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Structure of the dissertation

The dissertation consists of three articles and an introduction. The articles
are, in principle, the essential part of the dissertation, and the purpose of the
introduction is to give an overview of the articles. Nevertheless, readers should
be able to get a fairly good understanding of the content of the articles just by
reading the introduction and using the articles only to look up proofs or additional
information. The notation used in the introduction often differs from the notation
used in the articles.

The three articles are:

1. Esben Bistrup Halvorsen, Diagonalizing the Frobenius, submitted.
II. Anders J. Frankild and Esben Bistrup Halvorsen, Dualities and intersec-
tion multiplicities, manuscript.
ITI. Hans-Bjgrn Foxby and Esben Bistrup Halvorsen, Grothendieck groups
for categories of complexes, submitted.

Page numbering is continuous throughout the entire dissertation but all four
parts of the dissertation (the introduction and the three articles) have their own
independent numbering of theorems, definitions etc. and of the references listed at
the end of each part.

The order of the articles does not reflect the order in which they were produced
or submitted, and it will probably not reflect the order in which they are pub-
lished. Each article may change significantly before final publication; in particular,
Article IT may change dramatically even before being submitted.






Introduction

1. Overview

This introduction gives an overview of Articles I-III. The main focus is on
Grothendieck spaces, which are introduced in Article I and further developed in
Article II. The construction of Grothendieck spaces is quite similar to that of
Grothendieck groups but targeted primarily at the study of intersection multi-
plicities. In this introduction, Grothendieck spaces are constructed from derived
categories of complexes as done in Article IT rather than from usual categories of
complexes as done in Article I. The two constructions reveal the same space, so
the reader should not worry about this.

Section 3 gives a classical introduction to Serre’s intersection multiplicity, the
Euler form and three variants of Dutta multiplicity. Sections 4-6 then present a set-
up with derived categories before Sections 7-12 finally discuss Grothendieck spaces
and their properties. The behavior of elements of Grothendieck spaces resembles
that of local Chern characters, and Section 13 includes a comparison. Finally,
Section 14 gives a few examples.

Article IIT focuses on Grothendieck groups of categories of complexes, the nat-
ural generalization of Grothendieck groups of categories of modules. Section 15
presents some of the results of Article IIT and discusses a consequence for Grothen-
dieck spaces.

The construction of Grothendieck groups as well as of Grothendieck spaces
is presented without paying much attention to set theoretical problems such as
whether it is possible to represent the isomorphism classes in a category by a set.
For a discussion of such problems, see Magurn [9, Section 3A].

2. Notation

Throughout this introduction, R denotes a fixed commutative ring. Unless
otherwise stated, all ideals, modules and complexes are assumed to be ideals of R,
R-modules and R-complexes, respectively. Modules are considered to be complexes
concentrated in degree zero.

The spectrum of R, denoted Spec R, is the set of prime ideals of R. It is
equipped with the Zariski topology, in which the closed subsets are the subsets of
the form

V(I)={p €SpecR|p 21}
for ideals I of R. A subset X of Spec R is specialization-closed if it has the property
peX = V(p) X
for prime ideals p. A closed subset is, in particular, specialization-closed.

1



2 ESBEN BISTRUP HALVORSEN

The support of a complex X is the set
Supp X = {p € Spec R | H(X,) # 0}.

A finite complex is a complex with bounded homology and finitely generated ho-
mology modules; the support of such a complex is a closed subset of Spec R.

For a specialization-closed subset X of Spec R, the dimension of X, denoted
dim X, is the usual Krull dimension of X. When dim R is finite, the co-dimension
of X, denoted codim X, is the number dim R — dimX. For a finitely generated
module M, the dimension and co-dimension of M, denoted dim M and codim M,
are the dimension and co-dimension of the support of M.

3. Intersection multiplicities

Assumption. Throughout this section, R is assumed to be Noetherian and local.

Let M and N be finitely generated modules with length(M ®gr N) < oo, and
assume that either pd M < oo or pd N < oco. The intersection multiplicity defined
by Serre [17] of M and N is given by

X(M,N) = "(~1)"length Tor/ (M, N).
The intersection conjectures, also proposed by Serre, state that
(i) dim M +dim N < dim R;
(i) x(M,N) =0 whenever dim M + dim N < dim R; and
(#5) x(M,N) > 0 whenever dim M + dim N = dim R.

Conjecture (ii) is known as the vanishing conjecture, and conjecture (#47) is known as
the positivity conjecture. In Serre’s original formulation, R is assumed to be regular,
and under this assumption, only the positivity conjecture remains open, and only
in the case where R is ramified and of mixed characteristic. In the general setting
presented above, however, neither the vanishing nor the positivity conjecture holds.
This was first realized by Dutta, Hochster and McLaughlin [4], who presented a
complete intersection ring of dimension 3 together with finitely generated modules
M and N with dimM = 0, dimN = 2, pdM = 3 and x(M,N) = —1. On
the positive side, however, Foxby [5] proved that all three conjectures hold if the
module that is not necessarily of finite projective dimension has dimension less than
or equal to one.

A common weakening of the general intersection conjectures is to require both
modules to have finite projective dimension. We shall denote the conjectures under
this assumption the weak intersection conjectures; in particular, we shall refer to
the weak vanishing conjecture. The weak intersection conjectures are still open.
Roberts [14] and, independently, Gillet and Soulé [6] proved that the weak vanish-
ing conjecture holds when R is a complete intersection ring, and Dutta [3] proved
that it holds when R is a Gorenstein ring of dimension less than or equal to 5.

Assuming instead that either pd M < oo or id N < oo, a natural analog of
Serre’s intersection multiplicity is the Fuler form, introduced originally by Mori
and Smith [12] and given by

§(M,N) = (~1)'length Ext (M, N).

i



INTRODUCTION 3

Chan [1] suggested that the vanishing conjecture is connected with the general
validity of the formula

X(M,N) = (=1)°4mMe(M, N);
she proved, among other things, that the formula holds when R is a complete
intersection, dim M 4+ dim NV < dim R and both M and N have finite projective
dimension. Shortly after, Mori [11] proved other interesting connections between

the above formula and the vanishing conjecture. Proposition 10 of Section 11
contributes to this discussion in the setting of complexes rather than modules.

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

The Frobenius endomorphism f: R — R is given by f(z) = zP. We denote
/R the R-algebra which, as a ring, is R and which, as an R-module, has structure
through f: that is, FR has R-module structure given by

r-z=1rPz forre Randz€e’R.

Note that R under the current assumptions is a finitely generated R-module (see
Roberts [15, Section 7.3]). The Frobenius endofunctor on the category of finitely
generated modules is defined for a finitely generated module M by

F(M)=M @r’R,

where the tensor product is a finitely generated module with R-structure obtained
from the ring fR = R: that is, with R-structure given by

r-(m®x)=mQerzx
for r € R, m € M and = € fR. Note that here we also have
(rm)@rx=m®(r-z) =merlz.

Peskine and Szpiro [13, Théoréme (1.7)] have proven that, if M has projective
resolution X, then F(M) has projective resolution F(X); in particular if M has
finite projective dimension, then so does F'(M).

Herzog [7] defined an analog of the Frobenius endofunctor. It is also an end-
ofunctor on the category of finitely generated modules and is given for a finitely
generated module N by

G(N) = Homg ('R, N),
which is a finitely generated module with R-structure obtained from the ring 'R =
R: that is, with R-structure given by

(r-¢)(x) = p(rz)
forr € R, z € 'R and ¢ € Homg(/R, N). Note that here we also have

rop(x) = @(r-z) = p(r'z).

Herzog [7, Satz 5.2] proved that, if Y is an injective resolution of N, then G(Y) is
an injective resolution of G(N); in particular, if N has finite injective dimension,
then so does G(IN). We refer to the functor G as the analogous Frobenius functor.
For a non-negative integer e, the e-fold composition of F' and G is denoted F¢ and
G, respectively.

Dutta [2] introduced another intersection multiplicity that is now referred to
as Dutta multiplicity. Let M and N be finitely generated modules such that
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length M ®r N < oo and dim M + dim < dim R. The Dutta multiplicity of M
and N is defined by

Xoo(M, N) = lim ———x(F°(M), N) whenever pd M < oc.

€e—00 p

This intersection multiplicity does, in fact, satisfy the vanishing conjecture, and
Dutta showed that the general validity of the formula

X(M,N) = Xoo(M, N)

is equivalent to the vanishing conjecture for the usual intersection multiplicity.
Article II defines two natural analogs of the Dutta multiplicity using the Euler
form instead of Serre’s intersection multiplicity. We let

{o(M,N) = lim ———=—=¢(M,G°(N)) whenever id N < oo; and
@—>Oop
1
(M, N) = lim ————2¢(F°(M),N) whenever pd M < co.

e— 00 p

As Section 6 shows, the two analogs of Dutta multiplicity can be expressed in terms
of the original Dutta multiplicity.

4. Derived categories

Derived categories form a natural language to describe intersection multiplici-
ties. This section and the following two sections explain how without delving too
much into the theory of derived categories; see Weibel [18] for more details on this
subject.

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m.

The derived category D(R) is obtained from the category of R-complexes by
first equating homotopy-equivalent morphisms of complexes and then inverting
quasi-isomorphisms by formally adjoining inverses (see Weibel [18, Chapter 10]).
The objects of D(R) continue to be the usual R-complexes. We use the symbol ~
to denote isomorphisms in D(R) and the symbol ~ to denote isomorphisms up to
a shift.

For a specialization-closed subset X of Spec R, we define the following full
subcategories of D(R).

D5 (X) = the full subcategory of D(R) comprising the finite complexes with
support contained in X.
Pf(X) = the full subcategory of D(X) comprising the complexes that are
isomorphic to a bounded complex of projective modules.
I!(X) = the full subcategory of Dfj(X) comprising the complexes that are

isomorphic to a bounded complex of injective modules.

When X = Spec R, we simply write D5j(R), P!(R) and I'(R), and when X = {m},
we write D (m), Pf(m) and If(m). The objects in D5 (R) are precisely the finite
complexes.

The left-derived tensor product — ®Ié — and the right-derived homomorphism
functor RHompg(—, —) are compositions on D(R) such that, when X and ) are
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specialization-closed subsets of Spec R and X € D (X) and Y € D5(9) are com-
plexes, then

if X € P'(%) or Y € PY(D);

if X e P(%) and Y € P(Q);
if X € P'(%) and Y € 11(D);
Xebkyell(xng) if X €lf(X) and Y € P(D);

X kv edhENY)
)
)
)
RHompz(X,Y) € D5(XNY) if X € PI(X) or Y € 17(D);
)
)
)

(
XekyePi(xny
Xekyell(xny

(

RHompz(X,Y) € f(XN9Q) if X € PH(X) and YV € I'(D);
RHompz(X,Y) € P{(XNY) if X € P{(X) and Y € P(9); and
RHomp(X,Y) € P'(XNQY) if X € I'(X) and Y € IN(D).

A dualizing complez for R is a complex D € I'(R) such that the homothety
R — RHompg(D, D)

is an isomorphism. If D and D’ are dualizing complexes, then D ~ D’. A complex
D € D5(R) is dualizing if and only if & ~ RHompg(k, D), and we say that D is
normalized if k ~ RHompg(k, D). A normalized dualizing complex is unique up to
isomorphism; in fact, such a complex is isomorphic to a complex in the form

0 — Dagimpr — -+ — D1 — Do — 0,

where, for each 1,

Di= @ E(R/p),

peSpec R

dim R/p=i
in which E(R/p) is the injective envelope of R/p.

If R is Cohen—Macaulay and D is a normalized dualizing complex, then H(D)

is concentrated in degree dim R and Hgip, g(D) is the canonical module of R. If R
is Gorenstein, Pf(R) = I!(R) and 4™ FR is a normalized dualizing complex. A
ring admits a dualizing complex if it is a homomorphic image of a Gorenstein local
ring; in particular, any complete local ring admits a dualizing complex.

5. Dagger, star, Foxby and Frobenius functors

Assumption. Throughout this section, R is assumed to be Noetherian and local.
Further, it is assumed that R admits a normalized dualizing complex D.
Let X be a specialization-closed subset of Spec R. The dagger duality functor
is the contravariant functor
(_)T = RHOIDR(—, D)a

which gives a duality on DfD(%) in the sense that, for all complexes X € DfD(%)7
there is a natural isomorphism

X = RHomg(RHomg(X, D), D) < X.

According to (1), since D € If(R), dagger duality restricts to a duality between
P(X) and If(X).
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The Foxby equivalence functors are the covariant functors
D®% — and RHomp(D,—).

These give an equivalence between Pf(X) and I*(X) in the sense that, for complexes
X € PY(X) and Y € I}(X), there are natural isomorphisms

RHomp(D,D @% X) < X and D ®%RHomg(D,Y) =Y.
The star duality functor is the contravariant functor
(=)* = RHompg(—, R),

which gives a duality on Pf(X) in the sense that, for all complexes X € P!(X), there
is a natural isomorphism

X** = RHomg(RHompg(X, R), R) «— X.

The star duality functor can also be described as the composition of a dagger and
a Foxby functor. In fact, there are the following isomorphisms of contravariant
endofunctors on Pf(X).

(=)* ~ (D ®% —)T ~ RHompg(D, - ).

A natural dual of this picture is to start in the category I'(X) and then compose a
dagger and a Foxby functor. And indeed, this is the same as conjugating the star
functor with either the dagger functors or with the Foxby functors, so that there
are the following isomorphisms of contravariant endofunctors on If(X).

(=) ~ D ®% (RHomg(D, —)*) ~ D ®% (-1) ~ RHomg(D, —)'.

We also refer to this as a star duality functor and we denote it (—)*. With these
terms, the dagger, Foxby and star functors on P!(X) and I'(X) always commute
pairwise, and the composition of two of these three kinds of functors always yields
the third kind of functor: for example, the star and dagger functors commute, and
their composition is a Foxby functor, since

()T~ ()" ~De%k - and ()~ (-)™ ~RHomg(D, ).

Here, the first pair of isomorphisms are isomorphisms of covariant functors Pf(X) —
If(%X), and the second pair of isomorphisms are isomorphisms of covariant functors
If(%) — PH(X).
If R is Gorenstein, Pf(X) = If(X) and D ~ Y3™ R R and hence the Foxby func-
tors are just shifts of +dim R degrees, whereas (—) = Ldimf(_)* = gdimE(_jx
All the functors described above fit into the following diagram.

Df(X) Df(%)

- (CP() = @) ) er
\__T/

RHompg(D,—)

Here, the corresponding straight horizontal arrows are mutually inverse and form
a duality of categories; the curly horizontal arrows are mutually inverse and form
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an equivalence of categories; the circular arrows are self-inverse and form dualities
of categories; and the vertical arrows are full embeddings of categories.

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

Denote by LF and RG the left- and right-derived functors of F' and G, respec-
tively. We can think of these functors as

LF(—)=— ®I§fR and RG(-)= RHomR('fR, -),

where we require the derivation to take place in the blank variable, so that the
resulting R-structure can be obtained from the ring /R = R. For any specialization-
closed subset X of Spec R, the functors LF and RG are covariant endofunctors on
Pf(X) and If(X), respectively. For a non-negative integer e, the e-fold compositions
of LF and RG are denoted LF¢ and RG¢, respectively; these are the same as the
left- and right-derived functors of F¢ and G¢.

The endofunctor LF on Pf(X) and its analog RG on If(X) commute with the
dagger, star and Foxby functors in the sense that the following isomorphisms of
functors exist (see Article I, Lemma 2.11).

LF(-*)~LF(-)% RG(—) ~RG(—)%;

RG(-) ~ LF(—)1; RG(D @% —) ~ Do%Y LF(-); (3)

LF(-") ~RG(-)"; and LF(RHompg(D,—)) ~ RHomg(D,RG(-)).
Here, the isomorphisms in the first row are isomorphisms of contravariant endo-
functors on P!(X) and If(X), respectively; the isomorphisms in the second row are
isomorphisms of contravariant and covariant functors Pf(X) — 15(X), respectively;
and the isomorphisms in the third row are isomorphisms of contravariant and co-

variant functors I'(X) — Pf(X), respectively. When R is Gorenstein, the formulas
show that LF' = RG.

6. Intersection multiplicities in derived categories

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m. Further, it is assumed that R admits a dualizing complex.

The Euler characteristic of a complex Z € DE (m) is the integer

X(Z) = (1) length H;(Z).

i

Let X and Y be complexes in Dfj(R) and assume that Supp X N SuppY = {m}.
The intersection multiplicity of X and Y is defined by

X(X,Y) = x(X @%Y) whenever X € P'(R) or Y € P!(R),
and the Euler form of X and Y is defined by

£(X,Y) = x(RHomg(X,Y)) whenever X € P'(R) or Y € I'(R).
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The following identities hold (see Mori [11, Lemma 4.3(1)—(2)]).
X(X,Y) =&(X,YT) whenever X € P'(R) or Y € P'(R);
X(X*Y) =x(X,YT) whenever X € P'(R); and (4)
§(X,Y*) =¢(XT,Y) whenever Y € If(R).

In the special case where X and Y are modules, the intersection multiplicity and
FEuler form defined here are the same as the ones defined in Section 3.

We generalize Serre’s vanishing conjecture to the setting of complexes by saying
that R satisfies vanishing if, in the case where X € Pf(R) or Y € PY(R),

X(X,Y)=0 whenever dim(Supp X) + dim(SuppY) < dim R.

Likewise, we say that R satisfies weak vanishing if the above holds under the re-
striction that both X € Pf(R) and Y € P!(R).

According to the first formula in (4) and since the dagger duality functor does
not change the support of a complex, R satisfies vanishing if and only if, in the case
where X € PY(R) or Y € I{(R),

&(X,Y) =0 whenever dim(Supp X) + dim(SuppY) < dim R,

and R satisfies weak vanishing if and only if this holds under the restriction that
both X € PY(R) and Y € I'(R).

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

The Dutta multiplicity and its two analogs from Section 3 can also be general-
ized. Let X and Y be complexes in DE (R), and assume that Supp XNSupp Y = {m}
and dim(Supp X ) + dim(Supp V') < dim R. We define generalizations of the Dutta
multiplicity and its analogs by setting

Xoo(X,Y) = lim

WX(LFG(X), Y) whenever X € PY(R);

£oo(X,Y) = lim

Jn ety &(X,RG(Y)) whenever Y € I'(R); and

£€°(X,Y) = lim

e—00 pe COdim%é.(LFe (X)’ Y) whenever X € Pf(R)

The formulas in (3) and (4) show that
§OO(X7 Y) = XOO(YT, X) and goo(Xv Y) = XOO(X*v Y),

whenever defined. Corollary 5 of Section 10 presents some interesting formulas to
calculate these multiplicities.

7. Grothendieck spaces

This section introduces Grothendieck spaces as topological Q-vector spaces
modelled on the derived categories Pf(X), I'(X) and D5 (X). This is the con-
struction carried out in Article II. The construction in Article I is modelled on
non-derived categories, but the resulting spaces are the same. The spaces denoted
GP(X) and GC(X) in Article I are denoted GPf(X) and GDL(X), respectively, in
this introduction.
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Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m.

For any given specialization-closed subset X of Spec R, a new specialization-
closed subset is defined by

X*={peSpecR|XNV(p) ={m} and dimV(p) < codim X}.

This set is maximal under inclusion among specialization-closed subsets of Spec R
with respect to the properties

XNx°={m} and dimX+ dimX° < dimR.
In fact, when X is closed,
dim X + dim X° = dim R.

Note also that X C X¢. (In fact, we always have X¢ = X°€, so the association
X — X°° is actually a closure operator on Spec R.)

If X is a complex in Pf(R) with support equal to X, then X¢ is the maximum
allowed support for a complex Y in Df;(R) in the definition of the Dutta multiplicity
Xoo(X,Y). When dealing with the vanishing conjecture, it suffices to consider
complexes X and Y with supports X and %), respectively, such that Y C X° or,
equivalently, X C 2)¢. Note that Serre’s conjecture (i) from Section 3 states that
these inclusions always hold in the special case where X and Y are modules.

Let X be a specialization-closed subset of Spec R. The Grothendieck space
of Pf(X) is the Q-vector space GPf(X) presented by elements [X], one for each
isomorphism class of a complex X in Pf(X), and relations

[X]=[X'] whenever x(X,—) = x(X’, )

as metafunctions (that is, “functions” from a category to a set) D5 (X¢) — Q.
Likewise, the Grothendieck space of I1(X) is the Q-vector space GIf(X) presented by
elements [Y], one for each isomorphism class of a complex Y in I*(X), and relations

[Y]=[Y'] whenever £(—,Y) =¢&(—,Y)

as metafunctions D5 (X¢) — Q. Finally, the Grothendieck space of D5(X) is the
Q-vector space GDI(X) presented by elements [Z], one for each isomorphism class
of a complex Z in D (X), and relations

[Z] =1Z'] whenever x(—,Z) = x(—,Z")

as metafunctions Pf(%C) — Q; when R admits a dualizing complex, the identities
in (4) from Section 6 show that these relations are equivalent to the relations

[Z] =1Z'] whenever £(Z,—) =€&(Z',—)

as metafunctions If(X¢) — Q.

Since the intersection multiplicity and the Euler form in either variable are
additive on short exact sequences and zero on exact complexes, the Grothendieck
spaces GP'(X), GI(X) and GDF(X) are tensor products of Q and a homomorphic
image of the Grothendieck groups of certain non-derived versions of P!(X), If(X)
and DE (X). This means, for instance, that GPf(X) is the tensor product of Q and a
homomorphic image of Ky (C(X)), where Ko(C(X)) is the Grothendieck group of the
(non-derived) category C(X) of bounded complexes supported at X and consisting
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of finitely generated projective modules. Section 15 discusses Grothendieck groups
of categories of complexes.

We usually use lowercase Greek letters «, [, v etc. to denote elements of
Grothendieck spaces. An element of a Grothendieck space can always be writ-
ten in the form r[X] for a rational number r and a complex X in the corresponding
category (see Article II, Proposition 4.3).

The Grothendieck spaces are equipped with the initial topology of the Q-linear
maps induced by the metafunctions that define the relations in the presentation of
the space: the topology on GPf(X), for instance, is the coarsest topology such that,
for each Y € DE(X¢), the induced Q-linear map

X(—Y): GP'(X) = Q given by x([X],Y)=x(X,Y)

for X € P!(X) is continuous. (The fact that the map is well defined follows from
the definition of the Grothendieck space.) In this way, GP!(X) becomes a topo-
logical Q-vector space, and the same is true for GI*(X) and GDE(X). We always
think of Grothendieck spaces as topological Q-vector spaces, so that such words
as “homomorphism” and “isomorphism” denote maps that preserve topological as
well as Q-vector space structure. Thus, for example, a homomorphism from one
Grothendieck space to another is a continuous, Q-linear map, and an isomorphism
between two Grothendieck spaces is a Q-linear homeomorphism.

The Grothendieck spaces have been constructed as topological Q-vector spaces
through which the intersection multiplicity and the Euler form, respectively, factor
as homomorphisms of topological Q-vector spaces. For example, the Grothendieck
space GP!(X) is a topological Q-vector space with the property that the metafunc-
tion

X(=Y): PI(X) - Q
for all Y € D5(X°) factors through GP'(X) as a topological Q-vector space homo-
morphism, which we, by abuse of notation, denote likewise:
x(=Y)

Pi(X) ' Q

k\%

GPf(%)

In fact, by definition, GPf(X) is the Q-vector space with the universal property
that there is a metafunction Pf(X) — GP!(X) that identifies complexes X and
X' whenever the intersection multiplicities x(X, —) and x(X’, —) are identical as
metafunctions D5 (X¢) — Q. Similar remarks hold for the Grothendieck spaces
GIf(X) and GDE(X).

If R is Gorenstein, Pf(X) = If(X), and hence, a priori, two different Grothen-
dieck spaces are associated with the same category. However, in this situation
(=) =xdmB(_)* 50 for all X € P{(X) = 1f(X) and all Y € D5(X°), the formulas
in (4) yield that

X(XY) = x(X* YT = x (YT, X7) = ¢(vT, X*T) = (1) (v, X)),

and hence the metafunctions defining the Grothendieck spaces GPf(X) and GIf(X)
are the same, which implies that the spaces are identical. If R is regular then, in
addition, Pf(X) = D5 (X), but in this case D5(X®) = Pf(X), which clearly implies
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that the metafunctions defining the Grothendieck spaces GP!(X) and GD(X) are
the same.

8. Induced maps of Grothendieck spaces

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m. Further, it is assumed that R admits a normalized dualizing
complex D.

The Euler characteristic x: DfD(m) — @ induces an isomorphism (that is, a
Q-linear homeomorphism)

x: GDh(m) — Q given by x([Z]) = x(2),

for Z € DEj(m); see Article I, Proposition 2(vi), for more details.
Let X and 9 be specialization-closed subsets of Spec R with X N9 = {m}
and dim X 4+ dim %) < dim R. The derived tensor product — ®% — and the derived

homomorphism functor RHompg(—, —) induce a collection of Grothendieck space
bi-homomorphisms (maps that are continuous and Q-linear in each variable)
GP'(X) x GDG(Y) — GDG(m); GP'(X) x GDG(Y) — GDG(m);
GDL(X) x GP'(Y) — GD(m); GDL(X) x GI(Y) — GDh (m);
GP!(X) x GP*(9) — GP'(m); GP!(X) x GI'(Y) — GI'(m);
GP!(X) x GI'(®) — GI'(m); GP(X) x GP*(9) — GP'(m);

GIf(%) x GPY(Y) — GlIf(m); and GIf(%) x GIF(Y) — GPf(m).

The bi-homomorphisms in the first column are induced by the derived tensor prod-
uct; they are all denoted — ® — and given by

(X, 1Y) — [X] @[] € [X 0k Y]

for complexes X and Y in the appropriate categories. The bi-homomorphisms in
the second column are induced by the derived homomorphism functor; they are all
denoted Hom(—, —) and given by

def
((X], [Y]) = Hom([X], [Y]) = [RHompg(X,Y)]
for complexes X and Y in the appropriate categories. See Article II, Proposition 4.7
for further details.
Let X C X’ be specialization-closed subsets of Spec R and consider the inclusion
functors pictured in the diagram below.

Pf(X) DE(%) If(x)

PH(X) DL (X) I1(x")

These functors induce natural Grothendieck space homomorphisms, all given by
[X] — [X], where X is a complex in the appropriate (domain) category and the
first [X] is an element in the domain of the homomorphism, whereas the second is an



12 ESBEN BISTRUP HALVORSEN

element in the range of the homomorphism. The result is the following commutative
diagram of homomorphisms of Grothendieck spaces.

GPf(X) GDE(X) GIf(X)

GP!(X') GDL,(X) GIE (")

These maps are referred to as inclusion homomorphisms, and they are often denoted
by the symbol (—) so that, for example, if « is an element of GPf(%), then @ denotes
the image of o in GP!(X’) under the inclusion homomorphism GP!(%) — GPf(X’).
If the range of the inclusion homomorphism needs to be emphasized, we write
@ € GPf(X') instead of just @. If a property of an element a € GPf(X) holds after
an application of the inclusion homomorphism GPf(X) — GD(X), we often say
that the property holds in GD5(X) or that it holds numerically. Similar remarks
hold for elements of GIf(X).

The duality and equivalence functors in (2) of Section 5 naturally induce iso-
morphisms of Grothendieck spaces. By abuse of notation, the maps induced from
the dagger and star duality functors are denoted by the same symbol; the maps
induced by the Foxby equivalence functors are denoted D ® — and Hom(D, —),
respectively. In this way, for example,

def

*d:°f[X*] and D®[X] <= Dok X]

X)X, (X
for a complex X € GP!(X). As with the underlying functors (see Section 5), these
three kinds of isomorphisms commute pairwise, and the composition of two of the
three kinds of isomorphisms gives an isomorphism of the third kind. The situation
looks as follows.

()t
GDE(%) GDE()
()t

D®—
O T
“r (CePi(%) - GlIf(x) ) -

~__ 0

Hom(D,—)

Here, the corresponding horizontal arrows are mutually inverse isomorphisms; the
circular arrows are self-inverse automorphisms; and the vertical arrows are inclusion
homomorphisms as discussed above. See Article II, Proposition 4.8 for further
details.

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

Let X be a specialization-closed subset of Spec R. The left-derived Frobenius
endofunctor LF on Pf(X) induces an endomorphism on GP!(X) denoted Fx, and the
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right-derived endofunctor RG on If(X) induces an endomorphism on GIf(X) denoted
Gx. These endomorphisms are given for complexes X € PH(X) and Y € If(X) by

Fe([X]) = [LF(X)] and Gx([Y]) = [RG(Y)].

See Article II, Section 4.10 for further details.
Theorems 3 and 4 in Section 10 show that Fy and G are automorphisms. We
define normalized versions of Fx and Gx by

(I)x — p— COdimex and \IJ% — p— COdime:{.

These play an important role in Section 10 when we discuss decompositions of
elements in Grothendieck spaces. A consequence of Theorems 3 and 4 in Section 10
is that the e-fold compositions ®% and W% converge to endomorphisms lim._,o. ®%
and lime_o ¥4 on GP!(X) and GIf(X), respectively. When R is Gorenstein and
GP!(X) is identical to GIf(X), Fx = Gx and ®x = V.

9. Intersection multiplicities in Grothendieck spaces

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m. Further, it is assumed that R admits a normalized dualizing
complex D.

The fact that the Euler characteristic induces an isomorphism GDf(m) — Q
means that the intersection multiplicity and the Euler form can represented by
elements in GD5(m) of the form

d0®e and Hom(d,e).

For example, if X and Y are finite complexes with X = Supp X and ) = Supp Y
such that X N'Y = {m} and dim X + dim¥) < dim R, then, when X € P{(R) or
Y € PY(R), the intersection multiplicity x(X,Y) = x(X ®L Y) is the image in Q
under the isomorphism y: GD(m) — Q of the element [X ®% Y] = [X]| ® [Y]
in GDf(m), where [X] € GP'(X) and [Y] € GD5(9), or [X] € GD5(X) and
V] € GP(D).

Being able to discuss the vanishing conjecture, however, requires introduc-
ing the concept of dimension for elements of Grothendieck spaces. Let X be a
specialization-closed subset of R and let o € GP!(X), 3 € GI(X) and v € GD(X).
The dimensions of a, B and y are defined as

dim a = inf {dim(Supp X) | a = r[X] for some 7 € Q and X € P*(X)};
dim 8 = inf {dim(Supp Y) | 8 = s[Y] for some s € Q and Y € I'(%X)}; and
dim~ = inf {dim(Supp Z) | v = t[Z] for some t € Q and Z € D5(X)}.

Thus, the dimension of an element in a Grothendieck space is the minimum dimen-
sion of the support of a complex representing that element.
We say that « satisfies vanishing if

a®d=0 in GD5(m) for all § € GD5 (%) with dim ¢ < codim X.
Further, we say that « satisfies weak vanishing if
a®e=0 inGD(m) for all ¢ € GP!(X°) with dime < codim X.
Similarly, we say that G satisfies vanishing if
Hom(d,8) =0 in GD5(m) for all § € GD5(X¢) with dimd < codim X,
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and we say that 0 satisfies weak vanishing if
Hom(e, B) =0 in GD5(m) for all ¢ € GP' (%) with dime < codim X.

If « = [X] for a complex X € P!(R) with Supp X = X, then « satisfies vanishing
exactly when

X(X,Y)=0 forall Y € D5(X°) with dim(Supp X) + dim(SuppY) < dim R,

and « satisfies weak vanishing exactly when this is true under the extra assump-
tion that Y € Pf(X¢). This corresponds to the generalization of Serre’s vanishing
and weak vanishing conjectures to the setting of complexes rather than modules
as described in Section 6. In particular, R satisfies vanishing or weak vanishing,
respectively, exactly when « satisfies vanishing or weak vanishing, respectively, for
all specialization-closed subsets X of Spec R and all a € GPf(X).

