the locally compact group GG, we can define for every g € G
a measure f, on G by pyo(X) := p(Xg) for X C G any Borel set. Clearly u, is left-invariant whence
there exists a positive real number Ag(g) such that p,(X) = Ag(g) - u(X) for all Borel subsets X.
The map G 5 g — Ag(g) does is independent of the choice of y, and is a continuous homomorphism
into (R, ), called the modular function. In particular we observe that any (topologically) simple
group G is unimodular.

Observe that a closed subgroup of a unimodular locally compact group need not be unimodular.
In fact, any locally compact group G embeds in a cross-product R x G which is unimodular. (The
action is in fact induced by the modular function in order to force this.)

However, any open subgroup is (automatically also closed and) unimodular if the ambient group
is. So is any closed, normal subgroup.

Every locally compact 2nd countable group is a complete separable metrizable space with a right-
invariant metric. (This is due to Birkhoff and Kakutani, see |75, Theorem 1.22].)

By the Baire category theorem one then concludes the following result, allowing us to talk about
short exact sequences of groups in a natural way.

A.2 PrROPOSITION. Let t: H — G be an injective, continuous homomorphism of 2nd countable
groups. If the image t(H) 1s closed in G then ¢ is a homeomorphism onto its image. [

The next theorem summarizes some useful facts about quotients.

A.3 THEOREM. Let G be a 2nd countable locally compact group and H a closed subgroup. Then
the quotient G/H 1is a locally compact Hausdorff space, and there is a bounded Borel section
(i.e. mapping compact sets to relatively compact sets) of the canonical projection G — G/H.

73
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Further, the left-invariant Haar measure on G induces a left-invariant measure on G/H
ezactly when Ag(h) = Ag(h) for all h € H, and such a measure 1s always unique up to scalar
maultiplication.

For a general result on the existence of a bounded section, see [54]. In the case where H is countable
discrete and G is 2nd countable there is an easier argument, see e.g. [7, Proposition B.2.4].

We define the covolume of H as the covol,(H) = v(G/H) whenever there is a left-invariant
measure v on the quotient G/H. When H is discrete in G (the only case we consider in the present
text) covol,(H) := u(s.(G/H)) where s, is a section as in the theorem, and u a left-invariant Haar
measure on G. Recall that if G has a discrete subgroup with finite covolume then G is unimodular [7,
Proposition B.2.2(ii)].

We recall also the solution to Hilbert’s fifth problem by Montgomery, Zippin, and Gleason. A
topological group G is called almost connected if the quotient G/Gy is compact (in its quotient
topology), where G, is the connected component of the identity in G.

A.4 THEOREM. ( [75]) Let G be an almost compact 2nd countable locally compact group. Then
for any neighbourhood U of the identity in G, there is a compact, normal subgroup K C U in G
such that G/K 1is a Lie group.

In particular, this implies that any connected, 2nd countable locally compact group contains a
maximal compact normal subgroup, and the quotient is then a Lie group.

Recall also that if G is a totally disconnected, 2nd countable locally compact group, then G
contains a decreasing sequence of compact open subgroups, forming a neighbourhood basis of the
identity.

A5 vON NEUMANN ALGEBRAS

A good general textbook on von Neumann algebras is [52,53]. A more comprehensive reference for
specialists is [95,(96]

A von Neumann algebra is a *-subalgebra </ of B(H), the algebra of bounded operators on a
Hilbert space #, which is closed in weak operator topology (WOT), equivalently in strong operator
topology (SOT). By von Neumann'’s density theorem this is equivalent to &#” = &7, where /" := (&)’
is the double commutant. (By definition the commutant of a set S of operators is S’ := {y € B(H) |
Vz € §:yz =zy}.)

von Neumann algebras were introduced by Murray and von Neumann in a series of papers [80-
82,/103], then called rings of operators. One of the main early results was a classification into types.
We say that a von Neumann algebra o/ is finite if it has a faithful (see below) finite trace 7: & — C,
i.e. a positive linear functional satisfying 7(zy) = 7(yz) for all z,y € &7

We say that <7 is semi-finite if it has a faithful semi-finite tracial weight, i.e. a weight ¥: o/, —
[0, 0o] such that the ideal .<7; of "square integrable" operators z € .« satisfying ¥ (z*z) < oo is weakly
dense in .«/. The weight 1 is extended by linearity to the subspace of .« spanned by positive elements
on which 9 is finite.

Finally, 7 is purely infinite if it has no non-trivial trace.

Recall that a trace 9 is faithful if ¢(z*z) = 0 implies that £ = 0, and normal if it is a sum of
positive functionals which are ultraweakly continuous on the unit ball of 7. We call the pair (<7, ¢)
a (semi-)finite tracial algebra if </ is a von Neumann algebra and 9 a (semi-)finite, faithful normal
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tracial weight. Unless explicitly stated otherwise, <7 is always assumed o-finite, i.e. any set of pairwise
orthogonal non-zero projections is countable.
Let G be a locally compact group and u a left-Haar measure on G. The representation A\: G —
B(L*(G, 1)) given by
(Mg)-£)(h) =&(g7'R)

is called the left-regular representation. The closure span{A(g) | g € G} of the linear span of A(G) in
the weak-operator topology is the group von Neumann algebra LG of G.

If G is unimodular then LG carries a canonical tracial weight [84, Theorem 7.2.7] 9, which is
faithful, normal, and semi-finite. One can construct this ¢ by taking a sequence (¥,) C L'G such
that

p(¥,) /w1 and A(¥,) 225, 1,

and then finding &, € L2G such that &, x {n = V¥, — ¥, _;, where f:l(t) = &,(t7'). Then ¢ =
o (- &n, &n), the sum of vector states, and v is charaterized by ¥(z*z) < oo if and only if there is
some left-bounded f € L2G such that z = A(f), in which case ¥(z*z) = || f|2.

The GNS construction L?7 and associated representation of LG, with respect to the canonical
trace i on the lcsu group G is spatially equivalent to L°G. In particular, LG], C L?G and one
checks that the right-action of LG on the two-sided ideal LGfp extends by continuity to a right-action
on L?G in this way. Hence we often think as L?G as a right-LG-module and a G-LG-module in
this way. An alternative way to say this is that it is well-known that LG is anti-isomorphic to its
commutant on LGfb which, by the spatial equivalence, is isomorphic to the von Neumann algebra
RG := span{p(g) | g € G} where p is the right-regular representation of G on L?G. Hence we may
think if the right-action of LG on LG in the natural manner, as the extension of the convolution
action of L'G from the right.

We refer to standard textbooks for a treatment of functional calculus and spectral theory, but let
us state the bare minimum:

THEOREM. Let o/ be a von Neumann algebra and A € o/ a self-adjoint operator. Then the
spectrum sp(A) C R and there 1s a (essentially unique) x-homomorphism from the algebra of
bounded Borel functions into <7 .

In particular one has for any interval I C sp(A) a projection e; € <7, called a spectral projection
of A. As I increases to all of R, the spectral projections increase to the identity in .o7.

More generally the theorem holds if A is any closed, densely defined (self-adjoint) operator affil-
iated with /. In particular, any function £ € L?G acts by (say, right-) convolution on LG}, which
we still think of as a subspace of L?G, and as such is an affiliated operator. Hence there are spectral
projections e of £ in &7 increasing to the identity and such that e.£ = £.e is a bounded convolution
operator. For convenience, observe that by the functional calculus we have:

PROPOSITION. Let ¥ be a normal, faithful, semi-finite trace on </. Then any projection p € o/
has a subprojection in szfj In particular, there is a set (p;)icr of patrwise orthogonal projections
pi € o/ such that 1 =3, p;.






AprpeENnDIX B

Extended von Neumann dimension for semi-finite traces

In this chapter we generalize the framework of Liick’s extended von Neumann dimension to cover also
the case of modules over a semi-finite von Neumann algebra with a fixed tracial weight.

Liick introduced the extended von Neumann dimension and its applications to L2-invariants in a
series of papers [64,/65] (see also his comprehensive book [66]). This dimension function extends the
usual von Neumann dimension for Hilbert modules over a finite tracial von Neumann algebra to a
dimension function on any purely algebraic module over the von Neumann algebra as a ring.

Using this, one is able to apply homological algebra methods directly to the study of L2-Betti
numbers of discrete groups. See also Section [2.1

In Section [B.2] we extend Liick’s definition to the case of modules over a semi-finite von Neumann
algebra. For the convenience of the reader, we summarize the important properties which we will
need in the theorem below.

B.1 THEOREM. (COMPARE [66, THEOREM 6.7]) Let &/ be a o-finite, semi-finite von Neumann
algebra and let ¢ be a faithful, normal, semi-finite tracial weight on o/. Then to any (right-
)/ -module M we can associate an extended positive real number, the ¥-dimension dimy M. On
the category of (right- )</ -modules, this has the following properties:

(i) Eztenston of von Neumann dimension. (See Lemma |B.34.)
If p is a projection in <7, then dimy p(L?vy) = ¥(p).

(11) Additivity. (See Theorem[B.22.)
For any short exact sequence of o/ -modules

0 M N Q 0

the -dimensions satisfy dimy N = dimy M + dimy Q.

(1i2) Inductive limits. (Proof is verbatim as in [66, Theorem 6.13].)
Let ((E;)icr, ¢:5) be an inductive system of </ -modules with connecting maps ¢;;: E;, — E;,

and suppose that for each v € I there is a j > 1 such that dim, im ¢;; < co. Then

dimy lim F; = sup inf dimy im ¢;;.
— icl 3321

(wv) Projective limits. (See Theorem |B.31].)

Let ({E.;}icr, {#i; }ijec1) be a projective system of o/ -modules with connecting maps ¢;;: E; —
E;, and suppose that there is a subsequence (ix)ren Of tndices such that for alli € I, 1 < 14
for some k, and that dimy E;, < oo for all k. Then

dimy lim F; = sup inf dimy im ¢;;.
A icl 7>t

7
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(v) Compression / reciprocity. (See Theorem[B.85,)

Let p be a projection in o with central support the identity. Consider the semi-finite
tracial algebra (<2,,v,) = (p/p,¥(p - p)). For any right-o/ -module M we have for the
right-a/,-module Mp

dim(%ﬂ,,) M = dim(%,%) Mp.

In sectionwe consider the notion of rank density in the semi-finite setting, following [90,97,98].
Unlike the finite case there seems to be no suitable notion of rank metric and -completion, but the
local criterion for vanishing of dimension is still a key technical tool. It shows in particular that the
vanishing of dimension is a purely algebraic property; that is, independent of the particular trace
chosen on the von Neumann algebra.

We continue this discussion for some remarks about rank completion in the finite case in Section
[B.39 In particular, we offer an alternative approach to "dimension exactness" results for hom- and
induction functors, based on an extension theorem reminiscent of the Hahn-Banach theorem from
functional analysis. Using the compression property, Theorem v), we are then able to extend the
dimension exactness results to the semi-finite case.

When we consider L2-Betti numbers, this will allow us to transfer methods of proof from contable
discrete groups to totally disconnected groups in a very direct manner.

As an interesting side note, we obtain a new proof that for a trace-preserving inclusion &/ < %4 of
finite von Neumann algebras, the induction functor # ® , — is dimension-flat and -preserving. (See

Theorem |B.51|)

B.2 DIMENSION FUNCTION FOR SEMI-FINITE TRACIAL ALGEBRAS.

In this section we construct Liick’s dimension function in the semi-finite case and develop some of
its properties. All the results in this section are essentially due to Liick and for finite von Neumann
algebras may be found in [66, Chapter 6], though there may be some differences in the proofs owing
to personal taste.

One key difference compared to the finite case is that whereas the dimension of a finite tracial von
Neumann algebra <7 as a module over itself is 1, it is infinite in the semi-finite (non-finite) case.

B.3 NOTATION. In this section, unless explicitly stated otherwise, </ is a semi-finite, o-finite

von Neumann algebra and ¥ a fized but arbitrary faithful, normal, semi-finite tracial weight on
o .

Recall that for = € </} we denote ||z := /¥ (z*T).

To avoid redundancy, we restrict ourselves, unless explicitly mentioned, to consider right-
modules. Every result stated below also holds for left-modules.

We start with some algebraic preliminaries. Recall the following

B.4 DEFINITION. (i) A ring R is right (respectively left) semi-hereditary if every finitely gen-
erated Tight (respectively left) ideal in R s projective. We say that R is semi-hereditary if
1t 1s both right and left semi-hereditary.

(11) A ring R is left (respectively right) Rickart if the left (respectively right) annihilator of
every element in £ € R can be written as Re (respectively eR) for some idempotent e € R,
depending on x. We say that R is Rickart if it 1s both left and right Rickart.
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Clearly, von Neumann algebras are Rickart since, say, the right annihilator of z € & is exactly
[ker(z)].«” where [ker(z)] is the orthogonal projection onto the kernel of z acting on L%, and similarly
the left annihilator.

B.5 PROPOSITION. Ewvery von Neumann algebra <7 1s semi-hereditary.

Proof. This follows by [60, Proposition 7.63], since M, (<) is also a von Neumann algebra, hence
Rickart. ]

For a proof of the following lemma and a general introduction see [60] (this is p. 43).

B.6 LEMMA. Let o/ be a von Neumann algebra. Then every finitely generated submodule of a
projective of -module 1s projective. []

Following Liick we define an algebraic notion of closure of submodules. This measures, in dimension
terms, the difference between a submodule and its annihilator in the dual, see Section [2.15]

B.7 DEFINITION. Let N C M be right-o/ -modules. The (algebraic) closure ~M of N in M 1is
the submodule

NM .= fz e M |Vfehomy (M, o) : N Cker f = z € ker f}.
We may also use the notation N if the ambient module 1s clear from context.

Recall also that we denote by TM the closure of 0 in M and call this the torsion part of M, and
by PM the quotient M/TM and call this the projective part of M.

B.8 LEMMA. Let M, N be o/ -modules. Then for every f € hom,(M,N) and every submodule P
of M, we have f (P(M)> C f(P)(N)

(@) =@

. Also, if f 1s surjective, then for every submodule @ of N,

oY)

Proof. For the first part, if f(m) ¢ f(P)" ~ then there is a g € hom, (N, /) with g(f(m)) # 0 and
f(P) Ckerg. Then P C kergo f so that m ¢ P,

For the second part, the inclusion ‘O’ follows directly from the definition of algebraic closure.
For the opposite inclusion let z € f1 (Q(N)> and h : M — « vanish on f1(Q). We have to show
that h(z) = 0.

Since ker f C ker h, we get an induced «/-map h : N — & such that (ho f)(m) = h(m) for all
m € M. In particular h vanishes on @ = f(f*(Q)) whence on f(z), as had to be shown. O

B.9 LEMMA. Suppose that M is a submodule of </™. Then the algebraic closure of M (in &/™)
18 the largest submodule N containing M and such that

N (2 = Mo (@2 0 (2)", (B.1)

Proof. If N is such that 'C’ holds in equation (B.1)) then for £ € N and f € hom, (", o) with
M C ker f, if f(z) # 0 there is a projection p in szj such that zp, f(z)p # 0, a contradiction. Thus

N c .
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If 'Z’ holds in (B.1)), say the difference containing z, we may build a morphism into </ separating

II-ll2

this from M, since gz # 0 with g the projection onto the orthogonal complement of M N (47} )"
Then compose g with the projection onto an appropriate summand in .&7™.

Hence in this case we find a non-zero z € N \H(%n). In particular we see that N = M) satisfies
'C’ in (B.1)), finishing the proof. ]

B.10 CoRrROLLARY. With notation as wn the lemma, the closure of M 1s exactly po/™ where

Y

p € M, () is the orthogonal projection onto M N ()

Proof. The inclusion pa/™ C ) follows directly from the lemma. Further 1 — p vanishes on M

since it vanishes on M N (;zfj)” so that this inclusion is an equality. O

Combining this with Lemma [B.8| we get the following result, due to Liick in the finite case (see [66),
Theorem 6.7]).

B.11 THEOREM. Suppose that M 1is a finitely generated right-</-module. Then for every sub-
module P, M splits as a direct sum M ~ PMam /?(M). Further, M /P(M) 18 finitely generated
and projective.

We include the short proof for completeness.

Proof. Let 0 = N — /™ 5 M — 0 be a presentation of M.
Lemma tells us that we have an exact sequence

(&™)

0= N— xR 5P 0

By the previous corollary, n—l(P)('ﬂn) = po/™ for some orthogonal projection p € M,(</), and now
the claim follows by the fact that M/P M) (1, — p)a™. O

B.12 DEFINITION. Let M be a right-<o/ -module. We say that M 1s ¥-finitely generated, or just
Y-fg, if there 1s an exact sequence of right-</ -modules

0—-N—->pd"— M—20
where p is a projection in M,(</) with finite trace Tr, ® ¥.
The next definition generalizes Liick’s dimension function to the semi-finite case.

B.13 DEFINITION. Keep Notation[B.3 and suppose that M s a ¥-fg projective right-</ -module.
Then M ~ qo/™ where ¢ € M,(«) is a projection with (Tr, ® ¥)(g) < oco. We define the
Y-dimension of M as dimy M := (T'r, ® ¥)(q) with the same g as above.

It is implicit in the definition, but not immediately clear, that dimy M is independent of the
chosen projection ¢g. That this is in fact the case is the content of the following theorem. Recall also
that any finitely generated, projective .o/-module has the form p.</™ for some projection p, i.e. pis a
self-adjoint idempotent.

B.14 THEOREM. Suppose that M < N are ¢-fg projective right-</ -modules. Then for any p,q
such that M ~ pa/™ and N ~ q.&/™ as in Definition (Tr, @ ¥)(p) < (T, @ ¥)(q).
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We postpone the proof to give a few corollaries and extend the domain of definition of dimy.