Likewise, if 3 = [Y] for a complex Y € If(R) with Supp Y = X, then §3 satisfies
vanishing exactly when

E(X,Y)=0 forall X € D5(X°) with dim(Supp X) + dim(SuppY) < dim R,

and [ satisfies weak vanishing exactly when this is true under the extra assump-
tion that X € Pf(X¢). This corresponds to an analog of Serre’s vanishing and weak
vanishing conjectures for complexes, using the Fuler form instead of the intersec-
tion multiplicity. In particular, the discussion in Section 6 shows that R satisfies
vanishing or weak vanishing, respectively, exactly when (3 satisfies vanishing or
weak vanishing, respectively, for all specialization-closed subsets X of Spec R and
all 3 € GIE(X).
The vanishing dimensions of a € GP!(X) and 8 € GIf(X) are defined as

a®d=0forall § e GDE(%C)}
with dimd < codim X — u

Hom(d,8) =0 for all 6 € GDE(%C)}
with dimd < codim X — v ’

vdima:inf{ueZ‘ ; and

Vdimﬂ:inf{v EZ‘

In particular, vdim o = —oo if and only if @ = 0, and vdim 8 = —oo if and only if
B = 0. Further, vdima < 0 if and only if « satisfies vanishing, and vdim 8 < 0 if
and only if 3 satisfies vanishing.

If o = [X] for a complex X € Pf(R) with Supp X = X, then the vanishing
dimension of o measures the extent to which vanishing fails to hold: vdim « is the
infimum among integers u such that

X(X,Y) =0 forall Y € D5 (%) with dim(Supp X) + dim(SuppY) < dim R — u.

Similarly, if 3 = [Y] for a complex Y € If(R) with SuppY = X, then the vanishing
dimension of 3 measures the extent to which vanishing fails to hold: vdim g is the
infimum among integers v such that

E(X,Y)=0 forall X € D5(X°) with dim(Supp X) + dim(SuppY) < dim R — v.

A notable feature of dimension and vanishing dimension is that they are invari-
ant under the dagger, star and Foxby isomorphisms from Section 8. Indeed, for a
specialization-closed subset X of Spec R and elements o € GP!(X), 3 € GI*(X) and
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v € GD5(X), dim~y = dim~ and

dima = dimaf = dim o* = dim(D ® a);
dim § = dim 87 = dim #* = dim Hom(D, 5);
vdim a = vdim o' = vdim o* = vdim(D ® a); and

vdim 8 = vdim 81 = vdim 8* = vdim Hom(D, 3).

See Article II, Remark 5.3 for further details. A consequence of the formulas is that
the definitions of dimension and vanishing dimension are not contradictory when
R is Gorenstein and GPf(X) is identical to GIf(X).

The following two propositions from Article I, Proposition 24 and Article II,
Proposition 5.6 shed additional light on what it means to have a certain vanishing
dimension.

Proposition 1. Let X be a specialization-closed subset of Spec R, let o € GP!(X)
and let u be a non-negative integer. The following are equivalent.

(i) vdima < w.
(i) a® 6 =0 for all § € GD5(X¢) with dim§ < codim X — w.
(iii) @ = 0 in GP*(X') for any specialization-closed subset X' of Spec R with
X C X' and codim ¥’ < codim X — u.
(iv) @ = 0 in GPY(X’) for any specialization-closed subset X' of Spec R with
X C X' and codim ¥’ = codimX —u — 1.

Proposition 2. Let X be a specialization-closed subset of Spec R, let 3 € GI'(X)
and let v be a non-negative integer. The following are equivalent.

(4) vdim g < v.
(i4) Hom(d,3) = 0 for all § € GDE(X¢) with dimd < codim X — v.
(iii) B = 0 in GIf(X’) for any specialization-closed subset X' of Spec R with
X C X’ and codim X’ < codim X — v.

(iv) B =0 in GIf(X') for any specialization-closed subset X' of Spec R with
X C ¥ and codim X’ = codimX —v — 1.

Foxby [5] has proven that Serre’s vanishing conjecture holds when the module
that is nmot necessarily of finite projective dimension has dimension less than or
equal to one. The proof easily extends to complexes, and hence it follows that all
elements of GPf(X) satisfy vanishing as long as codim X < 2. Using Propositions 1
and 2, this implies that

vdim o < max(0,codim ¥ — 2) and vdim g < max(0,codimX —2)  (5)

for all specialization-closed subsets X of Spec R, all « € GPf(X) and all 3 € GIf(X).

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

The Dutta multiplicity and its two analogs from Section 6 correspond to limit
points in GDE (m) of the form

lim (% (o) ® ), lim Hom(y,P%(8)) and lim Hom(®%(«a),7)

e—00
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for a specialization-closed subset X of Spec R and elements o € GP!(X), 8 € GIf(X)
and v € DfD(%C). For example, if X and Y are finite complexes with X = Supp X
and ) = Supp Y such that X NP = {m} and dim X + dim Q) < dim R, then, when
X € Pf(R), the Dutta multiplicity

Xoo(X,Y) = lim (LF¢(X),Y) = lim

e—o00 Pt Codim%x e— 00 pecodim%X(LF‘6 (X) ®% Y)

is the image in Q under the isomorphism y: GDE (m) — Q of the element
1
lim ————[LF¢(X) @% Y] = lim (®%([X]) @ [Y])

e—00 P codim X e— 00

in GDf(m), where [X] € GP!(X) and [Y] € GD5(2). These limits converge in
GDfD(m) since the corresponding sequences in Q converge. In fact, Theorems 3
and 4 of Section 10 show that we can “move the limits inside” and instead write

(lm #%(a)) @, Hom(y, lim U%(5) and Hom(lim @%(a),7).

10. Decompositions in Grothendieck spaces

Assumption. Throughout this section, R is assumed to be complete, Noetherian
and local of prime characteristic p with maximal ideal m and perfect residue field.
Further, D denotes a normalized dualizing complex.

The following is the diagonalization theorem for the Frobenius from Article I,
Theorem 19.

Theorem 3. Let X be a specialization-closed subset of Spec R, let a € GPf(X)
and suppose that u is a non-negative integer with v > vdim a. Then
(p"®x —id)o--- o (pPx —id) o (Px —id)(a) = 0.
Further, there is a unique decomposition
a=0ao® ... oW

in which each o?) is either zero or an eigenvector for ®x with eigenvalue p~*. The
components o? ... o ") are recursively defined by
o = lim ®%(a) and o = lim p*®%(a — (¥ + ...+ al=Y)),

and there is a formula
—1

1 1 e 1 «
(0)
o 1 p_l e p_u Q)x (OC)
w) : : :
a u
L p™ p~) \2%()

The following theorem from Article II, Theorem 6.2 presents a diagonalization
theorem for the analogous Frobenius functor defined by Herzog.

Theorem 4. Let X be a specialization-closed subset of Spec R, let 3 € GI'(X)
and suppose that v is a non-negative integer with v > vdim 3. Then

(p°Ux —id)o--- o (p¥x —id)o (Tx —id)(B) = 0.
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Further, there is a unique decomposition
5:6(0)4_..._'_5(”)

in which each 39 is either zero or an eigenvector for Wy with eigenvalue p~*. The
components 3, ..., 3 are recursively defined by

BO = lim U%(3) and BY = lim p®U%(8— (8O + .. 4+ gl-Dy),

and there is a formula
—1

1 1 - 1 &
(0)
ﬁ' ~ 1 p—l cee o pT \I’x(ﬁ)
) Lo - :
6 1 p—v p—v \Iﬂé(ﬁ)

The i’th component operation (—)® on GPf(X) and GIf(X), respectively, is an
endomorphism of Grothendieck spaces. Let X C X’ be specialization-closed subsets
of Spec R and set s = codim X — codim X’. For a € GP!(X), 3 € GIf(X) and all
integers i (see Article I, Remark 20 and Article IT, Remark 6.6),

a® =&~ in GPI(X') and O =3 in GI'(%),

where we apply the convention that components of negative degree are zero.

The dagger, star and Foxby isomorphisms between GPf(X) and GIf(X) com-
mute with the i’th component endomorphisms in that (see Article II, Proposi-
tions 6.3 and 7.3)

(ah)@ = a®1; (BH® = g,
() = ¥, (5@ = 5
(D®a)P =D®a¥; and Hom(D,3)" = Hom(D,5").
The star automorphisms on GPf(X) and GIf(X) can be explicitly described in terms
of i’th components; see Theorem 12 in Section 11.

Let X and 9 be specialization-closed subsets of Spec R such that XNQ) = {m}
and dim X +dim Q) < dim R. Set s = dim R — (dim X+ dim Q). If (d, ) is a pair of
elements from

GP'(X) x GP'(9), GP'(X) xGI'(Y) or GI'(X) x GP(D),
then § ® ¢ is a well-defined element of GPf(m) or GIf(m), and
(@e)® = Z §m) @ (),
m+n=i+s
If instead (4,¢) is a pair of elements from
GPi(%) x GPY(Y), GPI(x)xGIF(Y) or GI(X) x GIF(Y),
then Hom(d, ¢) is a well-defined element of GPf(m) or GIf(m), and
Hom(d,e)® = Z Hom(6(™), e(™),
m-+n=i+s
See Article II, Proposition 6.9 for further details.

Let X be a specialization-closed subset of Spec R and let a € GP!(X), 3 €
GIf(X) and v € GD5(X°). Using continuity of the maps — ® v, Hom(y, —) and
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Hom(—, ), Theorems 3 and 4 together with previous remarks show that the Dutta
multiplicity and its two analogs can be described by elements in GDE (m) of the
form

Jim (85(0) ©7) = (limy @%(0)) @7 =¥ @ ;
lim Hom(v, ¥%(8)) = Hom(y, lim ¥%(8)) = Hom(y, 3”); and

Jlim Hom(®% (o), 7) = Hom( lim ®%(a),y) = Hom(a(, ).

Translating this back to complexes and exploiting the formulas in Theorems 3
and 4 reveals the following proposition from Article I, Remark 21 and Article II,
Corollary 6.5, showing that the Dutta multiplicity and its analogs can be described
as Q-linear combinations of ordinary intersection multiplicities or Euler forms.

Corollary 5. Let X and Y be finite complexes. Set X = Supp X and %) =
SuppY and assume that XN = {m} and dim X + dim Q) < dim R. Further, set
t = codim X and s = codim®). If X € P!(R) and u is an integer with v > vdim[X]
for [X] € GPY(X), then

-1

) 1 1 X(X,Y)
t t—1 t—u
p p e p X(LF(X),Y)
Xoo(X,Y)=(1 0 - 0)| . : :
put pu(t—l) - pu(t_u) X(LFu (X), Y)
Similarly, under the same assumptions,
1 1 o 1\ '/ &x.v)
t t—1 t—u
P e p ¢LF(X),Y)
é-oo(X7y):(1 0o --- ()) . . . . .
put put=1) L pult-w) ((LFY(X),Y)

If instead Y € I*(R) and v is an integer with v > vdim[Y] for [Y] € GI}(9), then
-1

Lol E(X.Y)
S s—1 . s—v X, RG Y
E(X,Y)=(1 0 - 0) p. p. | P: &( : (¥))
p;;s p'u(s.—l) . pv(s'—v) §(X7 RGU (Y))

With the assumption of prime characteristic sustained in this section, Propo-
sitions 1 and 2 of Section 9 can be extended by additional equivalent conditions.
These are contained in Propositions 6 and 7 below from Article I, Propositions 23
and 24 and Article I, Propositions 6.7 and 6.8.

Proposition 6. Let X be a specialization-closed subset of Spec R, let o € GP!(X)
and let u be a non-negative integer. The following are equivalent.

(4) vdima < 0 (that is, « satisfies vanishing).
a=al0,

)

(i11) o= Dx(a).
)
)
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Further, the following are equivalent.

(vi) vdima < u.
(UZZ) o = OC(O) _|_ P _|_ a(u)
(viii) (p"®x —id)o---o (pBx — id) o (dx — id)(a) = 0.

Proposition 7. Let X be a specialization-closed subset of Spec R, let 3 € GIf(X)
and let v be a non-negative integer. The following are equivalent.

(¢) vdim 8 < 0 (that is, § satisfies vanishing).

) .
(mg B = Vx(B).
)

Further, the following are equivalent.

(vi) vdim G < v.
(vii) B = SO ... 4 ),
(viii) (p*¥x —id)o--- o (p¥x —id) o (¥x —id)(8) = 0.

Let X be a specialization-closed subset of Spec R and let o € GPf(X) and
B € GIf(X). Propositions 6 and 7 state that o and 3 satisfy vanishing exactly when
they are equal to their zeroth components; in particular, this implies that the Dutta
multiplicity and its analogs satisfy vanishing.

We say that a satisfies numerical vanishing if @ = (9 in GDE(%), and we say
that § satisfies numerical vanishing if § = £(0) in GDE(X). Further, we say that R
satisfies numerical vanishing if all elements o in GPf(X) for all specialization-closed
subsets X of Spec R satisfy numerical vanishing; this is equivalent to requiring all
elements 3 in GIf(X) for all specialization-closed subsets X of Spec R to satisfy
numerical vanishing. When R is Gorenstein and we identify GP!(X) and GIf(X),
there are, as always, no contradictions in these definitions.

Proposition 8 below combines Article I, Proposition 31 and Article II, Proposi-
tion 6.12 and sheds a little more light on what it means for R to satisfy numerical
vanishing.

Proposition 8. The following are equivalent.

(i) R satisfies numerical vanishing.
(i) All elements of GP!(X) satisfy numerical vanishing for all specialization-
closed subsets X of Spec R.
(iii) All elements of GP*(m) satisfy numerical vanishing.
(iv) All elements of GIf(X) satisfy numerical vanishing for all specialization-
closed subsets X of Spec R.
) All elements of GIf(m) satisfy numerical vanishing.
vi) x(LF (X)) = pdim (X)) for all complexes X in Pf(m).
(vii) lime_ oo p~ ¢4 B (LF(X)) = x(X) for all complexes X in Pf(m).
(viii) x(RG(Y)) = p3m By (Y) for all complexes Y in If(m).
(iz) lime_ oo p~¢ImEN(RG(Y)) = x(Y) for all complexes Y in If(m).

When R is Cohen—Macaulay, GPf(m) and GIf(m) are generated by modules, and
hence the above conditions are equivalent to each of the following conditions.
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(z) length F(M) = pdim®length M for all modules M of finite length and
finite projective dimension.
(7i) lime_, o p~¢4m B length F¢(M) = length M for all modules M of finite
length and finite projective dimension.
(zii) length G(N) = pi™Flength N for all modules N of finite length and
finite injective dimension.
(ziii) lime_ oo p~¢ 4™ Flength G¢(N) = length N for all modules N of finite
length and finite injective dimension.

In particular, if R is a complete intersection or R is Gorenstein of dimension less
than or equal to three, then R satisfies numerical vanishing.

Numerical vanishing is clearly a weaker condition than vanishing, and demon-
strating that numerical vanishing is a stronger condition than weak vanishing is
easy; see Proposition 13 of Section 12.

11. Self-duality

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m.

Let X be a specialization-closed subset of Spec R. If an element o € GPf(X)
satisfies the formula
o = (_1)codim%a*7
we say that « is self-dual. If the formula holds after the inclusion homomorphism
GPf(%X) — GDE(X) is applied so that @ = (—1)°4m*a* in GD(X), we say that
« is numerically self-dual. Similarly, if an element 3 € GIf(X) satisfies the formula
B _ (_1)00dim%5*7
we say that [ is self-dual, and if the formula holds after the inclusion homomorphism
GIf(X) — GDE (%) is applied so that 3 = (—1)c°dmX3x in GDE(X), we say that 3
is numerically self-dual.

If all elements o € GP'(X) for all specialization-closed subsets X of Spec R
are self-dual or numerically self-dual, respectively, we say that R satisfies self-
duality or numerical self-duality, respectively; this is equivalent to requiring the
same conditions for all elements 3 € GIf(X) for all specialization-closed subsets X
of Spec R. Once again, these definitions are not contradictory when R is Gorenstein
and GP!(X) is identified with GI*(X).

The following theorem from Article II, Proposition 7.4 shows that the condi-
tions of satisfying vanishing, weak vanishing, self-duality and numerical self-duality
are correlated; see also Theorem 13 from Section 12.

Theorem 9. Let X be a specialization-closed subset of Spec R and let o € GP!(X)
and 3 € GI'(X). If « satisfies vanishing, then « is self-dual, and if 3 satisfies
vanishing, then ( is self-dual. Further, R satisfies vanishing if and only if R satisfies
self-duality, and if R satisfies numerical self-duality, then R satisfies weak vanishing.

Theorem 12 contains a consequence of this theorem in prime characteristic. The
following proposition from Article II, Proposition 7.9 contributes to the discussion
initiated by Chan [1] concerning the connection between the vanishing conjecture
and an equation relating the intersection multiplicity and the Euler form.
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Proposition 10. The ring R satisfies vanishing if and only if
a @y = (1) % Hom(a,v)

in GDE(m) for all specialization-closed subsets X of Spec R, all € GP!(X) and
all v € GD5(X°), and R satisfies numerical self-duality if and only if the equality
holds when requiring v € GPf(X°) instead. In other words, R satisfies vanishing if
and only if
X(Xa Y) — (_l)codim(Supp X)é-()(7 Y)

for complexes X € PY(R) and Y € D5 (R) with Supp X N SuppY = {m} and
dim(Supp X ) 4+ dim(Supp Y) < dim R, and R satisfies numerical self-duality if and
only if the equality holds when restricting to complexes Y € P!(R).

Article II, Proposition 7.11 contains the following result.

Proposition 11. Assume that R is Gorenstein. Then all elements of GP!(%)
and GIf(X) are numerically self-dual for all specialization-closed subsets X of R
with dim < 2; in particular, all elements of GPf(m) and GIf(m) are numerically
self-dual. If dim R < 5, then R satisfies numerical self-duality.

Assumption. The remainder of this section assumes, in addition, that R is
complete of prime characteristic p and has perfect residue field.

A consequence of Theorem 9 in prime characteristic is the following theorem
from Article II, Theorem 7.5.

Theorem 12. Let X be a specialization-closed subset of Spec R, let o be an
element of GP!(X) with vdim a = u and let 3 be an element of Gl (X) with vdim 3 =
v. Then

(_1)Codim%a* — a(O) _ Oé(l) + 04(2) — (_1)ua(u)
and

(_1)codimx6* — ﬂ(O) _ ﬂ(l) + ﬂ(2) — ¥ (_l)vﬂ(v)'
If o satisfies numerical vanishing, then « is numerically self-dual, and if (3 satisfies
numerical vanishing, then 3 is numerically self-dual. In particular, if R satisfies
numerical vanishing, then R satisfies numerical self-duality.

Theorem 12 shows that an element o € GP!(X) is self-dual exactly when «
decomposes as
a=a® +a® 4@ ...
and « is numerically self-dual when the equality above holds numerically: that is,
when

a=a0 1+ a® 4o 4...
in GDE(%). Similar remarks hold for elements 3 € GIf(X).

12. Implications

This section discusses the relationships between well-known ring properties and
the concepts introduced here.

Assumption. Throughout this section, R is assumed to be Noetherian and local
with maximal ideal m.
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The following proposition compiles the results from Proposition 8, Theorem 9,
Proposition 11 and Theorem 12.

Proposition 13. Consider the following implications of properties for the ring R.

self-duality
regular vanishing <——=dim < 2
N | R 1
| l Gorenstein
complete intersection :::> numerical Van1sh1ng<::: of dim < 3
| _J
Gorenstei numerical self-duality <= Gorenstein
orenstein y Of dim S 5
Cohen—Macaulay weak vanishing <———= dim < 4

All implications hold when R is complete of prime characteristic p with perfect
residue field. When this is not the case, the dashed part of the diagram no longer
makes sense and can be removed, and the remaining implications still hold, includ-
ing the implication from “vanishing” and “complete intersection” to “numerical
self-duality”. All implications except for the single bi-implication are strict.

None of the references preceding Proposition 13 actually contain the fact that
the implication from “complete intersection” to “numerical self-duality” holds in
arbitrary characteristic, but it is not hard to prove using local Chern characters; the
proof for modules by Chan [1, Theorem 4] easily extends to complexes. Section 13
briefly discusses, among other things, how to make a decomposition (and hence
how to define the concept of numerical vanishing) in arbitrary characteristic.

Looking at the diagram above, it is tempting to ask whether there is an impli-
cation from “Gorenstein” to “numerical self-duality”. Proposition 11 shows that
an implication from “Gorenstein” to “numerical self-duality” would follow if only
a sufficient condition for numerical self-duality to hold globally is that it holds in
GPf(m) or GIf(m), just as numerical vanishing holds globally if only it holds in
GPf(m) or GIf(m), as seen in Proposition 8.

13. Comparison with local Chern characters

Many of the properties of Grothendieck spaces seem to resemble properties
of local Chern characters. This section briefly describes this relationship without
delving into the theory of local Chern characters; for more details on local Chern
characters, see Roberts [15]. The reader should be warned that this section has no
precise results—the statements here are a matter of opinion rather than based on
proof.
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Assumption. Throughout this section, R is assumed to be complete, Noetherian
and local of prime characteristic p with maximal ideal m and perfect residue field.

Let X be complex in Pf(R) and set Supp X = X and d = dim R. The local
Chern character of X is an object ch(X) (whose definition is not discussed further
here) with a decomposition

Ch(X) = Chd(X) + -+ Ch()(X).
In the same way, we can think of the element [X] € GPf(X) as an object with a
decomposition
[(X] = [X](O) NI [X](d).
There seems to be some sort of connection

Chcodim%—i(X) [P TU TR [X] (z)

For example, in the case where codim X = 0, cho(X) # 0 if and only if the alter-
nating sum of Betti numbers of X is non-zero (see Roberts [16, pp. 6-7]), which
happens if and only if [X](® # 0. Likewise, in the case where codimX = d,
chg(X) can be used to describe the asymptotic Euler characteristic of X (see
Roberts [15, Theorem 12.7.1]): that is, chy(X) can be used to describe the num-
ber Yoo(X) = lime_ p~*¥x(F¢(X)), which is simply the usual (induced) Euler
characteristic applied to [X](©).

The similarities between local Chern characters and elements of Grothendieck
spaces are listed below. Let X, X’ and X” be complexes in Pf(X) such that there
is a short exact sequence (in the non-derived category)

0—- X' —-X—X"—0.

Further, let Y be a complex in Pf(X¢). We then have the following equations of
local Chern characters and elements of Grothendieck spaces.

Local Chern characters | Elements of Grothendieck spaces
ch(X) = ch(X’) + ch(X") [X] = [X'] + [X"]
ch(X ®}3Y) = ch(X)ch(Y) X @% Y] = [X]®[V]
chy(X) chy(Y) = chy(X) chy(Y) | [X]D @ [Y]@) = [v]¥) @ [X]O)
chy(X*) = (~1)" chy(X) X4]0) = (—1)i+eodim X[ x] ()

An element in the Grothendieck space GP!(X) of the form [X] for a complex
X € PY(X) is uniquely determined by the intersection multiplicities x(X,Y) of
X with complexes Y € D5(X¢). The image [X] in GD5(X) of [X] under the
inclusion homomorphism GP!(X) — GDE(X) is uniquely determined by the inter-
section multiplicities x(X,Y) of X with complexes Y € Pf(X¢). Thus, numeri-
cal properties, which are properties that hold after the inclusion homomorphism
GPf{(X) — GDE(%) is applied, are verified by investigating a restricted set of inter-
section multiplicities.

Numerical properties seem to be encoded in the Todd class 7(R) of R, which
is an element on which local Chern characters can operate. In other words, we are
investigating a restricted set of operations of local Chern characters: the operations
of local Chern characters on 7(R). For example, if R is a complete intersection, then
the Todd class 7(R) of R is equal to its component 74(R) in degree d = dim R; this
is reflected in the fact that complete intersection rings satisfy numerical vanishing,
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so that [X] and [X](®) are numerically the same. Further, if R is Gorenstein, then
Ta—i(R) = 0 if ¢ is odd; this is reflected in the fact that Gorenstein rings satisfy
numerical self-duality for all elements of GPf(m), so that [X]® is numerically zero
if i is odd whenever [X] € GPf(m).

Of course, Grothendieck spaces with their single built-in application to the
study of intersection multiplicities do not even come close to local Chern charac-
ters, with their many applications to all kinds of questions in commutative algebra.
Even in studying intersection multiplicities, local Chern characters have one clear
advantage over Grothendieck spaces: local Chern characters have nice properties
in any characteristic, whereas the pleasant structure of Grothendieck spaces only
emerges in prime characteristic p. A natural question to ask is whether Grothen-
dieck spaces have an equally pleasant structure in arbitrary characteristic; here we
discuss a special case where such a structure can be obtained.

Let X be a specialization-closed subset of Spec R and let a € GP!(X). The aim
is to find a decomposition of « that also works in arbitrary characteristic. We show
how this can be done when vdim a < 1. In this case, there is a decomposition

o = a(o) + a(l).
From Theorem 12 follows that
1 . 1 .
OZ(O) — 5(0[ + (_1)cod1m,’£a*) and O[(1) _ 5(0& _ (_1)cod1mxa*). (6)

The right sides of these formulas make sense in general characteristic too, and
hence we can simply use the above to define a decomposition of @. To demon-
strate that this decomposition is natural, even in general characteristic, let X’ be
a specialization-closed subset of Spec R with X C X’ and codim X’ = codim X — 1,
and consider the image @ of o in GP!(X’). Since the vanishing dimension of « is less
than or equal to one, @ satisfies vanishing; this is a consequence of Proposition 1.
In particular, according to Theorem 9, @ is self-dual, and hence the image of (%)
in GP(X') is
m _ %(64_ (_1)codim,’£a*) _ %(a _ (_1)codim,’£’a*) —0.

According to Proposition 1, this shows that a(?) satisfies vanishing, even in general
characteristic, just as one would expect of a zeroth component.

Further investigation is required to determine whether a decomposition can be
obtained when « has vanishing dimension higher than one.

14. Examples

This section discusses three examples of rings and modules of interest when
discussing intersection multiplicities. These are the example by Dutta, Hochster
and McLaughlin [4] and two examples by Miller and Singh [10]. These examples
are constructed to allow the assumption that the ring in play is complete of prime
characteristic p and has perfect residue field: we can simply choose the residue field
to be perfect of prime characteristic and then consider the completion of the ring,
which does not change intersection multiplicities.

Example 14 (the example by Dutta, Hochster and McLaughlin). In this example,
we have the Noetherian, local ring

R= k[uu v, T, y]m/(ux - 'Uy),
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where k is a field and m is the maximal ideal (u,v,z,y). This ring is a complete
intersection of dimension 3. We also have a module M of length 15 with finite
projective dimension and a module N = R/q of dimension 2, where ¢ is the prime
ideal generated by w and v. The computations performed by Dutta, Hochster and
McLaughlin show that

x(M,N)=—1.

Since R has dimension 3, all elements of GP!(X) satisfy vanishing except when
codimX = 3, which is when X = {m}. A result for Grothendieck groups by
Levine [8, Theorem 4.2] implies that GPf(m) = Q @ Q; see Article I, Example 35,
for a few more details. When R is complete of prime characteristic p and has perfect
residue field, [M] € GP!(m) decomposes as

[M] = [M]© + [,
where, using the formula in Theorem 3,

1 1
p—l[MHpQ(p—l)

ny__»P 1
[M] p—l[M] p2(p—1)

Since R is a complete intersection, R satisfies numerical vanishing, so

X([M]©) = x(M) = lengthM =15 and x([M]Y) = 0.

M

[F(M));  and

[F(M)].

In particular, [M](©®) is non-zero. Since [M](®) satisfies vanishing,
XM N)=0 and x([M]",N) = x(M,N) = —1,

so [M]™ must also be non-zero. Thus, [M](®) and [M]™) are linearly independent
and generate GPf(m). These formulas imply that

length F¢(M) = 15p®¢  and x(F*(M),N) = —p**
for all non-negative integers e. Since R is Cohen-Macaulay, the complex ¥3M* in
Pf(m) is isomorphic to a module
MY = Ext}(M, R),
and Theorem 12 yields that the element [M"] € GP!(m) decomposes as
[MY] = [M]© — [a1] ),
As discussed at the end of Section 13, we can also write

[M](O):%([MH-[MV]) and [M]“):%([M]—[MV]),

which makes sense in general characteristic too.

Example 15 (the first example by Miller and Singh). In this example, we have
the Noetherian, local ring
R = k[u,v,w, x,y, zlm/ (ux + vy + wz),

where k is a field and m is the maximal ideal (u, v, w, z,y, z). This ring is a complete
intersection of dimension 5. We also have a module M of length 55 with finite
projective dimension and a module N = R/q of dimension 3, where ¢ is the prime
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ideal generated by u, v and w. The computations performed by Miller and Singh
show that

X(M,N)=—-2.

Again, the result by Levine [8, Theorem 4.2] implies that GP!(m) = Q ® Q. When
R is complete of prime characteristic p and has perfect residue field, Article I,
Example 35, shows that [M] can be decomposed as

[M] = [M]© + [M]?,

where, using the formula in Theorem 3,

0) — 1 B 1 1 ) .
M= e ™M s I g Ok e
(2) _ pg B 1 1 )
M= oM pe - "M e e Ok

Using the fact that [M]() = 0, it is even possible to obtain
-1 1

MO = = M)+ s PO aad
y_ P 1

Since R is a complete intersection, R satisfies numerical vanishing, so
x([M]@) = x(M) =length M =55 and x([M]®) = 0.
In particular, [M](©® is non-zero. Since [M](®) satisfies vanishing,
X(M]©,N) =0 and  x([M]?, N) = x(M,N) = —2,

so [M]® must also be non-zero. Thus, [M](®) and [M]®) are linearly independent
and generate GPf(m). These formulas imply that

length F¢(M) = 55p°¢ and x(F¢(M),N) = —2p*

for all non-negative integers e.

Example 16 (the second example by Miller and Singh). Using the ring R from
the previous example in the characteristic 2 case, Miller and Singh construct a
module-finite extension of R by setting

S = R[\/uyz, Vuxz, Jwxy, v uvw, \/uwyz].

This ring is a Gorenstein normal domain of dimension 5. The S-module K = M ®p
S has length 222 and finite projective dimension, and from Article I, Example 35,
we still have the decomposition
(K] = [K]© + [K]®

in GP!(n), where n is the maximal ideal of S. The computations by Miller and
Singh imply that

X([K)9]) =220 and x([K]®)]) = 2.
Miller and Singh also construct another S-module L of length 218 with finite pro-
jective dimension. This module also decomposes in GP(n) as

L] =1L + L),
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and the computations performed by Miller and Singh imply that
X([L]9)) =220 and x([L)®)]) = -2.

Unlike the two previous examples, this example includes a Dutta multiplicity
that is neither zero nor equal to the usual intersection multiplicity:

Y(K, 8) = 222 # 220 = xo0 (K, S).

Corollary 5 implies that the Dutta multiplicity is always rational, but in this case
it is, apparently, even an integer. There are no known examples where the Dutta
multiplicity is not an integer. In relation to this, it is notable that the decomposition
from (6) in Section 13 shows that the Dutta multiplicity xoo(X,Y) of complexes
X € PY(R) and Y € D5 (R) with Supp X N SuppY = {m} and dim(Supp X) +
dim(Supp Y) < dim R is a number in 1Z whenever the element [X] € GPf(Supp X)
has vanishing dimension at most one.

15. Grothendieck groups

This section presents some of the results from Article ITI. Although the content
of this article is not directly related to Grothendieck spaces, the section concludes
with an application to Grothendieck spaces.

Let C be a full subcategory of the (non-derived) category of bounded complexes
of finitely generated modules. The Grothendieck group of C is defined as the Abelian
group K(C) presented by generators [X], one for each isomorphism class of a
complex X in C, and relations

[X]=0 whenever X is exact; and
[X]=[X"]+[X"] whenever 0 - X' — X — X" — 0

is a short exact sequence in C. If C contains only modules (complexes concentrated
in degree zero), then the first requirement is contained in the second one.

Let S = (S1,...,54) be a family of multiplicative systems of R: that is, multi-
plicatively closed subsets of R containing the unit element. A module M is said to
be S-torsion if Si_lM =0fori=1,...,d, and a complex X is said to be homolog-
ically S-torsion if all its homology modules H,, (X) are S-torsion; in other words, if

S;71X is exact for i = 1,...,d. We define the following (non-derived) categories.
C(S-tor) = the category of bounded, homologically S-torsion complexes of
finitely generated, projective modules.
Ca(S-tor) = the full subcategory of C(S-tor) comprising the complexes con-
centrated in degrees d, ..., 0.
M(S-tor) = the category of finitely generated, S-torsion modules of finite

projective dimension.
The inclusion C4(S-tor) — C(S-tor) of categories naturally induces a homo-
morphism

T: Ko(Cy(S-tor)) — Ko(C(S-tor)) given by Z([X]) = [X],

where X is a complex in C4(S-tor) and the first [X] is an element of K(Cq(S-tor)),
whereas the second is an element of Ko(C(S-tor)). The following is the Main
Theorem of Article III.



28 ESBEN BISTRUP HALVORSEN

Theorem 17. Suppose that d is a non-negative integer and that S = (S1,...,54)
is a family of multiplicative systems of R. Then the homomorphism

T: Ko(Cq(S-tor)) — Ko(C(S-tor))
is an isomorphism.

This theorem has many interesting consequences, and a few are mentioned here.
For an element x € R, we define a multiplicative system

S(x) ={a" | n € No},
and if © = (x1,...,24) is a d-tuple of elements of R, we let
S(x) = (S(xz1),...,5(xq)).

In the case where R is Noetherian and local of dimension d and = = (z1,...,zq)
is a system of parameters for R, the category C(S(z)-tor) is simply the category
of bounded complexes of finitely generated projective modules with finite-length
homology. Theorem 17 states that the Grothendieck group of this category is
isomorphic to the Grothendieck group of the full subcategory of complexes concen-
trated in degrees d, ...,0 through the homomorphism induced by the inclusion of
categories—an interesting result compared with the new intersection theorem (see
Roberts [15, Theorem 13.4.1]), which states that the complexes concentrated in
degrees d, ...,0 in some sense are “minimal” within this category.

Another interesting consequence of Theorem 17 is the interplay between the
Grothendieck groups of the categories C4(S-tor), C(S-tor) and M(S-tor). When R
is Noetherian, a module in M(S-tor) has a projective resolution in C(S-tor), and
this association induces a homomorphism

R: Ko(M(S-tor)) — Ko(C(S-tor)) given by R([M]) = [X],

where M is a module in M(S-tor) and X is a complex in C(S-tor), which is a
projective resolution of M. Under certain additional assumptions, discussed below,
the homology of complexes in C;4(S-tor) is concentrated in degree zero, meaning
that any complex in C4(S-tor) is a projective resolution of a module in M(S-tor).
When this is true, taking homology induces a homomorphism

H: Ko(Cy(S-tor)) — Ko(M(S-tor)) given by H([X]) = [H(X)],

where X is a complex in Cy4(S-tor) and H(X) is its homology complex, which is
concentrated in degree zero and hence is a module.
The following is a list of sufficient conditions for R and H to be defined.

(i) R is Noetherian and local and S = S(z) for a regular sequence = =
(z1,...,24) where d > 0;

(i) R is Noetherian and local and S is a single multiplicative system con-
taining only non-zerodivisors; and

(#4) R is Noetherian and S is empty: that is, it is trivial to be S-torsion and
d=0.

The following proposition derives from Article III, Corollaries 8, 9 and 10.
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Proposition 18. Under each of the assumptions (i)—(iii) above, the homomor-
phisms R, H and T are all isomorphisms and fit together in the following commu-
tative diagram.

Ko(Ca(S-tor)) Ko(C(S-tor))

I

KO(M(S—tor))

Under each of the assumptions (i)—(ii¢), any module in M(S-tor) must have
grade at least equal to d, and hence the above diagram shows that the Grothen-
dieck group of C(S-tor) is generated by projective resolutions of perfect modules
of projective dimension d. A consequence of this observation in case (#) is that
Ko(M(S-tor)) is generated by elements of the form [R/x] for a non-zerodivisor z;
Foxby [5] used this to prove Serre’s intersection conjectures when the module that
is not necessarily of finite projective dimension has dimension less than or equal to
one. This introduction concludes by using the observation in case (i) to deduce a
result for Grothendieck spaces.

Assume from now on that R is Noetherian and local, and let z = (z1,...,x.) be
a regular sequence in R. Then the Grothendieck group of the category C(S(z)-tor)
is generated by complexes concentrated in degrees c, ..., 0 that are minimal projec-
tive resolutions of finitely generated perfect modules. Being S(z)-torsion for a finite
complex is the same as having support contained in V(x), so the non-derived cate-
gory C(S(z)-tor) can be used to represent the derived category P!(V(z)): any com-
plex in P!(V(x)) is isomorphic (within Pf(V(x))) to a complex from C(S(z)-tor).
Since the relations defining the Grothendieck space GPf(V (x)) include the relations
defining the Grothendieck group Ko(C(S(x)-tor), there must be a surjection

Q ®z Ko(C(S(x)-tor)) — GPH(V(z)) given by r ® [X] — r[X],

where r € Q, X € C(S(x)-tor) and the first [X] is an element of Ky(C(S(x)-tor)),
whereas the second is an element of GPf(V(x)). Thus, GPf(V(x)) is the ten-
sor product of Q and a homomorphic image of Ko(C(S(x)-tor), and consequently
GP!(V (x)) is generated by the same kind of elements as Ko(C(S(z)-tor)); in fact,
following the proof of Article III, Corollary 8, and recalling that all elements « in
GPf(V(x)) can be written as a = r[X] for a rational number r and a complex X
in Pf(V(x)) leads to the following.

Proposition 19. Assume that R is Noetherian and local, and let x = (x1,...,x.)
be a regular sequence in R. Then any element o € GP!(V (x)) can be written in
the form

o =r([M] - m[R/z])
for a rational number r, a non-negative integer m and a finitely generated perfect
module M with pd M = c.

If R is Cohen—Macaulay, the regular sequence = can be extended by another
regular sequence y = (y1, . .., yaq) so that (z,y) = (x1,...,Ze, Y1, - - -, Ya) is a regular
sequence of maximal length ¢ + d = dim R. An element 3 in GP!(V(y)) can then
be written in the form

B = s(IN] —n[R/y])
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for a rational number s, a non-negative integer n and a finitely generated perfect
module N with pd N = d. Computing o ® § is now easy since both « and 3 are
expressed in terms of perfect modules:
a®p=rs([M]®[N]—m[R/z] ® [N] — n[M] ® [R/y] + mn[R/z] ® [R/y])
=rs([M ®gr N] — m[N/xN] — n[M/yM] + mn[R/z,y])
If dim 8 < codim V(z) = ¢, then [R/z] ® 8 = 0, since [R/x] satisfies vanishing, and
then
a® B =rs([M®r N]—n[M/yM]).
Determining whether vanishing holds for « is now a question of determining whether
length(M ® g N) = nlength(M/yM).
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Diagonalizing the Frobenius






DIAGONALIZING THE FROBENIUS

ESBEN BISTRUP HALVORSEN

ABSTRACT. This paper explores the interplay between the Frobenius functor
and Serre’s vanishing conjecture over a Noetherian local ring R of prime char-
acteristic p. We show that the Frobenius functor induces a diagonalizable map
on certain Q-vector spaces, which are tensor products of Q with quotients of
Grothendieck groups. This allows us to decompose an element (representing
a bounded complex of finitely generated projective modules) into eigenvectors
for the Frobenius: the component with eigenvalue 1 describes the Dutta mul-
tiplicity of the element, and the remaining components describe the extent to
which Serre’s vanishing conjecture fails to hold. As a consequence, we explic-
itly describe the Dutta multiplicity as a Q-linear combination of finitely many
terms in a sequence of intersection multiplicities; and we show that, over a
Cohen-Macaulay ring, a sufficient condition for the weak version of Serre’s
vanishing conjecture (the one in which both modules are assumed to have fi-
nite projective dimension) to hold is that the Frobenius functor changes the
length of modules of finite projective dimension by a factor pdim £,

1. INTRODUCTION

For finitely generated modules M and NN over a commutative, Noetherian, local
ring R with pd M < 0o and ¢(M ®g N) < oo, the intersection multiplicity defined
by Serre [13] is given by

XM, N) = (=1)" £(Torf (M, N)).
3
The intersection conjectures state that
(4) dim M 4+ dim N < dim R;

(ii) x®(M,N) = 0 whenever dim M + dim N < dim R; and

(iii) x®(M,N) > 0 whenever dim M + dim N = dim R.
Serre’s original conjectures require R to be regular, but the conjectures make sense
in the more general setting presented above. Part (ii) is known as the vanishing
conjecture and part (ii) is known as the positivity conjecture. Serre proved that,
when R is regular, () holds and that, when R is regular and of equal characteristic
or unramified of mixed characteristic, vanishing and positivity hold. The vanish-
ing conjecture was later proven by Roberts [10] and, independently, by Gillet and
Soulé [5] in the more general setting where the requirement that R be regular is
weakened to the requirement that R be a complete intersection and both modules
have finite projective dimension. Foxby [3] proved that all three conjectures hold
when dim NV < 1.

2000 Mathematics Subject Classification. Primary 13A35, 13D22, 13H15, 14F17.
Key words and phrases. Grothendieck space, Frobenius, vanishing, vanishing dimension, in-
tersection multiplicity, Dutta multiplicity.
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However, neither the vanishing nor the positivity conjecture hold in the full
generality presented above. This was shown in the famous counterexample by
Dutta, Hochster and McLaughlin [2]. Subsequently, other counterexamples have
emerged, such as the one by Miller and Singh [8].

For rings with prime characteristic p, a different, and in some sense “better”,
intersection multiplicity was introduced by Dutta [1]. The Dutta multiplicity is
given by

1
R T
Xoo (M, N) = Tim pfmdime(

Fp(M),N),

where Fr denotes the Frobenius functor. The Dutta multiplicity satisfies the van-
ishing conjecture and is equal to the usual intersection multiplicity whenever this
satisfies vanishing.

In this paper, we will study the interplay between the vanishing conjecture and
the Frobenius functor and obtain a new way to describe the Dutta multiplicity. The
main result is Theorem 19, which, in a certain sense, describes how to decompose a
bounded complex of finitely generated projective modules into eigenvectors for the
Frobenius functor. It should be noted that the diagonalizability of the Frobenius
functor has been discussed by Kurano [6], but that the approach taken in this paper
is new, at least to the knowledge of this author.

For each specialization-closed subset ¥ C Spec R we let P(X) denote the the
category of bounded complexes with support in X and consisting of finitely gen-
erated projective modules, and we let C(X) denote the category of homologically
bounded complexes with support in X and with finitely generated homology mod-
ules. We shall introduce the Grothendieck spaces GP(X) and GC(X), which are
tensor products of Q with quotients of the usual Grothendieck groups of the cate-
gories P(X) and C(X), respectively. The Grothendieck spaces GP(X) and GC(X) will
be equipped with a topology, allowing us to discuss properties such as convergence
and continuity, and we shall generalize Serre’s intersection multiplicity to a map
GP(%) ®g GC(X°) — GC({m} induced by the tensor product of complexes, where
X¢ is the maximal subset of Spec R such that X NX¢ = {m} and dim X + dim ¥° <
dim R. Given modules M and N as above with dim M + dim N < dim R, we can
set X = Supp M and represent M and N by elements o € GP(X) and § € GC(X¢),
respectively. The intersection multiplicity (M, N) can then be represented by
the element a ® 5 € GC({m}).

In prime characteristic p, the Frobenius functor Fr induces an endomorphism
Fx on GP(X), and we shall study the endomorphism ®z defined as p~codim*
times Fx. The endomorphism @ is continuous, and it turns out that an element
of GP(X) is a fixed point of ®x if and only if it satisfies vanishing: that is, its
intersection multiplicity with elements in GC(X€) of dimension smaller than the co-
dimension of X vanishes (Proposition 17). A consequence of this is that ®x must
be diagonalizable with eigenvalues 1,1/p,1/p?, ..., and hence we can decompose
any element o € GP(X) into eigenvectors for ®x: that is, we can write a = a(?) +
-+ o, where a!?) is an eigenvector for ®x with eigenvalue 1/p’ (Theorem 19).
The number u, which is the largest number such that the component o(*) is non-
zero, will be called the vanishing dimension of a. It measures, in a sense, how far
an element in GP(X) is from satisfying vanishing (Proposition 24). The vanishing
dimension turns out to be bounded by max(0, codim X — 2).
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The decomposition of « into eigenvectors allows for an easy formula to com-

pute ®% (o) as a Q-linear combination of a® ... o™, However, the formula can
also be reversed, allowing us to describe each a(” as a Q-linear combination of
a,Px(a),...,P%(e). In fact, we have the following formula (Theorem 19):
-1
4O 1 1 . 1 ) o
1 1/p - 1/p Px(a)
a(u) : : A : 2 u:
Lo1/pt - 1/pt 03(a)

We shall also give a different description of the element a(?) as the limit of a certain
sequence; in particular, we shall show that a(?) is the limit of P () as e tends
to infinity. It then follows that the Dutta multiplicity of a and an element from
GC(%°) can be calculated as the usual intersection multiplicity of a(?) and that
element. From the formula above describing o?) as a Q-linear combination of
a,Px(a),...,P%(a), we obtain, in particular, an explicit formula for calculating
the Dutta multiplicity (Remark 21). In fact, for finitely generated modules M and
N with pd M < o0, {(M ®r N) < oo and t = codim M > dim N such that the
vanishing dimension of the element represented by a projective resolution of M is
less than or equal to u, we have the general formula

-1

1 . 1 YE(M,N)

t t—1 t—u R

ptop ep X (FR(M), N)
XEMN)=(1 0 - 0) ", . .

put pet=h o pultmw) [\ (FR(M),N)

This can be useful information, for example when using a computer to calculate
Dutta multiplicity.

Finally, we shall introduce the concept of numerical vanishing, a condition which
holds if the vanishing conjecture holds, and which implies a weaker version of the
vanishing conjecture, namely the one in which both modules are required to have
finite projective dimension. A feature of numerical vanishing is that it holds globally
(that is, for all elements of all Grothendieck space) if and only if it holds for all
elements in the Grothendieck space GP({m}). A consequence is that, over a Cohen—
Macaulay ring, a sufficient condition for the weak version of the vanishing conjecture
to hold is that £(Fr(M)) = p3m & ¢(M) for all modules M of finite length and finite
projective dimension (Example 33).

2. NOTATION

Throughout this paper, R will denote a commutative, Noetherian, local ring
with maximal ideal m and residue field k¥ = R/m. Modules and complexes are,
unless otherwise stated, assumed to be R-modules and R-complexes, respectively.
Modules are considered to be complexes concentrated in degree zero.

The spectrum of R, denoted Spec R, is the set of prime ideals of R. A subset
X C SpecR is specialization-closed if, for any inclusion p C g of prime ideals,
p € X implies q € X. A closed subset of Spec R is, in particular, specialization-
closed. Throughout, whenever we deal with subsets of the spectrum of a ring, it is
implicitly assumed that they are non-empty and specialization-closed.
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For every X C Spec R, the dimension of X, denoted dim X, shall mean the usual
Krull dimension of X, and the co-dimension of X, denoted codim X, shall mean
the number dim R — dim X. The dimension and co-dimension of a complex X (and
hence also of a module) is the dimension and co-dimension of its support: that is,
of the set Suppr X = {p € Spec R | H(X,,) # 0}.

3. GROTHENDIECK SPACES AND VANISHING

For every (non-empty, specialization-closed) X C Spec R, we consider the follow-
ing categories.

P(X) = the category of bounded complexes with support in X and consisting
of finitely generated projective modules.
C(%X) = the category of homologically bounded complexes with support in X

and with finitely generated homology modules.

If X = {m}, we shall simply write P(m) and C(m).
The Euler characteristic of a complex X in C(m) is defined as

If M and N are finitely generated modules with pd M < co and ¢{(M ®g N) < oo,
and X is a projective resolution of M, X ®pr N is a complex in C(m), and the
intersection multiplicity x*(M, N) of M and N is the number x*(X @z N). There
is no problem in letting N be a complex rather than just a module, so we can
extend the definition of intersection multiplicity to an even more general setting:
for subsets X,9) C Spec R with ¥ N = {m} and complexes X € P(X) and
Y € C(9), we define the intersection multiplicity of X and Y by

XXY) =X (X @rY) =) (- UH(X @rY)).
We shall shortly construct the “Grothendieck spaces” in which we identify all com-
plexes in P(X) or C(X) whose intersection multiplicity with other complexes are

the same. To describe what “other complexes” we will look at, we define, for each
X C Spec R, a subset

X°={qeSpecR|XNV(q) = {m} and dimV(q) < codim X}.

The set X¢ shall play the role of a sort of “complement” of X, and the idea is to
consider only the intersection multiplicity of complexes from P(X) with complexes
from C(X¢) (and, conversely, of complexes from C(X) with complexes from P(X¢)).
Note that X¢ is a specialization-closed subset of Spec R and that the set X¢ is the
largest subset of Spec R such that XN X¢ = {m} and dim X + dim ¥¢ < dim R. (In
fact it is not hard to see that, when X is closed, dim X + dim X¢ = dim R.) The
latter requirement corresponds to the assumption that dim M 4+ dim N < dim R,
which is necessary in order to define the Dutta multiplicity.

Definition 1. The Grothendieck space of the category P(X) is the Q-vector space
GP(X) presented by elements [X]p(x), one for each isomorphism class of a complex
X in P(X), and relations

[X]px) = [X]px) whenever x™(X @p—)=x"(X@r—)
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as functions C(X¢) — Q. Similarly, the Grothendieck space of the category C(X) is
the Q-vector space GC(X) presented by elements [Y]c(x), one for each isomorphism
class of a complex Y in C(X), and relations

Ve = [?]C(ae) whenever XR(— ®@rY)= XR(— ®r }7)

as functions P(X¢) — Q. If X = {m}, we shall simply write GP(m) and GC(m), and
if we need to emphasize what the underlying ring is, we write GP® (%), GCH(%),

[X]g(ae) and [Y]g(ae)'

In the construction of Grothendieck spaces, we are, basically, identifying a com-
plex X € P(X) with the map x®(X ®r —): C(X¢) — Q and a complex Y € C(X)
with the map x®(— ®r Y): P(X¢) — Q. Since intersection multiplicity is additive
on short exact sequences and trivial on exact complexes, the Grothendieck spaces
GP(X) and GC(X) can also be regarded as the tensor product of Q with quotients
of the Grothendieck groups Ko(P(X)) and Ko(C(X)) of the categories P(X) and
C(%). (For more information on Grothendieck groups of categories of complexes,
see [4].) In particular, any equation that holds in one of these Grothendieck groups
also holds in the corresponding Grothendieck space.

The choice of Q as underlying field is not inevitable: any extension of Q, for
example R or C, could have been chosen, but Q will do for our purposes. Note
that the spaces GP(X) and GC(X) in general should not be expected to be finite-
dimensional. However, as we shall see in Proposition 2 below, GC(m) is always
one-dimensional (and, in fact, so is GP(Spec R)).

Proposition 2. Suppose that X,%) C Spec R.

(i) If 0 = X =Y — Z — 0 is a short exact sequence of complezes in P(X)
(or C(X), respectively), then [Y]px) = [X]p) + [Z]px) in GP(X) (or
Ylc) = [Xle@) + [Zlc) in GC(X), respectively).

(i) If o: X — Y is a quasi-isomorphism of complezes in P(X) (or C(X),
respectively), then [X]px) = [Yp) (or [X]cz) = [Ycx), respectively).
In particular, if X is exact, then [X]p(x) = 0 (or [X]cx) = 0, respectively).

(vii) If X is a complex in P(X) (or C(X), respectively), then [X"X|px) =
(=1)"[X]pz) (or [E"X]czx) = (—=1)"[X]cx), respectively). (Here, ¥"(—)
denotes the shift functor, taking a compler X to the complex X" X defined
by (X"X); = X;_p and 07X = (=1)"9X,,.)

(iv) Any element in GP(X) (or GC(X), respectively) can be written in the form
r[X]p) (or r[X]cex), respectively) for a rational number r € Q and a
complex X in P(X) (or C(X), respectively).

(v) GC(X) is generated by the elements [R/q|cx) for prime ideals p € X.

(vi) The Euler characteristic C(m) — Q induces an isomorphism GC(m) =0)
given by [X]cm) — x*(X).
(vii) The inclusion P(X) — C(X) of categories induces a Q-linear map GP(X) —
GC(X) given by [X]px) — [X]cwx)-
(viii) If X C ), the inclusions P(X) — P(2) and C(X) — C(Q) of categories
induce Q-linear maps

GP(X) > GP(Y) and GC(X) — GC(D),

respectively, given by [X|px) — [X]py) and [Y]cx) — [Ycy), respec-
tively.
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(ix) The tensor product of complexes induces Q-linear maps

GP(%) ®g GC(X°) —» GC(m) and
GP(%) ®g GP(X°) — GP(m),

respectively, given by
[(X]p@x) ® [Yc@xe) = [X ®r Y]cm) and
[(Xlpx) @ [Ypze) = [X @R Ypm),
respectively.

Proof. Properties (i), (ii) and (4#4) hold since they hold for the corresponding
Grothendieck groups (see, for example, [4]).

We show that (iv) holds for elements in GP(X); the argument for elements in
GC(X) is identical. Note first that any element in GP(X) can be written as a sum
> 1i[X"]p(x) for various complexes X* in P(X). By using (iii), we can assume that
all r; are positive, and by choosing a greatest common divisor, we can write the
element in the form r )", a;[X i]p(x) for a rational number r and positive integers
a;. Because of (i), a sum of two elements represented by complexes is equal to the
element represented by their direct sum, and hence the sum Y, a;[X"]p(x) can be
replaced by a single element [X]p(x), where X is the direct sum over i of a; copies
of X,

Property (v) holds since it holds for the corresponding Grothendieck group. This
is easily seen by using short exact sequences to transform a complex in C(X) first
into a bounded complex, then into the alternating sum of its homology modules,
and finally, by taking filtrations, into a linear combination of modules in the form
R/q for prime ideals q € X.

A consequence of (v) is that GC(m) must be generated by the element [k]c(m),
so that GC(m) necessarily is isomorphic to Q or 0. Since the Euler characteristic
naturally induces a non-trivial map GC(m) — Q, it follows that this map must be
an isomorphism. This proves (vi).

To see (vit) and (viii), it suffices to note that, since C(X¢) contains P(X¢) as well
as C(°) whenever X C ) (because then ¢ C X¢), any relation in GP(X) is also
a relation in GC(X) and GP(9)).

Finally, to see (iz), note that the first tensor product map is well-defined (in
both variables) because of (vi) and by definition of Grothendieck spaces. (For the
second variable, use (viii) together with the fact that (X¢)° D X .) To see that the
second tensor product map is well-defined, we restrict attention to the first variable;
by symmetry (and again using (viii) together with the fact that (X¢)° D X), the
argument for the second variable is identical. So fix Y € P(X¢) and suppose that
X, X € P(X) are such that (Xlpx) = [)Z']p(x). Then x*(X ®r Z) = x*(X ®r 2)
for all complexes Z € GC(X°), and hence YB(X ®r Y @5 Z) = XA X ®@rY @5 Z)
for all Z € GC({m}°) = GC(Spec R) since, in this case, Y ®p Z € GC(X®) Thus,
(X ®r Y]p(m) = [X ®r Y]p(m)- O

Using (v) to write an element o € GC(X) as a linear combination of elements
[R/d]ccxy will be called taking a filtration of a. The Q-linear maps in (vii) and
(vitr) will be denoted inclusion homomorphisms although they in general are not
injective. By abuse of notation, the image under an inclusion homomorphism of an
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element « is likewise denoted by «. It should be apparent from the context which
Grothendieck space « is considered an element of.

By a slight abuse of notation, we denote the map induced by the Euler charac-
teristic by x*. By more abuse of notation, we denote both of the tensor product
maps by —® —, so that, for example, if & € GP(X) can be written as o = r[X]p(x)
for X € P(X) and r € Q, and 8 € GC(X®) can be written as 3 = s[Y]c(ze) for
Y € C(X¢) and s € Q, then a®3 € GC(m) can be written as a®f = 7s[X @Y |c(m)-

The tensor product also allows us to change rings:

Proposition 3. Suppose that S is another commutative, Noetherian, local ring,
and that R — S is a local ring homomorphism such that S is finitely generated as
an R-module. Let X C Spec R and ) C SpecS. Suppose first that the following
conditions are satisfied.
(i) If X € PR(X) then X ®r S € P5(D).

(i) IfY € C5(Q°) then Y € CR(x°).

Then the extension of scalars tensor product — @pg S induces a Q-linear map
GPH(X) — GP*(Q)  given by [X]Ex) — [X @r SR (g)-

Suppose instead that the following conditions are satisfied

(iii) If Y € C5(D) then Y € CR(X).

(iv) If X € PR(x°) then X @ S € P¥(°).
Then the restriction of scalars induces a Q-linear map

GCH(D) — GCRE) given by VI, - [VIE)

Proof. Since the homomorphism R — S is local and finite, the residue field of S
is a k-vector space of some finite dimension d, and for the Euler characteristic, we
have x®(—) = dx®(—) under the restriction of scalars.

Suppose first that conditions (i) and (i) hold. Condition (i) ensures that the
extension of scalars functor maps into the right category. To see that the functor
induces a well-defined Q-linear map on Grothendieck spaces, assume that X, X €
PR(%) are such that [X]p(x) = [X]P(%) in GPR(%) Then XR(X QR Z) = XR(X QR
Z) for all Z € C*(%¢), and hence

(X 0rS)®@sY)=d 'YX @rY)=d 'Y X @rY)=x*((X ®r S) ®sY)

for all Y € C%()°), since such a Y as an R-complex lies in C*(%¢) by condition ().
Thus, [X®rS]py) = [)?@RS]p@) in GP¥(9), and the induced map is well-defined.

Suppose instead that conditions (74) and (iv) hold. Condition (4ii) ensures that
the restriction of scalars functor maps into the right category. To see that the
functor induces a well-defined Q-linear map on Grothendieck spaces, assume that
V,Y € C%(9) are such that [Y]cy) = [Y]cy) in GC(Y). Then x5(Z ®@sY) =
X5(Z @5 Y) for all Z € P9(9°), and hence

YHX @rY)=dx°(X @ S)®sY) =dx°(X ®r 5) ®sY) = x}(X ®rY)

for all X € PT(%¢), since, for such an X, X @ S lies in P*(°) by condition (iv).
Thus, [Y]cix) = [Y]cx) in GC# (%), and the induced map is well-defined. O

The map induced by — ®pg S shall, by abuse of notation, also be denoted by
—®pr S. An example of a change of rings where the conditions in Proposition 3 are
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satisfied is the quotient map R — R/I for an ideal I of R and the subsets ¥ = {m}
and 9 = {m/I}.

Suppose that M and N are finitely generated modules with pd M < oo and
(M ®r N) < o0, such that the intersection multiplicity of M and N is defined.
Suppose further that dim M + dim N < dim R and set X = Supp M. Let X € P(X)
be a projective resolution of M. Then we must have Supp N C X¢ and thereby
N € C(X%°), and hence

X (M, N) = x"(X @r N) = x"™([X @r Nlcm)) = x"([(X]px) © [Nlcxe)),

which is the image in Q of [X]p(x) ® [N]c(x¢) under the isomorphism GC(m) = Q
induced by the Euler characteristic. Thus, the intersection multiplicity generalizes
to the Q-linear map GP(¥) ® GC(X¢) — GC(m) induced by the tensor product.

Definition 4. Given X C Spec R and an element o in GP(X) (or GC(X), respec-
tively), we define the dimension of a to be the number dim « defined as the infimum
over n such that a can be written in GP(X) (or GC(X), respectively) as a Q-linear
combination of complexes of dimension less than or equal to n. In particular,
dim o = —o0 if and only if a = 0.

So, for example, for an element o € GP(X) of dimension ¢, we can write « as
asum o = >, 7[X'|p(x) for rational numbers r; and complexes X' € P(X) of
dimension less than or equal to ¢, and t is the smallest number such that this is
possible.

Definition 5. Suppose that X C Spec R and let « € GP(X). We say that «
satisfies vanishing if, for all 8 in GC(X¢), a® S = 0 whenever dim 8 < codim X. We
define the vanishing co-dimension of a, denoted by vcodim a;, to be largest integer
t such that « satisfies vanishing as an element of GP(2)) (that is, after applying the
inclusion homomorphism GP(X) — GP(Q)) for all 9 2 X with codimQ < ¢t. We
define the vanishing dimension of a to be the integer vdim o = codim X — vcodim a.
If a = 0 we set vcodima = oo and vdim a = —oo.

To “satisfy vanishing” for an element « generalizes the traditional way of sat-
isfying vanishing for a module of finite projective dimension: if M is finitely gen-
erated and of finite projective dimension, and X is a projective resolution of M,
then the element [X]px) in GP(X), where X = Supp M, satisfies vanishing exactly
when xf(M, N) = 0 for all finitely generated modules N with /(M ®r N) < oo
and dim M + dim N < dim R (we need only consider modules because of Proposi-
tion 2(v)).

The vanishing co-dimension of an element measures the “co-dimension level”
that we need to move that element to, using an inclusion homomorphism, in order
to be sure that vanishing will hold. The vanishing dimension measures, relatively,
how many co-dimension levels we have to move down from codim X in order for
vanishing to hold. In this sense, the vanishing dimension measures how far an
element is from satisfying vanishing. In particular, the vanishing dimension of a
non-trivial element is zero if and only if the element satisfies vanishing.

Example 6. A result by Foxby [3] shows that vanishing holds for all &« € GP(X)
whenever codim X < 2. In particular, for all « € GP(X),

veodim o > min(2, codim %),

and hence vdim o < max(0, codim X — 2).
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Remark 7. It is not hard to see that an element o € GP(X) satisfies vanishing
if and only if, for all P DO X with codim®) < codim X, the image in GP(Q) of
a under the inclusion map GP(X) — GP(9)) vanishes. For if § € GC(X¢) has
dim 8 < codim X, (3 is generated by complexes with supports of dimension strictly
less than codim X. Letting 3 denote the union of these supports and setting ) = 3¢,
we must have X C 9 and codim®) < codimX. Since 3 C (3¢)° = 9¢, 3 is the
image of an element in GC(Y°), and to see whether o ® 3 vanishes for o € GP(X),
it therefore suffices to replace « by its image in GP(2)) under the inclusion map.

Suppose that X C 9, let « € GP(X) and denote by & the image in GP()) of «
under the inclusion map. Then vcodim & > vcodim «, and hence

vdim @ < vdim « — (codim X — codim 9)).

It is always possible to find a P O X with any given co-dimension larger than
vcodim a and smaller than codim X such that the above is an equality.

We now introduce a topology on the Grothendieck spaces. The topology will be
induced by a family of semi-norms.

Definition 8. Suppose that X C Spec R. For each 8 € GC(X¢), we define a map
=l = Ix"(-®B)|: GP(X) = Q,

and for each o € GP(X¢), we define a map
= lla= X a®-): GC(X)— Q.