B.15 REMARK. A prior: we should consider M ~ pa/™ and N ~ q./™ wn the statement of
Theorem |B. 14 However, if e.g. m < n we have also M ~ (p@®0,_,,) /™ so that the assumption
that m = n in the theorem s not restrictive.

B.16 COROLLARY. For M a v-fg. projective module, dimy M s well-defined.
Proof. Trivial. [

B.17 DEeFINITION. (B.13| CONTINUED) We extend the domain of definition of dimy to all right-
modules (as in the finite) case by defining for any right-o/ -module N the i-dimension as

dimy N :=sup{dimy M | M < N is 9-fg projective submodule }.
B.18 CoroLLARY. Whenever M < N we have
dimy M < dimy N.
Proof. Trivial. [
Proof of Theorem [B.14. By the isomorphisms M ~ po/™ and N ~ q.o/™ we consider decompositions
Mekerp=a" =N dkerq

and an isomorphism 6 : M = M® C N given by the inclusion of M in N. Then we define an
/-(right-)linear map 6 in hom,, (™, &™) by

6=6&0.

By «/-linearity this is implemented by left-multiplication by a matrix in M,(<7), so that it extends
to an «7-linear map 8 : L?y"™ — L2y".

Denote My, = M N (mfj)"”.uz C L?y™, similarly N,, and observe that by Corollary [B.10, p (resp. q)
is the orthogonal projection onto M, (resp. N,). Then we have, for the operator pg 8p : L>¢™ — L*y™,

m""”(pé*?p) < M,.

We show that equality does in fact hold, by showing that ker(6p) = M;-. The inclusion 'D’ is just the
definition of p : L?Y™ — M,. Now, if this inclusion is strict, then K = M, Nkerfp # 0, and this is a
closed right-.o/-invariant subspace of L?y".

Now by Lemma|[B.9, My N ()™ = M N (/)" since M, being a summand, is (algebraically) closed
in /™, so that KN (;z{j)” is empty. But this is impossible since now if 0 # £ € K, there is a projection
e € o/ such that 0 # e € &/™ and then we may further cut this by a sufficiently large projection in
yfj to obtain a contradiction. To construct such an e, let first e; be a non-zero spectral projection of
&7€, where ¢ is the first coordinate of £. Continuing, we can take a non-zero spectral projection e
of e;¢5éeq, and so on to get e; > ex > -+ > e, such that £.e, # 0. Then we take e = e,.

Thus in summary, 0p is a bounded operator with m"'“z(p?*) = M, and range contained in Ns.
The final step then is to apply polar decomposition to the operator (where the inclusion .&7°? C B(L?%))
is the one given by right-multiplication)
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0 0 2n o ! 2.,n 2.,n
<9p O)E(Gail;zfp) NB(LPY" ® L*Y™).

This yields a partial isometry v in M,, (<) such that v*v = p®0 and vv* < 0@g, and the theorem
follows. O

B.19 PROPOSITION. If the (right-)</-module M contains a finitely generated projective submod-
ule which 1s not 9¥-fg, then dimy M = oo.

Proof. This is clear as every projection in M, (/) with infinite trace has subprojections with arbi-
trarily large trace. O

B.20 REMARK. The previous proposition shows that the choice in Definition [B.13’ to take the
supremum over Y-fg projective submodules instead of over all projective submodules 1s arbitrary
and makes no difference.

B.21 PROPOSITION. (COMPARE [66, AssuMPTION 6.2(2)]) Let N be a submodule of the finitely
generated projective module P. Then

dimy N = dim, N*¥ (B.2)

Proof. Let M < N be a finitely generated submodule. Since .« is semi-hereditary, M is projective.
By Corollary |B.18} dimy M < dimy N since also N7 is projective. We have to show that we can

choose M such that dimy M is as close to dimy N as we like.
We follow the proof of Theorem with ¥° in place of N.
Denote by vy, the partial isometry constructed from M by applying the 2 x 2 matrix trick as in

the proof of Theorem |B.14] Let {z;};c; C N be dense in N N (%j)””"'z and denote by Z, the set of

|l

finite subsets of I. Then the orthogonal projection ¢ onto N N (42@2) is the least upper bound of
projections g;, onto the closed right-</-invariant subspace generated by {z;}ic;, over Iy € Z,. Now
given Iy € I, if M is the submodule of N generated by {z;}icr,. Then (vi,vy)o/™ = M whence

dimy M = (Tr®¢)(vyvum)
= (Tr @ 9)(vuvy) = (T @ ¥)(4r)-

The proposition then follows since ¥ is normal.

The next result is again just a restatement of part of [66, Theorem 6.7].

B.22 THEOREM. (ADDITIVITY OF DIMENSION) The dimension function dimy s additive, in the
sense that for every short exact sequence of right-<o/-modules

0—-L—-M-— N —Q0,

we have

with the usual convention regarding +00.
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Proof. This is now verbatim as in |66, Theorem 6.7], noting that the statement is clear when all the
modules are -fg projective. O

B.23 THEOREM. (CONTINUITY OF DIMENSION) The dimension function dim, is continuous, in
the sense that for any submodule N of a ¥-fg module M,

dimy N = dim, N
Proof. Indeed, from the short exact sequence 0 — L — pa/™ = M — 0 we get short exact sequences
0Lk (N)SN—=0

and by Lemma [B.§]

(p/™)
)

0—L— k(N 5 NM o, (B.3)

Since all dimensions are finite (this is where we use the 9-fg assumption), and the middle terms have
the same dimension by [B.21] additivity finishes the proof. [

B.24 COROLLARY. For every ¥-fg module M, TM contains no projective submodules.

Proof. By the above, dim, TM = 0, recalling that TM = W(M) by definition. This shows the claim
since 9 is faithful and . is semi-hereditary. [

B.25 PROPOSITION. (SEE ALSO [66, THEOREM 6.24]) Suppose that M is a closed right-<f -
invariant subspace of L?Y™. Then

dimy M = (Tr, ® ¥)(Pu)
where Py 1s the orthogonal projection onto M.

Proof. Let P be a 9-fg projective submodule of M, and consider a splitting po/™ = P & kergp.
Clearly we may take m = n, and the inclusion ¢ of P in M then extends to a map § = 71 & 0 of .&/™
into M C L?y™. Since 7 is unital, this has the form

511 fln a

énl fnn 3%

where the ¢; € L*yY™. We denote = = (&;).

Now, E € L?(Tr, ® ¢) so that it is an affiliated operator to M, (). Thus we may take a spectral
projection (of Z*=) e € M, («7) such that Ze is bounded. Further, clearly = = Z¢gp, and applying as
above polar decomposition to the operator

0 O 5 !
2n %) N B(L*Y™ @ LPy™
(Eqpe())e(@u ) N By © Ly")
we get again as in the proof of Theorem that

dimy P = (Tr. ® ¥)([gre]) + (T ® ¥)(gr — [gpe])
< (Trn @ ¥)(Pu) + (Trn ® ¥)(gp — [gpe]).
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Finally we note that letting e increase to the identity, the final term decreases to O since it is always
finite ((T'r, ® ¥)(gp) < +00 by assumption).
This shows the inequality '<’ of the statement of the proposition, and since the other is true

—_— (o
by continuity of dimension in projective modules, Proposition [B.21, noting that M N (,;zfj)"( -
Py (™), we are done. O

B.26 RANK DENSITY AND PROJECTIVE LIMITS

In [97,98] the key technical tool is the notion of rank completion of an «/-module. Whenever < is
a finite tracial von Neumann algebra, the action on any module induces a pseudo-metric, the rank
metric, with respect to which any .«7-linear map is uniformly continuous. The (Hausdorff) completion
of a module with respet to the rank metric is again an .#-module, in fact it is a module over the ring
of operators affiliated with .o/, and the construction is functorial. Then one can exploit nice properties
of the category of rank complete modules, and the close connection with the category of all modules.

Given a semi-finite tracial von Neumann algebra .7, the situation seems a bit less direct. A
heuristic reason for this can that the set of operators affiliated with ./ is no longer a ring; in order to get
a ring, one has to fix the trace ¢ on 7 and consider only the 1-measurable operators, see [96, Chapter
IX]. But in the finite case the rank completion is entirely "algebraic" in the sense that it does not
depend on the choice of trace. Further, as we observe below, vanishing of dimension is also "algebraic"
in this sense, even in the semi-finite case. Since the main point of studying the rank completion is
that it reflects precisely vanishing of dimension, studying modules over the 1/-measurable operators
is not sufficient then.

However, one can directly generalize to the semi-finite case the underlying technical observation,
namely the local criterion for vanishing of dimension due to Sauer, appearing as [90, Theorem 2.4].
In this section we do just that, and use it to prove several important properties of the dimension
function (see [B.31|and (B.34).

We also prove a result relating the dimension function for modules over a tracial algebra (<7, 9)
to that for modules over the corner (<7%,%(p-)) when p is a projection in /. See Theorem [B.35]
This allows in particular to pass to the finite setting, and in the remainder of the chapter we will use
this correspondance and the properties of rank completion in the finite case to deduce "dimension
exactness" results in the semi-finite case, which can to some extend make up for the lack of a suitable
notion of rank completion.

B.27 LEMMA. (SAUER'S LOCAL CRITERION [90]) Let (<7,9) be a semi-finite, o-finite tractal von
Neumann algebra.

(i) Let M C N be (right-)modules over <. Suppose that for every € N there is a sequence
(pn) of projections in &/ such that p, /1 and for alln, z.p, € M. Then

dimy N/M =0, and dimy M = dimy N.

(11) Let M be a (right-)module over </ such that dimy M = 0. Then for every x € M there is
a sequence (p,) of projections in </ such that z.p, = 0 for alln € N and p, " 1.

Proof. The proof of (¢) is verbatim as in [90, Theorem 2.4] so we leave it out.
For (4¢) we consider for given z the homomorphism ¢ : &/ — z.«#/ C M defined by a — z.a. Then
T.o/ ~ of | ker ¢ so that in particular dimy 7/ ker ¢ = 0. It follows that ker gb('Q{) = o/ since otherwise
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o /MW) would be a f.g. projective module (by Theorem embedding into a zero-dimensional
module, which is a contradiction.

From this we get that ker ¢ N ;zfj is dense in L?% in 2-norm, hence dense in the weak topology. In
particular, for every non-zero projection g € sz/j there is an a € ker ¢ such that ga # 0. This implies
that gaa* # 0 and then that aa*q # 0.

Finally we may then consider the spectral projections of aa* corresponding to intervals [, 00) with
e > 0. From the above, there is such a projection e for which eq # 0, and since e = a(a*f(aa*))
where f(t) =t * for t > ¢ and f(t) = 0 for t < ¢, we have e € ker ¢. Since ¢ was arbitrary in </} the
statement now follows by are standard maximality argument: by Zorn’s lemma we can find a maximal
family (p;)icr of pairwise orthogonal projections p, € 7 such that for any finite subset I, C I we have

z. <Z pi) =0.
‘iEIo

Indeed, the set of such families is non-empty by the argument above. One orders the set of such
families by inclusion and it is then clear that any chain has an upper bound. Hence by Zorn’s lemma
we get a maximal element as claimed.

Then we have },.; p; = 1 in &/ since otherwise we can apply the argument above withg = 1-)_; p;
to contradict maximality. The index set I is countable by the o-finiteness of /. Taking I = N we
are then done with p, = > ; p.. N

B.28 DEFINITION. An inclusion satisfying the conditions of Lemma [B.27(i) is said to be rank
dense.

As an application of Sauer’s local criterion we show how the dimension function behaves under
projective limits. The result is stated for finite traces in [66, Theorem 6.18] but the proof is not
given there. This will be an important technical tool as it will allow us to restrict cocycles in group
cohomology to compact sets and that way work with Hilbert spaces instead of complete metrizable
spaces.

But first we state the following lemma needed for the proof. It allows to generalize €/2™-type
arguments from the finite case to the semi-finite case. Specifically if (<7, 7) is a finite tracial von
Neumann algebra and p, are projections in </ such that 7(p,) > 1 — 5 then it is easy to see that
T(Anprn) > 1 — € so that we can get an approximation to the identity in this way. We state the
analogous trick for semi-finite tracial algebras as follows.

B.29 LEMMA. (COUNTABLE ANNIHILATION) Let E be an </ -module and suppose that (E;):cn, (F})ien
are sequences of submodules in E such that for every 1, B; C F; 1s rank dense. Then N, E; C N;F;
1s rank dense as well.

Proof. Let x € N, F; and denote by S; the set of projections p in &/ such that z.p € E;. Note that S;
is hereditary (p < g and q € S; implies p € S;).

It is sufficient, by our blanket assumptions that .o be o-finite, to show that whenever p; € S; is
non-zero with finite trace, there is a non-zero subprojection of p; in N;S;.

To see this, fix some 0 < € < 9¥(p) and suppose that we have found projections p; > -+ > p,
such that p,_; € N*_'S; and ¥(p._1) > €.

Choose a projection p such that z.p,_i1p € E; and p,_:1p has range projection (i.e. left support)
with trace > €. Then we can take p, € S, a sufficiently large spectral projection of p, 1pp, 1 and
still have trace ¥ (p) > e.
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Then A,p, works and is non-zero (the trace is ¢¥(A,pn) > €. O

We will give a second proof just below, which more directly shows how this extends the /2™ trick.
First we single out a useful reformulation, which is the one most often used.

B.30 CoroLLARY. Let E < F be a rank dense inclusion of o/-modules. Then the inclusion
F(N,E) < F(N, F) s rank dense as well. [l

Next we give the alternative

Proof of Lemma[B.29. Let ¢\, € N be a countable (by o-finiteness) set of pairwise orthogonal
projections in .7 such that

1= 4qY, and 9(¢¥) < oo forall .
jEN

Denote EY) := E;q¥) and F\”) := F;q). Then for any 4, j the inclusion B’ < FY) is a rank dense
inclusion of modules over the finite tracial von Neumann algebra (), ¥(g")-)). It is easy to see by
an €/2" argument that for every j € N, the inclusion ﬂiEZ(j ) C ﬂiFi(j ) is rank dense.

Thus, given = € N;F; we can find for each j € N an increasing sequence pi/) 7, ¢\¥) of projections
pY) € oy such that z.pl) = z.gDp{) € n:EY for all n € N. It follows that, letting p, := 7, p®),
we have p, ", 1 in & and z.p,, € N;F; for all n, as had to be shown. O

B.31 THEOREM. (PROJECTIVE LIMITS) Let ({E;}icr, {®i;}ijc1) be a projective system of (right-
)/ -modules - where (7,%) s a semi-finite, o-finite, tracial von Neumann algebra, and denote
the projective limit E := lim, E;. Suppose that there is a subsequence (ix)reny Of tndices such
that for all v € I, © < 1, for some k, and that dimy E;, < oo for all k. Then

dimy F = sup inf dimy ¢;;(E;).
icl JI>1
We first prove the following special case.

B.32 LEMMA. If {F),}men are &7 -modules, F,, O F,, 1, F,, \, 0 and dimy F,,, < oo for some my,
then dimy F,, —,, 0.

Proof. We can assume without loss of generality that mo, = 1 so that dimy F,, < oo for all m. Let
€ > 0 be given. Choose M; C F; f.g. projective module such that dimy M; > dimy F; — £.
Having chosen M, M,,..., M, _; f.g. projective modules such that M; C M;_,; N F; and

. . ‘L€
dimy M; > dimy F; — z:l %
]:

we note that since the map F,/(M,_1 N F,) — F,_1/M,_; induced by the inclusion F, C F,_; is
injective we get by monotonicity and additivity

n—1

)

dim¢ Mn—l N Fn > d1m¢ Fn — - 27
]:

Thus we can choose a f.g. projective module M,, C M,_; N F, such that

dim, M, > dimy F, = Y —.
=1
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This way we get inductively a decreasing sequence of f.g. projective submodules M, satisfying this
inequality for all n.
We claim that dim,, ne 3, M)

= 0. Given this the lemma easily follows since by Corollary [B.10

E(Ml) ~ p,o/™ with the p, a decreasing sequence of projections in M,, (7). Hence dim, M(Ml) —n

0, so limsup,, dimy F,, < e. But € > 0 was arbitrary.

To see the claim just note that M, is rank dense in E(Ml) for all n whence by the countable
annihilation lemma, |B.29| the intersection N, M, = 0 is rank dense in ﬂnE(Ml). This is equivalent
to the latter having dimension zero, as was claimed. ]

Proof of the theorem. We consider first the inequality '<’. Let d,e > 0 be given and suppose that
N is a submodule of F with d < dimy N < oo. Then since ker ¢;|y \, 0, where the ¢, : E — E,; are
the canonical maps, we can choose by Lemma an %o such that dimy ker ¢, |n < €.

Then for all 7 > ig we get ¢i;(E;) 2 (¢ipj © ;) (N) = ¢4, (N) so that by additivity

lllf d1m¢ ¢ioj(Ej) Z d—c¢.
izt

Since d, e were arbitrary the claim follows.

Next we prove the opposite inequality. We may assume that dimy F is finite since otherwise the
claim is trivially true. We have that F ~ lim, , E; and it is easy to see that it is enough to prove the
claim for the projective system {Ep}pei,3-

Denote Ef := ¢pe(E,) C E, and write also B := Ngg>p B and @57 := @pq|mee 1 Ey° — E°.

We claim that the ¢p; are dimy-surjective, 1.e. that the cokernels are zero-dimensional. To see
this, let p < ¢ < ¢, and consider the map

(Egz n ¢pq1(Ep )) /Bq =5 B/ bpa(EL)-

This is surjective by construction for every g, > ¢, and letting go — oo the domains decrease to to
zero and the claim follows by Lemma [B.32]
Next we claim that the maps ¢, : B — E° have cokernels with vanishing ¢-dimension as well.