The fact that the maps || — ||g and || — ||« are well-defined follows from the defi-
nition of GP(X) and GC(X). The abusive notation should not cause any confusion:
if ||]|s is defined, then it is equal to x¥(y ® §) no matter what spaces v and § lie
in. If 7 is represented by a complex X and § is represented by a complex Y, we
shall occasionally also denote ||v||s by || X|ls, |7]ly or || X||y. Note that we always
have

I¥lls = ll6lly = [1Bllv@s = Iy ® 0l &-

Proposition 9. Given X C Spec R and € GC(X°), the map || — ||g satisfies, for
all a, 0’ € GP(X) and r € Q,
(i) flalls = 0;

(3) ralls = rllells;

(iii) [lo+a'lls < llallp + llo'[s; and

(i) a=01in GP(X) if and only if ||allg = 0 for all § € GC(X°).
In particular, ||—||g is a semi-norm on GP(X). Similarly, given o € GP(X°), || — ||«
satisfies, for all 3,5 € GC(X) and r € Q,

(@) 1B8lla = 0;
(@) [|rBlla = [rlllBlla;
(@i") 18+ B'lla < 18lla + [18]la; and
() B=0in GC(X) if and only if ||Blla = 0 for all o € GP(X°).

In particular, || — ||o is a semi-norm on GC(X).

Proof. Properties (i)—(#4) and (i”)—(#2") follow immediately from the correspond-
ing properties for numerical value and from the linearity of the map induced by the
Euler characteristic. Properties (i) and (iv’) follow from the definition of GP(%)
and GC(X). O
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Note that, for elements v and +' in either GP(%) or GC(X) and r € Q, we also
have

=l =17l =I5 and | =y < =l + 11 =l

We equip GP(%X) (and GC(X), respectively) with the nitial topology of the fam-
ily (I = Is)geccixey (or (|| = lla)acep(xe), respectively) of semi-norms: that is, the
coarsest topology such that each of the maps || — || (or || — ||«, respectively) is con-
tinuous. With the initial topology, continuity of maps to and from Grothendieck
spaces can be verified by a comparison of semi-norms; in fact, any map from a topo-
logical space to a Grothendieck space is continuous exactly when its composition
with each semi-norm is continuous. Using this fact, it is easy to verify continuity
of addition and scalar multiplication on Grothendieck spaces. We can also readily
verify continuity of the other maps that we have introduced so far:

Proposition 10. Suppose that X C Spec R. Then the tensor product homomor-
phisms GP(X) ®g GC(X¢) — GC(m) and GP(X) ®g GP(X°) — GP(m) are con-
tinuous in each variable. Furthermore, if X C P C Spec R, then the inclusion
homomorphisms GP(X) — GC(X), GP(X) — GP(®) and GC(X) — GC(Q) are
continuous.

Proof. Continuity of the tensor product homomorphisms follows since

lee® Blly = lelisey = 18]lasrs

when a € GP(X), 8 € GC(X¢) and v € GP({m}“) = GP(Spec R) as well as when
a € GP(X), f € GP(X°) and v € GC({m}°) = GC(Spec R). Continuity of the
inclusion homomorphisms is immediate, since they all preserve the semi-norms that
are defined for the co-domain of the inclusion. O

4. FROBENIUS AND VANISHING DIMENSION

Notation. Throughout this section, R is assumed to be complete of prime char-
acteristic p, and k is assumed to be a perfect field.

Note that, although the assumptions that R be complete and k be perfect may
seem restrictive, they really are not when it comes to dealing with intersection
multiplicities; for more details, see Dutta [1, p. 425].

The Frobenius ring homomorphism f: R — R is given by f(r) = rP; the compo-
sition of e copies of f is the ring homomorphism f¢: R — R given by f(r) = r¥".
We denote by /°R the bi- R-algebra R having the structure of an R-algebra from the
left by f¢ and from the right by the identity map: that is, if z € /'R and r,s € R,
then r-x - s = 1P zs.

Definition 11. Two functors, /(=) and Fy,, are defined on the category of R-
modules by

()=Repr— and Fi(-)=-®r’R,
where, for a module M, f°M is viewed through its left structure, whereas F B(M) is
viewed through its right structure. The functor Fg is called the Frobenius functor.

We now note a few facts about the functors #(—) and Fg.

Proposition 12. The following hold.
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(i) For a module N, I°N is the module N with R-module structure defined
by restriction of scalars via f€: that is, if n € I°N and r € R, then
ren=1r"n.

) For a homomorphism p: N — N', Ip = .

(444) The functorf( ) is exact.
)
)

If X is a complex of finitely generated projective modules, then F§(X) is

a complex with the same modules as X and with matrices representing the

differentials given by raising the entries in the corresponding matrices for

X to the p®th power.

(vi) If X andY are bounded complexes of finitely generated projective modules,
then F&E(X @rY) = F5(X) ®@r F5(Y).

(vii) The functor F§, preserves exactness of bounded complexes of finitely gen-
erated projective modules.

(vitg) If S is another commutative, Noetherian, local ring of characteristic p,

and R — S is a ring homomorphism, then, for any bounded complex X

of finitely generated projective modules, F5(X) ®r S = FS(X ®r S); in

particular, for a prime ideal p, Fi(X)p = Fp (Xp).

Proof. All properties are readily verified. For more details, see, for example, Peskine
and Szpiro [9] or Roberts [12]. O

The fact that k is perfect implies that /*R is finitely generated as a left R-module,
and hence /°(—) defines a functor C(X) — C(X) for every X C Spec R. Since /*(—)
is exact, for any complex Y € C(m),

XAY) = x () e k) = xR (Y),
where the last equation follows since k = k. Now, suppose that X € P(X) and
Y € C(X°). Tt is not hard to see that /(Fg(X) ®rY) = X @z /Y, and it follows
that
X(FRX)@rY) =x"(X @rTY).

It is an immediate consequence of (v), (vii) and (viii) that Ff, defines a functor
P(X) — P(X) for every X C Spec R. If [X]p(x) = [X]p(x) in GP(X) for complexes
X, X € P(X), then YB(X ®r V) = xB(X @ V) for all Y € C(X°), and hence

XFRX) @rY) = x(X ®Rer) XX @rTY) = XH(FR(X) 0 Y)
for all Y € C(X¢), and we conclude that [Fr(X)lpz) = [FR(X)]p(x). Thus, Fy,
induces an endomorphism on GP(X) given by [X]pz) — [Fr(X)]p(z)-
Definition 13. Given X C SpecR and e € Ny, the endomorphism on GP(X)
induced by F; shall be denoted by Fy. Further, we define
1

e __ e
(I)x - pecodim%Fx'

For X = {m} we shall simply write Fg and ®E,.

Lemma 14. Suppose that X C Spec R and let § € GC(X€). There exist elements
M,y € GC(XC) with dim % < dim g for all i such that

pe dlmﬁ ||Fx
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for all e € Ny.

Proof. The proof is by induction on m = dim 3. Let o € GP(X). By taking
a filtration of [ with elements of dimension less than or equal to dim (3, we can
assume that § = [R/q]c(x<) for a prime ideal q € X° with dim R/q = dim 8 = m.
Further, we can assume that o = [X]p(x) for some minimal complex X € P(X). The
case m = 0 is now easy since, in this case, g = m so that § = [k]¢(m), and minimality
of X means that Fr(X)®rk = Fi(X ®r k) = X Qr k, so that ||Fg(o)|lx = ||a||x
for all e € Np.

Now, suppose that m > 0 and that the statement holds for smaller values of m.
The ring R/q is a complete domain of dimension m with perfect residue field, so
the torsion-free rank of /(R/q) over R/q is p™ (see, for example, Dutta [1, p. 426]).
Thus, we have short exact sequence

0— (R/q)"" —=/(R/q) = Q — 0,

where @ is a finitely generated module with dim @) < m. By tensoring with F’ }J%(X ),
we get the short exact sequence

0— (FR(X)®r R/q)"" — Fy'N(X)®r R/q— FL(X) ®rQ — 0.

It follows that
1 o 1 1
”WF% (X) — pj—mFaje(X)HR/q = ”W Fi(X)llo-
Since dim @ < m, the induction hypothesis implies that there exist elements
Yooy vig € GC(X¢) with dimv} < dim@ < dim R/q for all ¢, such that this
is bounded by p~7 3, || X|,s. Thus,
e—1 1

e 1 1 j
(X)r/q <1 XR/q + Zo ”WF%H(X) - ]ﬂ—mFaje(X)HR/q
J:

1
| pem

1
§||X||R/q+(1+]—9+~--+

and the result now follows by setting v; = (1 — 1/p)~14} for each i = 1,...,t — 1
and Yt = [R/q]C(%C) O

The proof of Lemma 14 contains another result which will become useful later
and which we therefore state separately as Lemma 15 below.

Lemma 15. Suppose that X C SpecR and let 8 € GC(X¢). Then there exist
elements 11, ...,7 € GC(X®) with dim~; < dim 8 for all i such that

1 . 1
”WFXH(_) ~ pedmp Fe (=)l < Z =l
for all e € Ny. O

Proposition 16. For all X C Spec R, the endomorphism ®x on GP(X) is contin-
UOUS.

Proof. This follows immediately from Lemma 14. O

Proposition 17. Suppose that X C Spec R and let o € GP(X). Then « satisfies
vanishing if and only if « = Px(a).
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Proof. If « satisfies vanishing, it follows immediately from Lemma 14 and 15 that,
for B8 € GC(X°), ||allg = ||Px(a)||g = 0 whenever dimf§ < codimX and |« —
®x(a)|lp = 0 whenever dim § = codim X, so that, in any case, || — ®x(a)||g = 0,
and hence a = Px(a). Conversely, if « = Px(«), it follows immediately from
Lemma 14 that, for all § € GC(X°) with dim 8 < codim X, |la||s is bounded by a
sequence converging to 0, so that ||a||g = 0 and « satisfies vanishing. O

Definition 18. Suppose that X C Spec R and let o € GP(X). For i € Ny we define
peOF (a) = lim p“®%(a)
e— 00
whenever this converges; in particular, for i = 0, we define @5 (o) = lim,— ().
We are now ready to prove the main theorem of this paper.

Theorem 19. Suppose that X C Spec R, let a € GP(X) and suppose that u is a
non-negative integer with v > vdim . Then

(p"®Px —id)o--- o (pPx —id) o (Px —id)(a) = 0. (1)
Further, there exists a decomposition o = o9 +- - -+ in which each o'V is either
zero or an eigenvector for ®x with eigenvalue 1/pt. The elements a® . a® can

be recursively defined by
o =0F () and o =pi®dF(a — (o + .. +ali7V)),

and there is a formula
-1

NO . @
Lo1p - 1/p" | | @x(a)

(2)

() : : . :
) Lo1/pt o 1p

Proof. We prove (1) by induction on u. The case u = 0 is trivial since Proposition 17
in this situation yields that (®x — id)(a) = 0. Now, suppose that u > 0 and that
the formula holds for smaller values of u. By Proposition 17 and commutativity of
the involved maps, equation (1) holds if and only if vanishing holds for the element

B={p"®x —id)o-- o (pPx —id)(«).
Now, satisfying vanishing is equivalent to being in the kernel of any inclusion ho-
momorphism GP(X) — GP(2)), where 9 O X has codim® = codimX — 1. But
since, in GP(9) for such a 9), ®x(a) = p~'®g (@), where @ denotes the image of «
in GP(Q)), we get that, in GP(Q),
f=(p" oy —id)o---o (pPy —id) o (Py —id)(a) =0,

where the last equation follows by induction, since vdima < u — 1 by Remark 7.
This proves (1).

By applying ®5 “ to (1), we get a recursive formula to calculate 5™ (a) from
P%(a), ..., 25 “(a). The characteristic polynomial for the recursion is

(p“z—1)--(pr —1)(z - 1),
which has u + 1 distinct roots, 1,1/p,...,1/p*. Thus, there is a general formula

P (a)

1 a® (3)

ue

1
% () = al® 4+ _ea(l) N
p



48 ESBEN BISTRUP HALVORSEN

for suitable a9, ... a(® e GP(%), where each a satisfies

. 1 .
() = —al? (4)
and hence is an eigenvector for ®x with eigenvalue 1/p’.
We obtain the recursive definition of o(* by induction on i. The case i = 0
follows immediately from (3) by letting e go to infinity. Suppose now that ¢ > 0
and that the result holds for smaller values of i. From (4) we then get

ped(a— (a9 + -+ alTY)) = pedc(aD + .. + o)

N OB N (o R SN ()
pe pe(u—z)
and letting e go to infinity, we obtain the desired formula.
From (3) we know that a® . a® solve the following system of equations
with rational coefficients.
1 1
a0 4 ZaM Lo _ua(“) — q)x(a)
p p
a@) + J;;u) o 4 Sa® = )
p "
Formula (2) now follows. (The matrix is the Vandermonde matrix of the elements
1,1/p,...,1/p* with determinant H0§i<j§u(1/pj —1/p%) #0.) O

Remark 20. Since GP(X) splits up into a direct sum of eigenspaces of ®x, it is
clear that the decomposition of an element into eigenvectors for ®x is unique. We
also clearly have that

(ra)® = ra® and (o +B)D = a® + g0

for all i € Ny, 7 € Q and a, 8 € GP(X). We obviously have (&% (a))® = p~ica®.
It is also easy to see that, for « € GP(X) and 8 € GP(X°),

(a®B)® = Za(i) ® B
itj=t
in GP(m). In particular, (o ® 5)@ = a(® @ g0,

Suppose now that X C ) C SpecR and let s = codimX — codim¥). Let &
denote the image of o in GP(2)) under the inclusion homomorphism GP(X) —
GP(92). Since the image of ®x(a) in GP(Q)) is equal to p~*®y (@), it follows from
Theorem 19 that the image of ¥ in GP(Q) is a*~*) whenever i > s and zero
whenever i < s.

Remark 21. From Theorem 19 we see that the general formula for ®% () is

11 ... 1\ a

Sl@=@Q 1/p° - 1/p) .p ' p x(e)

2

Lo1/p" e 1/p"
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and, in particular, that

1 1 1 o
F(a)=(1 0 --- 0) 1 Vp 1/.p (Dx:(a)
1o1/pe e 1pY) \@%(a)

The Dutta multiplicity of an element « and arbitrary elements from GC(X¢) is

given by application of the function
W (o) = I x(@5(a) ® ) = x"(F (a) © ).

Thus, the Dutta multiplicity is a rational number and we need not find a limit
to calculate it. This is valuable knowledge, for instance, when using a computer
to calculate Dutta multiplicity. Translating this into the usual setup with finitely
generated modules M and N with pd M < 0o, (M ®prN) < oo and t = codim M >
dim N, we get the general formula

1 1 1 XR(M’N)
VELN) = (1 0 - 0) Dop e et (), N)
1 1/p" 1/p** ) \p X" (FE(M),N)
1 1 1 \* YE(M, N)
:(1 0 O) P’ pt.—l pt—u (XR(FR('M),N)
gt et |\ Rpu (), )

For example, the case vdim « < 1 yields
1
2% (a) = p—| (pPx(a) —a),
so that

Ko o) = == ("(@x(0) @) = x (0@ ).

In other words, for M and N as above,
1 1
X5 (M,N) = =1 (FXR(FR(M%N) - x"(M, N)) :
In the case vdima < 2, we get
[e%e] 1 352
¥ () = R p—— (P’ ®% () —p(p + 1)@x(a) + a)
so that
1
R 3 R (52
y — = q) ®_
Xoo (@, =) p3_p2_p+1(px (2% (a) ® —)
—p(p+ x(@x(e) ® =) + x(@® -)).
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In other words, for M and N as above,

1 1 R 2
p3—p2_p+1(p2t—3x (FR(M)vN)
p—i—l R

pi— X (Fr (M)vN)‘f'XR(M,N)).

XoRo(MvN) =

The fact that Dutta multiplicity satisfies vanishing is also immediate:

Corollary 22. Suppose that X C Spec R and let a € GP(X). Then ® («) satisfies
vanishing.

Proof. By continuity, ®x(®5 (e)) = P (), and Proposition 17 yields that &5 (c)
satisfies vanishing. O

With Theorem 19 in hand, we can now in multiple ways describe what it means
to have a certain vanishing dimension. We first look at the vanishing dimension
ZEero case.

Proposition 23. Suppose that X C Spec R and let « € GP(X). The following are
equivalent.

(i) « satisfies vanishing.
a® B =0 for all § € GC(X) with dim § < codim X.

)
)
) o = ‘I)x(()é)
) a=®%(a) for some e € N.
(vi) a=PL ().
1) a =0 as an element of GP(Q)) for any P 2O X with codimQ) < codim X.
) =0 as an element of GP(Q) for any Y 2O X with codim Y = codim X—1.
ir) vdima < 0.
(

Proof. (i) is equivalent to (ii) by definition; (7) is equivalent to (iv) by Proposi-
tion 17; (iv) is equivalent to (44) and (vi) by Theorem 19; (iv) implies (v) im-
plies (vi), so these must all be equivalent; (i) is equivalent to (vii) and (viéi) by
Remark 7; and (%) is equivalent to (iz) by definition of vanishing dimension. (]

We can also establish equivalent conditions in the general case for having a
certain vanishing dimension:

Proposition 24. Suppose that X C Spec R, let o € GP(X) and let uw € Ny. The
following are equivalent.

(i) a®B=0 for all B € GC(X¢) with dim 8 < codim X — w.

(i) a=a® 4 ... 4o,
(ii3) (p"®Px — 1d) o (pPx —id) o (&5 —id)(a) = 0.

(iv) a=0asan element of GP(Q) for any Y D X with codim Q) < codim X—u.
(v) a=0 as an element of GP(Q) for any P 2 X with codim Y = codim X —

u—1.
(vi) vdima < u.
Proof. The proof of Theorem 19 shows how (vi) implies (i) which again im-
plies (4); (vi) is equivalent to () by definition of vanishing dimension; (7) is clearly
equivalent to (i) and (v); and (i) implies (v) by Remark 20. O
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Having vanishing dimension exactly equal to u > 0 of course means that the
above conditions are satisfied and that the same conditions fail to hold if « is
replaced by u — 1. In particular, if vdima = u, then o™ # 0 and there exists a
B € GC(%°) with dim 8 = codim ¥ —u such that a®8 = aW @4 # 0. Consequently,
if the term a(?) is non-zero, then it has vanishing dimension 7 and can be regarded
as “the part of « that allows a counterexample to vanishing where the difference of
co-dimension and dimension is equal to ¢”.

We conclude this section by examining how the decomposition into eigenvectors
behaves under extension of scalars.

Proposition 25. Suppose that S is a another commutative, complete, Noetherian
local ring of characteristic p and with perfect residue field and that R — S is a
local ring homomorphism, such that S is finitely generated as an R-module. Let
X C Spec R and P C Spec S be such that conditions (i) and (i) of Proposition 8
are satisfied, so that the extension of scalars map — ®r S: GP®(%) — GP®(D)
is defined. Let a € GP(X) and set t = codimX — codim®). Then o) @p S =
(a®p S)—1),

Proof. Within GP®(9)) we have that
1
pcodimQ_)
1 i
= pcodimQ_) Fx(OZ( )) QR S

1 i
= F‘I’x(a( ) @R S

Dy (') @ §) = Fy(a® @ S)

1
= ,_ta(l) ®RrS.

3

This proves that o @z S in GP® () is an eigenvector for Py with eigenvalue
1/p"~t, and since a = Y, a@, it follows that a ®z S = Y, a(¥ @z S, and hence
that o) ®r S = (e @p §)01. O

5. NUMERICAL VANISHING

Notation. Throughout this section, we continue to assume that R is complete of
prime characteristic p > 0, and that k is a perfect field.

Although the relation v = ®$° (a) might not hold in GP(X), there is still a chance
that it holds after an application of the inclusion homomorphism GP(X) — GC(%),
and this situation has interesting consequences as well.

Definition 26. Suppose that X C SpecR and let « € GP(X). We shall say
that « satisfies numerical vanishing if @ = @ (a) in GC(X). We shall say that
a satisfies weak vanishing if, for all 8 € GP(%¢), a ® § = 0 in GC(m) whenever
dim 8 < codim X.

The reason for the word “numerical” is that numerical vanishing can be verified
“numerically” for elements of GP(m) (see Remark 28), and that numerical van-
ishing of all elements of all Grothendieck groups can be verified in this way (see
Remark 32).

The concept of “weak vanishing” corresponds to a weaker version of Serre’s
vanishing conjecture in which both modules are assumed to have finite projective
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dimension—in fact, weak vanishing is a little stronger: if M is finitely generated
and of finite projective dimension, and X is a projective resolution of M, then the
element [X]p(x) in GP(X), where X = Supp M, satisfies weak vanishing only if
x®(M,N) = 0 for all finitely generated modules N of finite projective dimension
with (M ®r N) < oo and dim M + dim N < dim R. (To get an “f and only if”
statement, we would have to replace N by an arbitrary bounded complex of finitely
generated projective modules.)

Proposition 27. Suppose that X C Spec R and let o € GP(X). For the following
conditions, each condition implies the next.
(i) « satisfies vanishing.
(i) « satisfies numerical vanishing
(#1) « satisfies weak vanishing

Proof. Tt is clear that vanishing implies numerical vanishing. Suppose that « satis-
fies numerical vanishing and let § € GP(X°) be such that dim 8 < codim X. When
calculating o ® 8 in GC(m), we are allowed to consider o an element of GC(X).
But then a® 8 = @ (o) ® B = 0, since () satisfies vanishing, and we conclude
that o satisfies weak vanishing. (I

As Example 33 will show, the implications in Proposition 27 are strict.

Remark 28. If X is a complex in P(m), then [X]p(y) satisfies numerical vanishing
if and only if

611};0 WXR(FE(X)) = XR(X)-
In particular, if X is a projective resolution of a module M, then [X]p(n) satisfies
numerical vanishing if and only if

. 1 e
BEH;OWK(FR(M)) = U(M); (5)
this follows easily from the fact that the Euler characteristic is an isomorphism on
GC(m) together with the result by Peskine and Szpiro [9, Theorem 1.7] that F'f;,(X)
is a projective resolution of Ff,(M) for all e € Ny. As we shall see in Proposition 29
below, for (5) to hold, it suffices (but need not be necessary) to verify that the
equation '
U(FR(M)) = pe™ o)

holds for vdim([X]p(y)) distinct values of e > 0.

Proposition 29. Suppose that X C SpecR and let « € GP(X). A sufficient
condition for a to satisfy numerical vanishing is that a = ®%(c) holds in GC(X)
for vdim(«) distinct values of e > 0.
Proof. Let u = vdim(«). The difference a—®% (o) in GC(X) is obtained by inserting
2 = 1/p° in the polynomial

(@ —a) +za® + -+ 2™,

The polynomial always has the root x = 1. If there are u additional roots, it must be
the zero-polynomial, so that a = ®%(«) for all e € Ny, and hence o = ¥ (o). O

Definition 30. We shall say that R satisfies vanishing (or numerical vanishing
or weak vanishing, respectively) if all elements of all Grothendieck spaces over R
satisfy vanishing (or numerical vanishing or weak vanishing, respectively).
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A nice property of numerical vanishing, and one of the reasons that we have
even bothered to introduce the concept, is that, in order to verify that numerical
vanishing holds for all elements of all Grothendieck spaces, it suffices to restrict
attention to the elements in GP(m):

Proposition 31. The following are equivalent.

(i) R satisfies numerical vanishing.
(ii) a=Px(a) in GC(X) for all X C Spec R and a € GP(X).
(iii) a = Pyu(a) in GC(m) for all « € GP(m).
() a=PF(a) in GC(X) for all X C Spec R and o € GP(X).
(v) a=0X(a) in GC(m) for all o« € GP(m).

Proof. By definition, () is equivalent to (4v). It is clear that (i) implies (éi7) and
that (i) implies (v). It is also clear that (it) implies (i) and that (44) implies
(v). Thus, it only remains to prove that (v) implies (7). So assume (v) and let
X C SpecR and a € GP(X). To conclude that o — ®x(«) vanishes in GC(X), we
simply note that, for arbitrary 8 € GP(X¢),

[l = @z (a)llp = [[(a — Px()) © Bl r

0 :

(0 = Px(a)) ® ﬂ)( )HR (by the assumption)
(@ = ®x())” @ 8Pz (by Remark 20)
= [(@? — o) 2 80| 5 (also by Remark 20)
=0. O

Remark 32. Comparing Remark 28 with Proposition 31, we see that, if GP(m) is
generated by acyclic complexes, a necessary and sufficient condition for R to satisfy
numerical vanishing is that

U(Fr(M) = pt™Fo(M) (6)
for all modules M of finite length and finite projective dimension.

Example 33. If R is Cohen—Macaulay, GP(m) is generated by acyclic complexes:
GP(m) is the tensor product of Q with a quotient of the Grothendieck group of
the category P(m), and this Grothendieck group is generated by acyclic complexes
(see [4]). So if R is Cohen—Macaulay, numerical vanishing holds if and only if
condition (6) holds, and condition (6) implies the weak version of Serre’s vanishing
conjecture.

Dutta [1] has proven that condition (6) holds when R is Gorenstein of dimension
(at most) 3 or a complete intersection (of any dimension). Since the ring in these
situations is Cohen—Macaulay, numerical (and hence weak) vanishing must hold.
The rings in the counterexamples by Dutta, Hochster and McLaughlin [2] and
Miller and Singh [8] are complete intersections (which can easily be transformed
into complete rings of characteristic p with perfect residue fields), and hence they
satisfy numerical vanishing without satisfying vanishing.

Any ring of dimension at most 4 will satisfy weak vanishing; this follows from
Example 6. Roberts [11] has shown the existence of a Cohen—Macaulay ring of
dimension 3 (which can also be transformed into a complete ring of characteristic
p with perfect residue field) such that condition (6) does not hold. Thus, this ring
satisfies weak vanishing without satisfying numerical vanishing.



54 ESBEN BISTRUP HALVORSEN

Proposition 34. Suppose that X C Spec R and let « € GP(X). Suppose that I is
an ideal such that R/I has support in X°¢ and as a ring satisfies numerical vanishing.
Set t = codim X — dim R/I. Then a ® [R/I]c(xe) = o @ [R/T]c(xe).

Proof. Consider the local ring homomorphism R — R/I and note that the subsets
X C Spec R and {m/I} C Spec R/I satisfy conditions (i) and (i) of Proposition 3
and that the subsets {m/I} C Spec R/I and {m} C Spec R satisfy conditions (4ii)
and (iv) of Proposition 3. The element o ® [R/I]c(xe) in GCH(m) is the image of
« under the composition

GPE(x) "B GPR/M (/1) — GCR/ (m/I) — GCP(m),

in which the first homomorphism is the extension of scalars, which is well-defined
by Proposition 3, the second homomorphism is the inclusion homomorphism, and
the third homomorphism is the restriction of scalars, which is well-defined also by
Proposition 3. Since R/I satisfies numerical vanishing, the inclusion homomor-
phism maps a ® R/I to (« @ R/I1)?), and according to Proposition 25, this is
equal to a® @ R/I. O

Example 35. We will now investigate the counterexamples by Dutta, Hochster
and McLaughlin [2] and Miller and Singh [8]. We start by recalling the setup in
these examples.

In the counterexample by Dutta, Hochster and McLaughlin, we have the fol-
lowing: the ring R = kfu, v, z,y]m/(ux — vy) of dimension three, where m is the
maximal ideal (u, v, x,y); a module M of finite length and finite projective dimen-
sion; and the module R/q of dimension two, where ¢ is the prime ideal generated
by v and v. We have that x®(M, R/q) = —1.

In the counterexample by Miller and Singh, we have the following: the ring
R = klu,v,w, z,y, z]m/(ux + vy + wz) of dimension five, where m is the maximal
ideal (u,v,w,z,y, z); a module M of finite length and finite projective dimension;
and the module R/q of dimension three, where q is the prime ideal generated by u,
v and w. We have that x*(M, R/q) = —2.

A result by Levine [7] shows that, in both of these examples, the Grothendieck
space GP(m) is generated by Koszul complexes and one additional element. Thus,
in both examples, the quotient of GP(m) with the subspace of fixed points for ®,
has dimension one. This leaves room for one more eigenspace of dimension one;
the corresponding eigenvalue is 1/p® for some i > 0. We will now find 7 in the two
examples.

In the counterexample by Dutta, Hochster and McLaughlin, the dimension of
the ring is three, and hence, by Example 6, vdim(a) < 1 for all & € GP(m), so we
must have ¢ = 1 in this case.

In the counterexample by Miller and Singh, we first note that R/q & k[z,y, 2] is a
regular ring and hence satisfies numerical vanishing. Letting X denote a projective
resolution of the module M, Proposition 34 now yields that

0 # [X]p(m) ® [R/dlc(spec ) = [X5tm) © [B/d)c(spec p):
and it follows that [X ],(32()m) # 0 and hence that i = 2.

In the characteristic 2 case, Miller and Singh also present a Gorenstein normal

domain R of dimension 5, which is a module-finite extension of R, such that the

element [X]pm) € GP(m), where X = X ®p R is a projective resolution of the



DIAGONALIZING THE FROBENIUS 55

R-module M = M ®g R, does not satisfy numerical vanishing. In fact, their

calculations show that XR([X]E,(?@) =220 and B ([X] ff()ﬁl)) = 2. Miller and Singh

also construct a module N of finite length and finite projective dimension such

that, if Y is a projective resolution of N, then the element [Y]p ) € GP(m), where

Y = Y ®r R is a projective resolution of the R-module N = N ®pg R, satisfies
that x([¥]5)) = 220 and xR([V]5)) = —2. Of course, the fact that [X]p(s)

and [Y]p(m) do not satisfy numerical vanishing implies, according to Proposition 27,
that they do not satisfy vanishing either.
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DUALITIES AND INTERSECTION MULTIPLICITIES

ANDERS J. FRANKILD AND ESBEN BISTRUP HALVORSEN

ABSTRACT. Let R be a commutative, noetherian, local ring. Topological Q-
vector spaces modelled on full subcategories of the derived category of R are
constructed in order to study intersection multiplicities.

1. INTRODUCTION

Let R be a commutative, noetherian, local ring and let X and Y be homolog-
ically bounded complexes over R with finitely generated homology and supports
intersecting at the maximal ideal. When the projective dimension of X or Y is
finite, their intersection multiplicity is defined as

X(X,Y) =x(X @R Y),

where x(—) denotes the Euler characteristic defined as the alternating sum of the
lengths of the homology modules. When X and Y are modules, this definition
agrees with the intersection multiplicity defined by Serre [22].

The ring R is said to satisfy vanishing when

x(X,Y) =0 provided dim(Supp X) + dim(SuppY’) < dim R.
If the above holds under the restriction that both complexes have finite projective
dimension, R is said to satisfy weak vanishing.
Assume, in addition, that dim(Supp X ) + dim(Supp Y) < dim R and that R has
prime characteristic p. The Dutta multiplicity of X and Y is defined when X has
finite projective dimension as the limit

Xoo(X,Y) = lim

eﬁwmx(Lpe(X),Y),

where LF¢ denotes the e-fold composition of the left-derived Frobenius functor; the
Frobenius functor F' was systematically used in the classical work by Peskine and
Szpiro [18]. When X and Y are modules, yoo(X,Y) is the usual Dutta multiplicity;
see Dutta [6].

Let X be a specialization-closed subset of Spec R and let D5 (X) denote the full
subcategory of the derived category of R comprising the homologically bounded
complexes with finitely generated homology and support contained in X. The
symbols Pf(X) and If(X) denote the full subcategories of DI (X) comprising the
complexes that are isomorphic to a complex of projective or injective modules,
respectively. The Grothendieck spaces GD5(X), GP!(X) and GIf(X) are topolog-
ical Q—vector spaces modelled on these categories. The first two of these spaces
were introduced in [11] but were there modelled on ordinary non-derived cate-
gories of complexes. The construction of Grothendieck spaces is similar to that of
Grothendieck groups but targeted at the study of intersection multiplicities.