Let z € E;° and e; be any y-finite projection, 0 < e < 9(e1), such that z.e; € ¢;%,,1)(Ep31) and

choose 7, = z;.e; € B, such that z.e; = ¢;°(p+1)(a:1). By the same argument as in the proof of
Lemma we get a subprojection e; < e; such that zi.es € ¢, 1), 2 (Ep2) and € < P(ez).

Continuing in this fashion and putting e = Ae, we get z.e = ¢,((...,z.e,z1.€,...)) € ¢,(F) and
Y(e) > . Now since e; was arbitrary the claim follows from this and Sauer’s local criterion.

Finally the theorem follows now by Lemma and the definition of E.°. [
B.33 REMARK. e Note that the assumption of a sequence such that (...) was not used in

the first part of the proof.

e Also note we can replace the assumption that the dimy E;, < oo with the weaker assumption
that for each i there is an iy >t such that dimy ¢, (E;,) < 00.

Next we give some applications of Theorem |B.31| extending the result of Proposition |B.25|

B.34 LEMMA. Let (o/,%) be a semi-finite, o-finite, tracial von Neumann algebra, and let L
be a right-o/ submodule of the countable (Hilbert space) sum M := H®L?*Y with H a separable
Huilbert space. Then

dimy L = dim, Z'* = (Tr ® 4)(P) (B.4)
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with P € B(H)®« the orthogonal projection onto e

Proof. Assume first that dimy L < oco. Let K be a 9-fg projective submodule of TP Let (pn)
be a sequence of projections in ,;a/j increasing to the identity and let g,,n € N be the projection

D@D - ®p, ®OD--- with n first summands equal to p, and the others zero. Then since q.r?TLH'”2 D
K" it follows that

dimy g, L = dimy oL * > dimy g, K * = dimy g. K.

The first equality here holds since ¢, LN (%j)”, being a finite-dimensional submodule of .o/ is rank
dense in its algebraic closure in .&#™. By Corollary this is isomorphic exactly to po/™ with p the
projection onto q,TL'HlZ, Then the equality follows by Proposition Similarly the final equality.

On the other hand, the kernels of g, |, and g, |x decrease to zero, so that by additivity and Theorem

B.31], this proves the first equality of (B.4).
Further, it is clear, using again Proposition [B.25| that

dimy ¢, = (Tr, ® ¥)((g.P))
- (T’I"n ® w)([PQn]) /‘n (T’f’ ® 'l)b)(P)’

from which the second equality follows. This proves the lemma in case dimy L < 0.

If dimy L = oo then the first equality is trivial. The second follows, e.g. by the case just proved,
since L contains submodules with arbitrarily large, finite 1/-dimension whence P contains subprojec-
tions with arbitrarily large trace. O

The next theorem shows that the semi-finite dimension function can in fact be treated entirely
within the finite setting in many cases. This extends the fact noted at the end of the proof of |22,
Theorem 2.4] that if (o7, 7) is a II;-factor, ¢ a projection in ./ and V a right-</-module, then

1
di Vg=——-dim, V.
Mgeq V 4 T(q) 1m ./

B.35 THEOREM. (COMPRESSION) Let (<7, %) be a o-finite, semu-finite tracial von Neumann alge-
bra and p a projection in o/ with central support the identity. Consider the semi-finite tracial
algebra (<, Y,) = (p/p,Y(p - p)). For any right-o/-module M we have for the right-</,-module
Mp

dil’n(gyﬂl,) M= dim(%,%) Mp.

B.36 OBSERVATION. Suppose that </ 1s a o-finite type 11, algebra with faithful normal tracial
weight 9. Then there is a projection p € o/ with central support the identity and such that
P(p) < 0.

Indeed by a standard mazimality argument we find a set {p;}:cn of projections, with pairwise
orthogonal central supports summing to the identity, and such that ¥(p;) < oo for all i. Then
for each 1 there is a sequence (D;n)nen Of subprojections of p; decreasing to zero and such that
the central supports Cp, = Cy,.

The claim now follows since for each i there is an n(i) such that Y(p; i) <

take p = 3, Din(s)-

1

5 and we may
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The proof of Theorem |B.35| relies on the following observation, which we single out. Let N be
a right-o/-module and let M be a rank-dense submodule. Then Mp is still rank dense in Np when
both are considered as .7,-modules.

Indeed if z € Np we need to find a sequence of projections in g, € 7, such that z.g, € Mp and
¢, /' p=1,. Let g, € o/ be projections such that (z.p).q;, € M and g, 1. Then let the ¢, be
sufficiently large spectral projections of pg. p.

We are now ready for the proof.

Proof of Theorem [B.35. Let P ~ q&/™ be a ¢-fg. projective module. Considering p;; = e;; ® p €
M, ® o/ where e;; are the matrix units, note that p;; has central support the identity in M, ® <7.

Then by the comparison theorem [53, Theorem 6.27] and a standard maximality argument we see
that ¢ = >;cn ¢; with the g; pairwise orthogonal and ¢; < pi1, say by v/q;v; < p11. We compute

dimy(P) = (Tr,®¥)(q)
= > (Tr, @ ¢)(a:)

1

= > (Tra ® ¥)(vigiv:)

= Z wp (’U:Qi'Ui)

and by Lemma it is easy to see that this is exactly dimy, P. It follows from this and the remarks
preceding the proof, using also additivity, that dimy M = dimy, M whenever M is 9-fg.

In particular dimy M < dimy, M for any M.

For the opposite inequality we may suppose that dimy M < oo since otherwise there is nothing
to prove. Then @, the inductive limit of the net of ¥-fg. submodules of M is rank dense in M. By
the remarks preceding the proof it is also rank dense with respect to the right-.<7,-module structure,
so the equality follows by equality for 9-fg. modules and the inductive limit formula (see Theorem

B1). 0

It was observed in [59] that vanishing of dimension, being an algebraic property of the module
cf. Sauer’s local criterion, is independent of the choice of faithful normal trace. This still holds true
in the semi-finite case.

On the other hand, in the semi-finite case, at least for purposes of continuous cohomology, we have
no good substitute for rank completion (see Section (B.39)).

To stay within the finite setting, we will find the following simple observation useful.

B.37 PROPOSITION. Let o/ be a semi-finite, o-finite von Neumann algebra. Then there is a
finite projection py € Proj(«?) with central support the identity, and a faithful normal trace
on o/ such that ¥o(po) = 1. [l

In particular, we single out the follwoing

B.38 COROLLARY. Let E be an o/ -module. Then with py, Yo as in the proposition, and denoting
the corner @y, ‘= po/po, we have with dim,, E = 0 1f and only 3f dimu, yo(p.—)) EPo = 0. []
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B.39 SOME REMARKS ON RANK COMPLETION

In this section, unless explicitly stated otherwise, (<7, 7) is a finite tracial von Neumann algebra. We
want to study the notion of rank-completion of modules over .o/, with the aim of giving a simple,
self-contained proof of the fact that the homological and cohomological L?-Betti numbers agree for
countable groups in the addendum to the prologue (Section [2.15]).

The notion of rank ring was introduced by von Neumann, and the structure of complete rank
rings first investigated in [44,49]. These ideas were applied to the study of L?-invariants by A. Thom
in [97,/98].

However, the proof that homological and cohomological L?-Betti numbers agree alluded in [85, p.
6], relying on Thom'’s powerful observations in homological algebra, is in some sense not very direct.
(Unless the reader finds the Grothendiek spectral sequence very direct.)

In this section we prove a Hahn-Banach extension type theorem for rank-complete modules,
which will immediately imply the result we are after, from a direct computation with inhomoge-
neous (co)chains. As a bonus, we also recover self-injectivity of the ring of affiliated operators by an
argument which is in spirit very different from that in [44, Corollary 15].

B.40 DEFINITION. For any </-module E we define a function rk: E — [0,1], called the rank
function, by
rk ¢ := sup{7(p) € Proj(«) | £&.p = 0}~.
We take for granted the following simple facts; see [97,98].
(i) The rank function induces a pseudo-metric d on E by d(¢,n) := rk(¢ — 7).
(ii) We denote by ¢(E) the Hausdorff completion of E with respect to this metric.
(iii) The rank completion ¢(.<7) of < is a ring, and ¢(E) is naturally a ¢(.</)-module.
)

(iv) Rank completion is a covariant functor. Any </-morphism ¢: E — F' is uniformly continuous,
and the image ¢(y) of this under rank completion is the continuous extension.

(v) For rank complete modules E, F, any .o/-morphism is automatically a ¢(./)-morphism, and any
such morphism has closed image.

In this setting, Sauer’s local criterion implies that a submodule Ey C E is dense in rank topology
if and only if dim,, E/E, = 0.

B.41 THEOREM. Let (&/,T) be a finite, o-finite tracial von Neumann algebra. Let E C F,
and Y be rank-complete o/ -modules. Then any </ -morphism ¢ € hom,(E,Y) extends to an
o -morphism @ € hom, (F,Y).

The proof is a standard argument using Zorn’s lemma:
Proof. Let ¢ € hom,(E,Y) be given and consider
& :={(L,p) | E<L<F,cL)= L,varphi € hom,(L,Y), @ extends }.

We order ® by declaring that (Ly, @) < (Laws) if Ly < L, and ¢}, extends ;.
Observe that $ is nonempty since (E, ) € . If 7 C & is a chain (i.e. a totally ordered subset)
we define a pair (L, @) € ® as follows:
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Put L=c¢ (U(LW/)EJL) and define a ¢y on Uz, pyes L by @o|rr = ¢’ for all L' occuring in pairs in
J. This is well-defined since J is totally ordered. Then let @ be the continuous extension of ¢, to
the rank-completion L. Note that this is indeed an .&/-morphism by the functoriality of ¢, (iv) above.

Clearly (L, @) is an upper bound for 7 in $. Hence by Zorn’s lemma & contains a maximal
element, which we denote (L, @) from here on. We have to show that L = F.

Suppose for a contradiction that this is not the case and choose ¢ € F'\ L. Denote by L’ the
submodule of F' generated (algebraically) by L and ¢, and consider for Q := L'/L the right-<7/-
morphism 7: &/ — Q given by m(a) = £.a + L.

Since L is complete in rank metric, it is in particular closed in L', so that the kernel ker v C &7 is
closed in rank metric as well. It follows then by Sauer’s local criterion that for any submodule K of
</ such that kerm C K, we have

dim,, K/ ker7 > 0.

By continuity of dimension, Theorem (B.23, we conclude that ker 7 is algebraically closed in <7,
whence @ ~ ¢/ for some projection q € o7

In particular, @ is a projective .«7-module, so it follows that L’ splits as a direct sum of modules,
L' =L & Q. In particular we may extend ¢ to ¢(L') by zero on Q, reaching the contradiction. O

B.42 REMARK. The standard application of this theorem is the case where Y = ¢(«/).

B.43 COROLLARY. On the category of rank complete modules, the functor hom,(—,c(%)) is
exact, and for any rank complete module E,

dim, F = dim, hom,(E, (<)),
where the right-hand module 15 a left-</ -module by post-multiplication.

Proof. The first part is a special case of the theorem. To prove the equality of dimensions, see Lemma

.16l O

By spectral theory, <7 is rank-dense in its ring of affiliated operators, (.</). Conversely, c¢(</) is
a submodule of U(.<7) by [96, Chapter IX, Theorem 2.5].
Thus ¢(«/) = U(/), canonically via. an isomorphism extending the identity map on .

B.44 CorOLLARY. (GOODEARL [44]9 The ring of affilitated operators U(<7) is self-injective.
In the proof we use synonymously ¢(.</) and U(«7) for emphasis.

Proof. Consider a short exact sequence of U(.</)-modules

L

0 E

F—"+Q 0.

We may consider these also as /-modules and as such the rank completions make sense. It is
obvious that hom,(.)(—, ¢(#)) = hom,(—, ¢(#7)) on the category of rank complete modules. It then
follows that the sequence

0=~— homu(d)(c(E), U(JZ%)) <L homu(%)(c(F), U(,@/)) <L homu(ﬂ)(c(Q), U(ﬂ)) -—90

is exact. It is also obvious that hom(.)(—, ¢(#/)) = hom,(.)(¢(—), c(7)). This completes the proof.
0
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B.45 EXAMPLE. In general, one should think of the rank metric as a generalization of the
discrete metric, in particular when o/ = C, the rank metric is the discrete metric, and every
vector space 18 a complete of -module.

Thas helps with intuition, but not all results in vector spaces have direct generalizations. For
instance, note that the proof of the theorem does not give that E 1s a summand in F, 1.e. not
every rank closed submodule need have a complement which 1s a submodule, as we now show.
For completeness, note the following:

PROPOSITION. Let F be a rank complete module and F = E; & E, a decomposition of F' as a
direct sum of submodules. If E, 1s closed in rank topology, then so is E,.

The motiwvation for this is Grothendieck’s result that a quotient of Fréchet spaces 1s again a
Fréchet space [47].

Proof. One checks easily that the quotient topology on E, ~ F/E; coincides with the rank topology
on E,. (Actually, the quotient metric coincides with rank metric.)

Then since the category of rank complete modules is abelian, it follows that E; is rank complete.

O

PROPOSITION. Suppose that the rank complete </ -module E embeds in F, also rank complete,
as a summand. If F is a dual module, i.e. F ~ hom, (F,, (<)) for some F, (rank complete),
then also E 1s a dual module.

Proof. Suppose F = E @ E,. Define E, := {f € F, | V€ € E, : (£, f) = 0}. Then clearly E ~
hom,, (E,, ¢()). O

Consider the rank complete right-<o/ -module
co(N, (7)) == {f: N = ¢(«) | Ve > 03F C N finite Ip € Proj(7),7(p) < eVn ¢ F : f(n).p" = 0}.

This embeds into its dual F(N, (7)), the module of all functions into ¢(</). Hence, to show
that ¢ := co(N, ¢(&)) s not complemented in this, it s sufficient to show that ¢y s not a dual

module.
To see this, suppose ¢y ~ hom, (F,c(</)). Let A, be the 1’th coordinate module A, = c¢(</)
sitting inside c;. Then it is easy to see that, writing A; for the annihilator of A; in E,

E/A; ~ o().

It follows from this, since the A; N A; = {0} for © # j that E contains an infinite direct sum
®nc() so that cg would contain a copy of F(N, ¢(</)).

But since ¢y is countably (densely) generated as an c¢(</)-module, and the latter isn’t (by a
diagonal argument), this is a contradiction.

B.46 DIMENSION EXACTNESS RESULT FOR SEMI-FINITE TRACIAL ALGEBRAS

Liick shows in [66, Theorem 6.29] that given a (trace-preserving) inclusion of finite von Neumann
algebras o7 < 4, the induction functor — ® ., # is a faithfully flat (dimension-preserving) functor
from the category of .o/-modules to the category of Z-modules.



93

The same is not necessarily true for the functor hom, (—, #). Indeed, it is not even true in the
case &/ = . ('To see this, consider e.g. the module hom, (Z, &) for any zero-dimensional .</-module
Z.)

However, because the right-</-module ¢(.</) is also a left-</-module in a nice way, the Hahn-Banach
type theorem implies that, restricting the domain to countably generated modules, hom,, (—, <)
is in fact dimension-exact. Let us formalize exactly meaning of this statement:

B.47 DEFINITION. A short sequence E—— F ——Q of </-modules such that mo. = 0 1s called
dimension exact at F if dim. y)ker 7/im(.) = 0.

Let €' be a category of o/ -modules. A functor (either contra- or covariant) f: € — &, into
the category of all mathscr A-modules 1s called dimension exact if it maps short dimension ezact
sequences to short dimension exact sequences.

The functor | is called dimension preserving if dim( ) fE = dim, y) E for all objects E € ¢&'.

The properties of dimension exact functors are best stated at the end of the chapter, after in-
troducing the notion of a quasi-morphism (see Proposition [B.58). We now prove some results about
dimension exactness using the extension theorem.

B.48 THEOREM. Let o/ be a finite von Neumann algebra and £ a semi-finite von Neumann
algebra, both o-finite, and such that o/ < A.

Then on the category of countably generated modules, the functor hom.(—, %) (say, from
right-of -modules to left-2-modules) is dimenston-ezact. More generally, the same s true on
the category of modules with a countably generated rank dense submodule.

Proof. We already know from that the functor hom, (—, ¢, (%)) is exact on rank-complete
modules. Hence the first part of the theorem will follow from the fact that for any countably generated
left-o/-module Z the inclusion of right-%-modules

hom,,(Z, %) C hom(Z, ¢.,(%))

is rank-dense.

By the countable annihilation lemma and the assumption on Z, it is sufficient to show that the
inclusion A C ¢ (%) is rank-dense. Let f € ¢, (#). Then there is a sequence of projections p, € o
such that f, :=p,.f € # for all n, and p, " 1.

For each n, let g/, € % be the source projection (right support) of f,. Then we claim that for
all m, actually f.q,, € #. Indeed, we have for n > m that f,.q,, = f» whence taking the limit,
f-q'lm = fm-

Clearly the g), are increasing, and letting g, := ¢}, + (Vinq,,) ", we have f.g, € £ for all n and
¢~ /1 as had to be shown. The final part of the theorem is now obvious, since if Z < Z’ is a rank
dense inclusion, one considers the diagram

1

hom,, (Z, %) C hom,,(Z, ¢.,(A)) .

hom,,(Z', ) C hom,(Z', ¢y, (A))

This completes the proof. O
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B.49 REMARK. The proof given above can be shortened a bit, and perhaps made conceptually
more clear, by noting that ¢, (%) is contained in the set of operators affiliated with B, and then
appealing to spectral theory.

On the other hand, the given proof is more general, at least formally, and should be compared
with established notions of "dimension-compatibility” for bimodules [59,90].

The next result specializes to the case o/ = % to get a more optimal result.

B.50 THEOREM. Let (o/,%) be a semi-finite, o-finite tractal von Neumann algebra. Then
the functor hom,(—, <) is dimension ezact and -preserving when restricted to the category of
countably generated modules.

Further, the same statement holds considering the category of modules which contain a rank
dense countably generated submodule.

The point of the last part, which trivially follows from the first, is that the property of an .o/-
module being countably generated up to rank density is stable under passing to submodules. Hence
the theorem implies, via the usual kernel-cokernel short exact sequences arising from a (long) complex
of o/-modules, that passing to duals, the cohomology is rank-isomorphic to the dual of homology (and
vice versa), so long as the terms in the complex are countably generated up to rank. See Proposition
B.58l

L

Proof. Let 0 E F—T=Q 0 be a short dimension exact sequence of countably gener-
ated left-o7-modules. We can assume without loss of generality that </ contains a projection p with
finite trace ¥(p) = 1 < oo (we normalize it for notational convenience only) and central support the
identity; otherwise we could take an increasing sequence p, 1 with ¥(p,) < oo and start out by
considering the two sequences as follows, with C,, the central support of p,,

0—=Cp  BE—-C, F-"-C,Q 0
and
0<~—nhome, (Cp.E,Cyp, o) <“—home, /(Cp.F,Cp,o/) <“—home, (Cp,Q,Cp, o) <~—0.

Having proved the statement in the assumed case, it would follow that the lower sequence is dimen-
sion exact and with same dimensions as the upper one. Then one takes the limit in n cf. Proposition
[3.10

We recall also from the remarks preceding Theorem that the present claim is true in case 9
is finite.

Denote by .7, := p</p the corner. Since the functor X — pX from «/-modules to .7, modules is
exact and dimension-preserving, and hom,, (—, %) is dimension exact and dimension preserving on
countably generated modules, it is sufficient to compare the short dimension exact sequence

0~— hom,, (pE, ) <*— hom,, (pF, o) <"— hom,, (pQ, %) <— 0
with the complex

0~— hom, (B, o/p) <*—hom,,(F, «/p) <~ hom,,(Q, #/p) < 0



95

of right-.o7,-modules.

For this, consider for ¢ € hom, (X, @/p), X a countably generated left-</-module, the restriction
¢|px € hom,, (pX, o). The map ¢ — ¢|,x is clearly .#7,-linear.

Clearly this commutes with (*, 7* whence we get a map of complexes

0 <— hom,, (B, &/p) <“— hom,, (F, «/p) < hom,/(Q, &/p) < 0

im l”p lpg

0~— hom,, (pE, ) <*— hom,, (pF, ) <"— hom,, (pQ, %) < 0

Hence the claim is proved once we show that in general ¢ — ¢|,x is a rank-isomorphism. It
is clearly surjective. Suppose that ¢|,x = ¢|,x. Letting v, be partial isometries in </ such that
y;vvf =1 and viv; < p for all ¢, we may write each generator z,k € N as a formal (i.e. we don’t
really mean anything rigorously by this comment) infinite sum z; = > v;.(vf.zx). In particular, by the
countable annihilation lemma, the module X° generated by all finite sums Zi’f v;(v}.zy) is rank-dense
in X.

Further, we have ¢|x. = ¢|x-. Since for every zi, (¢ — ¢)(zx) has range in &/ subequivalent to
p, it follows then that (¢ — ¢)(zx).p{¥) = 0 for projections p{¥) *, p in <. By the standard e/2"

argument, it follows that (¢ — ¢).p, = 0 for p, ", p in 47, as had to be shown. [

Finally, we shall come full circle and prove a version of [66, Theorem 6.29] in our setting. For
applications we only need a dimension exactness statement, so that is what we show. If the inclusion
is trace-preserving, the functor will be dimension preserving as well.

B.51 THEOREM. Let.o/ < A be an inclusion of semi-finite, o-finite tracial von Nemann algebras.
We do not assume it to be trace-preserving.
Then the induction functor — ® ., £ 1s dimension ezact.

It seems likely that one could use a direct generalization of Liick’s proof. However, we prefer to
base the argument on Theorem [B.48 whence indirectly on the Hahn-Banach type theorem [B.41]

Proof. Let 0 E—F——@Q 0 be a short dimension exact sequence of right-.o/-modules.
Considering p, /", 1 in &/ with finite trace 9. (p,) < 0o, we get a map of complexes
0 E®,% o F®,% rel Q®., B 0
T ®1 T Q1 T

0——1lm_, Ep, @y, HBp, —lim_, Fp, @y, HBp, —1lim_, Qpn Q. Bp, —0

where we note that the vector spaces in the lower complex are modules over every &%, but not
necessarily over 4, and the vertical arrows are injective with rank-dense image, in the obvious sense.
Hence it is sufficient to show that the complex

0—— Epn ®‘Q{pn ,@ n ﬁ) Fpn ®@fpn ,@ n LM) Qpn ®m/pn e%pn —0

is dimension-exact for every n.

Supposing that E, F' are countably generated as .&7-modules, this follows now by the previous two
theorems, since the tensor product is adjoint to hom (see e.g. [105, Proposition 2.6.3]), i.e. we have
natural isomorphisms homgy, (Ep, ®.,, PBp,, Pp,) =N hom,,, (Epn,%,,) and similarly for F, Q.

To finish the proof then, it is sufficient to note that the tensor product "commutes" with colimits
[105, Theorem 2.6.10] O



96

B.52 QUASI-MORPHISMS AND LOCALIZATION

In this section we discuss the rank completion from a category-theoretic point of view, on a somewhat
informal level, in order to motivate the approach in Appendix @ Let (<7, 7) be a finite, o-finite tracial
von Neumann algebra.

(i) We may think of the category of rank-complete modules over o/ as a full subcategory of the
category of all @7-modules, consisting of those modules that are Hausdorftf complete in a canonical
uniform structure. This is an abelian subcategory.

Further, there is a functor ¢ from the category of all modules to the category of rank-complete
modules, which is idempotent (¢(c(E)) = ¢(E)), and sends dimension-exact sequences to exact
sequences.

(ii) Alternatively, we may think of the category of rank-complete modules as the localization of the
category of all modules in the Serre subcategory consisting of all modules and morphisms into
zero-dimensional modules [91} Section 2.6].

The result is that one formally invert all dimension-isomorphisms, i.e. morphisms ¢: F — F
such that dim(. . ker ¢ = dim(, ;) coker ¢ = 0.

As we have already discussed above, for a semi-finite (%, ) there seems to be no nice way to
implement a rank-completion functor similarly to (i). The obstruction, in spirit, seems to be that here
there is a difference between the space of operators affiliated with 4, and the ring of i-measurable
operators. In particular, the latter depend on the choice of ¥, but rank-completion is an entirely
algebraic process thanks to Sauer’s local criterion, and is thus independent of .

Possibly one could consider the approach in (ii) and just localize in the subcategory generated by
morphisms into zero-dimensional modules. However, this is complicated by the fact that in general
when the algebra is semi-finite, we like to restrict attention to modules that are also topological
spaces and morphisms that are continuous, and we want to preserve some of that information. In
particular, we might not want to invert all rank-isomorphisms, but only those also with nice bi-
continuity properties. A more direct, category-theoretic way to say this is that we are in practice
working with exact categories, suggesting the following

B.53 PrOBLEM. I[nvestigate, if possible, the motion of rank-completion wrt. a semi-finite, o-
finite tracial von Neumann algebra (A,v) via localization of exact categories.

However, we will need some abstract setup to replace rank-completion in the setting of topological
modules over %. To motivate the developments in Appendix [D] we make the following observation,
adding one point to our list of approaches to rank-completion in the finite case:

(iii) Consider the category of all modules over </ and let f: E — F be a morphism. Then f is a
rank-isomorphism, i.e. ¢(f): ¢(E) — ¢(F) is an isomorphism, if and only if there are submodules
E" < E' < FE and F" < F' < F such that

dlmQy E/EI = dlmgy E" = dlmgy F/FI = d1m0/ F" = O,
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and a morphism fy: E'/E" — F'/F" fitting into a commutative diagram

E—L -F
ET” fle .il

I

E//E// fo F//F//

Hence an approach, which is in the spirit of Problem |B.53} is to instead add morphisms to the
category of &/-modules and consider them up to equivalence in the sense of the diagram above.

B.54 DEFINITION. Let (#,v¢) be a semi-finite, o-finite von Neumann algebra. We consider
the category with objects % modules and morphisms equivalence classes of quasi-morphisms,
where a quasi-morphism E — F is a partially defined morphism fo: E,/E] — F§/F; where
EyCEyCE, Fy CF,CF,

and two quasi-morphisms fo, f1 are equivalent if there is a quasi-morphism fo and a commutative
diagram

E, /B! F/E".

]

By/Ey "~ F}/F}

o

B, /B L~ F/F!

Abusing terminology, we also call such an equivalence class of quasi-morphisms a quast-
morphism.
Also somewhat misleading, we call this category the category of quasi-modules.

The following statements are then easy to check. We leave out the details here, but see Appendix
[D] for similar propositions in the topological case.

B.55 PrROPOSITION. The category of quasi-modules 1s abelian. The canonical functor q from
the category of #-modules 1s dimension-ezact.

B.56 PROPOSITION. A morphism f: E — F of %-modules 1s a dimension isomorphism if and
only if it 1s invertible in the category of quasi-morphisms.

B.57 PROPOSITION. If P 1s a projective o7 -module, then qP 1s also a projective quast </ -module.
If E 1s an injective #B-module with no non-trivial zero-dimensional submodules, then qFE 1s
also an injective Z-module.

The difference between finite and semi-finite cases here is curious. Even curiouser is that it
seemingly disappears in the topological case: In the algebraic case it is not at all reasonable to require



98

that P has no non-trivial co-dimension zero submodules, but in the topological case it is reasonable
to require that P has no non-trivial, co-dimension zero, closed submodules. See Appendix D]

Let us comment on the case of a discrete group I'" and its group von Neumann algebra LI". Then we
can think of the cohomology H,(T', E) as the n'th left-derived functor of of the co-invariants functor
%r on the category of LI'-I"-modules.

This construction also gives a homology, H2 (T, qF) if we consider instead the co-invariants functor
on quasi LI'-modules with commuting action of I'. This gives a square of functors

E qB
) )
,
’ !
H,(T\E) %7

where in the question mark we have, going round one way qH,(T, E) and round the other HX(T, qF).
The standard way to formalize the commutativity of this diagram in an abstract argument, is to
refer to a Grothendieck spectral sequence [105, Section 5.8] (this argument is emplyoed for the rank
completion in [97]). In concrete case one may proceed by analyzing the bar resolution, as we do in
Appendix [D] for the continuous cohomology.

Finally, we list some properties of dimension exact functors for easy reference.

B.58 PROPOSITION. Let (<7,1) be a semi-finite, o-finite, tracial von Neumann algebra.
Let ¢ be a category of </-modules and §: ¢ — &, a functor.

(1) The functor f is dimension ezact if and only if qof is ezact.
(1) If ¢ s finite then f is dimension ezact if and only if cof is ezact.

(1i2) Suppose § is contravariant and dimension exact. Then for any complezx (E.,d,) — 0 in
¢ such that the (kernels, tmages, and) homology is defined in &', we have q(H"(f(E.))) ~
q(f(H,(E.))) for all n. Simailarly for covariance and interchanging homology and cohomol-

0gy.

(wv) In case (111) above, suppose that | is also dimension preserving. Then

dim(y,y) H"(}(E,)) = dim(y y) Ha(E,).



AprpEnDIX C

Continuous (co)homology for locally compact groups

C.1 CONTINUOUS COHOMOLOGY

We recall here quite briefly the definition of continuous cohomology for locally compact groups. For
exhaustive details we refer to the book by Guichardet [48], on which this section is based, or to [14];
the latter occasionally referred to as 'the orange book from hell’.

Let G be a locally compact group, and suppose as a blanket assumption that it is 2nd countable.
A continuous (or topological) left-G-module is a topological vector space £ with an action of G such
that the map G x E 5 (g,e) — g.e € E is continuous.

Let (<7, ) be a semi-finite tracial von Neumann algebra.

We consider the category €¢ ., of topological G-.</-modules, i.e. continuous G-modules which are
in addition locally convex Hausdorff spaces, and carry a commuting right-action of <7 by continuous
maps.

The morphisms in this category are the continuous G-.<7-linear maps.

C.2 DEFINITION. (SEE [48, APPENDIX D.1]) A morphism 7 : E — F in the category of topo-
logical G-<7-modules s called strengthened if both maps kerm — E and 7 : E/kerm — F have
continuous, <« -linear left-inverses (not necessarily G-linear).

The category of topological G-modules is not abelian, so the standard constructions of homological
functors in such categories do not apply. One way to get around this is to restrict the class of short
exact sequences under consideration in the definition of injective objects; this is the approach of
"relative homological algebra" [50].

C.3 DEFINITION. (SEE [48, CHAPTER III]) A topological G-o7-module E 1is (relatively) injective
if, given any diagram

E

37w 7
/
/

U<"—V~<~—0

v

in which the bottom row 1s exact with u strengthened, there is a morphism w : U — E making
the diagram commute.

In the sequel we will just call these injective, with the tacit understanding that we really
mean relatively injective, in this sense.

Given a topological G-«7-module E, the space of continuous maps C(G, E) is endowed with the
projective topology induced by the maps C(G, E) — C(K, E,) where K runs over the compact subsets
of G and q over a separating family of semi-norms on E (strictly speaking, we take a net of such),

99
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E, here denoting the Banach space completion of the semi-normed space (E, g). This is a topological
G-o/-module when given either of the G-actions

(9-£)(t) =g-f(97't) or (g.f)(t) = g.f(tg).
Unless explicitly stated otherwise, we always equip it with the former.

C.4 THEOREM. (SEE [48, CHAPTER III, PROPOSITION 1.2]) For any topological G-<f/ -module E,
the module C(G, E) s an injective module in the category of topological G-<7-modules.

In the usual manner we thus observe that the category of topological G-.o7-modules has sufficiently
many injectives and proceed to construct, for any given E, an injective resolution

d° d}
0—=E—~C(G,E)—~C(G* E) —---

where €(e)(g) = e and the cobooundary maps are given by

n+1 ]
(d"€)(go, - -y Gni1) = Z(—l)zf(go, cosGiyee vy Gnrl)- (C.1)
=0
C.5 DEFINITION. Let E be a topological G-/ -module and
O E € EO dO El dnfl En an

any wnjective resolution of E, we define the n’th cohomology of G with coefficients in E by
H™(G,E) :=kerd"|pe /imd" |z .

This s a not necessarily Hausdorff topological vector space which carries a right-action of </
by continuous maps, and this structure, including the topolgy, 1s independent of the choice of
injective resolution.

The independence of choice of injective resolution is a proposition. The proof follows e.g. that
in [48, Chapter III, Section 1], with only a minimal amount of extra book keeping for the .«7-action.

If E is complete one may consider locally square integrable functions instead of continuous func-
tions. Specifically, for K C G compact, L*(K, E) is the projective limit of spaces L*(K, E,) where
the g ranges over a separating net of semi-norms, ordered in the natural manner. Then L2 (G, E) is
defined as the projective limit of the L?(K, E) over compact subsets. This is equiped with the action
of G, defined again by (g.£)(t) = g.£(g't).

Note that this construction applies with any Borel space X, equiped with a Radon measure, in
place of G with its Haar measure, to yield a space L? (X, E). In order to get a Fréchet space, it
is preferable to have a cofinal (in the set of compact subsets with its natural ordering by inclusion)
sequence of compact sets (X, ), with union X, cf. the following.

C.6 OBSERVATION. Swince G 15 2nd countable and E 1s complete, then the second projective limit
in the definition of L? (G, E) has a cofinal subsequence. Indeed let {U,} be a relatively compact
neighbourhood basis for G. The consider the family Ky = UN_ U,,N € N.

In particular we note that if E has a countable neighbourhood basis at the origin then so
does each L*(K,E,) whence so does Li (G,E) so that if E is complete metrizable, then so is
Li, (G, B).
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C.7 THEOREM. (SEE [48]) For any complete topological G-<7/-module E, the topological G-<f -
module L2 (G, E) is injective, and there is a strengthened resolution

loc

a9
0—=E—=2 (G, E)——=L?

loc loc

dy
(G} E)— -,
where the coboundary maps are the same as in equation (C.1)).

C.8 REMARK. Note that this all applies in particular to discrete groups T', endowing F(T', E)
with the topology of pointwise convergence.

However, a special feature of the discrete group case s that one isn’t forced to consider any
structure on E, aside for the algebraic module assumptions. Thus one can embed the category
of topological modules into an abelian category of all modules in a purely algebraic sense.

Of course, the bar resolution exists in both categories, with the same underlying modules, so
the embedding into the larger category just allows one greater freedom in choosing an injective
resolution, if one does not need to carry over the topological structure in a canonical manner.

The next result gives explicitly the isomorphism allowing the usual description of cohomology by
inhomogeneous cochains.