Preliminary version, May 1, 2007.
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The main result of [11] is a diagonalization theorem in prime characteristic p for
the automorphism on GPf(X) induced by the Frobenius functor. A consequence of
this theorem is that every element o € GPf(X) can be decomposed as

04204(0)+04(1)+---+04(u),

where the component of degree zero describes the Dutta multiplicity, whereas the
components of higher degree describe the extent to which vanishing fails to hold for
the the intersection multiplicity. This paper presents (see Theorem 6.2) a similar
diagonalization theorem for a functor that is analogous to the Frobenius functor and
has been studied by Herzog [13]. A consequence is that every element 3 € GIf(%)
can be decomposed as
8= 5(0) _,_5(1) +---+ﬁ(v),

where the component of degree zero describes an analog of the Dutta multiplicity,
whereas the components of higher degree describe the extent to which vanishing
fails to hold for the Euler form, introduced by Mori and Smith [16]. Another
consequence (see Theorem 6.12) is that R satisfies weak vanishing if only the Eu-
ler characteristic of homologically bounded complexes with finite-length homology
changes by a factor p4™ £ when the analogous Frobenius functor is applied.

The star duality endofunctor (—)* = RHompg(—, R) on Pf(X) induces an auto-
morphism on GP!(X) which in prime characteristic p is given by (see Theorem 7.5)

(_1)Codimxa* — O[(O) _ a(l) + .+ (_1)ua(u)

Even in arbitrary characteristic, R satisfies vanishing if and only if all elements
a € GPI(X) are self-dual in the sense that a = (—1)°°UmXq*; and R satisfies
weak vanishing if all elements o € GP!(X) are numerically self-dual, meaning that
a—(—1)cdimXa* i5 in the kernel of the homomorphism GP!(X) — GDE (%) induced
by the inclusion of the underlying categories (see Theorem 7.4). Rings for which
all elements of the Grothendieck spaces GP!(X) are numerically self-dual include
Gorenstein rings of dimension less than or equal to five (see Proposition 7.11) and
complete intersections (see Proposition 7.7 together with [11, Example 33]).

NOTATION

Throughout, R denotes a commutative, noetherian, local ring with unique max-
imal ideal m and residue field & = R/m. Unless otherwise stated, modules and
complexes are assumed to be R—modules and R—complexes, respectively.

2. DERIVED CATEGORIES AND FUNCTORS

In this section we review notation and results from the theory of derived cate-
gories, and we introduce a new star duality and derived versions of the Frobenius
functor and its natural analog. For details on the derived category and derived
functors, consult [9, 12, 23].

2.1. Derived categories. A complex X is a sequence (X;);ez of modules equipped
with a differential (9;%);cz lowering the homological degree by one. The homology
complex H(X) of X is the complex whose modules are

H(X); = H;(X) = Ker 9;* / Im 941

and whose differentials are trivial.
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A morphism of complexes 0: X — Y is a family (0;);ez of homomorphisms
commuting with the differentials in X and Y. The morphism of complexes o is
a quasi-isomorphism if the induced map on homology H;(c): H;(X) — H;(Y) is
an isomorphism in every degree. Two morphisms of complexes o,p: X — Y are
homotopic if there exists a family (s;);ez of maps s;: X; — Y;+1 such that

Y X
O; — pPi = (91-_‘_181‘ + Si_lai .

Homotopy yields an equivalence relation in the group Hompg(X,Y) of morphisms
of complexes, and the homotopy category K(R) is obtained from the category of
complexes C(R) by declaring

Homg g (X,Y) = Homc(g)(X,Y)/homotopy.

The collection S of quasi-isomorphisms in the triangulated category K(R) form
a multiplicative system of morphisms. The derived category D(R) is obtained by
(categorically) localizing K(R) with respect to S. Thus, quasi-isomorphisms become
isomorphisms in D(R); in the sequel, they are denoted ~.

Let n be an integer. The symbol XX denotes the complex X shifted (or trans-
lated or suspended) n degrees to the left; that is, against the direction of the
differential. The modules in ¥ X are given by (X"X); = X;_,, and the differen-
tials are 97X = (—=1)"9X . The symbol ~ denotes isomorphisms up to a shift in
the derived category.

The full subcategory of D(R) consisting of complexes with bounded, finitely
generated homology is denoted DfD(R). Complexes from DE(R) are called finite
complexes. The symbols P'(R) and I'(R) denote the full subcategories of DF(R)
consisting of complexes that are isomorphic in the derived category to a bounded
complex of projective modules and isomorphic to a bounded complex of injective
modules, respectively. Note that Pf(R) coincides with the full subcategory F!(R)
of DE (R) consisting of complexes isomorphic to a complex of flat modules.

2.2. Support. The spectrum of R, denoted Spec R, is the set of prime ideals of R.
A subset X of Spec R is specialization-closed if it has the property

peXandpCqg = qeX

for all prime ideals p and q. A subset that is closed in the Zariski topology is, in
particular, specialization-closed.
The support of a complex X is the set

Supp X = {p € SpecR) H(X,) # O}.

A finite complex is a complex with bounded homology and finitely generated ho-
mology modules; the support of such a complex is a closed and hence specialization-
closed subset of Spec R.

For a specialization-closed subset X of Spec R, the dimension of X, denoted
dim X, is the usual Krull dimension of X. When dim R is finite, the co-dimension
of X, denoted codim X, is the number dim R — dimX. For a finitely generated
module M, the dimension and co-dimension of M, denoted dim M and codim M,
are the dimension and co-dimension of the support of M.
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For a specialization-closed subset X of Spec R, the symbols D5 (%), Pf(X), and
I*(X) denote the full subcategories of D5 (R), P'(R), and I'(R), respectively, con-
sisting of complexes whose support is contained in X. In the case where X equals
{m}, we simply write D5j(m), Pf(m) and If(m), respectively.

2.3. Derived functors. A complex P is said to be semi-projective if the functor
Hompg (P, —) sends surjective quasi-isomorphisms to surjective quasi-isomorphisms.
If a complex is bounded to the right and consists of projective modules, it is semi-
projective. A semi-projective resolution of M is a quasi-isomorphism 7: P — X
where P is semi-projective.

Dually, a complex I is said to be semi-injective if the functor Homg(—, I) sends
injective quasi-isomorphisms to surjective quasi-isomorphisms. If a complex is
bounded to the left and consists of injective modules, it is semi-injective. A semi-
injective resolution of Y is a quasi-isomorphism ¢: Y — I where [ is semi-injective.
For existence of semi-projective and semi-injective resolutions see [2].

Let X and Y be complexes. The left-derived tensor product X @& Y in D(R) of
X and Y is defined by

PRRrY ~X @Y ~ X ®rQ,

where P = X isa semi-projective resolution of X and @ = Yisa semi-projective
resolution of Y. The right-derived homomorphism complex RHompg(X,Y) in D(R)
of X and Y is defined by

Homp(P,Y) ~ RHompg(X,Y) ~ Homp(X, I),
where P — X is a semi-projective resolution of X and Y — I is a semi-injective
resolution of Y. When M and N are modules,
H,(M ®% N) = Tor®(M,N) and H_,(RHompg(M, N)) = Ext(M, N)

for all integers n.

2.4. Stability. Let X and %) be specialization-closed subsets of Spec R and let X
be a complex in Df(X) and Y be a complex in D5(2)). Then

Xobky eDh(xNY) if X e PI(X) or Y € PL(D),
XobyePl(xnY) if X e PI(X)and Y € PI(Q),
Xebkvyell(xn®) if X ePl(X)and Y € lf(Q
Xebkyell(xn®) if X el (X) and Y € PI(Q
(
(
(

)7
)7

(2.4.1) , ) .
RHomp(X,Y) e Dp(XNnQY) if X eP(X)orY €l'(9),

(
RHomp(X,Y) € P{(xNY) if X € P'(X) and Y € PY(D),
RHomp(X,Y) e lf(xnQ) if X € P{(X) and Y € IY(Y) and
RHomp(X,Y) e PI(xNY) if X € I'(X) and Y € I'(D).

)
)
)
)
)
)

2.5. Functorial isomorphisms. Throughout, we will make use of the functorial
isomorphisms stated below. As we will not need them in the most general setting,
the reader should bear in mind that not all the boundedness conditions imposed
on the complexes are strictly necessary. For details the reader is referred e.g., to [5,
A.4] and the references therein.



DUALITIES AND INTERSECTION MULTIPLICITIES 63

Let S be another commutative, noetherian, local ring. Let K, L, M € D(R), let
P € D(S) and let N € D(R,S), the derived category of R—S—bi-modules. There
are the next functorial isomorphisms in D(R, S).

(Comm) Me%N = Nek M.

(Assoc) (M Nk P = Me% (N L P).

(Adjoint) RHomg (M @% N, P) = RHomg(M, RHomg (N, P)).
(Swap) RHompg(M, RHomg (P, N)) — RHomg (P, RHomg(M, N)).

Moreover, there are the following evaluation morphisms.
(Tensor-eval)  oxrp: RHomp(K, L) ®% P — RHomg(K, L ®% P).
(Hom-eval) ppry: P ®% RHompg(L, M) — RHomg(RHompg(P, L), M).

In addition,

e the morphism ok p is invertible if K is finite, H(L) is bounded, and either
P e P(S) or K € P(R); and

e the morphism ppy,ys is invertible if P is finite, H(L) is bounded, and either
P €P(R) or M € I(R).

2.6. Dualizing complexes. A finite complex D is a dualizing complezx for R if
Delf{(R) and R —- RHomg(D,D).

Dualizing complexes are essentially unique: if D and D’ are dualizing complexes
for R, then D ~ D’. To check whether a finite complex D is dualizing is equivalent
to checking whether

k ~ RHompg(k, D).

A dualizing complex D is said to be normalized when k ~ RHompg(k, D). If R is
a Cohen—Macaulay ring of dimension d and D is a normalized dualizing complex,
then H(D) is concentrated in degree d, and the module Hy(D) is the (so-called)
canonical module; see [3, Chapter 3]. Observe that Supp D = Spec R.

If D is a normalized dualizing complex for R, then it is isomorphic to a complex

0 — Dgim R — Daimpr-1 — - — D1 — Doy — 0

consisting of injective modules, where

Di= P Er(R/p)

dim R/p=i

and Egr(R/p) is the injective hull (or envelope) of R/p for a prime ideal p; in
particular, it follows that Dy = Eg(k).

When R is a homomorphic image of a local Gorenstein ring @, then the R-
complex ¥ RHomg (R, @), where n = dim @ — dim R, is a normalized dualizing
complex over R. In particular, it follows from Cohen’s structure theorem for com-
plete local rings that any complete ring admits a dualizing complex. Conversely, if
a local ring admits a dualizing complex, then it must be a homomorphic image of a
Gorenstein ring; this follows from Kawasaki’s proof of Sharp’s conjecture; see [14].
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2.7. Dagger duality. Assume that R admits a normalized dualizing complex D
and consider the duality morphism of functors

idp(ry — RHomg(RHompg(—, D), D).
It follows essentially from (Hom-eval) that the contravariant functor
(—)" = RHomg(—, D)

provides a duality on the category DfD(R) which restricts to a duality between
P{(R) and I'(R). This duality is sometimes referred to as dagger duality. According
to (2.4.1), if X is a specialization-closed subset of Spec R, then dagger duality gives a
duality on DE(X) which restricts to a duality between Pf(X) and If(X) as described
by the following commutative diagram.

(!
Df (%) = Df (%)

Pf(X) If(%).

Here the vertical arrows are full embeddings of categories. For more details on
dagger duality, see [12].

2.8. Foxby equivalence. Assume that R admits a normalized dualizing complex
D and consider the two contravariant adjoint functors

D%~ and RHomg(D,—),
which come naturally equipped the unit and co-unit morphisms
n: idp(r)y — RHomp(D,D®% —) and e: D ®F RHompg(D,—) — idp(g) -

It follows essentially from an application of (Tensor-eval) and (Hom-eval) that the
categories P(R) and I(R) are naturally equivalent via the above two functors. This
equivalence is usually known as Foxby equivalence and was introduced in [1], to
which the reader is referred for further details.

According to (2.4.1), for a specialization-closed subset X of Spec R, Foxby equiv-
alence restricts to an equivalence between Pf(X) and If(X) as described by the
following diagram.

D®E—
Pi(X) 1f(%).
RHompg(D,—)

2.9. Star duality. Consider the duality morphism of functors
idD(R) - RHomR(RHomR(—, R), R).
From an application of (Hom-eval) it is readily seen that the functor

(=)* = RHompg(—, R)
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provides a duality on the category Pf(R). According to (2.4.1), for a specialization-
closed subset X of Spec R, star duality restricts to a duality on Pf(X) as described
by following diagram.

(=)
When R admits a dualizing complex D, the star functor can also be described in

terms of the dagger and Foxby functors. Indeed, it is straightforward to show that
the following three contravariant endofunctors on Pf(R) are isomorphic.

(_)*7 RHomR(D7 _T)v and (D ®% _)T'

It is equally straightforward to show that the following four contravariant endo-
functors on If(R) are isomorphic.

(_)T *Ta RHOmR(Da _)Tv D ®% (RHomR(Da _)*) and D ®% (_)T

They provide a duality on If(R). In the sequel, the four isomorphic functors are
denoted (—)*. According to (2.4.1), for a specialization-closed subset X of Spec R,
this new kind of star duality restricts to a duality on If(X) as described by the
following diagram.

(-)”

IF(%) ().
(=)
The dagger duality, Foxby equivalence and star duality functors fit together in

the following diagram.

(2.9.1) D®f—

(P (x) )
T~ 9

RHomp(D,—)

In the lower part of the diagram, the three types of functors, dagger, Foxby and
star, always commute pairwise, and the composition of two of the three types yields
a functor of the third type. For example, star duality and dagger duality always
commute and compose to give Foxby equivalence, since we have

()T~ ()" ~De% - and (-)" ~(-)™ ~ RHomg(D, ).

2.10. Frobenius endofunctors. Assume that R is complete of prime character-
istic p and with perfect residue field k. The endomorphism

f:R— R defined by f(r)=rP

for r € R is called the Frobenius endomorphism on R. The n-fold composition of
f, denoted f™, operates on a generic element r € R by f*(r) = r?". We let /'R
denote the R—algebra which, as a ring, is identical to R but, as a module, is viewed
through f™. Thus, the R-module structure on /"R is given by

rox=1r""2 forre Randz €/ R.
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Under the present assumptions on R, the R—module /"R is finitely generated (see,
for example, Roberts [21, Section 7.3)).

We define two functors from the category of R-modules to the category of /" R—
modules by

F'(-)=-or/"R and G"(-)=Homg(/'R, -),
where the resulting modules are finitely generated modules with R—structure ob-
tained from the ring /"R = R. The functor F" is called the Frobenius functor and
has been studied by Peskine and Szpiro [18]. The functor G™ has been studied by
Herzog [13] and is analogous to F™ in a sense that will be described below. We call
this the analogous Frobenius functor. The R—structure on F™(M) is given by
r-(m®x)=mQerzx

forr € R, m € M and 2 € "R, and the R-structure on G"(N) is given by

(r-o)(@) = p(rz)
for r € R, ¢ € Homg("R, N) and = € /"R. Note that here we also have
(rm)@z=m@ (r-z)=merPz and rex) =p(r-z) = e(Px).

Peskine and Szpiro [18, Théoréme (1.7)] have proven that, if M has finite projective
dimension, then so does F (M), and Herzog [13, Satz 5.2] has proven that, if N has
finite injective dimension, then so does G(N).

It follows by definition that the functor F™ is right-exact while the functor G™
is left-exact. We denote by LF"™(—) the left-derived of F™(—) and by RG™(—) the
right-derived of G™(—). When X and Y are R—complexes with semi-projective and
semi-injective resolutions

P=X and Y =1,
respectively, these derived functors are obtained as
LF"(X)=P®r/"R and RG™(Y)=Homg(‘'R,I),
where the resulting complexes are viewed through their /" R-structure, which makes

them R-complexes since /"R as a ring is just R. Observe that we may identify these
functors with

LF"(X)=X@%/"R and RG"(Y)=RHomgz(’'R,Y).
2.11. Lemma. Let R be a complete ring of prime characteristic and with perfect

residue field, and let X be a specialization-closed subset of Spec R. Then the Frobe-
nius functors commute with dagger and star duality in the sense that

LF"(-)! ~RG"(-1), RG"(—)" ~LF"(-1),

LF*(=)* ~LF"(-*) and RG"(-)" ~RG"(-%).
Here the first row contains isomorphisms of functors between Pt(X) and IY(X), while
the second row contains isomorphisms of endofunctors on PY(X) and If(X), respec-

tively. Finally, the Frobenius functors commute with Foxby equivalence in the sense
that

D@%LF"(-) ~RG™"(D®% —) and
Rlomp(D, RG"(~)) ~ LF" (RHomp(D, -))
as functors from PY(X) to I'(X) and from I'(X) to PY(X), respectively.
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Proof. Let ¢: R — S be a local homomorphism making S into a finitely generated
R-module, and let D® denote a normalized dualizing complex for R. Then D° =
RHomp(S, D) is a normalized dualizing complex for S. Pick an R-complex X
and consider the next string of natural isomorphisms.

RHomg(X ®% S,D°) = RHomg(X ®% S RHomp(S, D))
«— RHomp(X ®% 5, DF)
— RHomp(S, RHompz(X, D?)).
Here, the two isomorphism follow from (Adjoint). The computation shows that
(— ®% 8)'s ~ RHompg(S, —'")

in D(S). A similar computation using the natural isomorphisms (Adjoint) and
(Hom-eval) shows that

(_)TR ®E S ~ RHOmR(Sv _)TS'

Under the present assumptions, the n-fold composition of the Frobenius endomor-
phism f": R — R is module-finite map. Therefore, the above isomorphisms of
functors yield

LF"(—)  ~RG"(-") and LF"(-")~RG"(-)".
Similar considerations establish the remaining isomorphisms of functors. (I

2.12. Corollary. Let R be a complete ring of prime characteristic and with per-
fect residue field, and let X be a specialization-closed subset of Spec R. Then the
Frobenius functor RG™ is an endofunctor on 15(X).

Proof. From the above lemma, we learn that
RG" (=)~ (=) o LF" o ()T
and since LF™ is an endofunctor on Pf(X) the conclusion is immediate. 0

2.13. Lemma. Let R be a complete ring of prime characteristic and with perfect
residue field. For compleres X, X' € PY(R) and Y,Y' € I{(R) there are isomor-
phisms

LF"(X @% X'
RG™"(X ®% Y

~LF"(X)®% LF"(X'),

~ LF"(X)®% RG™(Y),
RG"(RHompg(X,Y)) ~ RHomg(LF"(X),RG"(Y))
LF"(RHompg(X, X)) ~ RHomg(LF"(X),LF"(X")) and
LF"(RHompg(Y,Y')) ~ RHomz (RG"(Y),RG™(Y")).

Proof. We prove the first and the third isomorphism. The rest are obtained in a
similar manner using Lemma 2.11 and the functorial isomorphisms.
Let F — X and F/ — X' be finite free resolutions. Then it follows

LF"(X @% X') ~ F"(F @r F')
~ F"(F)®pg F"(F")
~ LF"(X) ®% LF"(X").
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Here the first isomorphism follows as F ® g F’ is isomorphic to X ®I§ X'’; second
isomorphism follows from e.g., [11, Proposition 12(vi)].
From Corollary 2.12 we learn that

RG"(Y) =~ (LF™(Y"))T,
and therefore we may compute as follows.
RHompg(LE™(X),RG"(Y)) ~ RHomg(LF"(X), (LF"(YT)))
~ RHomz(LF"(X) @% LF" (Y1), D)
~ RHomp(LF"(X @% YT), D)
~LF"(X @5 Yt
~ (LF"(RHomg(X,Y)")!
~ RG"(RHompg(X,Y)).

Here the second isomorphism follows by (Adjoint); the third from the first statement
in the Lemma; the fourth from definition; the fifth isomorphism follows from (Hom-
eval); and the last isomorphism follows from Corollary 2.12. O

2.14. Remark. Any complex in Pf(R) is isomorphic to a bounded complex of
finitely generated, free modules, and it is well-known that the Frobenius functor
acts on such a complex by simply raising the entries in the matrices representing
the differentials to the p™’th power. To be precise, if X is a complex in the form

X=...— R™ R" — ... — 0,
then LF™(X) = F™(X) is a complex in the form

a?
LF* (X)=---— R™ (L)R"—w-- — 0.
If R is Cohen-Macaulay with canonical module w, then it follows from dagger
duality that any complex in If(R) is isomorphic to a complex Y in the form

A4
Y =0 e s ) gm

and RG™ acts on Y by raising the entries in the matrices representing the differ-
entials to the p™’th power, so that RG™(Y) = G™(Y) is a complex in the form

a?l
RG”(Y)=0—>---—>w”(i>)wm—>-~.

3. INTERSECTION MULTIPLICITIES

3.1. Serre’s intersection multiplicity. If Z is a complex in DfD(m)7 then its
finitely many homology modules all have finite length, and the Fuler characteristic
of Z is defined by

X(Z) = (~1)'length H;(Z2).
Let X and Y be finite complexes with Supp X N SuppY = {m}. The intersection
multiplicity of X and Y is defined by

X(X,Y) = x(X ®%Y) when either X € P'(R) or Y € P'(R).
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In the case where X and Y are finitely generated modules, x(X,Y) coincides with
Serre’s intersection multiplicity; see [22].
Serre’s vanishing conjecture can be generalized to the statement that

(3.1.1) x(X,Y)=0 if dim(Supp X) + dim(SuppY) < dim R

when either X € PY(R) or Y € P{(R). We will say that R satisfies vanishing when
the above holds; note that this, in general, is a stronger condition than Serre’s
vanishing conjecture for modules. It is known that R satisfies vanishing in certain
cases, for example when R is regular. However, it does not hold in general, as
demonstrated by Dutta, Hochster and McLaughlin [8].

If we require that both X € P!(R) and Y € P!(R), condition (3.1.1) becomes
weaker. When this weaker condition is satisfies, we say that R satisfies weak van-
ishing. It is known that R satisfies weak vanishing in many cases, for example if R
is a complete intersection; see Roberts [19] or Gillet and Soulé [10]. There are, so
far, no counterexamples preventing it from holding in full generality.

3.2. Euler form. Let X and Y be finite complexes with Supp X NSuppY = {m}.
The Fuler form of X and Y is defined by

£(X,Y) = x(RHomp(X,Y)) when either X € PY(R) or Y € I'(R).

In the case where X and Y are finitely generated modules, x(X,Y") coincides with
the Euler form introduced by Mori and Smith [16].

If R admits a dualizing complex, then from Mori [17, Lemma 4.3(1) and (2)] and
the definition of (—)*, we obtain

E(X,Y) =x(X,Y") whenever X € P{(R) or Y € I'(R),
(3.2.1) X(X*,Y) = x(X,Y") whenever X € P!(R), and
§X,Y*)=¢(XTY) whenever Y e If(R).

Since the dagger functor does not change supports of complexes, the first formula
in (3.2.1) shows that R satisfies vanishing exactly when

(3.2.2) E(X,Y)=0 if dim(Supp X) + dim(SuppY) < dim R
when either X € P{(R) or Y € I'(R), and that R satisfies weak vanishing exactly
when (3.2.2) holds when we require both X € P!(R) and Y € I'(R).
3.3. Dutta multiplicity. Assume that R is complete of prime characteristic p and
with perfect residue field. Let X and Y be finite complexes with

Supp X NSuppY = {m} and dim(Supp X)+ dim(SuppY’) < dim R.

The Dutta multiplicity of X and Y is defined by

1
Xoo(X,Y) = lim

e f
S WX(LF (X),Y) when X S P (R)

When X and Y are finitely generated modules, xo(X,Y) coincides with the Dutta
multiplicity defined in [6].
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The Euler form prompts to two natural analogs of the Dutta multiplicity. We
define

Eo(X,Y) = lim ey

o0 3 1
5 (X’ Y) - eli,r{.lo pe codim(Supp X) 5
We immediately note, using (3.2.1) together with Lemma 2.11, that
£o(X,Y) = xoo (YT, X)  whenever Y € 11(9)), and

E°(X,Y) = Xoo(X™*,Y)  whenever X € P(X).

(X,RG*(Y)) whenY € I'(R), and

(LF¢(X),Y) when X € P'(R).

4. GROTHENDIECK SPACES

In this section we present the definition and basic properties of Grothendieck
spaces. We will introduce three types of Grothendieck spaces, two of which were
introduced in [11]. The constructions in loc. cit. are different from the ones here
but yield the same spaces.

4.1. Complement. For any specialization-closed subset X of Spec R, a new subset
is defined by

X = {p € Spec R ‘ XNV(p) ={m} and dimV (p) < codim X }
This set is engineered to be the largest subset of Spec R such that
X¥Nnx={m} and dimX+ dimX° <dimR.
In fact, when X is closed,
dim X 4 dim X° = dim R.
Note that X¢ is specialization-closed and that X C X°°.

4.2. Grothendieck space. Let X be a specialization-closed subset of Spec R. The
Grothendieck space of the category Pf(X) is the Q-vector space GP!(X) presented
by elements [X]pr(x), one for each isomorphism class of a complex X € Pf(X), and
relations

(Xlpr(x) = [)N(]Pf(ae) whenever (X, —) = X()}a =)
as metafunctions (“functions” from a category to a set) D5 (X¢) — Q.
Similarly, the Grothendieck space of the category I'(X) is the Q-vector space
GIf(X) presented by elements [Y]it(x), one for each isomorphism class of a complex
Y € 1f(X), and relations

[Y]|f(3€) = [}N/]If(x) whenever ¢(—,Y) = f(—,f/)
as metafunctions D5 (X°) — Q.
Finally, the Grothendieck space of the category D& (X) is the Q-vector space
(G:DfD (%) presented by elements [Z ]DfD (x), one for each isomorphism class of a com-

plex Z € D5 (X), and relations

[Z]Dfm(x) = [Z]Dfm(ae) whenever  x(—,Z) = x(—, Z)
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as metafunctions Pf(X¢) — Q. Because of (3.2.1), these relations are exactly the
same as the relations

Zlos,x) = Zlpg, ey whenever  £(Z,-) = £(Z. )

as metafunctions 1£(X¢) — Q.
By definition of the Grothendieck space GP!(X) there is, for each complex Z in
D (%), a well-defined Q-linear map

X(—2): GP'(X) > Q given by [X]pi(x) — x(X, 2).

We equip GP!(X) with the 4nitial topology induced by the family of maps in the
above form. This topology is the coarsest topology on GP(X) making the above
map continuous for all Z in D5 (X¢). Likewise, for each complex Z in DE(X°), there
is a well-defined Q-linear map

€2,-): GI'(X) > Q given by [YV]iex) — &(Z,Y),

and we equip GIf(X) with the initial topology induced by the family of maps in the
above form. Finally, for each complex X in Pf(X¢), there is a well-defined Q-linear
map

X(X,=): GDH(X) — Q given by  [Z]pr (x) = X(X, 2),

and we equip GD5(X) with the initial topology induced by the family of maps in
the above form. By (3.2.1), this topology is the same as the initial topology induced
by the family of (well-defined, Q-linear) maps in the form

£(=Y): GDG(X) — Q given by [Z]pe (x) + &(Z,Y),

for complexes Y in IF(X¢).

It is straightforward to see that addition and scalar multiplication are continuous
operations on Grothendieck spaces, making GP'(X), GD5(X) and GIf(X) topolog-
ical Q—vector spaces. We shall always consider Grothendieck spaces as topological
Q-vector spaces, so that, for example, a “homomorphism” between Grothendieck
spaces means a homomorphism of topological Q—vector spaces: that is, a continu-
ous, Q—-linear map.

The following proposition is an improved version of [11, Proposition 2(iv) and (v)].

4.3. Proposition. Let X be a specialization-closed subset of Spec R.

(i) Any element in GP'(X) can be written in the form r[X]p:(x) for some
r € Q and some X € PY(X), any element in GI'(X) can be written in the
Jorm s[Y)it(x) for some s € Q and some Y € I'(X), and any element in
GDE(X) can be written in the form t[Z]DfD(x) for some t € Q and some

Z € D5(X). Moreover, X, Y and Z may be chosen so that
codim(Supp X) = codim(Supp Y) = codim(Supp Z) = codim X.
(ii) For any complex Z € D5(X), we have the identity
[Zlbt, () = H(Z)]pg, (x)-

In particular, the Q—vector space GDE (X) is generated by elements in the
form [R/p]DfD(x) for prime ideals p in X.
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Proof. (i) By construction, any element o in GPf(X) is a Q-linear combination
a=r] [Xl]pf(x) +---+ Tn[Xn]pf(x)

where r; € Q and X' € Pf(X). Since a shift of a complex changes the sign of the
corresponding element in the Grothendieck space, we can assume that r; > 0 for
all 7. Choosing a greatest common denominator for the r;’s, we can find r € Q such
that

a=r(mi[X prx) + -+ ma[ X pr(x)) = r[X]pr(a),

where the m;’s are natural numbers and X is the direct sum over i of m; copies of
X

In order to prove the last statement of (4), choose a prime ideal p = (a1, ...,a:)
in X which is first in a chain p = po C p1 C -+ C p; = m of prime ideals in X of
maximal length ¢ = codimX. Note that X O V(p) and that the Koszul complex
K = K(ay,-..,a:) has support exactly equal to V(p). It follows that

a=a+0=r[X]ptx) +r[Klptx) — r[Klprx) = r[X & K © ZK]pt(x),

where codim(Supp(X ® K @ YK)) = codimX. The same argument applies to
elements of GI'(X) and GD5(X).

(i¢) Any complex in D5 (X) is isomorphic to a bounded complex. After an
appropriate shift, we may assume that Z is a complex in DE (X) in the form

0—-Z,— - — 21— Zy—0

for some natural number n. Since H,,(Z) is the kernel of the map Z,, — Z,,_1, we
can construct a short exact sequence of complexes

0—-¥X"H,(2)—> Z—Z —0,

where Z' is a complex in DfD(%) concentrated in the same degrees as Z. The
complex Z' is exact in degree n, and H;(Z') = H;(Z) for i = n—1,...,0. In the
Grothendieck space GDE(X), we then have

[Zlot,x) = [E" Hal D)ot ) + [2']og, (x)-

Again, Z' is isomorphic to a complex concentrated in degree n — 1,---,0, so we
can repeat the process a finite number of times and achieve that

[Z]Dfm(}:) =[x Hn(Z)]DfD(x) +o 2 Hl(Z)]DfD(ae) + [HO(Z)]DE(X)
=[X"Hn(Z) & & THi(Z) & Ho(2)lpr, ()
— [HZ)low o)

The above analysis shows that any element of GDI(X) can be written in the form
[ Zlog x) = TZ(—l)i[Hi(Z)]DfD(x),

which means that GDE(X) is generated by modules. Taking a filtration of a module
establishes that GDf(X) must be generated by elements of the form [R/ p]DfD (x) for
prime ideals p in X. O
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4.4. Induced Euler characteristic. The Euler characteristic x: DE(m) - Q
induces an isomorphism!

(4.4.1) GD5(m) = Q given by [Z]o8 (my = X(2).

See [11] for more details. We also denote this isomorphism by x. The isomorphism
means that we can identify the intersection multiplicity x(X,Y") and the Euler form
¢(X,Y) of complexes X and Y with elements in GDf(m) of the form

X ok Ypt my and  [RHomp(X,Y)]pe (m),
respectively.

4.5. Induced inclusion. Let X be a specialization-closed subset of Spec R. It is
straightforward to verify that the full embeddings of Pf(X) and I'(X) into D5 (%)
induce homomorphisms?