C.9 THEOREM. COMPARE [48, CHAPTER III, SEcTION 1.3] Let G be a locally compact, 2nd
countable group and E a complete topological G-<7 -module.
Define maps T" : L2 (G™", E) — L} (G™,E)®, the latter a G-o/-module with the action

loc loc

(9.€.a)(t) = g.&(g 't).a, by
(T™)(G0,---+9n) = 90-£(90 "91s- - -+ 9 19n),

and coboundary maps d" : L?

loc

(G, E) — L?

loc

(G™, E) by

(dng)(gla s 7gn+1) = 91'5(927 SERE gn+1) + Z(_l)zg(gl) -3 8iGit1, - - 1gn+1) +
=1
+H(=1)""¢(g1, - - gn)-

Then the T™ are 1somorphisms of topological </ -modules and the diagram

2 (G, E) @

d0 dt

0— L2 (G, BE)® —~ 2, (G? E)¢ ——---

loc loc

0 E L 5

commutes, whence the T™ induce <7 -linear (homeomorphic) isomorphisms of cohomology H™(d*) ~
H"(G,E).

Proof. 1t is clear that T™ is well-defined and continuous. A direct computation shows that the diagram
does indeed commute.

To get an inverse, let & € L2 (G™'!, E) be a G-invariant element and consider the element ¢ €
L? (G,L} (G, E)) given by

loc

£(90)(91,- -+ 9n) = 95 "-€(90, 901, -+ - Go * * Gn)-
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Then ¢ is invariant under the left-regular representation (i.e. G acting on L2 (G, L2 (G, E)) by

loc loc

(gm)(90)(91,---,9:) = n(g790)(g1,---,9n)), SO there is an element (T7)~¢ € L? (G™, E) such that
for a.e. gy € G,

((T™) ) (91, - -+ 9n) = £(90)(91, - - -, n)-

One then checks directly that this does indeed provide an inverse. Notice in particular that continuity
of the inverse is automatic by the closed graph theorem. O

Similarly, starting from modules of continuous functions instead of locally square integrable ones,
one gets a cocycles description. This implies in particular that any locally square integrable cocycle
is cohomologous (i.e. represents the same class in cohomology) to a continuous one, a fact which is
not at all abvious at a glance.

C.10 THE SHAPIRO LEMMA

For completeness we provide a proof of the Shapiro lemma in continuous cohomology. Compare
e.g. [48].

C.11 LEMMA. ( [48, CHAPTER III, LEMMA 4.3]) Let G be a locally compact, 2nd countable group
and H be a closed subgroup of G. Let E be a complete topological H-<of -module. Then the
(complete, topological) H-o/ -module L} (G, E) with H-action (h.£)(t) = h.£(h™'t) and o/ -action

by post-multiplication, s injective. []

Thus we get an injective resolution of E in the category ¢y . as follows

40 d}
0—L} (G, E)—L} (G} E) — -

loc loc

The next lemma describes explicitly an isomorphism passing from the standard (bar) resolution of
E to this. In the statement, fix a section s, of G = G/H, and let for all g € G the element 7(g) € H
be the unique element in H such that g = s,(x(g)).7(g).

C.12 LEMMA. Let G be a locally compact, 2nd countable group, H a closed subgroup, and E
a complete topological H-o7 -module. Let O € C.(G) satisfy [Odu = 1. Consider the maps
vy L2 (H™" E) — L2 (G™, E), both left-H-modules as above, given by

loc loc

(v5€)(goy -+ -1 9n) = /Gn+1 O(togo) - - O(tngn)é(r(te) ™, ..., r(t,) 1 )du™ T (¢:).

These are H-</ -maps, the diagram

1

dl
0—=EFE—>L[ (H,E)—---

loc

lid lvg
dj

O—F —> IéZC(C;7ly) -

commutes, and the v} induce <7 -linear (homeomorphic) isomorphisms on cohomology.

Proof. Let K C G be a compact subset and denote K’ = supp(Q) - K '. Then the estimate

03 (€) s < W(E) - O1B - (€l syrs e € € L (H, B)
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shows that v7 is well-defined, and upon substituting ¢ — n for £, that it is continuous.
It is clear that v} are H-</-morphisms and that the diagram commutes.
For the final statement we consider similarly maps wj : L2 (G™™, E) — L?

loc loc

(H™'1, E) defined by
(W) (hor- - ha) = [ Ohg™te) - O(h )6 (b, -, ta)au™ (8,

Then (these are continuous H-./-morphisms and) the diagram

1

dl
0—=F—— L% (H,E)—---

loc

id | d wd 11}8
dO

OH--E'HE.L%OC(C;?‘E)/*>
commutes. Thus the compositions v} o w} and wj o v} are homotopic to the identity maps, whence
induce the identity on cohomology from which the claim follows. ]

C.13 DEFINITION. (COINDUCED MODULE) Let G be a 2nd countable locally compact group and H
a closed subgroup. Let E be a complete topological H-of -module.

Consider the space L% (G, E). We endow this with the H-action giwen by (h.£)(t) = h.£(th),
as well as the left-G-action given by (9.£)(t) = &€(g7't). These commute, and both commute
with the right-<7 -action by post-multiplication, whence CoindgE := L2 (G,E)¥ is a complete
topological G-<7-module, called the coinduced module of E wrt. G.

C.14 REMARK. Suppose for simplicity that H 1s discrete and G 1s unimodular. Note then that
the coinduced module identifies as a space with L (G/H,E). Letting o: G x G/H — H be a
cocycle representative for the inclusion H C G, e.g. a(g,z) := s.(9.2)*gs.(z), the G-action is
gwven wn this setting by

(9-8)(z) = a(g,z)-£(g " .z).

C.15 LEMMA. (SHAPIRO) Let G be a locally compact, 2nd countable group, H a closed sub-
group, and E a complete topological H-o/-module. Consider maps x" : L2 (G",B)? —
L} (G™*!, Coind% E)®, where the H-action on the domain is (h.£)(t) = h.£(h 't), given by

(X"€)(9o,---,9n)(9) = £(9 Go,---,9 "gn).

These are isomorphisms of topological o7 -modules and the diagram

dO
0 LZZOC(G’ E)H L%OC(G2’ E)H
ix° i
d9
0— L} (G, Coind% E)¢ — L2, (G?, Coind$ E)¢ —— - -

commutes.
In particular, the x™ induce <7 -linear (homeomorphic) isomorphisms on cohomology H"(H, E) ~
H™(G, Coind% E) for all n.
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Proof. 1t is clear that x™ is well-defined, continuous, and that the diagram commutes. Thus we need
simply to produce an inverse. Note that this will automatically be continuous by the closed graph
theorem.

Thus suppose we are given ¢ € L2 (G™', Coind§ E)®. Then we consider much as above £ €
L? (G, L% (G™1 E)) defined by

loc

£(9)(g0,---19n) = €(9,995 91, -, 995 "9 )(995 )-

Then again £ is invariant under the left-regular representation, whence there is x "¢ € L2 (G", E)
such that for a.e. g € G,

(Xﬁnf)(go, s 797’7.) — g(g)(go, s 7gn)
A direct computation shows that in fact x "¢ € L2 (G™*!, E), and we get for a.e. g € G that

loc

(X "o x™)(€)(gor--,94) = (x"€)(9)(o,---, )
= (x"€)(9,99'91,---,99 "9:)(99¢ ")
= 5(907"'7971)'

Similarly, for a.e. g, g0 € G we get

(X" o X ™€) (90, ---,9:)(9) = €(90)(97 905,97 gn)
= &(90,---,9)(9)-

Hence x~" is the inverse of x", proving the claim. [

C.16 CONTINUOUS HOMOLOGY

Unlike continuous cohomology, homology does not appear to have recieved much attention in the
literature. In fact I have only managed to find two papers dealing with the subject, namely [9}86].
Since there appears to be no comprehensive account of continuous homology in the literature, we give
the definitions and details of the basic results here.

C.17 DEFINITION OF CONTINUOUS HOMOLOGY

Let E be a complete, topological «/-G-module. Note that we have swapped the actions compared
to the previous section, so that F is a left-o7-right-G-module, and that this will be our standard for
modules that appear as coefficients in homology.

Consider again the subspaces L*(K, E) of L?*(G, E), over K C G compact. We let L?(G, E) be the
inductive limit of these over compact subsets K, endowed with the inductive topology. This identifies
with the space of compactly supported functions in L?(G, E) and the topology is the strongest topology
such that the inclusion maps L?(K, E) — L3(G, E) are all continuous. Note that this is in general
stronger than the subspace topology induced by the inclusion L?(G, E) C L?*(G, E).

We will in this section also require G to be 2nd countable. Then the inductive limit is strict [92,
Chapter II, 6.3], the space L?(G, E) is complete [92, Chapter II, 6.6], and the subspace topologies on
L*(K,E) C L*G, E), for every compact subset K, is the original Hilbert space topology. For more
details on inductive limits see e.g. [92, Chapter II, Section 6].
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There are two ways in which we may make this a right-G-module,

(f.9)(t) = f(gt).g (C.2)
(Ff.9)@) = f(tg™).9, (C.3)
and both will come into play. Further, L?(G, E) inherits a left-action of A by post-multiplication on

E, and this commutes with both right-actions of G above. Hence L?(G, F) is a complete topological
o/-G-module.

C.18 DEerFINITION. We consider the full subcategory of topological </ -G-modules consisting of
those that are complete and all morphisms between these. Denote this @,Q{,G

A complete topological o7 -G-module E 1is (relatively) projective if whenever we are given a
diagram, in this category,

E
7w 7 i
/ v
+ Kis
W—V—=0
where the row 1s exact with w strengthened and v is a continuous </ -G-map, there 1s a continuous

A -G-map w: E — W making the diagram commudte.
As for injective modules, we always suppress the ’relative’.

C.19 THEOREM. (COMPARE [9]) For every complete o/ -G-module E, the complete o/ -G-module
L*(G, E) 1s projective. In particular, the category of complete topological < -G-modules has
sufficiently many projectives.

Proof. We consider here the G-action (C.2)). A completely analogous proof works for the other action.
Let O € C.(G) be such that [, Odu = 1, for some fixed choice of (left-)Haar measure x on G. Then
for f € L2(G, E) and g € G we define a new function f, € L3(G, E) by

fo(t) = O(tg M) f(t), teG.

Then clearly the map g — f, is continuous with compact support. We also note that for v € G,
we have (f.v), = (f4y-1).7 by a direct computation, and that

/G fedp(g) = f.

Now suppose we are given a diagram as above, with s a right-inverse of 7. Then we define a map
w: L3(G,E) — W by

wfz/GS(v(fg)-g’l)-gdu(g)-
By the above, this is easily seen to be a G-equivariant continuous linear map, and further we get
(row)(f) = [ (ros)(v(f;)-97).9du(9)
= /G v(fo)du(9)
= v([ f.au(0)) = v(p)
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Also, note that w is «7-linear by the trivial observation that, for any g € G and f € L%(G, E), we
have (z.f), = z.f, for all z € &

As for the final claim, recall that for any K C G compact, the inclusion of L?(K, E) in L}(K, E) is
continuous, whence so is the inclusion of L?(G, E) in L!(G, E) and we may define an evaluation map
¢: L*G,E)— E by

()= [ £(9)aul).

This is clearly surjective with an «7-linear right-inverse e — O(-)e. [

For arbitrary n € N we consider the right-modules L>(G", E) with either of the two usual general-
izations of the actions (C.2),(C.3). Then L3(G™'™, E) identifies with L?(G™, L?(G™, E)) in the usual
manner and we get the following

C.20 COROLLARY. For all n € N, the modules L?(G", E) are projective. [l

C.21 THEOREM. For E a complete topological o7 -G-module we get a projective resolution

/ !

(G B) - [2(G,E) S~ ——0

where the boundary maps d,, : L?(G"*?, E) — L2(G™', E) are given by

n+1

(d"nf)(gl7"'1gn+1) - Z(_l)jfj(gl""agn+l)7 where
7=0

fj(gl) .. ~:gn+1) - /G’f(gl’ s ,gj;g;gj+1, e )gn-l-l)d:u’(g)

Proof. The proof follows exactly the proof in the discrete case. The contraction here is given by

(s£)(91s- -+ Gns1) = O(91)F (925 -+ 1 Gnt1)
for some fixed O € C.(G) positive with integral one. O

Let € denote the functor from complete topological .«7/-G-modules to complete topological .o7-
modules given by

¢oFE = E/span{e.g—e|ec E,g € G}.

C.22 DEFINITION. Let E be a complete topological o/ -G-module. The n’th continuous homology
H,(G, E) is the n’th homology of the complez

d, dL
" *;iGEl *0>£GE0 —0
for any projective resolution E, —>FE —=0 of E.

Although we can consider the quotient topology on H, this does not appear to be particularly
relevant, and usually we consider H,(G, E') simply as an algebraic «/-module.

C.23 LEMMA. Let E be a complete topological o/ -G-module and let o : E — E be the zero-map.
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Suppose that (E;,d;) and (F;, f;) are strengthened projective resolutions of E in €, ¢, and
v; . B; — F; morphisms such that the diagram

di do d—1

E, E; Ey E 0

lvz lvl luO l
f1 fo f-1

Fy Fy Fy E 0

commutes.

Then there is a (equivariant) contraction (s;), i.e. morphisms s; : E; — F,,; such that
v; = fiosi+ 8 10d; 1.

In particular, the v; induce the zero-map in homology H.(€cFE«) — H.(€F).

Proof. We put s_; = 0. Since the E; are projective we may inductively construct the s; such that
fios; =v; — s;_1 0d;_; in the usual manner.
The rest is obvious. O

C.24 THEOREM. Let E be a complete topological </ -G-module.
Suppose that (E;,d;) and (F;, f;) are strenghtened projective resolutions of E. Then there are
(equivariant) morphisms u; : E; — F; and v; : F; — E; such that the diagram

di1 do d_1
E 0

2 1 EO
\ 1\ \
’U2/;< luz ’Uli\ 211,1 vo/< ﬁuo

I N I 0

commutes.
Further, the u; and v; induce mutually inverse isomorphisms on homology H.(€cE.) =~

Proof. Since d_; is surjective and Ej is projective we get uy : Ey — Fy such that f ;oug=12dod ;.
Suppose we have ug,...,u,_1 such that the diagram

di—2 di—3 d_1
By 1 —= By e E 0

F,_, E) F, , Lo B 0

commutes.
Then by exactness Imdy, ; is closed and uy 1(Imdy ;1) C Im f ;. Thus from the diagram

By

iuklodkl
Fy I fe-1—=0
and projectivity of E; we get a morphism uy : By, — Fj such that fr ;jour = ur 1 0dk ;.
By recursion we get the u, as claimed. Similarly we construct the v, as claimed.
Then 1d — v o Uy is zero on homology by the lemma, and so is 1d — ug © vg. [
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C.25 REMARK. It follows by the open mapping theorem, since we are working only with complete
modules, that the functor €(—) s right-ezact, so that

Hy(G,E) ~ €o(E).

C.26 REMARK. IfT' is a countable discrete group, then L?(T', E) is just the space of finitely
supported functions on I', usually denoted Fo(T', E).

Then the space of functions spanned by the f.g— f is in fact closed, as an element f € Fyo(T', E)
is in this space if and only if ¥,cr f(g).97" =0 (Here the £1 depends on which right-action we
are considering.)

Thus the construction of continuous homology agrees with the usual definition in the case
of countable discrete groups.

C.27 INHOMOGENEOUS CHAINS

For E a complete G-module we denote by L2(G™, E) the right-G-module which has L2(G™, E) as its
underlying space, but with G acting by (f.g)(t) = f(gt), i.e. we forget about the action on E.

C.28 LEMMA. The map u: L(G, E) — L3(G, E) given by (uf)(9) = f(g).g is an isomorphism of
topological o7 -G-modules, where the action on the domain is (C.3).

Proof. The only non-trivial part is that u is well-defined and continuous.

To show that u is well-defined it is enough to consider the restriction to compact sets. Further, to
show then that u is continuous, we have to show that for each inclusion ix : L?*(K, E) — L*(G, E), the
composition uoix is continuous. This has image in L?*(K, E) as well, and since the subspace topology
on this is just the original topology, this all comes down to showing that ux := u|x is well-defined
and continuous for each compact set K.

Now by [48, Lemma D.8] the set of linear maps {e — e.g | g € K} is equicontinuous, and it follows
by [92, I11.4.1] (essentially the definition of equicontinuity) that for a given semi-norm p on E there
is a semi-norm ¢ on F and a constant C such that for all e € E,g € K,p(e.g) < Cq(e). Further we
can take g in whatever family of separating semi-norms we wish.

Thus ug({f | gx(f) < C}) C{f | px(f) < 1} from which the claim follows since p was arbitrary.

O

Now consider the diagram

LG, E)
/ lT
iy G2, B) -2~ i (G, B)————E 0

in which T is the map Tf = [, f(9).gdu(g), d, is the same map as d, on the underlying space
L?(G? E), and similarly € is integration over G. The triangle commutes, whence under the isomor-
phism u, the kernel of T identifies with that of e.

C.29 PROPOSITION. In the diagram above we have

kere = span{f.g — f | f € L3(G,E),g € G}.
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For the proof we need to following auxilliary

C.30 LEMMA. The set of characteristic functions of the form 14.,4,A C G,7 € G has dense
linear span in LZ(G x G).

Proof. Let {gn}nen be a dense set in G and {U, }nen @ neighbourhood basis in G. Then it is easy to
see that {U,, X (9.Un)} is a neighbourhood basis in G x G, from which the claim readily follows. [

Proof of the proposition. For this we just note that

Gylasya = (A (Lya — 1) = w(A)(Lasy *— La).

By the lemma Im d~g C span{f.g — f}, and since span{f.g — f} C kere is obvious the proposition
follows by exactness. [

C.31 THEOREM. Define maps T, : L>(G™*!, E) — L?(G™, E) and d, : L}(G™""*, E) — L?(G™, E) by

(Tnf)(gh)gn) - ‘/Gf(g7ggl77ggnggn)gd.u’(g)7
(dnf)(91,--.19n) = /G[f(g,gl,~~-,gn)-g+Z(—l)jf(gl,...,g,g‘lgj,gj+1,---,gn)+
j=1
+(=1)""f(g1, .-, 9n, 9)]du(g).

Then T, induces an isomorphism of topological vector spaces Ty, : € oL*(G™", E) = L*(G™, E)
and the diagram

/

e Lz(Gn+2’ E) i) Lg(Gn"'l, E) I LE(G’ E) —=0

iml iTn l%

= [X(GY E) - [2(GT, B) E 0

commutes, whence H,(G, E) ~ H,(d.).

Proof. For n > 1 denote by L2(G", E) the right-G-module with underlying space L?(G™, E) and
G acting by post-multiplication. Then we have an isomorphism of modules v : L3(G™™, E) =
L3(G, LG, B)) given by

(uf)(9)(g1,---19n) = f(9,991,..-,991 - gn),

and with inverse (v £)(g,91,---,9) = F(9)(9 "91,977 92, -+ In 19n).
Then we note simply that T, is nothing but Ty applied to this, and the first claim follows from

the proposition above.
A direct computation shows that the diagram does indeed commute. ]

C.32 THE SHAPIRO LEMMA

We now prove a version of the Shapiro lemma for continuous homology.
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C.33 PROPOSITION. Let H be a countable discrete subgroup, E a complete o/ -H-module. Then
L*(G™ E), equiped with the action

(f-R)(t) = f(th ).h, h€H,teG
15 a projective o/ -H-module.
Of course the same will hold with the action (f.h)(¢t) = f(ht).h.

Proof. This is much the same as the proof of theorem [C.19] Choose O € C.(G) such that [, Odu = 1.
Put for f € L?(G,E),g € G

fo(t) = O(gt™)f(2),t € G.
Consider for g € G also the element r(g) be the unique element in H such that g = s,.(k(g))h, where
s, is a section of the map G =+ G/H. Then given a diagram

LG, B)
3w 7 iv
W———=V 0
and denote the right-inverse to = by s. Then we define the map w : L?(G, E) — W by

wf = /Gs(v(fg)-r(g)*l)-r(g) du(g)-

One sees then easily that this is a continuous H-map using (f.h); = (fyn-1).h, and that the diagram
then commutes.
This proves the statement for n = 1, and one extends this to L2(G", E) as before. O

ya

Now suppose that F is a complete /- H-module and consider L?*(G, E) a «/-H-module as in the
previous proposition. Then also G acts on this from the right by (f.9)(¢) = f(gt) and this commutes
with the .o7/- H-action.

C.34 DEFINITION. (INDUCED MODULE) The induced module of E wrt. G is defined as
Ind$ E = €4 L%(G, E)

with the G-action as above. Since that commutes with the </ action, IndgE 1S a complete
topological <7 -G-module.

C.35 LEMMA. (SHAPIRO) For n € N we define maps X, : L2(G*,IndGE) — €5 L3(G"*, E) by
(an)(gh s 7gn+1) — f(glggl7 9293, - - - 7gngrj4]:1)(gl)

These are 1somorphisms of topological o7 -modules and the diagram

- (G, ndS B) -~ [2(G™ !, IndS E) —— - -
iX-n. \LX‘nl
d _,
> Cy LG E) ———> €y LG E) —— -

commutes. In particular, the x, induce (topological, if we like) </ -linear isomophisms on
homology H,(G,Ind$E) = H,(H, E).

Proof. We leave out the straight-forward proof. ]
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C.36 BAR RESOLUTIONS FOR TOTALLY DISCONNECTED GROUPS

Let G be a totally disconnected, locally compact 2nd countable group, and fix a compact open
subgroup K in G. Normalize the Haar measure px on G such that u(K) = 1. Let E be a quasi-
complete topological G-.o7/-module.

Define a right-action of K™ on G™ by

(gl) s ’g‘n)'(kl’ R k‘n) = (glkl) kl_lg2k2) .. 1k:rtilg‘nk:n) = (]l)kl_l) . -)kr_zil)'(gla s )gn)'(klx . -)kn)‘

Denote by G% the set of equivalence classes. Since each class is compact open in G, this is a
countable set. Further, G% carries a left-action of K by multiplication in the first variable.

We also note, that whenever (gi, ..., g,) represents a class in G%, we can form the multipliction
g1 - - gn, representing a class in G/ K, independent of the choice of representative.

The following is a trivial generalization of |48, Chapter III, Corollary 2.2].

C.37 PROPOSITION. For G a totally disconnected, 2nd countable, locally compact group, we
have an isomorphism of H"(G, E) and the n’th homology of the complex

0= EX L F(Gg, B)X & F(G%, EYX — -,

where the coboundary maps are the usual ones on inhomogeneous cochains, and the spaces of
cochains are endowed with the topology of pointwise convergence. [

Next we construct a similarl "bar" resolution in homology for totally disconnected, 2nd countable G.
Fix still a compact open subgroup K of G. Let E be a complete topological .«7-G-module.
Considering the right-K-action on L?(G, E) defined by (£.k)(g) = £(gk™!), this commutes with
(C.2), and the module of fixed points identifies, algebraically, with C[G/K] ® E, with the right-G-
action given here by (0,x ®£).h = 0p-1,x ® (£.h). The left-o7-action is a.(d,x ®€) = dgx @ (a.€).
We write F.(G/K, E) for this module, endowed with the subspace topology from L?(G, E), which
coincides with the natural inductive topology. This is a complete topologcial .«7-G-module.

C.38 PROPOSITION. For any complete topological <7 -G-module E, the module F.(G/K,E) is
projective.
Hence so is F.((G/K)"™, E) for any n > 0.

Proof. Given a diagram in €, ¢

F(G/K,E)

with s a continuous .«7-linear right-inverse of u, the morphism w: 7.(G/K, E) — B can be defined
by
w(byx ® &) = /K s(v(0ox ® €).gk).k g du(k).

One checks readily enough that this is an .&/-G-morphism and makes the diagram commute. [J
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Similarly to above, we want to compute homology using inhomogeneous chains arising from this
complex. We leave out the straight-forward proof.

C.39 THEOREM. Define maps T,,: €cFn.((G/K)"™ E) = € F(G%) by
Tn: 5(goK,...,gnK) ® 6 = 5(gglgl,g;lg2

.....

Notice that, replacing all the g; with g;k;, this is well-defined in F.(G%,E) ezactly up to the
action of kq.
Define also boundary maps d,,: € x Fe(Gy ', E) — € F.(G%, E) by

dn: 5(901~~~79n) ®§ = 5(91,...,9,,,) ® f-go +
+ Z(_l)i‘s(go ----- 9i-19i,git1,-gn) O £+ (_1)n+15(go ,,,,, gn-1) ® §.
=1
The T, are isomorphisms of topological o/ -modules, and the following diagram commutes.

G F(G/K)2, B) e G o F(G/K)™, B) — - -

iTn+1 lTn

G F(GH, B) — 2~ € F.(Gy, E)

In particular, the T, induce </ -isomorphisms on homology H,(G,E) ~ H,(d.).

C.40 SOME REMARKS ON THE HOCHSCHILD-SERRE SPECTRAL SEQUENCE

The Hochschild-Serre spectral sequence in group cohomology computes the cohomology H"(G, E) of
an extension
0 H G Q 0

of discrete group, in terms of the groups H, Q. It was constructed in [51], and in [68]. (It is often also
referred to as the Lyndon-Hochschild-Serre spectral sequence.)

Recall the end result: for such an extension there is a spectral sequence, abutting to H"(G, E),
with Ey-term ES? = HP(Q, HY(H, E)). General references to spectral sequences are [72,/105]. We
recall just that the spectral sequence abutting to the cohomology means that at each n there is a
filtration H*(G,E) = H*(G,E), O H*(G,E),_1 O --- H*(G, E)o = {0} such that

EPY ~ HP(G, E),/H?*Y(G, E)ps1

for all p,q, where EZ* is the infinity page of the spectral sequence. See the references above for its
exact construction, or just take to heart the following: in this text we only use spectral sequences
for vanishing result, and the E** are subgquotients of the F5*. (In general, whenever constructing
a spectral sequence to compute something, one hopes and prays that it "collapses" at the F,-term,
i.e. that this coincides with the infinity page.)

The double complex argument used to construct the Hochschild-Serre spectral sequence for co-
homology of discrete groups can be carried out in the continuous case as well, except that one
has to show at one point that, considering the pointwise application d” of the coboundary map
de: C(GY, E)E — C(G*, E)® in the complex

- ——C(Q",C(GY, BEYN)? —% c(@r, C(G', BYT)? —¥- (@, C(G'2, B)H)? —— -
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one wants to show that the homology of the middle term is isomorphic to C(QP(H4(H, E))) for which
one needs a continuous section of the coboundary map dg on C(GY, E)¥. (There is also an issue of
definition when H?(H, E) is not Hausdorff.)

However, this is the only obstruction to carrying through the double complex argument, whence
by the closed graph theorem we get the following version of the spectral sequence in continuous

cohomology. As usual we are taking into consideration the action of a semi-finite tracial von Neumann
algebra 7.

C.41 THEOREM. (SEE E.G. [48, CHAPTER III, SECTION 5]) Let H be a closed normal subgroup
of the locally compact (second countable) group G, and let E be a topological G-<f -module.
Suppose that E is a Fréchet space and that H"(H, E) is Hausdorff for all n > 0.

Then there 1s a spectral sequence with E,-term ES? = HP(G/H,H(H,E)), abutting to the
continuous cohomology H™(G, E). [l

In a similar direction we next show that one can compute the continuous homology by slightly
more general resolutions than projective ones, i.e. a type of flat resolution lemma.

C.42 DEFINITION. Let E be a complete topological o/ -G-module. We call E ®-acyclic if
H,(G,E)=0, forall n>1.

C.43 PROPOSITION. Let G be a lcsu group and E a complete topological o7 -G-module. Suppose
that (P,,8,) ~——= E ——=0 1s a strengthened resolution in @M{,G of E by ®-acyclic modules. Then
for allm >0

H,(€P,,8.) ~ H,(G, E)

as o/ -modules.

We note that, as formulated, and as the proof goes below, the isomorphism here is in the algebraic
sense, i.e. an isomorphism of .«7-modules in the category czﬁ;lg). As remarked upon earlier (e.g. in the
introduction) we are generally not so interested in the (quotient) topology on continuous homology,
but we also remark that checking all the maps appearing should give an straight-forward verification
that the isomorphism above is indeed a homeomorphism as well, when both sides are endowed with
the relevant quotient topologies.

Proof. Write a double complex K7 := L(G?, B,) for p,q > 0 and boundary maps d': L?(G?, B,) —
L2(GP 1, B,) induced by the usual boundary maps on the complex L2(G*, P,) of P,-valued inhomoge-
neous chains, for every g, and d” being pointwise application of 3.

Considering the K9 as just (algebraic) «7-modules, there are two (homology) spectral sequences

in this context (i.e. in the category eﬁ;lg)) abutting to the total homology. Considering complexes

M) : . --iHP(K*,q’ d") L)HP(K*,qfl’d/) . — 0,

Ny : ---;‘LHq(KP’*,d“) LHq(Kpfl,*,d//) g ... -0

the spectral sequences have E2-terms as follows.
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For the first spectral sequence the E*-term is 'E2 = H,(M(,)). Then we observe that since P, is
®-acyclic for all g, we have (the first equality is clear)

0 ,p>0

H,(K™, d) = H,(G,F) = { CeP, ,p=0
b qg VM —

Hence this spectral sequence collapses at the second page and Hy*(K**,d + d") = Eg, =
For the other spectral sequence we have "E> = H,(9,)). We want to show that this collapses
and computes the homology H, (G, E) since we already know that it abuts to the total homology. We

claim that
0 ,q >0

Ok ={ 1@,z 420

Indeed it is clear that the kernel of the boundary map d": L(G?, B,) — L3(G?, P,_,) (with P_; :=
0) is exactly L2(GP,ker(8, 1P, — P, ;)). Further, since the resolution of E by (P,) is strenghtened,
there are continuous .#7-linear sections s,: imd, — F,, and these extend by pointwise application
then to sections of d”. This shows the claim for ¢ > 0. For ¢ = 0 we are looking at

- — > I2(GP, P,) £~ [2(GP, P) —=0.

By the same argument, the quotient identifies with L2(GP, By/im(8,)) and indeed since we also
have P/ im(0y) ~ E (</-linearly and homeomorphically) the claim follows.

Then one checks readily enough that d’ induces the canonical boundary map on inhomogeneous
chains, completing the proof of the proposition. O

C.44 REMARK. We mention for completeness that, of course, there is a Hochschild-Serre
spectral sequence in continuous homology as well, and that one can compute the continuous
cohomology using (the corresponding notion of) acyclic resolutions too.



AppeENDIX D

Quasi-continuous cohomology for locally compact groups

In this chapter we make some further remarks on rank completion, along the lines of Section |B.52
That is, we consider a construction of a localization (at least in principle) of the category og topological
G-<7-modules with respect to the rank (dimension) isomorphisms, where we explicitly represent the
inverses as "quasi-morphisms" in some sense (Definition [D.3).

The end result is that when H < G is a closed normal subgroup of the lcsu group G, then if the
quotient is totally disconnected, we can in fact construct a Hochschild-Serre spectral sequence "up to
dimension". We emphasize that this is a structural approach, in the sense that once we specify which
morphisms to invert and in what sense, the rest falls out quite naturally.

I also remark that, even though from a technical point of view, this chapter is superfluous in order
to prove the results in the main text, it should be viewed within the context of the slogan that totally
disconnected groups should be placed on the same footing as discrete groups, whence it is intrinsically
useful to develop tools that behave exactly as they do for discrete groups whenever possible.

This chapter is intended as a casual digression; a spark, not a flame so to speak. As such, I refrain
from giving many details.

D.1 LOCALIZING THE CATEGORY OF TOPOLOGICAL MODULES

In this section (<7, %) is a semi-finite, o-finite tracial von Neumann algebra. We consider throughout
this chapter vector spaces with topologies that are not necessarily Hausdorff. It is understood that
the topologies are still vector topologies in the sense that all the vector operations are continuous.

D.2 PropPOSITION. Let E be a not necessarily Hausdorff topological vector space, which s an
o/ -module such that each a € o/ acts as a continuous linear map.
Suppose E 15 has a countable neighbourhood basis at each point. Then:

(1) If E is Hausdorff, the mazimal zero-dimensional submodule, {¢£ € E | Ip,, / 1Vn : £.p, = 0}
15 closed in E.

(i) In general, if {0}, the topological closure of {0} in E has <f -dimension zero, then the
topological closure of any zero-dimensional submodule 1s zero-dimensional.

Proof. To prove (i) suppose that e, is a sequence of points, each of which can be annihilated by
arbitrarily large projections. Denote Ej := e,.o/ the «/-module algebraically generated by e;. Then
consider = :=[[, B as a module with diagonal action and

Ek:{(&)EE|V’L:1,,k§Z:0}

By additivity of .o7-dimension, =, C = is rank-dense for all k. Hence by the countable annihilation
lemma, {0} = M=} is rank-dense in =.

115
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In particular, there exist p, 1 such that for all £,n we have e;.p, = 0. Hence if e, — €, then
e.p, = 0 for all n. This proves (i).
Part (ii) is the same except we get just e.p, € {0}, from which the claim then follows. O]

D.3 DEFINITION. A quasi-topological G-o7 -module 1s a vector space E with a not necessarily
Hausdorff vector topology, such that:

e I carries a continuous action of G, and a commuting action of o/ by continuous linear
maps,

e the topological closure of any zero-dimensional submodule s itself zero-dimensional.

A quasi-morphism f. E — F of quasi-topological modules is an equivalence class of G-<7 -linear
continuous maps defined on subquotients,

fo: Bo/ By — Fy/ Fy,

where all spaces appearing are submodules, the Ey, Fy are closed in the respective ambient mod-
ules, and such that

and two such maps fo, fi are equivalent if there 1s an f, and a commutative diagram

By/Ey "~ F}/F}

L]

B}/ By "~ F}/F}

L

By /E{ "~ F}/F!

where
dim, E/E) = dim,, E) = 0.

D.4 REMARK. By Proposition [D.3, condition (i) in the definition above is satisfied if:
e Fach pownt in E has a countable neighbourhood basis,
e The topological closure of {0} in E has </ -dimension zero.

D.5 PrROPOSITION. There 18 a canonical composition of morphisms between quasi-topological G-
o -modules, and this induces the structure of a category with objects quasi-topological modules
and morphisms the quasi-morphisms in the sense of Definition [D.3,

Proof. Let fo respectively g; be representatives of morphisms f: E — F respectively g: F' — Q. Then
fo is equivalent to the morphism fo: (B, N fo '(F)))/E! — (F,n F)) /(FY N F!+ F'NF}) and g; to
the morphism g3: (F§ N F}) /(Fy N F{ + Fy' N Fy) — Q1 /(Q7 + 9:(Fy N F})). Then the composition

gs 0 f2: (By N fo (F1))/Bg — Q1 /(Q1 + g1(Fy N FY))

represents a quasi-morphism go f: E — Q. O
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Hence we talk about the category of quasi-topological modules. If need be we denote it €% .
Denote by £ the canonical embedding functor from topological modules satisfying the conditions in
to the category of quasi-topological modules, and denote by T,,,, the operation (in spirit, partially
defined functor) from quasi-topological modules to topological modules of forming the quotient by
the maximal zero-dimensional submodule.