GP'(X) — GDG(X) given by [X]pr(x) = [X]pg (x), and
GI'(X) — GD(X) given by  [Viie(x) = [Y]or (x)-

If X and X’ are specialization-closed subsets of Spec R such that that X C X/, then
it is straightforward to verify that the full embeddings of Pf(X) into P!(X’), If(X)
into I*(X’) and D5(X) into D5 (X’) induce homomorphisms

GP'(X) — GP'(X') given by [X]pr(x) — [X]pr(xr),
GI'(X) = GI'(X’) given by [Y]irx)— [Y]ir(xr), and
GD (%) — GD(X')  given by [Z]Dfm(x) = [Z]Dfm(x/)-
The maps obtained in this way are called inclusion homomorphisms, and we shall

often denote them by an overline: if ¢ is an element in a Grothendieck space, then
o denotes the image of o after an application of an inclusion homomorphisms.

4.6. Induced tensor product and Hom. Proposition 4.7 below shows that the
left-derived tensor product functor and the right-derived Hom-functor induce bi-
homomorphisms® on Grothendieck spaces. To clarify the contents of the proposi-
tion, let X and ) be specialization-closed subsets of Spec R such that XN = {m}
and dim X 4+ dim%) < dim R. Proposition 4.7 states, for example, that the right-
derived Hom-functor induces a bi-homomorphism

Hom: GP!(%X) x GI'(Q)) — GIf(m).
Given elements o € GP!(X) and 7 € GI{()), we can, by Proposition 4.3, write
g = T[X]pf(x) and 7= S[Y]|f(2j),

where r and s are rational numbers, X is a complex in Pf(X) and Y is a complex
in 1(). The bi-homomorphism above is then given by

(4.6.1) (0,7) — Hom(o,7) = rs|RHomp(X, Y)]Dfm(m).

We shall use the symbol “®” to denote any bi-homomorphism on Grothendieck
spaces induced by the left-derived tensor product and the symbol “Hom” to denote
any bi-homomorphism induced by right-derived Hom-functor. Together with the

IThat is, a Q-linear homeomorphism.
2That is, continuous, Q-linear maps.
3That is, maps that are continuous and Q-linear in each variable.
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isomorphism in (4.4.1) it follows that the intersection multiplicity x(X,Y) and
Euler form £(X,Y) can be identified with elements in GDf(m) of the form

[X]pf(x) & [Y]DE(QJ)’ [X]DfD(SE) ® [Y]Pf(@)’
Hom([X]pe (x): [Y]ir()) and  Hom([X]pr(x), [Y]or (9))-

4.7. Proposition. Let X and Q) be specialization-closed subsets of Spec R such that
XNY ={m} and dim X +dim QP < dim R. The left-derived tensor product induces
bi-homomorphisms as in the first column below, and the right-derived Hom-functor
induces bi-homomorphisms as in the second column below.

GP'(%) x GD5(®) — GD5(m), GP'(%) x GD5(Y) — GD5(m),
GD5 (%) x GP' () — GD5(m), GD5 (%) x GIF(Y) — GDE(m),
GP!(%X) x GP!(Q) — GP!(m), GPi(%) x GI'(D) — GIf(m),
GP!(%X) x GIf(Q) — GIf(m), GP!(%X) x GP!(Q) — GP!(m),
Glf(%) x GPY(Y) — GIf(m) and  GI'(X) x GIf(Y) — GPi(m).

Proof. We verify that the map
Hom: GP!(%X) x GI}(9) — GIf(m)

given as in (4.6.1) is a well-defined bi-homomorphism, leaving the same verifications
for the remaining maps as an easy exercise for the reader. B

Therefore, assume that X and X are complexes from Pf(X) and that Y and YV
are complexes from 1f(2)) such that

o= [Xpr(z) = [Xlprx) and 7= [Y]igy) = [Vl

In order to show that the map is a well-defined Q-bi-linear map, we are required
to demonstrate that

[RHOHIR(X,Y)]|f( m) = [RHOHIR(X Y)]|f( m)-

To this end, let Z be an arbitrary complex in D5({m}“) = D5(R). We want to
show that o
¢(Z, RHomp(X,Y)) = £(Z, RHomp(X,Y)).

Without loss of generality, we may assume that R is complete; in particular, we
may assume that R admits a normalized dualizing complex. Observe that

Z®p X € D5(X) C DY) and Z oL YT e DE(D) C DE(x9).

Applying (3.2.1), (Hom-eval) and (Assoc), we learn that

£(Z,RHompg(X,Y)) = x(Z, RHomp(X,Y)")
(4.7.1) =x(Z, X ok vT)

=x(X,Z % vt).

A similar computation shows that {(Z, RHomp(X,Y)) = y(X, Z@%YT), and since
[X]pe(x) = [X]pr(x), we conclude that

£(Z,RHomp(X,Y)) = £(Z, RHomp(X,Y)).
An application of (Adjoint) yields that

§(Z, RHomp(X,Y)) = §(Z @5 X,Y),
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and similarly £(Z, RHompg(X,Y)) = £(Z @k X,Y). Since Yiep) = [17]|f@), we
conclude that N o

&(Z,RHompg(X,Y)) = £(Z, RHompg(X,Y)).

Thus, we have that

&(Z,RHomp(X,Y)) = £(Z, RHompg(X,Y)),

which establishes well-definedness.

By definition, the induced Hom-map is Q-linear. To establish that it is con-
tinuous in, say, the first variable it suffices for fixed 7 € GIf(9)) to show that, to
every € > 0 and every complex Z € D5 ({m}“) = D5 (R), there exists a § > 0 and
a complex Z' € D5 (X¢) such that

(0, 2")] <0 = [¢(Z, Hom(o, 7)) <e.

We can write 7 = r[Y]¢(y) foran Y € If(9) and a rational number 7 > 0. According
to (4.7.1), the implication above is then achieved with Z' = Z @% YT and 6 = ¢/r.
Continuity in the second variable is shown by similar arguments. ([l

In Proposition 4.8 below, we will show that the dagger, Foxby and star functors
from diagram (2.9.1) induce isomorphisms of Grothendieck spaces. We shall denote
the isomorphisms induced by the star and dagger duality functors by the same
symbol as the original functor, whereas the isomorphisms induced by the Foxby
functors will be denoted according to Proposition 4.7 by D ® — and Hom(D, —).
In this way, for example,

XThe ey = XMy, [XTpiey = [XTpry and D@ [Xlprx) = [D @k Xiz)-

4.8. Proposition. Let X be a specialization-closed subset of Spec R, and assume
that R admits a dualizing complex. The functors from diagram (2.9.1) induce iso-
morphisms of Grothendieck spaces as described by the horizontal and circular arrows
in the following commutative diagram.
£ ) £
GDL(%) = GD(X)

DL —
m
- (CGPf(x) - GIf(x) )
\(_—)T/

RHompg(D,—)

Proof. The fact that the dagger, star and Foxby functors induce homomorphisms
on Grothendieck spaces follows immediately from Proposition 4.7. The fact that
the induced homomorphisms are isomorphisms follows immediately from 2.7, 2.8
and 2.9, since the underlying functors define dualities or equivalences of categories.

O

4.9. Proposition. Let X be a specialization-closed subset of Spec R and consider
the following elements of Grothendieck spaces.

a € GPY(X), BeGI(X), veGD5(X%) and o€ GD5(m).
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Then o' = o holds in GD5(m), and so do the following identities.

(

Hom(a,y) = a ® v = Hom(

Hom(v, 8) = 7 ® v = Hom(Hom(D, 3), )
Hom(3",~) = Hom(y', 8) = Hom(

Proof. Recall from 2.9 that the Foxby functors can be written as the composition of
a star and a dagger functor. All identities follow from the formulas in (3.2.1). The
formula for ¢ is a consequence of the first formula in (3.2.1) in the case X = R. O

4.10. Frobenius endomorphism. Assume that R is complete of prime charac-
teristic p and with perfect residue field. Let X be a specialization-closed subset of
Spec R, and let n be a non-negative integer. The derived Frobenius endofunctor
LF™ on P!(X) induces an endomorphism? on GP!(X), which will be denoted FZ;
see [11] for further details. It is given for a complex X € P'(X) by

Fe ((XIprzx)) = [LEF™ (X)]pr ()

Let
1

Py = ORI ——F¢: GP'(%) — GP'(X).
According to [11, Theorem 19], the endomorphism ®% is diagonalizable.
In Lemma 2.11, we established that the functor RG™ is an endofunctor on If(X)

which can be written as
RG"(—) = (=)' o LF" o (—)T.

Thus, RG" is composed of functors that induce homomorphisms on Grothendieck
spaces, and hence it too induces a homomorphism GIf(X) — GIf(X). We denote
this endomorphism on GIf(X) by G%. It is given for a complex Y € If(X) by

Gx([Yiex)) = RG™(Y)]ie ()

Let
1
\IJ;.: = WG; Glf(ff) — Glf(ff)
Theorem 6.2 shows that % also is a diagonalizable automorphism.

For complexes X € Pf(X) and Y € If(X) we shall write ®}(X) and V(YY)
instead of ®% ([X]pr(x)) and Wi ([Y]ir(x)), respectively. The isomorphism in (4.4.1)
together with Proposition 4.7 shows that the Dutta multiplicity xoo(X,Y) and
its two analogs £0(X,Y) and £>°(X,Y) from Section 3.3 can be identified with
elements in GD5(m) of the form

Jim (@%(X) @ [Y]pr (g)),  lim Hom([X]pg (x), ¥ (Y)) and
elg{.lo Hom/(®% (X), [Y]Dfm(@))-

4That is, a continuous, Q-linear operator.
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5. VANISHING

5.1. Vanishing. Let X be a specialization-closed subset of Spec R and consider an
element a in GP'(X), an element § in GI'(X) and an element v in GD5(X). The
dimensions of «, 3 and «y are defined as

dim o = inf { dim(Supp X) ‘a = r[X]pr(x) for some r € Q and X € Pf(%)},
dim 8 = inf { dim(SuppY) ‘ a = s[Y]ps(x) for some s € Q and Y € If(SE)} and
dim v = inf { dim(Supp Z) ‘ v = t[Z]DfD(x) for some t € Q and Z € DfD(%)}
In particular, the dimension of an element in a Grothendieck space is —oo if and
only if the element is trivial. We say that a satisfies vanishing if
a®o =0 in GD5(m) for all ¢ € GD5(X°) with dimo < codim X,
and that « satisfies weak vanishing if
a®7=0 inGD5(m) for all 7 € GP*(X°) with dim7 < codim X.
Similarly, we say that 0 satisfies vanishing if
Hom(o,8) =0 in GD5(m) for all o € GD5(X¢) with dim o < codim X,
and that (3 satisfies weak vanishing if
Hom(7,3) =0 in GD5(m) for all 7 € GP!(X¢) with dim 7 < codim X.
The vanishing dimension of a and ( is defined as the numbers

a®o =0 for all o € GD(Xx°) }
. . . and
with dimo < codim X — u

Hom(c, 8) = 0 for all o € GDE(X°) }
with dimo < codim X — v ’

vdim o :inf{u € Z}

Vdimﬂ:inf{vel‘

In particular, the vanishing dimension of an element in a Grothendieck space is
—oo if and only if the element is trivial, and the vanishing dimension is less than
or equal to 0 if and only if the element satisfies vanishing.

5.2. Remark. If X is a complex in Pf(R) with X = Supp X, then the element
o = [X]pr(x) in GP(X) satisfies vanishing exactly when

X(X,Y) =0 for all complexes Y € D5(X) with dim(SuppY) < codim X,
and « satisfies weak vanishing exactly when

X(X,Y) =0 for all complexes Y € P!(X¢) with dim(SuppY) < codim X.

The vanishing dimension of a measures the extent to which vanishing fails to hold:
the vanishing dimension of « is the infimum of integers u such that

X(X,Y) =0 for all complexes Y € D5(%¢) with dim(SuppY’) < codim X — u.

It follows that the ring R satisfies vanishing (or weak vanishing, respectively) as
defined in 3.1, if and only if all elements of GP!(X) for all specialization-closed
subsets X of Spec R satisfy vanishing (or weak vanishing, respectively).

If Y is a complex in If(R) with X = Supp Y, then the element 3 = [Y]ir(x) in
GIf(X) satisfies vanishing exactly when

E(X,Y) =0 for all complexes X € D5(X) with dim(Supp X) < codim X.
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and ( satisfies weak vanishing exactly when
£(X,Y) =0 for all complexes X € P{(X¢) with dim(Supp X) < codim X.

The vanishing dimension of 3 measures the extent to which vanishing of the Euler
form fails to hold: the vanishing dimension of § is the infimum of integers v such
that

£(X,Y) =0 for all complexes X € D5(%°) with dim(Supp X) < codim X — v.

Because of the formulas in (3.2.1), it follows that the ring R satisfies vanishing (or
weak vanishing, respectively) if and only all elements of GI*(X) for all specialization-
closed subsets X of Spec R satisfy vanishing (or weak vanishing, respectively).

5.3. Remark. For a specialization closed subset X of Spec R and elements a €
GPi(X), 8 € GIf(X) and v € GDE (%), we have the following formulas for dimension.

dim~y = dim~,
dima = dimaf = dim o* = dim(D ® a) and
dim § = dim 7 = dim #* = dim Hom(D, 3).
These follow immediately from the fact that the dagger, star and Foxby functors
do not change supports of complexes. Further, we have the following formulas for
vanishing dimension.
vdim a = vdim o' = vdim o* = vdim(D ® a) and
vdim 3 = vdim " = vdim 8* = vdim Hom(D, j3).
These follow immediately from the above together with (3.2.1).
5.4. Proposition. Let X be a specialization-closed subset of Spec R, let o € GP!(X)
and let B € GIY(X). Then the following hold.
(i) Ifcodim X < 2 then vanishing holds for all elements in GPY(X) and GIf(X).
In particular, we always have
vdim o, vdim 8 < max (0, codim X — 2).
(i) Let X' be a specialization-closed subset of Spec R with X C X'. Then
vdim@ < vdim a — (codim X — codim X') and

for @ € GPY(X'). For any given s in the range 0 < s < vdima, we
can always find an X' with s = codim X — codim X’ such that the above
inequality becomes an equality. Likewise,

vdim # < vdim 3 — (codim X — codim X’)

for B € GIY(X'), and for any given s in the range 0 < s < vdim 3, we
can always find an X' with s = codim X — codim X’ such that the above
inequality becomes an equality.

(#3) The element « satisfies weak vanishing if and only if, for all specialization-
closed subsets X' with X C X' and codim X’ = codim X — 1,

a=0 asan element of GD5(X).

Similarly, the element 3 satisfies weak vanishing if and only if, for all
specialization-closed subsets X' with X C X' and codim X’ = codim X — 1,

B=0 asan element of GD5(X').
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Proof. Because of Proposition 4.9 and the formulas in Remark 5.3, it suffices to
consider the statements for o and GPf(X). But the in this case, (i) and (i) are
already contained in [11, Example 6 and Remark 7], and (4i) follows by consider-
ations similar to those proving (i7) in [11, Remark 7]. O

The following two propositions present conditions that are equivalent to hav-
ing a certain vanishing dimension for elements of the Grothendieck space GIf(X).
There are similar results for elements of the Grothendieck space GP!(X); see [11,
Proposition 23 and 24].

5.5. Proposition. Let X be a specialization-closed subset of Spec R, and let 3 €
GIf(X). Then the following conditions are equivalent.

(i) vdim g < 0.
() Hom(y, ) =0 for all v € GD5(X) with dim~ < codim X.
(iii) B = 0 in GI'(X') for any specialization-closed subset X' of Spec R with
X C X' and codim X’ < codim X.
(iv) B = 0 in GINX') for any specialization-closed subset X' of Spec R with
X C X' and codim X’ = codim X — 1.

Proof. By definition (i) is equivalent to (i), and Proposition 4.3 in conjunction
with Remark 5.2 shows that (i) implies (éii). Clearly (4) is stronger than (iv),
and (4v) in conjunction with Proposition 5.4 implies (ii). O

5.6. Proposition. Let X be a specialization-closed subset of Spec R, let 3 € GIf(X),
and let u be a non-negative integer. Then the following conditions are equivalent.
(i) vdim g < v.
(i) Hom(v, 8) = 0 for all vy € GDE(x¢) with dimy < codim X — v.
(iii) B =0 in of GI{(X') for any specialization-closed subset X' of Spec R with
X C X' and codim X’ < codim X — u.

(i) B = 0 in GIY(X') for any specialization-closed subset X' of Spec R with

X C X' and codim X’ = codim ¥ —v — 1.

NNl

Proof. The structure of the proof is similar to that of Proposition (5.5). O

6. GROTHENDIECK SPACES IN PRIME CHARACTERISTIC

According to [11, Theorem 19] the endomorphism ®x on GPf(X) is diagonaliz-
able; the precise statement is recalled in the next theorem. This section establishes
that the endomorphism ¥z on GIf(X) is also diagonalizable; the precise statement
is Theorem 6.2 below.

6.1. Theorem. Assume that R is complete of prime characteristic p and with per-
fect residue field, and let X be a specialization-closed subset of Spec R. If o is an
element in GPY(X) and u is a non-negative integer with u > vdim o, then

(p"®Px —id)o--- o (pPx —id) o (Px —id)(a) = 0,
and there exists a unique decomposition

a:a(0)+...+a(“)
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in which each o) is either zero or an eigenvector for ®x with eigenvalue p~*. The
elements o) can be computed according to the formula
-1

a(o) 1 1 1 o
. Lopt e p Dx(a)

(w) ' : 5

a u
1 p pv P%(a)

and may also be recursively obtained as

o = lim ®%(a) and o = lim p®%(a — (@9 4. + 7)),

6.2. Theorem. Assume that R is complete of prime characteristic p and with per-
fect residue field, and let X be a specialization-closed subset of Spec R. If B is an
element in GIY(X) and v is a non-negative integer with v > vdim 3, then

(P'¥x —id) oo (p¥x —id) o (¥x —id)(B) =0,
and there exists a unique decomposition
ﬂ:ﬂ(o)+...+ﬁ(v)7

in which each B is either zero or an eigenvector for Uy with eigenvalue p~*. The
elements 9 can be computed according to the formula
—-1

1 1 - 1 3
(0)
621 T e A R E
(“) : : :2 ’
b I pv - p¥ U5 ()

and may also be recursively obtained as
BO = lim U$(3) and BY = lim peUS (8 — (8O 4. + pU-D)).

Proof. On the injective Grothendieck space GIf(X), the identities described in
Lemma 2.11 imply that we have the following commutative diagram.

on
GP!(X) ——=——GP!(%)
<—>*|~ ~|<—>*
f \P; f
GIf(%) GIfF(%)

In particular,

Vx(=) = (=) o®xo ()"
By Remark 5.3, we have v > vdim 8 = vdim 37, so Theorem 6.1 and the above
identity yields that

(6.2.2) (P’¥x —id)o -0 (p¥x —id) o (Tx —id)(B) = 0.

Applying U5 to (6.2.2) results in a recursive formula to compute W5 (3) from
US(6),..., U5 Y (B). The characteristic polynomial for the recursion is

P’z —1)---(pr—1)(x —1),
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which has v + 1 distinct roots 1,p~!,...,p~¥. Consequently, there exist elements

B8O .., ™ such that
\Ifi.:(ﬂ) _ 6(0) +p_€ﬁ(1) NI _i_p—veﬁ('u)’

where each () is an eigenvector for Uy with eigenvalue p~*. Setting e = 0 ob-
tains the decomposition 3 = 3 4 ... 4 ()| and solving the system of linear
equations obtained by setting e = 0, ..., v shows (6.2.1); observe that the matrix is
the Vandermonde matrix on 1,p~!,...,p~", which is invertible. The formula also

immediately shows that lim._,., ¥¢(3) = 8(®) and that
Jim pWS(8 — (8 + -+ UY)) = Jim pCWE(BY + -+ 5)
= 61320(5(1') + o p0miegv))
— ﬁ(i).
This concludes the argument. (|

6.3. Proposition. Assume that R is a complete ring of prime characteristic p
and with perfect residue field, and let X be a specialization-closed subset of Spec R.
Consider the following diagram.

ox (GP!(%) GIf (%)) =
— 0

Hom(D,—)
For the Grothendieck space GIf(X), we have the following identities.
Ux(—) = dx(~N = D® &x(Hom(D, —)).
() = ()10 = D& (Hom(D, ) ).

Proof. The formulas in the first line are an immediate consequence of Lemma 2.11.
Let 3 be an element in GIf(X). Using the decomposition in GPf(X) from Theo-
rem 6.1, we can write

8= ﬁTT — ﬁT(O)T R ﬂT(U)T7
and since
Uy (BT = dp (BT = p=igt @1,
we learn from the uniqueness of the decomposition that 5 = g1()T This proves

the first equality in the second line. The last equality follows by similar considera-
tions. (]

6.4. Remark. In [11, Remark 21] it is established that the Dutta multiplicity is
computable. Employing Theorems 6.1 and 6.2 together with the fact from Proposi-
tion 4.7 that the induced Hom-homomorphism on Grothendieck spaces is continuous
in both variables, it follows, as will be shown below, that the two analogs of Dutta
multiplicity are also computable.

Let X and Y be finite complexes. Set X = Supp X and ) = Supp Y, and assume
that X NY = {m} and dim X + dim QY < dim R. Then, in the case where Y is in
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If(R), the multiplicity £ (X,Y) can be identified via (4.4.1) with the element

lim Hom([X]p¢ ge), W5(Y)) = Hom([X]pt (ge), lim W (Y))

€e—00

_ (0)
= Hom([X o,y [V10)):

whereas, in the case where X is in Pf(R), the multiplicity £>°(X,Y’) can be identified
via (4.4.1) with the element

lim Hom(®%(X), [Y]pg, (xe)) = Hom( lim ®%(X), [Y]pr (x-))

0
= Hom([X]{) ), [Vog (xe)):
The formulas in Theorems 6.1 and 6.2 now yield formulas for £o (X, Y) and £ (X,Y)
as presented in the corollary below.

6.5. Corollary. Assume that R is a complete ring of prime characteristic p and
with perfect residue field. Let X and Y be finite complexes with

Supp X NSuppY = {m} and dim(Supp X )+ dim(SuppY’) < dim R.

When Y € IY(R), letting v denote the vanishing dimension of [Yit(suppy) and
setting t = codim(Supp Y), we have

1

1 1 1\ §(X,Y)
pt pt=l ... ptv E(X,RG(Y))
o XY)=(1 0 0 : ’
p;t pu(i;—l) pv<£—v> g(X,RC"(Y))

and when X € PY(R), letting u denote the vanishing dimension of [X] Pt (Supp X) and
setting s = codim(Supp X ), we have

—1

1 S | §X,Y)

ps pS—l PN ps—u g(LF( ), Y)
CEY)=(1 0 - 0)] . ST

g g0 et ) \ gm0, v)

Thus, it is possible to calculate {00 (X,Y) and £°(X,Y) as Q-linear combinations
of ordinary Euler forms; in particular, they are rational numbers.

Note that the above corollary also can be obtained directly from [11, Remark 21]
by employing Lemma 2.11 and the formulas in (3.2.1).

6.6. Remark. Let X and X’ be specialization-closed subsets of Spec R such that
X C X'. Set s = codim X — codim X’ and consider the inclusion homomorphism

(—): GIF(%) — GIF(x).

Pick an element 8 € GIf(%), and apply the convention that ) = 0 for all negative
integers t. It follows immediately that

U (B) = p°Vx(0),
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and employing Theorem 6.2 we obtain the identity W = B(i_s). The situation
may be visualized as follows

GIf(X)> B = B0 4+ - 4+ g6 + g+ 4 ... 4 3
GIFx)> 3 =30+ 0% o 4 509

There are similar results for elements o € GP!(X); see [11, Remark 20].

The following two propositions characterize vanishing dimension for elements
of the Grothendieck space GIf(X). They should be read in parallel with Propo-
sitions 5.5 and 5.6. There are similar results for the Grothendieck space GP!(X);
see [11, Proposition 23 and 24].

6.7. Proposition. Assume that R is complete of prime characteristic p and with
perfect residue field. Let X be a specialization-closed subset of Spec R and let 3 €
GIf(X). The following are equivalent.

(i) B satisfies vanishing.
(#) vdim 8 < 0.
(iii) B = pO.
() B=Vx(B).
v) B =U%(B) for some e e N.

(vi) B =limeoo Y%(6).

Proof. By definition (i) and (i¢) are equivalent, and from Theorem 6.2 it follows
that () implies (iii). Moreover, Theorem 6.2 shows that the four conditions (iii)—
(vi) are equivalent. Finally, condition (74) implies condition (7) through a reference
to Remark 6.6 and Proposition 5.5. ([

6.8. Proposition. Assume that R is complete of prime characteristic p and with
perfect residue field. Let X be a specialization-closed subset of Spec R, let 3 € GIf(X)
and let v be a non—negative integer. The following are equivalent.
(1) vdim 8 <
(ii) B=p v W.
(i3) (p*¥x — 1d) <o (pPx —id) o (Tx —id)(B) = 0.

Proof. From Theorem 6.2 it follows that (i) implies (i2) which is equivalent to (47).
Since 3 = 0 implies vdim (Y = i by Remark 6.6 and Proposition 5.6, it follows
that (i) implies (¢). O

6.9. Proposition. Assume that R is complete of prime characteristic p and with
perfect residue field. Let X and %) be specialization-closed subsets of Spec R such
that XNY = {m} and dim X+dim QP < dim R, and set e = dim R— (dim X+dim ).
If (o,7) is a pair of elements from

GP'(X) x GP'(Y), GPY(X) xGI'(Y) or GI'(X) x GP'(Y),
s0 that o @ T is a well-defined element of GP(m) or GIf(m), then

(6.9.1) (cor)® = Z o™ @ 7,
m+n=i+e
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If instead (o, 7) is a pair of elements from
GP!(%) x GPY(D), GPY(x) xGIH(Y) or GIF(X)x GI(Y),
so that Hom(o,7) is a well-defined element of GPf(m) or Glf(m), then
Hom(o, 7)) = Z Hom(o™, 7).

m-+n=it+e

Proof. We will verify that (6.9.1) holds in the case where (o, 7) is pair of elements
from GPf(X) x GPf(2)). The verification of the remaining statements is similar.
It suffices to argue that the element

a= Z o™ @ (™ e GP(m)

m-+n=i+te

is an eigenvector for ® = ®xng with eigenvalue p~?. We compute

<I>m(a) — Z p- dim RFm(O'(m) ® 7_(n))

m+n=i+e

— p-dimR Z Fr(c™) @ Fy (™)
m+n=i+e
=p dim R Z pcodim ,’{q)x (O,(m)) ® pcodim )] (I)m (T(n))
m-+n=it+e
= p_i Z O'(m) ® 7—(”) — p_iOé.
m-+n=it+e
Here, all equalities but the second are propelled only by definitions. The second
equality follows from Proposition 2.13. O

In [11], the concept of “numerical vanishing” is introduced for elements « of
the Grothendieck space GPf(X). We here repeat the definition and extend it to
elements 3 in the Grothendieck space GIf(X).

6.10. Definition. Assume that R is complete of prime characteristic p and with
perfect residue field, and let X be a specialization-closed subset of Spec R. An ele-
ment o € GPY(X) is said to satisfy numerical vanishing if the images in GDf(m) of
o and a(® coincide. An element 3 € GIf(%) is said to satisfy numerical vanishing if
the images in GDE (m) of B and B(?) coincide. The ring R is said to satisfy numer-
ical vanishing if all elements of the Grothendieck space GP!(X) satisfy numerical
vanishing for all specialization-closed subsets X of Spec R.

6.11. Remark. R satisfies numerical vanishing precisely when all elements of the
Grothendieck space GIf(X) satisfy numerical vanishing for all specialization-closed
subsets X of Spec R. To see this, simply note that, by Proposition 6.3, the element
B in GIf(X) satisfies numerical vanishing if and only if the corresponding element 3
in GP!(X) does. This observation allows us in the following proposition to present
an injective version of [11, Remark 28].

6.12. Proposition. Assume that R is complete of prime characteristic p and with
perfect residue field. A necessary and sufficient condition for R to satisfy numerical
vanishing is that all element of GI'(m) satisfy numerical vanishing: that is, that

XRG(Y)) = pt™Fx (V)
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for all compleves Y € If(m). If R is Cohen-Macaulay, Glf(m) is generated by
modules, and hence a necessary and sufficient condition for R to satisfy numerical
vanishing is that

length G(N) = pi™ B length N

for all modules N with finite length and finite injective dimension.

Proof. The proposition follows immediately from [11, Remark 28] by applying the
dagger duality isomorphism between GP!(m) and GIf(m) and by noting that (—)f
takes a module in Pf(m) to a module in If(m) and vice versa. O

7. SELF-DUALITY

Let X be a specialization-closed subset of Spec R, and let K be a Koszul complex
in Pf(X) on codim X elements. It is a well-know fact that Koszul complexes are “self-
dual” in the sense that K ~ Y¢°4m X K* In particular, for the element a = [K]pr )
in GPf(X), we have

a= [zcodime*]Pf(x) — (_l)codim%[K*]Pf(x) _ (_l)codim%a*'

Proposition 7.4 below shows that this feature is displayed for all elements that
satisfy vanishing.

7.1. Definition. Let X be a specialization-closed subset of Spec R and consider an
element o € GP{(X) and an element 3 € GIf(X). If

o = (_1)Codim%a*

)

we say that « is self-dual, and if all elements in GP!(X) for all specialization-closed
subsets X of Spec R are self-dual, we say that R satisfies self-duality. Moreover,
if the above equality holds after an application of the inclusion homomorphism
GP!(X) — GDE(X) so that

T = (_1)codim%?
in GDL(X), we say that o is numerically self-dual, and if all elements in GP'(X)
for all specialization-closed subsets X of Spec R are numerically self-dual, we say
that R satisfies numerical self-duality.

Similarly, if

6 _ (—I)COdimxﬂ*,
we say that § is self-dual, and if the above equality holds after an application of
the inclusion homomorphism GIf(X) — GDE(X) so that

B _ (_1)codim3‘:§
in GDf(X), we say that (3 is numerically self-dual.

7.2. Remark. The commutativity of the star and dagger functors shows that an
element 3 € GIf(X) is self-dual if and only if the corresponding element 3 € GPf(X)
is self-dual. Thus, R satisfies self-duality if and only if all elements in GIf(X) for
all specialization-closed subsets X of Spec R are self-dual. A similar remark holds
for numerical self-duality.

7.3. Proposition. Let X be a specialization-closed subset of Spec R, let oo € GP!(X)
and let 3 € GI*(X). Then,

vdima* = vdima and vdim §* = vdim .
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If, in addition, R is complete of prime characteristic p and with perfect residue
field, we have

Px(a”) = Px(a)" and Vx(B") = Vx(B)"
In particular, for all integers i, we have
(@) = ()" and (57) = (8)".
Proof. The formulas for vanishing dimension follow from (3.2.1), since the dagger
functor does not change the dimension of a complex. The second pair of formulas

follow immediately from the commutativity of the star and Frobenius functors;
see 2.10. Thus, it follows that

(I)x(a(z)*) — (I)x(a(z))* — p_i()é(i)*.
That is to say, a{?* is an eigenvector for ®x with eigenvalue p~*.
vdim o, the decomposition

Setting u =

of = (0 4. oWy = O Ly ()
now shows that o*(® = o@*. A similar argument applies for (. O

7.4. Proposition. Let X be a specialization-closed subset of Spec R. If an element
a € GPY(X) satisfies vanishing, then « is self-dual, and if an element 3 € GIf(X)
satisfies vanishing, then 3 is self-dual. Moreover, R satisfies vanishing if and only
if R satisfies self-duality, and if R satisfies numerical self-duality, then R satisfies
weak vanishing.

Proof. We shall prove that, if « satisfies vanishing, then « is self-dual. The corre-
sponding statement for G follows from dagger duality, since [ is self-dual exactly
when 1 is and satisfies vanishing exactly when 81 does.