Whenever f: E — F' is a quasi-morphism and fy: Ey/E; — F,/F, a representative, we can con-
struct a new representative fi: B/ Tpmae(Ey) — Fy/Tmae(Fy) which is even a morphism of topological
modules since the ¥,,,.(—) are closed submodules. We call any such representative a canonical
representative.

D.6 LEMMA. Let f,g: E — F be quasi-morphisms. Fiz representatives fo,9;. Denote E" := EjN
E; and let B" := T,,,.(E') be the mazimal zero-dimensional submodule of E'. Let F" := %,,,,(F)
be the mazimal zero-dimensional submodule of F'.

Then f and g are equivalent if and only if the induced morphism (fo — g1): E'/E" — F/F"
has zero-dimensional 1mage.

Proof. Obvious. O

D.7 DEFINITION. A morphism f: E — F of quasi-topological modules 1s injective if every
(equivalently any) representive has zero-dimensional kernel, surjective if every (equivalently
any) representative has zero-dimensional cokernel.

We say that an injective morphism f: E — F 1is strengthened if it has a left-inverse (con-
tinuous) </ -quasi-morphism (i.e. not necessarily G-linear) s: F — E, in the sense that the
composition of quasi-morphisms so f 1s equivalent to the identity on E.

In general, we say that f 1is strengthened if both injective morphisms v: ker f — E and
f: E/ker f — F are strengthened.

Note that the modules ker f and E/ker f are only defined up to dimension zero, i.e. up to iso-
morphism as quasi-topological modules. They are only explicit, as modules, once we choose a repre-
sentative. Hence we tend to think of kernels in the categorical sense, i.e. as (isomorphism classes of)
embeddings of the "kernels". Observe that the category of quasi-topological modules has all kernels,
but the not every morphism need have a well-defined cokernel inside the category.

D.8 LEMMA. (REARRANGEMENT) Let f: B — F be a quasi-morphism and f, a representative.

(1) For every pair of submodules F|' C F| with F| closed in F and such that dim, F|' =
dim, F/F] = 0, there is an equivalent representative fi ~ fo such that fi: E;/Tme(E7]) —
F| /% me(F]) and E; C Ej 1s a closed submodule with codimension zero.

(1) For every pair of submodules E] C E; with E| closed in E and such that dim, E =
dim, E/E; = 0, there is an equivalent representative f; ~ fo such that fi: E]/Tme(E7) —
F /% me(F]) and F{ C F} is a closed submodule with codimension zero.

We leave out the straight-forward proof. ]

D.9 LEMMA. The definition of ’strengthened’ in[D.7 is meaningful, i.e. if we fix representatives
fo, f1 of f and denote by m;: E. — E!/E! the projection, then the induced quasimorphisms
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to: my "(ker fo) — E and fo: B/ ker fo — F are strengthened if and only if the analogous quasi-
morphisms 11, f; are. Thus the definition is independent of the specific realization of the kernel
of f.

A morphism f: E — F of weak G-o7/-modules is strengthened if and only if it has a (canon-
tcal) representative which is a stremgthened morphism of topological modules in the sense of

Definition [C.2.

Proof. The first part is clear. Indeed, it expresses just the fact the a quasi-morphism has a well-defined
kernel in the sense of category theory.

The ’if’ in the second part is obvious.

The ’only if’ part follows by choosing canonical representatives and repeatedly applying Lemmas
and D.8 O

D.10 DEFINITION. A quasi-topological G-/ -module E 1s (relatively) injective if whenever we
have a diagram

E

Y Frw
v AN

0—>A—"~B
where u: A — B is a strengthened morphism in the sense of Definition[D.7, there is a morphism
w: B — E making the diagram commute.

D.11 ProPOSITION. The canonical ’embedding’ functor Q from topological G-/ -modules to the
category of quasi-topological G-<7/ -modules sends injectives with no non-trivial, closed, zero-
dimensional G-/ -submodules, to injectives.

Proof. Obvious. [
D.12 PrROPOSITION. The category of quasi-topological modules has sufficiently many injectives.

Proof. Let E be a quasi-topological module. Denote by E” the maximal zero-dimensional submodule.
Then E/E" is a topological G-«7-module whence there is an injective topological G-.o/-module F' such
that £ embeds in F'.

Since E satisfies the conditions of the previous proposition, clearly we can choose F' such that it
does as well, e.g. F' = C(G, E) works.

By the previous proposition, F' is injective the the category of quasi-topological modules, and E
embeds in F' in this category as well. O

D.13 DEFINITION. A diagram E*f>F i>Q of quasi-topological modules is exact (or, more
ezxplicitly, quasi-ezact or dimension exact) at F' provided that there are composable (as maps)
choices of representatives fy, g1 such that im fy C ker g;, and that this inclusion 1s rank dense.

D.14 THEOREM. Let E,F be quasi-topological G-o/ -modules, 0 — E —> (FE,,d*) a strength-

ened resolution of E, and 0—— F —>(F., f*) a complex with each F; an injective quasi-
topological module.

Then any quasi-morphism u: E — F lifts to a sequence of quasi-morphisms u,: E, — F,
compatible with the coboundary maps, and any such lift 1s unique up to G-</ -homotopy.
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Note that all statements in the theorem (’resolution’, ’injective’, 'unique’, etc.) refer to the category
of quasi-topological modules.

Proof. One can prove this explicitly by choosing canonical representatives along all of (F,,d*) and
then constructing the lifting inductively, all the time keeping track of domains "to the left" of the
current step, taking intersections (possible by the countable annihilation lemma) each time to make
sure everything is nicely defined.

Alternatively, the statement is true generally in exact categories [17, Section 12], and we show
below (Theorem that g , is exact. O

D.15 DEFINITION. For a quasi-topological module E we define the quasi-continuous cohomology
H3(G, E) as the n’th cohomology of the complex

0—>ES L. ps &

where 0 —— F —= (E,,d*) is any injective strengthened resolution of E.
This 1s an o/ -module defined up to quasisomorphism.

That is, computing HJ using two different injective resolutions, the two cohomology spaces are
"algebraically" quasi-isomorphic as ./-modules. In particular, if </ is finite, they have isomorphic
rank-completions.

If o/ is semi-finite, we could fix a trace 9, on &/ and p, a projection with ¥y(py) < oo and
central support the identity, and then proceed to define H(‘Q,po)(G,E.po) as the rank-completion of
the cohomology space H3(G, E.po). This is then unique.

D.16 THEOREM. For any topological G-/ -module E, we have
dim, H"(G, E) = dim,, H3(G,Q(F)).
More generally, for any quasi-topological G-<f -module F,

dim,, H%(G, F) = dim, H*(G, Tpmaa(F)).

D.17 EXACT STRUCTURE

As mentioned in the introduction, it should be possible to put the relative homological algebra con-
structions in the present text entirely within the framework of exact categories. Our reference for
exact categories is [17].

Let us consider the class & of kernel-cokernel pairs in the category of quasi-topological G-.o7-
modules as follows. Let a kernel-cokernel pair

E——F—">Q
be in & if both quasi-morphisms ¢, 7w are strengthened.

D.18 LEmMA. Let w: E — @ be a surjective quasi-morphism. Then m 1s strengthened if and
only if it has a right-inverse in Q‘Ef,m. ]
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See [17, Definition 2.1] for the definition of an exact caegory.

D.19 THEOREM. The class & defined above induces an exact structure on the category of
quasi-topological modules.

Proof. Axioms [FE0] and [EQ°?] are trivial.

By construction the admissible monics and epics are precisely the strengthened injective respec-
tively surjective quasi-morphisms. Axioms [F1] and [E1°] follow directly from this.

To see that [E2] holds consider a push-out diagram

E—=U
|
\

V—5>F

with u strengthened injective. Choose canonical representatives ug, vo defined on the same domain
E{ /T me(E}) and such that ug: Ey/Tmes(Ey) — U/ Fmaz(U}) is a strengthened morphism in the
category of topological modules, with left-inverse s: U}/ T maz(U§) — E§/Tmaz(Fy). Define

F = (Up/Tmae(Ug)) ® (V) Tmae(V0))) /Im (uo & (—0))-
and consider the natural morphisms % := 1 @ 0 and ¥ := 0 @ 1 into this in the diagram.
Now one checks easily enough that this defines a push-out diagram in Qfg.,% and that the morphism
@ is strengthened injective with left-inverse s: (z,y) — z + (v o s)(y).
The final axiom [E2°] is entirely analogous to this. O

D.20 THE HOCHSCHILD-SERRE SPECTRAL SEQUENCE

In this section we construct a Hochschild-Serre spectral sequence in quasi-continuous cohomolgy, under
suitable assumptions. In order to do this, we first need to justify our use of the spectral sequence
associated with a filtration / double complex in the category of quasi-topological .«/-modules.

This is straight-forward: one just proceeds as usual, and everytime one encounters an countable
intersection of closed submodules, one appeals to the countable annihilation lemma, glance furtively
left and right, and then proceed as if everything was OK.

Compare the following e.g. with [48, Proposition A.9].

D.21 PrROPOSITION. Let KP? be a first quadrant double complex of quasi-topological </ -modules
with coboundary maps
d: K" — K*he g’ KP* — KP*
and denote
'HP(K) := (kerd' N KP9)/d' (KP~19), "HPY(K) := (kerd' n K?9)/d"(KP?™1).

Suppose that 'HP(K),"HPI(K) are quasi-topological </ -modules (in their quotient topology)

for all p,q > 0. Then, considering the complezes
dl/

'GP OH’pro(K)L)’HPJ(K)H...,

Ilqu . OH//HO"I(K)L”HI"](K)L‘"
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there are two spectral sequences 'Ey'? = HI('$HP) respectively "EY? = HP("$H?), both abutting to
H;,(K) in the category of algebraic quasi-A-modules.

Here is an application. (Compare [59, Lemma 3.9].)

D.22 DEFINITION. A quast-topological G-/ -module E is called acyclic +f H3(G, E) 1s equivalent
to zero, i.e. dim, HZ(G,E) =0, for alln > 1.

D.23 PROPOSITION. Let 0 —= E ——= (B,,d%) be a strengthened resolution, in the category of
quast-topological modules, of E by acyclic modules E,. Then

H(G, B) = H*(((E.)°, dp)),
in the category of (algebraic) quasi-o7-modules.
One way to prove this is again to appeal to exact categories. However, here is a direct proof.

Proof. We can assume without loss of generality that EF; is in fact Hausdorff for all ¢, with no closed
submodules of dimension zero. Define a double complex K77 := C(GF, E,)° for all p,q > 0 with the
coboundary maps d' the canonical coboundary map on the bar resolution C(G*, E,) of E,, respectively
d" the pointwise application of dg.

Then by hypothesis already we have 'HP4(K) = HE(G, E,) which is zero in the category of quasi-
topological «/-modules since E, is acyclic, unless p = 0 in which case we get EqG By Proposition
there is a spectral sequence abutting to H;,(K) and this has Fs-term, using notation from that
proposition,

0 ,p>0

’Eé”q:Hq(/ﬁp):{ HY((ES,dy)) ,p=0 "

Here the equalities are in the sense of (algebraic) quasi-&/-modules.

Hence the spectral sequence collapses at the Er-term, and H},(K) = H*((E,,d})). (Again, "up
to dimension".)

Since the resolution of E by E, is strengthened, there is for each ¢+ > 0 a closed .«7-submodule
F, < E; of codimension zero, such that dy|z, is strengthened in the category of (proper) topological
G-o/-modules. It follows directly from this and the countable annihilation lemma that

"Epa( k) = C(GP,kerd}) ~ C(GP,E) ,¢=0 ‘
0 ,q>0
Hence we get the spectral sequence with E»-term "E5° = H?(G, E) (up to dimension), and zero-
dimensional elsewhere; the spectral sequence collapses whence H.(K) = H"(G, E) (up to dimension).
This finishes the proof. [

D.24 THEOREM. HOCHSCHILD-SERRE Let G be a lcsu group and H a closed normal subgroup.
Suppose that H"(H, L*’G) is a quasi-topological LG-module for all n. Then there is a Hochschild-
Serre spectral sequence abutting to H*(G, L*G) with Ey-term

EP? = HY(G/H, HY(H, I*G)) ~ HE(G/H, GI(H, L*G)).
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Proof. Write a double complex
K¢ = F((G/H)PP,C(G, B)¥)°

in &; ./, the category of topological «7-modules. Then do the usual diagram chase and show the claim
explicitly that, for d”: KP* — KP*'! pointwise application of the coboundary map on C(G?"!, E)#
one gets an isomorphism of topological quasi-modules

HYK?*,d") ~ C((G/H)*",H'(H, E))°.

This is where the assumption that G/H be totally disconnected is used, so that there are no
obstacles to lifting a pointwise coboundary to a global one. We leave out the details. ]

Of course, the "right" proof should go through a Grothendieck spectral sequence for derived
functors in exact categories. I leave it for future work.



AprpeNnDIX E

Homological algebra for Lie groups and Lie algebras

E.1 CoHOMOLOGY OF LIE GROUPS; A TECHNICAL LEMMA

Let X be a (smooth, 2nd countable) manifold and F a quasi-complete topological vector space. We
denote by C*(X, E) the space of smooth functions X — E, in the "strong" sense of that a function
is f: X — F differentiable in a point z € X if, choosing a chart U around z, the induced function fy
has all derivatives in local coordinates. This is equivalent to f being weakly differentiable, i.e. that
z — (€', f(z)) being differentiable for all e’ in the topological dual of E. Equivalently, C*(X, E) ~
C*(X)®E, the projective tensor product, when F is complete. Both equivalent characterizations are
due to Grothendieck. See [104, Chapter 4.4 and Appendix 2| for more details.

We endow C*(X, E') with the topology of uniform convergence on compact sets of all derivatives,
and as such it is again a quasi-complete space.

If G is a Lie group acting on X by diffeomorphisms, and acting continuously on E, and &/ is a
semi-finite, o-finite, tracial von Neumann algebra with a commuting right-action on E, then C*(X, E)
is a topological G-.<7-module when endowed with the actions

(9.€.0)(z) = g.£(97" 2).a.
As in [48, Chapter III, Proposition 1.3], the modules C*(G™, F) are all injective as topological
G-<7-modules, whence we may compute the cohomology H*(G, E) using the complex
0 — C®(G, E) — C*®(G* E)° — ---

and the usual coboundary maps. For more details we refer to [48, Chapter III, Proposition 1.5].
Next we give the definitions needed to state [48, Chapter III, Proposition 1.6]. Recall that the
space of smooth vectors in F is the set of vectors e € E such that the function g — ¢.£ from G to E
is smooth. We denote this space E(:C)
This is a subspace of F, and since the latter is quasi-complete it is dense in £ [19]. Clearly it is
also stable under the .<7-action.

E.2 PrROPOSITION. ( [48, CHAPTER III, PROPOSITION 1.6]) For any Lie group G and any quasi-
complete topological G-/ -module F,

H™(G,E) = H"(G,E™%), n>o.
O

The point of considering the space of smooth vectors is that the G-module structure induces an
action of g, the Lie algebra of G, on E(%) as follows. If we denote by 7 the action of G, then one
defines the derived action d7 of g by

dn(z).e = d (R >t +— exp(tz).e).
dt|,_,

123
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Further, E(>6) is a quasi-complete topological vector space where the topology is given by the
inclusion in C*(G, E) mapping e € E(°) to the smooth function g - g.e.

In Section [E.5 we set up cohomology theory for Lie algebras and explain the connection with group
cohomology. Presently we prove a technical lemma for later use.

Consider an extension of Lie groups N < G. A priori, for a G-module E, the inclusion of spaces
of smooth vectors E(>¢) C E(*N) might be strict. However, in certain arguments involving the
Hochschild-Serre spectral sequence, it will be necessary for us to consider the cohomology spaces
H™(N, L*G(*6)), similarly to the previous proposition.

E.3 LEMMA. Let G be a lcsu group such that Gy, the connected component of the identity, is a
Lie group. Then the inclusion L2G(>®C°) C I2G is rank dense.

In particular, for any connected subgroup H of Gy, the map H"(H, L*G(*C°)) —» H"(H, [2G(>H))
in (smooth) cohomology induced by the inclusion L?G(*¢0) C [2G(*H) 45 q rank isomorphism.

Proof. By the initial remarks of [48, p. 347] we have for any (quasi-complete) topological right-G-
module F and any f € C.(Gy),€ € E,

Exfi= /Go f(9)é-9dug, € B4,

where (g, is Haar measure on Gy.

Now we just identify L?°G ~ L*(Gy, L?(Go\G)) and note that for ¢ € L?(Gy, L?*(Go\G)) we have
& x f in the sense above identified with the usual convolution product of £ € L2G with the "smooth"
measure fdug, supported on Gy, since the action of Gy on L*(G/G)) is trivial. O

E.4 REMARK. There should be a more natural approach to this, which would also give directly
a more general result in Lemma [7.6. Namely, given any locally compact 2nd countable group
G, one can define the smooth functions into a continuous module as suggested in [48, Chapter
III, Section 9]. Then the following should be true:

(1) For any subgroup H < G and any & in any topological G-module E, if G 3 g — g.£ s
smooth, then so 1s H > h— h.£.

(11) Conwvolution by any compactly supported smooth function has image in the smooth vectors.

(ii1) There is a smooth approzimate unit in L'G.

E.5 CoHoMoLOGY OF LIE ALGEBRAS

In this section we briefly recall the definition of (relative) Lie algebra cohomology. Our approach will
be based on that of [48], since it allows slightly more general coefficient modules than that of [14],
though we will borrow some structural ideas from the latter.

Throughout this section, g will be a real Lie algebra and £ a Lie subalgebra which is reductive in
g, in the sense that the adjoint representation of £ in g is semi-simple. In particular, this is always
the case when g is the Lie algebra if a real Lie group and ¢ of a compact subgroup.

Also, (&7, %) will be a fixed semi-finite, o-finite tracial algebra.

E.6 DEFINITION. A g-module is a real (or, by restriction, complex) vector space E with a Lie
algebra action g — End(E), i.e. a linear map into the codomain, mapping brackets in g to the
natural bracket in End(E).
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Equivalently, E is a module over the universal enveloping algebra A(g) of g. If E is a
complex vector space, then this is also equivalent to being an Ac(g)-module where Ac(g) is the
complezification of the universal enveloping algebra.

We say that E is a g-o/ -module if E (s a complez vector space and) also carries a commuting
action of <.

A morphism ¢: E — F of g-o/-modules is a (complez-)linear map such that o(X.e.T) =
X.p(e).T forall X € g,e€c E,T € & .

E.7 DEFINITION. An injective morphism of g-of -modules is t-strengthened if it has a ¢-o7 -linear
left-inverse.

A morphism ¢: E — F is t-strengthened if both morphisms.: kero — E and ¢: E/kerp — F
are t-strengthened.

A g-o/-module E 1s t-injective if given any diagram

E

Jw 7
Y v

B<~—A~<~—0

where the bottom row 1s t-strengthened exact, there i1s a morphism w: B — E making the
diagram commute.

E.8 PROPOSITION. Let E be a g-o/-module and F a t-module. The g-</-module hom(2(g), homg(F, E))
15 t-injective, where ¢ acts by

k.a = —ak,a € A(g), respectwvely (k.n)(f)= —-n(k.f),n € homg(F, E)

and g by
(9:)(a)(f) = g.(£(a)(f)) — £(9a)(f)-
Further, considering the case F = A"(g/t) with action

k(XA AXp) =) Xi A ARXA A X,
i=1

there 1s a t-strengthened exact resolution of E
0— B —=homy(2A(g), B) —= - -+ —= homy(2A(g) ® A™(g/%), B) —~ -

where &(e)(a) = e(a)e with €: A(g) — R the trivial representation, and
n+1 ) .
(@) (a® (XA AXn1)) = D (1)@ X)) @ (X1 A AXG A A X)) +

1=1
+ Y ()@@ (X XA X A AKX A AXG A A Xpgr))
1<i<j<n+1

Proof. This is essentially proved in [48, Chapter II, Lemma 2.5-7], so we leave out the details. O

Notice that we have an obvious identification

hom,(2A(g), homs (A" (g/t), £)) ~ hom(2(g) ® (A"(a/t)) , E) (E.1)
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where on the right-hand side, ¢ acts trivially on E and on the domain by

E(a®(XiN--NXp))=a® <ZX1/\---/\[I<:,X1-]/\---/\X,L> —(ak) @ (X1 A+ NXp).
1=1

E.9 REMARK. More generally, equation (E.1) holds for any F in place of A™g/¢, and we can

then further identify this with bilinear maps A(g) x F — E satisfying the obvious condition

f((ak:)@(Xl/\---/\Xn)):if(a@(Xl/\---/\[k,Xi]/\---/\Xn)).

E.10 DEFINITION. The relative cohomology of the inclusion £ C g with coefficients in the g-<7 -
module E 1s the </ -module defined, up to isomorphism by

H™(t C g, ) :=ker (d: (B")® — (E"™")°) /im (d: (B"')* — (B")?),
for any t-ingective resolution 0 - E — E* of E.
For the the proof of uniqueness up to isomorphism, see [48, Chapter II, Section 1].

E.11 THEOREM. (VAN EsT [100},101]) Let G be a connected real Lie group and K a mazimal
compact subgroup. Let g respectively ¢ be their (real) Lie algebras.

Let E be a quasit-complete topological G-/ -module. Then for any n > 0 there is an isomor-
phism of (algebraic) </ -modules

H"(G,E)~ H"(¢C g,E*) = H*(¢ C g,(E*)(x))-

Proof. By [48, Chapter III, Proposition 1.6] and van Est’s theorem [48, Chapter III, Corollary 7.2] (See
also [48, Remark 3.5, Chapter II]) we have H*(G, E) ~ H"(g, K, E(x)) ~ H"(g, ¢, E(x)), and checking
Guichardet’s explicit formula for the van Est isomorphism (p.227 in [48]) this is an isomorphism of
right-.o/-modules. ]

E.12 THE HOCHSCHILD-SERRE SPECTRAL SEQUENCE

In this section we construct the Hochschild-Serre spectral sequence to compute the relative cohomology
for an extension of Lie algebras. There is a contruction of the spectral sequence in the "absolute"
case in [48], that is, the case where ¢ = {0}. There is another construction in [14, Section I1.6], in a
slightly different setting than what we are after here. For convenience we will give a more streamlined
construction in the setup we need.

As in the previous section, .« is a fixed semi-finite, o-finite, tracial von Neumann algebra, ¢ C g
an inclusion of real Lie algebras with ¢ reductive in g. We study extensions, so fix also an ideal f in
g and denote [:=hN¢. Then [is an ideal in ¢.

Denote the quotients g' := g/h and ¢ = ¢/I. For reference we state the following easy facts:

E.13 LEMMA. With the setup above:
(i) ¢ is a direct sum of Lie algebras t =1 ¥,

(1) | is reductive in b and € s reductive in g'.
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(1) Every 2(h)-invariant subspace of g has an 2(h)-invariant complement.

Given a g-o/-module E, this gives rise to two new modules:
e The h-o/-module obtained by restricting the g-action,
e and the g’-o/-module E".
The next two lemmas show that both constructions preserve relative injectivity.

E.14 LEMMA. Let E be a g-o/-module and F' a -module. Then the module hom(2(g), homg(F, E))
as i Proposition |E.8 s [-injective as an h-module.

Proof. The idea is to write hom,(2((g), homg(F, E')) ~ hom(A(h), homg(F', E)), as h-</-modules, for
some [-module F’, and then appeal to the first part of Proposition [E.8|

First, since ¢ is an ideal in ¢, we have an identity of ¢-modules g =hd V & ¢ with V C g some
t-invariant subspace, by the previous lemma.

Choose a linear basis {X;}?; of g such that X; € hfor 1 <121 <ny, X; € Vforn; +1 <1 < ny,
and X; € ¥ forn, +1<1<n.

Then the Poincaré-Birkhoff-Witt Theorem implies directly that 2(g) ~ 4(h) ® U ® A*(¢¥') where
in general we denote by 2*(—) the kernel of the augmentation map (trivial representation). Here U
is the span of simple tensors of X;’s with n; +1 <1 < n,.

Since V @ ¥ is stable under the adjoint representation of ¢, it follows that U’ := U @ 2(¥) is a
module under right-multiplication by 2A(¢').

Then, inspired by [14, Eq. (2), p. 35] we want to show that

hom,(A(g), homg(F, E)) ~ hom(A(h), homg (U’ Q) F, E)).

Here [ acts on U’ ®q ) F by

k'(Xi1®"'®Xis®f): (iXil®"'®[kaXij]®"'®Xis> ®f+(Xi1®"'®Xis)®(k'f)'
=1

This makes sense since [[, #] = 0, i.e. the enveloping algebras commute.
The exact same formula defines also an action on U ® F', and we have an obvious isomorphism of
[-modules

homg (U’ @y F, E) ~ homp(U @ F, E).

Then the desired isomorphism is simply a matter of using the identification as in remark and
checking that the obvious conditions on multilinear maps A(g) x F' — E versus A(h) x U x F — E
coincide. [

E.15 LEMMA. If E is a t-injective g-</ -module, then the g'-o/-module EY is ¥ -injective.
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Proof. This is straight-forward: suppose we have a diagram of g'-.<7-modules

EY

with the bottom row #'-strengthened exact, and denote by s: B — A a t-/-linear left-inverse of u.
We may consider A, B, E is g-</-modules via. the quotient homomorphism g — g¢', and then the
maps u,v are g-linear and s is ¢-linear.
Hence by hypothesis, since BV is a g-submodule of E, there is a g-«/-morphism w: B — E such
that w o u = v. Further, for any Y € h,b € B we have

Yw(b) = w(Y.b) = w(0) =0,
so in fact w(B) C E", which completes the proof. ]

Next we need to define a g'-action on the cohomology H™(I C b, E') when F is a g-</-module. We
have two natural ways to construct such an action, arising from two different injective resolutions of
E:

(i) First note that the h-action on hom(A(h) ® A™(h/l), E) extends directly to a g-action, since b
is an ideal, whence we have an induced action of g’ on the h-fixpoints.

(ii) Similarly we have the natural g action on the [-injective h-module hom,(2(g) ® A"(g/¢), E),
extending the h-action whence inducing a g'-action on the fixpoints.

E.16 LEMMA. The actions of ¢ on H*(I C b, E) induced by (i) and (i1) above coincide.

Proof. We have canonical g-.o/-linear embeddings
tn: hom(A(h) ® A"(h/1), E) — hom,(A(g) ® A"(g/¥), E).

One checks easily enough that these commute with the coboundary maps, and extend the identity on
E, whence it follows that they induce the identity map on H"([ C b, E), and these conjugate the two
g'-actions by the g-linearity of ¢,. O

Now we can construct the Hochschild-Serre spectral sequence as follows. First define the bi-
complex

KP4 = homy (A(g') ® A?(g/¥'), homy(2(g) ® A*(/t), B)")"
where the second hom-space is a ¢-module with trivial action.

This carries two canonical coboundary maps d’' of degree (1,0) repsectively d” of degree (0,1).
Indeed, we take d' to be the coboundary map of Proposition with hom,(A(g) ® A%(g/€), E)" in
place of E, and d" to be the pointwise application of the coboundary map on the complex hom,;(2(g)®
A*(g/t), E)".

Then we have two filtrations on the cohomology of the total complex K* with K" := @, -, K",
carrying the coboundary map d := d’ + d” - one by restricting the p index and one by restricting the
g index, which gives rise to two spectral sequences to compute H”(K*). To describe these, denote
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HP4(d') :=ker(d': KP? — K1) /im(d': KP 19 — KP9), (E.2)
and similarly H?4(d").

(i) The coboundary d" induces a coboundary map to form for any p a complex
m) - 0—— HPY(d') —— HPY(d) ——---
and there is a spectral sequence 'E5? = HY(M(P)) abutting to HPHI(K*).
(ii) The coboundary d' induced a coboundary to form for any ¢ the complex
M) - 0—— H%*(d")—— HY"(d") ——---
and there is a spectral sequence "E5? = HP(N() abutting to HPTI(K*).

Using these two spectral sequences, we are ready to show the following.

E.17 THEOREM. HOCHSCHILD-SERRE Let g be a Lie algebra, b an ideal in g, and t a subalgebra
of g which s reductive in g. Let E be a g-o/-module.

Then with notation as in the beginning of this section (see also Lemma , there 1s a
spectral sequence E5? = HP(¢ C ¢/, HI(I C b, E)) abutting to HP (¢ C g, F).

Proof. We have already seen above that there is a spectral sequence ”E abutting to the total coho-
mology of the double complex K??. The proof then consists of two parts: first we show that the total
cohomology coincides with the relative cohomology H™(¢ C g, E); second that the spectral sequence
"E in part (ii) has Fa-term is claimed in the statement.

First we observe that

H™9(d') = H?(¢' C g, homs(2U(g) ® A%(g/¥), E)").

By Lemma [E.15], the coefficient module is ¥'-injective whence this vanishes when p > 0. When p = 0,
we get

H5(d') = (home(2(g) ® A%(s/t), E)")" = hom(2A(g) ® A%(g/t), E)°.

Hence it follows that the spetral sequence 'E has 'Es? = H4(¢ C g, E) and 'E5? = 0, for all p > 0.
Thus it collapses at 'E, and since it abuts to the total cohomology we have shown that H,(K**) =
H*"(¢Cg,F).
Next, to show that the spectral sequence “F in part (ii) above has F,-term as stated, we need to
show that
HP(d") ~ homy (A(g") ® AP(g'/¥), H(I C b, E)).

Recall that the coboundary d” acts by the usual coboundary applied pointwise in the complex
homy (2(g') ® A7(g'/¥), home(2(g) ® A (g/t), E)")°

and that the coefficient complex itself, £* : hom,(A(g) ® A*(g/t), E)" computes the cohomology

H*(1C h,E) by Lemma [E.14] and does so consistently with the canonical g’ action on the latter by

Lemma [E.16l
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It is of course clear that if ¢ € kerd” N KP9 then ¢(a ® X; ® - ® X,) € ker(de : £9 — £9+1) for
alla € A(g'), X1,..., X, € ¢'/¥.

We need to show then, that if ¢ is a coboundary pointwise, then it is globally a coboundary. That
is, we need to lift a choice of linear section of d¢ to a global, g'-equivariant section of d"; fix such
a section s and note that we can and will choose a ¢-linear section, since the relevant complex is
t'-strengthened. We indicate a lifting to finish the proof:

Let {Y;}; be a linear basis of ¥ and extend this to a linear basis {Y;}*, of ¢’. For every (finite)
multi-index A = (A;)i=1,..; with mq > A; > --- > A; > 1 (the A; not necessarily distinct), we put

€y — Y>\1 K- Y>\1 c Q[(E/) g Q[(gl)
Then we define idempotent maps my: 2(g') — A(g’) for m > 1, > m; +1 by
0 ,if N #A
Y, ---®Y;, ,if =X~
Observe that every m, is right-2((¢')-linear by the Poincaré-Birkhoff-Witt Theorem, and that

7T.>\(IY’;J®‘..®Y£1®6>\I):

a= ;m(a) ®Rey, ac€Ag).

(For the lawyers: ep := 1 and 7y is the augmentation map.)
Then the section we’re looking for is given by

(5¢)(a®@X1®---®X,) => m(a)slex® X1 ® - Xp).

E.18 THE MIXED CASE

Theorem [E.17] allows us in particular to apply the Hochschild-Serre spectral sequence to inclusions
of connected Lie groups H < G. However, in many cases we also want to consider inclusions where
H is not necessarily connected; a particular inclusion of interest is Z(G) < G when the center is
infinite discrete. But in this case, the cohomology space H'(Z(G), L?G) is non-Hausdorff, so the
Hochschild-Serre spectral sequence for groups does not apply directly.

To get around this we work out a version of Theorem [E.17| which is directly applicable. Let G be a
connected Lie group, E a quasi-complete topological G-.<7-module, and H a discrete, normal subgroup
of G. Denote G' := G/H, again a connected Lie group, and let g’ be its Lie algebra and ¢ the Lie
subalgebra of a maximal compact subgroup. Let E be a quasi-complete topological G-.<7-module.

Since C*°(G™, E(>)) is an injective topological H-./-module for each n (similarly to [48, Chapter
III, Lemma 4.2], noting that there is a locally smooth section of the quotient map), the continuous
cohomology H™(H, E(*4)) is the cohomology of the complex

(2*)H . 0 COO(G,E(OO’G))H 8° COO(GZ, E'(oo,G))@i1 -

The spaces £" are smooth for the G-action (See [48, Section D.4.2]) whence (£")¥ is smooth for
the induced G’-action (again this follows since the quotient map G — G’ is a local diffeomorphism).
Hence this has the structure of a g’-module, and the coboundary maps commute with this whence we
get a g'-module structure on H™(H, E(°%). In this setup we can now show:
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E.19 THEOREM. Keep notations as above. There is a spectral sequence (of o/ -modules, i.e. in
¢\9)) gpe — Hr(¢ C o, HI(H, E(9))) abutting to H*(¢ C g, B(=).

Proof. Write again the double complex of .o7-modules.
K?? = homy(U(g") ® A*(g'/¥), (£9)7)".

The coboundary maps here are d' : K*9 — K**14 given for each fixed g by the coboundary maps in
Proposition with (£9)# in place of E. The vertical coboundary maps d”: KP* — KP*'! given by
pointwise application of the coboundary maps 6*.

Then we have two spectral sequences of .«7-modules, both abutting to the total cohomology of
K**. As usual we analyze the E,-terms. First, we have a complex

"

m®) - ...HHP(K*:q,d’)#H?(K*,er,d/)*)...
and the F,-term is the first spectral sequence is 'E5? = Hq(sm@)). But clearly, by the van Est theorem

(P, = HP(¥' C ¢, (£)%) = H(G', (£9)).

Since (£9)7 is an injective G’-module, this vanishes except for p = 0 where (9(%), ~ (£9)¢" ~
C>®(G!, E(°C)G . The coboundary maps d” induce the 6* on (%) whence

'Ep — 0 >0
Hi(t C g, B>9) ;p=0

Thus the total cohomology coincides with H*(¢ C g, E(”’G)). For the second spectral sequence we
have complexes

N - e *;i'Hq(Kp,*’ d") _4 HI(KPix, d//ji'*) e
and "EY? = HP(M@). As in the proof of Theorem we need to show that

(N'9), = homy (A(g") ® AP(¢'/¥'), H(H, B))"".

In fact, this is shown just as in that proof, once we note that the in complex (£*)¥, we can lift
an element in im 8?7 K'-invariantly to an element in (£7)¥ element, whence ditto -invariantly (where
K’ is a maximal compact subgroup). In fact this is not a priori true, but we note that any element
in KP4 takes its values in ((£7)7)x), the space of K'-finite vectors. Thus, since linear maps are
automatically continuous on finite-dimensional spaces we can choose a linear section s, of 89|((ge)x)
and replace it with [y k'.s,(k" ).

This finishes the proof. [

(K"

E.20 REMARK. Note that in fact Theorem follows by (an extension of) the previous
theorem (to general closed subgroups H ), by the van Est theorem.
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