By Proposition 4.3, it suffices to assume that a = [X]pr(x) for a complex X from
P{(X). We are required to establish the identity
(7.4.1) X(X*@f —) = (1)@ (X ®F -)

viewed as metafunctions on D5 (X¢). First, we translate this question into showing
that, if R is a domain and X equals m, then

X(X7) = (=) iy (X)
for all complexes X in Pf(m) such that [X]pr(y) satisfies vanishing.

1° By assumption, « satisfies vanishing, and Proposition 7.3 implies that so does

*

a*. From Proposition 4.3 we see that, in order to show (7.4.1), it suffices to test
with modules of the form R/p for prime ideals p from X¢ with dim R/p = codim X.
Consider the following computation.

X* @k R/p = RHompg(X, R) ®@F R/p
~ RHompg(X, R/p)
~ RHompg (X, RHompg,,(R/p, R/p))
~ RHomp, (X @5 R/p, R/p).

Here, the first isomorphism follows from (Tensor-eval); the second is trivial; and
the third is due to (Adjoint). To keep notation simple, let

(=) rm = RHOmR/p(_7 R/p).
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We are required to demonstrate that
X(X* @F R/p) = (~1)"™ /P x(X @f R/p),

and since the Euler characteristics x® and y®/? are identical on all finite R/p—
complexes with finite length homology, the computations above imply that we need
to demonstrate that

XYP((X @) Rfp) re) = (~1) I B2 R/P(X ©F R/p).
Having changed rings from R to the domain R/p, we need to verify that the element
[X ®% R/plpt(m/p) in the Grothendieck space GP'(m/p) over R/p satisfies vanishing.
But this follows from the fact that o = [X]pr(x) satisfies vanishing, since
XP((X ®F R/p) @y, R/a) = x" (X @F R/a) = 0.

for all ideals a € V(p) with dim R/a < dim R/p = codimX. Thus, it suffices to
show that

X(X¥) = (1) Ex(X)
when R is a domain, X equals {m} and [X]pr(y) satisfies vanishing.

2° Without loss of generality, we may assume that R is complete; in particular,
we may assume that R admits a normalized dualizing complex D. Letting Y = R
in (3.2.1) and applying Proposition 4.3, it follows that

X(X™) = x(X", R) = x(X, D) = x(X, H(D)).

According to 2.6 we may assume that the modules in the dualizing complex D have
the form

(7.4.2) Di= P Er(R/p).

dim R/p=i
Let d = dim R and observe that, since [X ]Pf(m) satisfies vanishing and
dimH;(D) < dimD; <d forall i<d,
it follows that
XH(XF) = XX, 2 Ha(D)) = (-1)X"(X, Ha(D)).
Since Hy(D) is a submodule of Dy, there is a short exact sequence
(7.4.3) 0— H4(D) — Dy —Q — 0,

where @ is a submodule of Dy 1, so that dim@ < dim Dy < d — 1, where the
last inequality follows from (7.4.2). Since R is assumed to be a domain,

D4 = E(R) = Ro),
so localizing the short exact sequence (7.4.3) at the prime ideal (0), we obtain an
isomorphism

Ha(D)(0) — R(o)-

This lifts to an R—~homomorphism, producing an exact sequence of finitely generated
R-modules

0—K—-HyD)—-R—C—0,
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where K and C' are not supported at the prime ideal (0). Thus, dim K and dim C
are strictly smaller than dim R. Consequently, since [X ]pf(x) satisfies vanishing and
the intersection multiplicity is additive on short exact sequences,

X(X*) = (=1)"x(X, Ha(D))
= (D (x(X, K) + x(X, R) = x(X. )
= (1) (X),
which concludes the argument.

3° We have now shown that, if R satisfies vanishing, then R satisfies self-duality.
To see the other implication, assume that R satisfies self-duality and let a be
an element of GPf(X) for some specialization-closed subset X of Spec R. For any
specialization-closed subset X’ of Spec R with X C X’ and codim X’ = codim X — 1,
we now have, for the image @ of o in GP(¥'), that

(_l)codim %'a* (_Uajm _ (_1)codimxa*

=Qa = s

which means that @ = 0. Thus, by Proposition 5.5, « satisfies vanishing, and since
« was arbitrary, R must satisfy vanishing. Considering instead the image @ of «
in GDE(%’ ) and applying Proposition 5.4, the same argument shows that, if « is
numerically self-dual, then « satisfies weak vanishing. Thus, if R satisfies numerical
self-duality, then R satisfies weak vanishing. O

7.5. Theorem. Assume that R is complete of prime characteristic p and with per-
fect residue field. Let X be a specialization-closed subset of Spec R, let a € GPf(X)
and let 3 € GI*(X). Then, for all non-negative integers i

(7.5.1) (o)) = (—1)iteedimX () gpg  (39)0) = (—1)itcodimX ()
Consequently, if u is the vanishing dimension of a, then
(_1)Codim%a* _ a(O) _ a(l) + a(2) ¥ (—1)u0[(u),

and if v is the vanishing dimension of (3, then
(_1)codim,’£6* — ﬂ(O) _ ﬂ(l) + ﬂ(Q) — ¥ (_l)vﬂ(v)'

Proof. The last two statements of the proposition are immediate consequences
of (7.5.1). We shall prove the formula for « in (7.5.1); the proof of the formula for
0 is similar.
The proof is by induction on 7. For i = 0, since o!?) satisfies vanishing, the
statement follows from Propositions 7.3 and 7.4, since
(a*)(o) — (a(O))* — (_1)codim%a(0)'

Next, assume that ¢ > 0 and that the statement holds for smaller values of 1.
Choose an arbitrary specialization-closed subset X’ of Spec R such that X C X’ and
codim X’ = codim X — 1, and consider the element

o= (a*)(z) _ (_1)codim%+ia(i)'

We want to show that o = 0. Applying the automorphism ®x, we get by Proposi-
tion 7.3 that
(I)x(U) — (I)x((a*)(z)) _ (_1)codim %-{-iq)x(a(i))
_ p—Z((a*)(z) _ (_1)codimx+ia(i)) :p_iU,
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showing that o is an eigenvector for ®x with eigenvalue p~%; in particular, we have

o = 0. Denote by & the image of ¢ in GP*(X’). Then, by [11, Remark 20] (which
corresponds to Remark 6.6 but for elements of G(X)) and the induction hypothesis
we obtain

F= (OZ*)(Z) _ (_1)codim3+ia(i)

— gD _ (_l)codimx’+(z‘—1)a(i—1) =0.

Consequently, by [11, Proposition 23] (which corresponds to Proposition 5.5 but
for elements of GPf(X)), o must satisfy vanishing: that is, 0 = ¢(®). But then
o =5 =0¢O forcing o = 0. O

7.6. Remark. Assume that R is complete of prime characteristic p and with perfect
residue field. Let X be a specialization-closed subset of Spec R and consider an
element o € GP!(X). In view of Theorem 6.1 we may decompose « into eigenvectors

o = a(o) +a(1) +a(2) 4 ...+a(u)

where u is the vanishing dimension of a. Comparing it with the decomposition of
a* from Theorem 7.5

(—1)edimEox — o0 _ o) 4 o) _ 4 (Z1)ua®

shows that « is self-dual if and only if a(? = 0 in GPf(%) for all odd 4: that is, if
and only if

a=a4+a® 4...
in GPf(X). Similarly, o is numerically self-dual if and only if () = 0 in GDE (%)
for all odd : that is, if and only if

a:a(0)+a(2)+...
in GDE(X). Similar considerations apply for elements 3 € GIf(X).

In Proposition 7.4, we proved that vanishing and self-duality are equivalent for
R and that numerical self-duality implies weak vanishing. The following propo-
sition shows that, in characteristic p, numerical vanishing logically lies between
self-duality and numerical self-duality.

7.7. Proposition. Assume that R is complete of prime characteristic p and with
perfect residue field. For the following conditions, each condition implies the next.
In fact, (i) and (i1) are equivalent.

(i

(ii

R satisfies vanishing.

R satisfies self-duality.

(iii) R satisfies numerical vanishing.
(iv) R satisfies numerical self-duality.
(v) R satisfies weak vanishing.

e — — —

Proof. The equivalence of (i) and (i) and the fact that (7v) implies (v) is contained
in Proposition 7.4. The fact that (¢) implies (éii) is contained in [11, Proposition 27],
and Remark 7.6 makes it clear that (74) implies (iv). O

7.8. Remark. The constructions by Miller and Singh [15] shows that there can
exist elements satisfying self-duality but not vanishing as well as elements satis-
fying numerical self-duality but not numerical vanishing; see [11, Example 35] for
further details on this example. Roberts [20] has shown the existence of a ring
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satisfying weak vanishing but not numerical self-duality; see [11, Example 32| for
further details. Thus, all the implications except the equivalence in the preceding
proposition are strict.

7.9. Proposition. R satisfies vanishing precisely when
(7.9.1) a®y = (=1)°mX Hom(a, )

in GDE(m) for all specialization-closed subsets X of Spec R, all a € GP'(X) and all
v € GD5(X¢), and R satisfies numerical self-duality precisely when (7.9.1) holds in
(G:DfD (m) when requiring v € GPY(X°) instead. In other words, R satisfies vanishing
precisely when the intersection multiplicity and the Fuler form satisfy the identity

(7.9.2) X(X,Y) = (=1)cdim@uer X)¢(x 'y
for all complezes X € PY(R) and Y € D5(R) with
Supp X NSuppY = {m} and dim(Supp X)+ dim(Supp?’) < dim R,

and R satisfies numerical self-duality precisely when (7.9.2) holds when restricting
to compleres Y € PY(R).

Proof. Employing Proposition 4.9 it is readily verified that (7.9.1) is equivalent to

a®y= (_1)Codim%a* ® 7.

However, this identity is satisfied for all v € GDE(%C) precisely when « is self-dual.
From Proposition 7.4 it follows that R satisfies vanishing if and only if (7.9.1)
holds for all specialization-closed subsets X of Spec R, all a € GPf(X) and all
v € GD5(x°).

On the other hand, applying the above argument to the case where v € GPf(X¢)
shows that R satisfies numerical self-duality presily when (7.9.1) is satisfied for all
specialization-closed subsets X of Spec R, all o € GP!(X) and all v € GP!(X¢).

Assume next that (7.9.1) holds in GDE(m) for all specialization-closed subsets
X of Spec R, all a € GPf(X) and all v € GD5(X¢). If X € P!(R) and Y € D5(R)
are complexes such that

(7.9.3) SuppX NSuppY ={m} and dim(Supp X)+ dim(SuppY) < dim R,
the identity (7.9.2) follows by setting
X=SuppX, a=[X]prx) and v =[Y]pr (xc)

in (7.9.1). Conversely, if (7.9.2) holds for all complexes X € P'(R) and Y € D(R)
such that (7.9.3) is satisfied, then (7.9.1) follows for all specialization-closed subsets
X of Spec R, all a € GP'(X) and all v € GD(X°), since we by Proposition 4.3, v =
[ X]pt(x) for an r € Q and a complex X € PH(X) with codim(Supp X) = codim X.
Applying the same argument to elements v € GPf(%°) and complexes Y € P!(R)
proves the last part of the proposition. (Il

7.10. Remark. Proposition 7.9 confirms Chan’s supposition in [4], in the setting
of complexes rather than modules, that the formula in (7.9.2) is equivalent to
the vanishing conjecture. Note that, when restricting attention to complexes Y
in PY(R), formula (7.9.2) is equivalent to numerical self-duality, which implies the
weak vanishing conjecture but need not be equivalent to it. This negatively answers
the question of whether the restriction of the formula in (7.9.2) to complexes Y in
PY(R) is equivalent to the weak vanishing conjecture.
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We already know that, if R is regular, then R satisfies vanishing, whereas, if
R is a complete intersection (which is complete of prime characteristic p and with
perfect residue field), then R satisfies numerical vanishing; see [11, Example 33].
The authors believe that this line of implications can be continued, at least in the
characteristic p case, with the claim that, if R is Gorenstein, R satisfies numerical
self-duality, so that we have the following implications of properties of R in the case
where R is complete of prime characteristic p and with perfect residue field.

regular vanishing <—=> self-duality

ﬂ ﬂ

complete intersection === numerical vanishing

ﬂ ﬂ

Gorenstein = = = = => numerical self-duality

This supposition complies with the following proposition.

7.11. Proposition. Assume that R is Gorenstein and let X be a specialization-
closed subset of Spec R. If dim X < 2, then all elements of GP*(X) are numerically
self-dual. In particular, if dim R < 5, then R satisfies numerical self-duality.

Proof. Let X be a specialization-closed subset of Spec R with dim X < 2 and con-
sider elements a in GPf(X) and 8 in GP!(X¢). Then codim X¢ < 2, and therefore
[ satisfies vanishing by Proposition 5.4; in particular,

ﬁ* _ (_1)codimxcﬁ _ (_1)dimR—codimEX€ﬂ.

When R is Gorenstein, the complex D = ¥4™ £ R is a normalized dualizing complex
for R forcing (—)f = £4m#(_)* Thus, applying Proposition 4.9 the identity
ot ®ﬁ = ®6T — (_l)dimRa ®6* — (_1)codim%a®6
holds in GDf(m). This proves that o = (—1)°4™¥q so that « is numerically
self-dual.
If dimR < 5 then any specialization-closed subset X of Spec R must either

satisfy codim X < 2, in which case vanishing holds in GP(X) by Proposition 5.4,
or dim X < 2. In either case, all elements of GP!(X) are numerically self-dual. [

Since numerical self-duality implies weak vanishing, the preceding proposition
shows that weak vanishing holds for any Gorenstein ring of dimension at most 5.
Dutta [7] has already proven this fact.
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GROTHENDIECK GROUPS FOR CATEGORIES OF COMPLEXES

HANS-BJORN FOXBY AND ESBEN BISTRUP HALVORSEN

ABSTRACT. The new intersection theorem states that, over a Noetherian local
ring R, for any non-exact complex concentrated in degrees n,...,0 in the cat-
egory P(length) of bounded complexes of finitely generated projective modules
with finite-length homology, we must have n > d = dim R.

One of the results in this paper is that the Grothendieck group of P(length)
in fact is generated by complexes concentrated in the minimal number of de-
grees: if Py(length) denotes the full subcategory of P(length) consisting of com-
plexes concentrated in degrees d,...,0, the inclusion Pg4(length) — P(length)
induces an isomorphism of Grothendieck groups. When R is Cohen-Macaulay,
the Grothendieck groups of Pj(length) and P(length) are naturally isomor-
phic to the Grothendieck group of the category M(length) of finitely generated
modules of finite length and finite projective dimension. This and a family of
similar results are established in this paper.

1. INTRODUCTION

In this paper, we will prove the existence of isomorphisms between Grothendieck
groups of various related categories of complexes. The paper presents a family of
results that can all be formulated in a similar way. This introduction discusses only
one of the results (as did the abstract); the remaining results can be obtained by
replacing the property of “having finite length” with other properties of modules—
see the next section for further details.

Let R be a commutative, Noetherian, local ring of dimension d. Let P(length) de-
note the category of bounded complexes of finitely generated projective R-modules
and with finite-length homology, and let P4(length) denote the full subcategory
of complexes concentrated in degrees d,...,0. We shall denote the Grothendieck
groups of these two categories by KoP(length) and K¢P,(length), respectively. The
inclusion of categories P4(length) — P(length) naturally induces a homomorphism

Za: KoPg(length) — KoP(length),

given by Z4([X]) = [X] for a complex X € Py(length); here, the two [X]’s are
different, since one is an element of KyP4(length) and the other is an element of
KoP(length). One of the results of this paper (Corollary 6) is that the above is
an isomorphism. This is particularly interesting when comparing with the new
intersection theorem (cf. [6, Theorem 13.4.1]), which states that, if a complex in
P(length) is non-exact and concentrated in degrees n,...,0, then n > d. Thus,
the Grothendieck group KoP(length) is generated by complexes concentrated in the
smallest possible number of degrees.

Next let M(length) denote the category of R-modules of finite length and fi-
nite projective dimension. We denote the Grothendieck group of M(length) by
KoM(length). Any module in M(length) has a projective resolution in P(length),
and there is a natural homomorphism

R: KoM(length) — KP(length),

2000 Mathematics Subject Classification. Primary 13D15, 19A99; Secondary 13D25.
Key words and phrases. Grothendieck group, algebraic K-theory, bounded complexes of finitely
generated projective modules.
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given by R([M]) = [X] for a module M € M(length) with projective resolution
X € P(length).

Now, suppose further that R is Cohen-Macaulay. The acyclicity lemma by Pesk-
ine and Szpiro (see [6, Theorem 4.3.2]) implies that the complexes in P4(length) are
acyclic: that is, they are projective resolutions of their zeroth homology module.
Taking the homology of a complex induces a natural homomorphism

Ha: KoPa(length) — KoM(length),

given by Hq([X]) = [Ho(X)] for a complex X € Pg(length).
The three homomorphisms that we have introduced so far fit together in a com-
mutative diagram:

Za

KyP.(length) KyP(length)

™
KoM (length)

Here, Hq4 is dotted to emphasize the fact that it required an extra assumption to be
defined. The fact that Z; is an isomorphism yields that so are R and H4, whenever
defined (Corollary 11).

When replacing the property of “having finite length” with other module prop-
erties, the same picture will emerge. The next section presents all the results of this
paper in a general way—including the results mentioned in this introduction.

Historical note: This paper builds on the first author’s incomplete preprint [2]
whose results have been generalized and completely proven by the second author.
The paper will become part of the second author’s Ph.D. thesis. The results are
generalizations of a result by Roberts and Srinivas [7, Proposition 2]

2. GROTHENDIECK GROUPS FOR CATEGORIES OF COMPLEXES

Notation. Throughout this paper, R denotes a non-trivial, unitary, commutative
ring. All modules are, unless otherwise stated, assumed to be R-modules, and all
complexes are, unless otherwise stated, assumed to be complexes of R-modules.
Modules are considered to be complexes concentrated in degree zero.

Let d be a non-negative integer and let S = (S7,...,54) be a family of multi-
plicative systems of R. A module M is said to be S;-torsion if Si_lM =0, and M
is said to be S-torsion if it is S;-torsion for ¢ = 1,...,d. The grade of M is the
number

gradep M = inf{n € Ny |Exty (M, R) # 0}.

If M =0, we set gradeg M = co. When R is Noetherian and M is non-trivial
and finitely generated, gradep M is the maximal length of a regular sequence in
Annp M. M is said to be d-perfect if M =0 or grader M = d = pdp M.

We shall use the following abbreviations for properties of modules.

S-tor: being S-torsion;
length: having finite length;
gr > d: having grade larger than or equal to d; and
d-perf: being d-perfect.

Let e be a non-negative integer, and let the symbol # denote any of the module
properties above. We define the following categories.
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M: the category of finitely generated modules of finite projective dimension;
P: the category of bounded complexes of finitely generated projective mod-

ules;
Pe: the full subcategory of P consisting of complexes concentrated in degrees
e,...,0;

M(#): the full subcategory of M consisting of modules satisfying #;

P(#): the full subcategory of P consisting of complexes whose homology mod-
ules satisfy #;

Pc(#): the intersection of P, and P(#).

So, for example, P.(S-tor) denotes the category of complexes concentrated in
degrees e, ...,0 with finitely generated projective modules and S-torsion homology
modules. We will allow the symbol # to be “empty” so that M(#), P(#) and P.(#)
also can denote M, P and P., respectively. Similarly, we shall occasionally write
P.(#), where the symbol % either denotes a non-negative integer e or is “empty”,
in which case we are back with the category P(#).

The isomorphism classes of any of the categories M(#) and P,(#) form a set.
We shall occasionally abuse notation and use M(#) and P,(#) to denote the sets
of isomorphism classes of the corresponding categories.

Definition 1. The Grothendieck group of a category M(#) is the Abelian group
KoM(#) presented by generators [M], one for each isomorphism class in M(#), and
relations

[M] =[L]+ [N] whenever 0 L —M — N —0

is a short exact sequence in M(#).
The Grothendieck group of a category P,.(#) is the Abelian group KoP.(#)
presented by generators [X], one for each isomorphism class in P, (#), and relations

[X] =0 whenever X is exact,

and
[Y]=[X]+[Z] whenever 0 X —-Y —-Z—0
is a short exact sequence in P, (#).

So, for example, KoP.(S-tor) denotes the Grothendieck group of the category
P.(S-tor), whereas the usual zeroth algebraic K-group of R is the group Ko(R) =
KyPg: that is, the Grothendieck group of the category of Py.

In the following three propositions, we list some useful properties of Grothendieck
groups, which will be used throughout this paper. The properties can easily be
verified and are stated without proof; for more details, the reader is referred to [4,
pp. 8-10].

Proposition 2. Any element in KoM(#) can be written in the form [M]— [M'] for
modules M, M' € M(#), and any element in KoP,(#) can be written in the form
[X] — [X] for complezes X, X' € P.(#). O

If X is a complex, it can be shifted n degrees to the left, thereby yielding the
complex X" X with modules (X" X), = X,_,, and differentials 8@2”( = (—1)”85(_".
In the case that n = 1, the operator ¥!(—) is simply denoted by ¥(—).

Proposition 3. Suppose that X is a complex in P, (#) such that X" X is in Py (#).
Then [X"X]| = (—1)"[X] in KoP.(#). O

Proposition 4. Suppose that ¢: X — Y is a quasi-isomorphism in P,(#) such
that XX is in P (#). Then [X]| = [Y] in KoPy(#). O

Note that, since quasi-isomorphisms become identities in the Grothendieck group,
we might as well have modelled the Grothendieck groups on derived categories rather
than usual categories.
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Since P, (#) is a subcategory of P(#), the inclusion of categories induces a natural

group homomorphism

Ie: KQPG(#) e K()P(#)
given by Z.([X]) = [X] where X € P.(#). Note that the two [X]’s here are different:
one is an element of KoP.(#), whereas the other is an element of KoP(#). Note
also that the fact that Z. is induced by an inclusion of the underlying categories
does not mean that Z. is injective—it only ensures that 7, is well defined.

When R is Noetherian, a module in M(#) always has a projective resolution in
P(#). It follows from Proposition 4 that different projective resolutions of the same
module always represent the same element in the Grothendieck group KoP(#).
Thus, we can, to each module M € M(#) with projective resolution X € P(#),
associate the element [X] in KoP(#). Since the modules in a short exact sequences
have projective resolutions that fit together in a short exact sequence, this associa-
tion induces a group homomorphism

R: KoM(#) — KoP(#)

given by R([M]) = [X] where X € P(#) is a projective resolution of M € M(#).

As we shall see in the next section, certain additional assumptions on the ring
together with a sufficiently small choice of e can force the homology of complexes
in P.(#) to be concentrated in degree zero and hence be modules in M(#). Thus,
in this case, we can, to every complex X € P.(#), associate the element [H(X)]
in KoM(#), where H denotes the homology functor. Since this association clearly
preserves the relations in KoP.(#), it induces a group homomorphism

He: KOPG(#) - KOM(#)

given by H.([X]) = [H(X)] where X € P.(#).
The homomorphisms 7., H. and R are connected in a commutative diagram as

shown below.

Ze

EN

| KoM(#)

H. is here dotted to underline the fact that it required an extra assumption to be
defined. The homomorphism R always requires R to be Noetherian in order to be
defined.

Let © = (21,...,24) denote a regular sequence, and let S(z) denote the family
(S(z1),...,S(xq)) of multiplicative systems S(z;) = {zF | n € No}. Further, let
T denote a (single) multiplicative system such that TN ZdR = (. In the next
section we shall prove that the homomorphisms H. and R are defined under the
assumptions on e and R described in the table below.

KoP(#) KoP(#)

# e assumption on R
S(z)-tor d Noetherian, local
T-tor 1 Noetherian, local
— 0 Noetherian
length dim R Noetherian, local, Cohen—Macaulay
gr>d d Noetherian, local
d-perf d Noetherian, local

In this paper we will show that Z., H. and R in all but the last of the above
situations are isomorphisms and that, in the last situation, Z. and R are monomor-
phism and H. is an isomorphism. These results will be derived as corollaries to the
theorem below, which shall henceforth be referred to as the “Main Theorem”. As
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the proof of the Main Theorem will show, the Grothendieck group KoP.(#), where
# is any but the last of the properties in the table above, is, in fact, isomorphic
to KoP(#) whenever e is larger than or equal to the corresponding number in the
table and trivial otherwise.

Main Theorem. Suppose that d is a non-negative integer and that S = (S1,...,Sq)
is a d-tuple of multiplicative systems of R. Then the homomorphism

Id: K()Pd(S—tOI‘) — KQP(S—tOI‘)
given by Z4([X]) = [X] is an isomorphism.

Note that, in the setting of the Main Theorem, there are no additional require-
ments on R, and the homomorphisms H; and R is not necessarily defined. However,
when H, and R are defined, we can immediately infer that Hg is injective and that
R is surjective, and as it is not hard to see that H, is surjective, it follows that all
three homomorphisms are isomorphisms.

The Main Theorem says that any element of KoP(S-tor) can be represented by
a linear combination of complexes concentrated in degrees d, ...,0. As we shall see,
the inverse map Z,;': KoP(S-tor) — KoP4(S-tor) is basically constructed from a
procedure describing how to “make complexes smaller”. When H, is defined, the
complexes become so small that they are forced to be resolutions of modules with
projective dimension at most d.

When R is Noetherian and local, d = 1 and the multiplicative set T' contains no
zero-divisors, Hy: KoP1(T-tor) — KoM(T-tor) is, as we shall see, defined and all of
Z1, H; and R are isomorphisms. So in this case, the elements of KoM(T-tor) can be
represented by elements in the form [R™/AR)], where A is an injective n X n-matrix.
Using the localization sequence

Ki(R) — K{(T7'R) — KoM(T-tor) — Ko(R) — Ko(T™'R)

of algebraic K-groups, it is not hard to see that [R"/AR"] = [R/(det A)R] in
KoM(T-tor). Thus, KoP1(T-tor) (and hence KoP(T-tor)) is in fact generated by
Koszul complexes. This property was fundamental in the proof in [3] of Serre’s
intersection conjectures in the case where the module that is mnot necessarily of
finite projective dimension has dimension less than or equal to one.

The rather tedious proof of the Main Theorem is postponed until Section 4. For
now, we will assume that it has been established and use it to derive all the other
results.

3. ISOMORPHISMS BETWEEN GROTHENDIECK GROUPS

Definition 5. If x is an element of R, S(z) denotes the multiplicative system
{z"|n € No}, and if © = (x1,...,24) is a d-tuple of elements from R, S(z) denotes
the d-tuple (S(z1),...,S5(zq)) of multiplicative systems.

We begin our collection of corollaries to the Main Theorem with the result dis-
cussed in the abstract and the introduction.

Corollary 6. If R is Noetherian and local with dim R = d, then the group homo-
morphism Lq: KoP4(length) — KoP(length) given by Z4([X]) = [X] 4s an isomor-
phism.

Proof. Let x = (x1,...,24) be a system of parameters, and notice that a finitely
generated module has finite length if and only if it is S(z)-torsion. Consequently,
KoP(length) = KoP(S(x)-tor) and KoP4(length) = KoP4(S(z)-tor), and the result
follows from the Main Theorem g
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Lemma 7. Suppose that R is Noetherian and let x = (x1,...,x4) be a reqular se-
quence of length d > 0. Then any complex X in P4(S(x)-tor) satisfies the condition
that its homology complex H(X) is concentrated in degree 0: that is, H(X) is a
module in M(S(z)-tor).

Proof. Let X be a non-exact complex in P4(S(z)-tor) and let ¢ denote the largest
integer such that H;(X) # 0; this exists since H(X) # 0 and X is bounded. We
already know that ¢ > 0, so let us assume that ¢ > 0 and try to reach a contradiction.
Let p be an associated prime of H;(X). Since H(X) is S(x)-torsion, we can
find Ny,...,Ng € N such that x{vl,...,:z:ilvd € Anngp Hy(X) C p. Consequently,
(x1/1,...,24/1) is an Ry-sequence in py, so depth R, > d > 1.
Now, the projective resolution

0— (Xg)p = — (Xt+1)p - (imat)il)p —0

of (imd;% )y, as an Ry-module shows that pdp, (im 0% 1)p < d— (t+1). From
the Auslander-Buchsbaum formula (see, for example, [1, Theorem 1.3.3]), it now
follows that
depthp (im 97 1)p = depth R, — pdpg, (im o )p >t+1>2.
Since (ker 9{), is a submodule of the non-trivial free Ry-module (X;), which has
depthp (X)p = depth Ry, > d > 1, we must also have depthp, (ker 9{%)p > 1. From
the short exact sequence
0 — (im at)il)p - (kefatx)p — (Hi(X))p — 0,

it now follows that depthp (H¢(X))p > 1 (see, for example, [1, Proposition 1.2.9]).

This is a contradiction, however, because depthp (H¢(X)), = 0, since p is associated
to He(X). Thus, t = 0 as desired. O

Corollary 8. If R is Noetherian and local, and x = (z1,...,zq) is a regular se-
quence of length d > 0, then there is a commutative diagram

KoPa(S(x)-tor) L KoP(S(x)-tor)

KoM(S(x)-tor)

in which T4, Hq and R are isomorphisms.

Proof. Lemma 7 shows that 74, Hqy and R are well-defined homomorphisms, and
the Main Theorem states that Z; is an isomorphism. Thus, we already know that
‘Hq is injective and R is surjective.

Now, let M be a module in M(S(x)-tor), and let us show by induction on p =
pdg M that [M] € imHy. If p < d, it is clear that [M] € im H, since M in this case
has a projective resolution in P4(S(x)-tor). So assume that p > d, and choose a
finitely generated free module F' and a surjective homomorphism f: FF — M. Next,
using the fact that M is S(x)-torsion, choose Ny, ..., Ny € N so that ;vfh, e wivd €
Anng M, and let F = F/(;vivl, e ,xfivd)F. The surjection f induces a surjection
f: F — M. Letting K denote the kernel of f, we then have an exact sequence

0—-K—F—M-—D0,

and since pdy F' = d < p = pdp M, it follows that pdp K = d— 1. By construction,
F and K are S(x)-torsion, so I and K are modules in M(S(z)-tor), and the induc-
tion hypothesis yields [M] = [F] — [K] € im H4. Consequently H, is surjective, and
it follows that Hy as well as R are isomorphisms. O
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Corollary 8 also holds in the case d = 0, where the requirement of being S(x)-
torsion drops out, even without the assumption that R is local. We state this as a
separate corollary and leave the straightforward proof to the reader.

Corollary 9. If R is Noetherian, then there is a commutative diagram

Ko(R) = KoPo =t KoP
x /
KoM
in which Lo, Ho and R are isomorphisms. [l

When R in addition is local, the Grothendieck groups in Corollary 9 are all
isomorphic to Z through the rank on KyPy. As the proof of the Main Theorem
(Theorem 42) will show, the isomorphism KoP — Z is given by taking an element
[X] € KoP to the integer Y ,.,(—1)" rankg X;, whereas the isomorphism KoM — Z
is given by taking and element [M] € KoM to the Euler characteristic xy?(M),
defined as the alternating sum of the ranks in a finite free resolution of M.

The proofs of Lemma 7 and Corollary 8 in the case d = 1 clearly show that the
multiplicative system S(z) = S(z1) = {2} |n € Ng} can be replaced by any mul-
tiplicative system S containing only non-zerodivisors. This is because any element
of such a multiplicative system in itself constitutes a regular sequence of length 1.
We state this as a separate corollary.

Corollary 10. If R is Noetherian and T is a multiplicative system with TNZd R =
(), then there is a commutative diagram

I

KQPl(T—tOI‘) K()P(T—tOI')

KO M (T—tOI‘)

in which Z1, H1 and R are isomorphisms. [l

Another special case of Corollary 8 that we would like to point out is the case
d = dim R, which is only possible when R is Cohen—Macaulay. In this case, the
property of being S-torsion is identical to the property of having finite length. The
result in this case was discussed in the abstract and the introduction, and we also
state it as a separate corollary.

Corollary 11. If R is a Noetherian, local Cohen-Macaulay ring of dimension d,
then there is a commutative diagram

KoPy(length) La KoP(length)
R /
KoM (length)
in which Zq, Hq and R are isomorphisms. [l

As we shall see in Corollary 12 below, Corollary 8 can also be used to derive
results concerning the property of having grader larger than or equal to d.
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Corollary 12. If R is Noetherian and local, and d is a positive integer, then there
is a commutative diagram

Za

KOPd(gr Z d) K()P(gl‘ Z d)

KoM(gr > d)
in which Zq, Hq and R are isomorphisms.

Proof. If d is so large that there are no regular sequences in R of length d, then
the involved Grothendieck groups are all trivial and the theorem holds. We can
therefore assume that regular sequences of length d do exist.

If X is a complex in Pg4(gr > d), we can find a regular sequence = = (z1,...,xq)
of length d contained in the annihilator of all the homology modules of X. Then X
will be homologically S(z)-torsion, and it follows from Lemma 7 that the homology
of X is concentrated in degree 0. Consequently, 74, Hq and R are well-defined
homomorphisms.

We define an equivalence relation on the set of regular sequences, letting a regular
sequence ¢ = (x1,...,%4) be equivalent to a regular sequence =’ = (zf,...,2})
whenever

RadR(xl, cee ,J?d) = RadR(x'l, cee ,:Z?Id),
where the radical Radg I of an ideal I is the intersection of all prime ideals con-
taining I. It is clear that this, indeed, is an equivalence relation. Denote the set
of equivalence classes by E, and partially order E by reversed inclusion of radical
ideals: that is,

<1 &L Radg(z1,...,2q4) 2 Radg(x), ..., 2})

for z,2’ € E. (It is of course the equivalence classes of x and 2’ that belong to F,
but this unimportant technicality will be ignored here.) E = (E, <) is a directed
set, for if z and 2’ are regular sequences of length d, then we can find a regular
sequence z’ of length d contained in (z) N (z’) and hence satisfying the condition
that =, 2’ < 2”.

Now, the category M(S(x)-tor) is uniquely determined by the equivalence class
of x in F, since, for any finitely generated module M,

M is S(z)-torsion <= Vv € {1,...,d}3N, € Ng: 2 € Anng M
<~ ($1,...,$d) - RadR(AnnRM)
<= Radg(z1,...,24) € Radg(Anng M).

Thus, we can consider the family of Grothendieck groups KoM(S(x)-tor) indexed by
the equivalence classes in E. Given x,z’ € E with x < 2/, there is a homomorphism

Tyar: KoM(S(z)-tor) — KoM(S(z')-tor)

given by Z, . ([M]) = [M] where M € M(S(x)-tor); this is well defined, since it is
induced by an inclusion of categories as seen from the bi-implications above. Con-
sequently, (KoM(S(x)-tor), T, 4 )s<a is a direct system, and it is straightforward
to see that the Grothendieck group KoM(gr > d) together with the natural ho-
momorphisms 7, : KoM(S(z)-tor) — KoM(gr > d) induced by the inclusion of the
underlying categories and given by 7, ([M]) = [M], * € E, satisfy the universal
property required by a direct limit of this system.

We have now shown that KoM(gr > d) is the direct limit of the direct system
(KoM(S(z)-tor), Ty 4 )e<e- By the same methods one can show that KoP4(gr > d)
and KoP(gr > d) are the direct limits of the direct systems

(KoPg(S(x)-tor), Ty o )< and (KoP(S(z)-tor), Ty s )e<a’
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respectively, where the homomorphisms Z, ,» now are given by Z,, . ([X]) = [X] for
complexes X in P,(S(z)-tor) and P(S(x)-tor), respectively. Now, we already know
from Corollary 8 that there is a commutative diagram of isomorphisms

)-tor) KoP(S
KoM(S(z)-tor)

for all z € E, and hence there must also be a commutative diagram of isomorphisms

KoPq(S(

(x)-tor)

KoPg(gr > d) KoP(gr > d)
KoM(gr > d)
involving the direct limits. O

Because of Lemma 7, the homology of any complex in Py(gr > d) must be a
d-perfect module. Thus, Py(gr > d) = P4(d-perf), and hence KoP4(gr > d) =
KoP4(d-pert). It follows that the isomorphisms Hy: KoP4(gr > d) — KoM(gr > d)
and Zg: KoPg4(gr > d) — KoP(gr > d) from Corollary 12 must factor through
KoM(d-perf) and KoP(d-perf), respectively. This is discussed in Corollary 13 below,
which extends Corollary 12, and where we let 7: KoM(d-perf) — KoM(gr > d) and
7: KoP(d-perf) — KoP(gr > d) denote the natural homomorphisms induced by the
inclusion of the underlying categories and given by 7([M]) = [M] for M € M(d-perf)
and 7([X]) = [X] for X € P(d-perf).

Corollary 13. If R is Noetherian and local and d is a positive integer, then there
is a commutative diagram

KoM(d-perf)
Hy K
Iy
KoPg(d-perf) KyP(d-perf)
KoPa(gr > d) L KoP(gr > d)
x /
KoM(gr > d)

in which Zq, Ha, R, Hy and T are isomorphisms, I, and R’ are monomorphisms
and T is an epimorphism.

Proof. Commutativity of the diagram is clear, and we have already seen in Corol-
lary 12 that Zg4, Hq and R are isomorphisms. From this it follows that Z/, and H/,
are injective, and that 7 and 7 are surjective. However, HJ, is clearly also surjec-
tive, since any finitely generated d-perfect module has a resolution in Pg4(d-perf),
and hence H/; and 7 are isomorphisms. 0

Note that Corollary 13 (and hence Corollary 12) actually holds when d = 0, but
that including this case is unnecessary, as it is already stated in Corollary 9.
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4. PROVING THE MAIN THEOREM

Establishing the Main Theorem is a cumbersome task. We will construct an in-
verse to Zq: KoP4(S-tor) — KoP(S-tor) as follows. Given a complex Y € P(S-tor),
we choose n € Z so that the shifted complex ¥"Y is in P.(S-tor) for some e > d.
To this complex we associate an element w,(X"Y) € KoPe_1(S-tor); this is the cru-
cial step, in which we “make a complex smaller”, starting with the complex XY
of amplitude (at most) e and ending up with the element w.(X"Y"), which, as we
shall see, is represented by the difference of two complexes of amplitude (at most)
e — 1. Repeating this process a finite number of times, we end up with an element
W1 -+ We(B"Y) in KoPg4(S-tor). This is the image of [Y] under the inverse of Z,.

4.1. Contractions.

Notation. Throughout Section 4.1, d denotes a non-negative integer and S =
(S1,...,54) denotes a d-tuple of multiplicative systems of R.

Definition 14. Let X be a complex. A d-tuple a = (a!,...,a?) of families o =
(af)eez of homomorphisms of : Xy — X1 is an S-contraction of X with weight
$=1(81,...,84) € S1 X -+ X Sg if

Of o +ay_ 105 = s, idx,
forall/ € Zand v=1,...,d.

In the case that d = 0, the concept of S-contractions is meaningless, and the
property of having an S-contraction is trivially satisfied. In any case, the existence
of an S-contraction of X with weight s = (s1,...,s4) is equivalent to the condition
that the morphisms s, idx: X — X for v = 1,...,d are null-homotopic.

Proposition 15. Each complex X € P(S-tor) has an S-contraction.

Proof. For each v the S, !R-complex S;1X is exact, bounded and consists of
finitely generated projective S, !R-modules, so the identity morphism ids;l x on
S71X is null-homotopic (see, for example, [5, Theorem 1V.4.1]). Thus, we can find
S, ! R-homomorphisms b7 : S, ' X, — S;1X,;; such that
Sotx S;tx .

Opyy " by +bi_10, =idg-1y,
for all £ € Z. Writing each b} in the form g} /t, for an R-homomorphism 5} : X; —
Xy11 and some common denominator ¢, € S,, we now have in S ' X, that, for any
T € Xy,

(07187 + BL107 ) (2) [ty = /1.

Consequently, we can find u, ; € S, depending on z so that in Xy,

Uy 2 (0751 87+ BY_197)(2) = wyut, .

Since X is bounded and consists of finitely generated modules, by multiplying a
finite number of u, ,’s, we can obtain an element u, € S,, independent of z and of
¢, such that u, (975, 6) + B¢_10;°)(x) = wyt,x for all £ € Z and all € X,. Setting
o =, B and s, = u,t,, we see that a = (a?, ..., a?), where o = (a)sez, is an
S-contraction of X with weight s = (s1,..., sq). O

Definition 16. Let X and Y be complexes in P with S-contractions o and [,
respectively, and let ¢: X — Y be a morphism of complexes. Then « and [ are
said to be compatible with ¢ if they have the same weight and ¢y = 5 ¢, for
al{eZandv=1,...,d.
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Theorem 17 below provides an example of a situation where an S-contraction of
a complex induces an S-contraction of another complex. Although the hypotheses
of the theorem are very specific, the theorem turns out to be applicable in several
situations.

Theorem 17. Let X be a complex in P., where e > 1, and suppose that o is an
S-contraction of X with weight s. Let X be another complex in P, and suppose that
the complex X is identical to X except for the modules and differentials in degrees
e and e — 1. Suppose further that )~(e = 0 and that a morphism ¢: X — X exists
such that ¢¢ =idx, for £ =0,...,e — 2 and such that ¢pe_1 is surjective. Then the
S-contraction o on X induces an S-contraction & on X with weight s such that o

and a are compatible with the morphism ¢; forv =1,....d, &" is defined by setting
al_g = e—10f_o and oy = ) for £ =0,...,e — 3.
or X, X, I
O%Xe Xe—l Xe—2 X1 XOHO
al_y ag_y agl_g a()f
ol l‘fbel B lidxe2 lidx1 lidxo
0 - X, X, o
0——0 Xeq Xe—o X, Xo——0
0 be-10¢ al_ g g
Proof. By inspection. 0
Given an S-contraction o of X with weight s = (s1,...,84) and a d-tuple ¢t =
(t1,...,tq) € S1 X -+ X Sg, we can construct an S-contraction ta of X with weight
st = (sit1,..., sqta) by setting ta = (t1al,.. ., taa?) where t,a” = (t,a¥)icz. We

can also shift a n degrees to the left for some n € Z to form an S-contraction
Y"a of ¥"X with weight s by setting ¥"a = (X"al,...,X"a?), where Yo =
(E"a")e)ecz = (1), Jeez.

The following theorem shows how to construct a natural S-contraction of the
mapping cone of a morphism between two complexes that both have S-contractions.
Recall that the mapping cone of a morphism ¢: X — Y is the complex C(¢) defined
by C((b)g =Y ® X1 =Y ®dEX), and

0y b1 Yy Yo 1
0 -9%,) X1 Xeo

for all £ € Z. The (degreewise) inclusion Y — C¢ and the (degreewise) projection
C(¢) = L X are both morphisms of complexes, and together they form the canonical
short exact sequence

0—-Y —-C(¢) > XX — 0.

Theorem 18. Let ¢: X — Y be a morphism of complexes and let o and (3 be
S-contractions of X and Y, respectively, with weights s and t, respectively. Define
forv=1,....d and ¢ € Z the homomorphism

suby Bl deay_y Ye Yoi1
(B* )] = C(p)= & — @ =C(et1-
0 —tyay X1 Xy

Then (B*a) = ((B*a)t,...,(B8*a)d), where (B* )’ = ((B % a)))iez, is an S-
contraction of the mapping cone C(p) of ¢ with weight st = (s1t1,...,S4tq), and
the S-contractions s, (6 * ) and Sta are compatible with the morphisms in the
canonical exact sequence

0—-Y —-C(¢) - XX — 0.
Proof. By inspection. g
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4.2. The idea behind the proof of the Main Theorem.

Notation. Throughout Section 4.2, d denotes a non-negative integer and S =
(S1,...,54) denotes a d-tuple of multiplicative systems of R. Furthermore, X
denotes a fixed complex in P.(S-tor) for some integer e > d, and « denotes an
S-contraction of X with weight s = (s1,...,84) € S1 X -+ X Sg.

Proving the Main Theorem involves the introduction of a complex A.(X,s).
More specifically, A.(X, s) is the complex X¢"%K (s, X.): that is, the Koszul com-
plex of the sequence s = (s1, ..., sq) with coeflicients in X, and shifted e —d degrees
to the left. For convenience we will now present an explicit description of A, (X, s).

For any ¢ € Z, let T(¢) denote the set of ¢-element subsets of {1,...,d}: that
is, the set of subsets in the form ¢ = {i1,...,4;} where 1 <i; < --- <ip <d. In
particular, Y(0) = {0}, T(d) = {{1,...,d}} and Y(¢) = 0 for all ¢ ¢ {0,...,d}.
Thus, in any case, T(¢) contains (Zl) elements. An object ¢ € Y (¢) is called a multi-
index and its elements are always denoted by 41,...,%, in increasing order, so that
it ={i1,...,0¢}, where 1 <iy < --- <y <d.

Definition 19. A.(X,s) denotes the complex whose £’th module is given by

Ac(X,s)e = H A (X,s);, where A.(X,s); =X,
€Y (e—2)

and whose £'th differential 95 : A (X, 5)s — Ac(X, 5)_1 is given by the fact
that its (j,1)-entry (95,50 Au(X,8)i — A(X,s)]_, for i € T(e — L) and
jeT(e—C+1)is

(02X | (—1)“*Hls;, idx,, if j\i = {ju}
. pi 0, it 2

So A.(X,s) is a complex whose ¢'th module A.(X,s), consists of (eié) copies
of X, and whose £’th differential as a map from the i’th copy of X, in A.(X,s),
to the j’th copy of X, in A.(X, s)s41 is non-zero only when i C j, in which case
it is multiplication by (—1)“*!s; for the unique j, which is in j and not in i. In
particular, if d = 0 the sequence s is empty and A, (X, s) is the complex concentrated
in degree e with A.(X, s)e = Xo.

Proposition 20. The complex A.(X,s) is in P(S-tor) and is concentrated in de-
grees e,...,e —d.

Proof. The definition clearly implies that A.(X,s) is concentrated in degrees
e,...,e—d and consists of finitely generated projective modules. Since A.(X, s) is
the Koszul complex of the sequence s1,...,sq, the homology modules of A.(X, s)
are annihilated by the ideal (s1,...,s4) (see, for example, [1, Proposition 1.6.5]); in
particular, the homology modules must be S,-torsion for v =1,...,d. 0

The complex A.(X, s) comes naturally equipped with an S-contraction.

Theorem 21. For each { € Z and each v = 1,...,d, let the homomorphism
0e(X,8)]: Ae(X,5)¢e — Ac(X,8)e41 be given by the fact that its (j,1)-entry for
ie€eY(e—l) andjeT(e—L—1)is

(0e(X,9)7)ji = { (_l)wg’l idx.,, i z\;jé j: {in} = {v},

Then §.(X,s) = (6(X,8), ..., 0.(X, 8)9), where 6.(X,8)" = (6e(X, 8)Y )eez, is an
S-contraction of Ac(X,s) with weight s
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Proof. This is a matter of verification. For each v € {1,...,d}, £ € Z and i,i’ €
Y(d — 0), the (i, i)-entry of 9p- 8. (X, 5)7 is

sy idx,, ifi =1 and v €1,
(—1)"*sy idx,, if i\i’ = {in} = {v} and i'\i = {i},}, and
0, otherwise,
whereas the (i’,4)-entry of J.(X, S)Z_lﬁfe(x’s) is
syidx,, ifi=4and v ¢ i,
(1)t idx,, if i\i’ = {iw} = {v} and i'\i = {i,}, and
0, otherwise.
Overall, we see that the (i’,4)-entry of Bﬁfl(x"s)ée(X, s)y + 56(X,S)Z_18EAE(X"S) is
sy idx, if i = 4" and 0 otherwise. This is what we wanted to show. O

Definition 22. Let ¢.(X, ) denote the family (¢ (X, @)¢)rez of homomorphisms
De(X,a)p: Xp— Ac(X, 8)e = Hier(e—e) X, given by the fact that their i’th entries
fori € T(e—1¢) are

be(X, )l = ol St
For ¢ = e, this means that ¢.(X,«). = idx,, and for £ ¢ {e,...,e — d}, it means
that ¢.(X,a), = 0.

Proposition 23. ¢.(X,a): X — A (X, s) is a morphism of complexes.

Proof. Let A def Ac(X,s) and ¢ def ¢e(X,a). To prove that ¢ is a morphism, we

need to show that ¢,_10;X = 99 ¢, for all £ € Z: that is, we need to verify that
the j’th entry, ag‘ff“ e azl_lﬁgx, of the left side equals the j'th entry of 95 ¢, for
each j € Y(e — £+ 1). Since the (j,4)-entry of 92 is (—1)“*1s;, idx, whenever i is
a subset of j with j\i = {j,}, that is, whenever i = {j1, ..., Ju—1, Jut1s---sJe—t+1}
for some u € {1,...,e — £+ 1}, we see that the j’th coordinate of BEA@ must be

e—(+1
§ : utl, Je—t+1 | Jutl Ju—-1 . j1
(_1) SjuQe_1 O[Z-l-u—laf-l-u—2 ay .
u=1
So overall, we need to show that
e—(+1
utl, o Je—t+1 | Jutl Ju—-1 g1 _ Je—t+1 . j1 X
E (=1)"“" s, 000y Cppu—1%pu—2" " O = Gy a0 (1)
u=1

for all j € Y(e — £+ 1). We do this by descending induction on £.
When ¢ > e, the equation clearly holds since both sides are trivial, and in the
case that £ = e, (1) states that s;, idx, = o' 19X, which is satisfied since « is an

S-contraction of X with weight s. Suppose now that ¢ < e is arbitrarily chosen and
that (1) holds for larger values of £. We then have

Je—t41 J1 X __  Je—t+1 J2 (0. s X 51
Qa0 = T g (s, idx, =07 at)
o Je—t41 Jj2
= 8501 @y
e—{¢+1 )
. C1\Ue. Je—t+1 . Jutl Ju—-1 g2 J1
( E (=1)%s;j, 0y O 10 e 1) O
u=2
e—0+1
_ § : Cqyutl, . Je—e41 | Jutl Ju-1 71
- ( 1) SjuCe_1 a£+u—1a€+u—2 ay .
u=1

Here the second equality follows from the induction hypothesis. This proves (1) by
induction, so ¢ is a morphism of complexes. O
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Definition 24. The mapping cone of ¢.(X, @) is denoted by C.(X, ).

def

Letting A %' A (X, s) and ¢ = ¢.(X, @), Cc(X, @) is the complex

92 o
(%) & (T5) A

0 Xe &) @
Xe—l Xe—2
Ac_q (0—0X, ) —0X .,
. S @ _— e—d—2 e XO O
Xe—d—l
concentrated in degrees e +1,...,1.

Since X and A.(X,s) are equipped with S-contractions, Theorem 18 provides
an S-contraction of C, (X, ).

Definition 25. The S-contraction d.(X, s) * « of Ce(X, @) is denoted by p.(X, a).

Letting A %' A (X, s), & def ¢e(X,a) and § def 0e(X, 8), ne(X, ) is given by
su0y ) peay_y Ay AVES]
pe(X, O‘)Z = e — @
0 —saf ) X X

for each £ € Z and v € {1,...,d}. The weight of u.(X,«) is s* = (s,...,52).

Proposition 26. C.(X,«) is an object of P.11(S-tor) concentrated in degrees e +
1 1.

ey

Proof. C.(X,a) is clearly concentrated in degrees e + 1,...,1 and composed of
finitely generated projective modules. To see that C.(X, ) is homologically S-
torsion, recall that the canonical short exact sequence

00— AcX,5) = Ce(X,0) = XX —0 (2)
induces the long exact sequence
- = Hy(Ace(X,5)) — He(Ce(X, @) — Hy(EX) — -+

on homology. By localizing at S, for v = 1,...,d it follows that, since A.(X,s) as
well as ¥ X are homologically S-torsion, C,(X, o) must be homologically S-torsion
as well. 0

Definition 27. Let 92 ; denote the homomorphism

_(be(Xa Oé)e—l AG(X75)6—1
07, = Xe— @  =Cu(X,a)e 1,
aéx—l Xe—2

and let D.(X,a) denote the complex
6D71 _8CE{X,0<) _6CféX,oc)
00— Xe—l - Ce(X7 a)e—l - Ce(X7 a)e—2 — T Ce(X7 Ol)l —0
concentrated in degrees e — 1,...,0.

(One verifies easily that D.(X,«) indeed is a complex. It is identical to the
shifted mapping cone ¥71C, (X, a) except in degrees e + 1 and e.)

Proposition 28. D.(X,«a) is an object of P._1(S-tor).

Proof. D.(X, ) is clearly composed of finitely generated projective modules. The
fact that D.(X, «) is homologically S-torsion is a consequence of Theorem 29 below,
from which it follows that D.(X, ) is quasi-isomorphic to X~1C,(X, ). O



GROTHENDIECK GROUPS FOR CATEGORIES OF COMPLEXES 109

Theorem 29. Let B denote the exact complex 0 — X, i X. — 0 concentrated in
degrees e and e — 1. There is then an exact sequence
0— B — Y '0.(X,a) = D.(X,a) — 0.

Proof. Let A def A (X, s) and ¢ def ¢e(X,a), and recall that A, = X, and ¢, =

idy,. The situation is as follows.

0— B S1C,(X, ) —> Du(X,a) —> 0
| | [
degree 0 0 0
_id l
e 0— X, X, 0 0
_¢7e
|G¥)
idx,
(555) A (o naxy)
e—1 0 Xe @ Xe—l 0
Xe—l
—be—1
—908 —¢e_1 9
(7 ) (5))
Ae—l . A6—1
e—2 0 0 D . S5 0
Xe—Q Xe—2

It is straightforward to verify that the diagram commutes and that all the rows are
exact. 0

The morphism X ~1C,. (X, a) — D.(X,a) from Theorem 29 is clearly in the form
described in Theorem 17, so we are able to induce an S-contraction of D.(X, )
with weight s? from the S-contraction =1y (X, @) on X710 (X, ).

Definition 30. The S-contraction of D.(X, «) induced in the sense of Theorem 17

from Y 7!p.(X,a) through the morphism X 71C.(X,a) — D.(X,a) from The-
orem 29 is denoted by 7.(X, «).

Letting A % A(X,s), & Lef ¢e(X,a) and & Lef 5e(X, 8), ne(X, @) from the above
definition is given by

=800 1 —Oer1Per10)\ Ay Do

ne(Xu O‘)Z = : & — &
0 syl Xy X1
whenever £ = e — 3,...,0, and, as verified by a small calculation, by
Ae—l
Ne(X,a)l_o = (8,02 00y ol 50X 00 5): & — Xe
Xe—2

whenever ¢ = e — 2.
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From Theorem 29 and (2) in Proposition 26 it follows that
[X] = [E71Ce(X, )] = [B71Ac(X, 5)] = [De(X, )] = [E7'A(X, 5)]

in KoP.(S-tor). The complexes involved in the right end are both concentrated in
degrees e — 1,...,0. This gives us the idea of how to construct the inverse of the
homomorphism Z4 from the Main Theorem.

Definition 31. By w.(X, ) we denote the element
we(X, a) = [De(X, )] = [E7MA(X, )]
in KoP._1(S-tor).

The next section is devoted to showing that we(X,a) is independent of the
choice of a such that we can simply write w.(X); that the map w,: P.(S-tor) —
KoP._1(S-tor) induces a homomorphism W, : KoP.(S-tor) — KoP._1(S-tor); and
that the W, ’s for different e’s can be combined to form an inverse of Z.

4.3. Proving the Main Theorem.

Notation. Throughout Section 4.3, d denotes a non-negative integer and S =
(S1,...,54) denotes a d-tuple of multiplicative systems of R. Furthermore, X
denotes a fixed complex in P.(S-tor) for some integer e > d, and « denotes an
S-contraction of X with weight s = (s1,...,84) € S1 X --- x Sq4.

We begin with a collection of useful lemmas.

Lemma 32. If

¥ ¥

0—Y 2y 2y o

is an exact sequence in P.(S-tor), and if 3, B and B are S-contractions of Y, Y
and Y, respectively, compatible with the morphisms in the above exact sequence (and
thereby all having the same weight t), then there are exact sequences

0— A(Y,1) = A(Y, 1) = A(Y, 1) — 0, (3)
0— C.(Y,3) = C(Y,8) — C(Y,3) = 0 and (4)
0 — De(Y,B) — De(Y,8) — De(Y, B) — 0, (5)

proving that we(Y, B) = we(Y,B) + we(Y, 3) in KoPe_1(S-tor). Furthermore, the
S-contractions 6.(Y ,t), 6.(Y,t) and 5.(Y ,t) are compatible with the morphisms in
(3); the S-contractions pe(Y, B), pe(Y, 3) and pe(Y, 3) are compatible with the mor-

phisms in (4); and the S-contractions ne(Y, B), 1e(Y, B) and ne(Y, B) are compatible
with the morphisms in (5).

Proof. According to the assumption, there is an exact sequence of modules

0—Y. k Y. Y, }76 — 0,
which immediately induces the exact sequence in (3), because 1, and 1. clearly
commute with each entry of the differentials in A (Y1), A.(Y,t) and A.(Y,1).
Since 1), and 1), also commute with each entry of the the S-contractions 6.(Y, 1),
0.(Y,t) and 5@(}7, t), these must be compatible with the morphisms in the sequence.
In addition, the compatibility of the S-contractions 3, 5 and B with the morphisms
¥ and 1 means that $,6.(V, B)i = 6e(Y, B)iy and 1,60 (Y, )i = 6.(V, B)ie for
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each £ € Z and i € T(e — £), and hence that there is a commutative diagram with
exact rows:

v Y Y 0
l lm(m) l%o?ﬁ) (6)

0—=A(Y,s) —=Ac(Y,s) —= A (Y,s) —=0

From this we induce the exact sequence of the mapping cones in (4). Straightforward
calculation easily verifies that the compatibility of the S-contractions £, 8 and
3 with the morphisms ¥ and 1, the compatibility of the S-contractions 8.(Y, ),
5.(Y,t) and 6. (Y, ) with the morphisms in (3) and the commutativity of diagram (6)
imply that the S-contractions (Y, B), pe(Y, ) and p.(Y, 3) are compatible with
the morphisms in (4).

We now claim that the exact sequence in (4) induces the exact sequence in (5).
To see this, let B, B and B denote the exact complexes 0 — Y, — Y, — 0,
0—Y,—Y,—>0and0— Y, — Y, — 0 from Theorem 29, concentrated in degrees
e and e — 1. These three complexes come together in a short exact sequence 0 —
B—B—B— 0, induced by the short exact sequence 0 — Y, — Y, — Y — 0.
We claim that there is a commutative diagram

0 0 0

0—— E_lce(?, B) — E_lce(ya ﬁ) - E_lce(yvﬁ) —0

The columns are exact according to Theorem 29 and the top rectangles are readily
verified to be commutative. A little diagram chase now shows that we can use the
morphisms in the middle row to induce the morphisms in the bottom row, making
the entire diagram commutative by construction. As we have seen, the two top rows
are exact, so the exactness of the bottom row follows from the 9-lemma applied in
each degree. This establishes the exact sequence in (5). Once again, straightforward
calculation demonstrates that the S-contractions . (Y, 3), ¢ (Y, 8) and 5. (Y, 3) are
compatible with the morphisms in (5).
From (3) and (5), we now obtain that

we (Y, B) = [DE(Y, ﬁ)] - [E_lAe(Yv t)]
= [De(Y, B)] + [De(Y, B)] =[BT ALY, )] — [E7 ALY, 1)]
= we(?aﬁ) + we(i}ag)a

and the proof is complete. O

Lemma 33. If X is exact, then w.(X,a) =0 in KoP._1(S-tor).
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Proof. Let 56_1 denote the inclusion map im Béx_ 1 — Xe_2, and let X denote the
complex

. X  Oe—1 X, o
0 —imdl; — Xeeg — Xeezg — - — X5 — X9 — 0

concentrated in degrees e —1,...0. Since X is exact, X is exact, and it follows that
im @X | is projective, and hence that X is a complex in P._(S-tor).

Letting B denote the exact complex 0 — X, i X, — 0 from Theorem 29, there
is an exact sequence

0 B X X 0
[ | |
degree 0 0 0
id
e 0 X, —~= X, 0 0
ldxe (?CX
X X
e—1 0 X, > Xeq > imdX |, —=0
85(71 5&71
idx, _,
e—2 0 0 Xe—2 e—2 —0

and we claim that there is a commutative diagram

0 0 0
0 0 B B 0
0—> 2 1A(X, s) —= S 1CL(X, @) X —>0
0—= Y TA(X,s) — D.(X, ) X 0
0 0 0

The columns are exact (the middle one according to Theorem 29), and the top
rectangles are readily verified to be commutative. A little diagram chase shows
that we can use the morphisms in the middle row to induce the morphisms in the
bottom row, so that the entire diagram is commutative by construction. Now, the
two top rows are exact, so the exactness of the bottom row follows from the 9-lemma
applied in each degree. Thus, we have constructed an exact sequence

0— 2'A(X,s) = De(X,a) = X — 0 (7)



GROTHENDIECK GROUPS FOR CATEGORIES OF COMPLEXES 113

of complexes in Po_1(S-tor). Since X is exact, it follows that
we(X, @) = [De(X,0)] =[S A(X, 5)] = [X] =0
in KoP._1(S-tor) as desired. O

In the next lemma and the theorem that follows, we shall work with a number
of similar Koszul complexes. We therefore introduce some convenient notation.

Definition 34. For r € Sy, let A(r) def Ae(X, (r,82,...,54)); hence, in particular,
A(s1) = Ac(X, s).
Lemma 35. Suppose r,r’ € Sy, and define homomorphisms

m(r,r)e: A(rr')e — A(r)e and  &(r, ") A(r)e — A(rr')e

for each € € Z by the fact that their (i/,1)-entries for i,i’ € Y(e —£) are

0, ifi#d,
(m(ryr")e)ir i = idy,, ifi=4and1¢€i,
r'idx,, ifi=¢and 1 ¢ i,
and
0, ifid,
&(ryr')e)ii =14 r'idx,, ifi=4 and 1€ i,
idx,, ifi=1i¢and1¢:.
Then w(r,r') = (w(r,1")e)ecz is a morphism of complexes A(rr') — A(r) and

E(ryr") = (&(r,1)e)ecz is a morphism of complexes A(r) — A(rr’).

Proof. Assume that i € T(e — ¢) and j € T(e — £+ 1). A direct calculation then
shows that the (j,i)-entries of @A(T)W(r, )¢ and 7(r, r’)g_18f(rr) are both given
by
0, if § 24,
(—1)u*+s; idy,, if j\i={ju}and 1€,
(—1)vtls; r'idx,, ifj\i={ju} # {1} and 1 ¢ 4, and
rr’idx,, if j\i ={ju}={1}and 1 ¢ i.
This proves that 7(r, ') is a morphism of complexes.
Similarly, a direct calculation shows that the (j,?)-entries of af(“” )5 (r,7")¢ and
&(ry r’)g_laf(” are both given by
0, it j 2 i,
(—1)u*+s; r'idy,, if j\i = {ju} and 1 €1,
(-1)vtls; idx,, ifj\i={ju} # {1} and 1 ¢ i, and
rr’idx,, if j\i ={ju}={1}and 1 ¢ i.

This proves that £(r, ') is a morphism of complexes. O

We are now ready to take the first step in proving that w.(X, ) is independent
of the S-contraction «.

Theorem 36. Suppose that t = (t1,...,tq) € S1 X --- X Sq and consider the S-
contraction ta = (tial, ..., tqa?) of X with weight st = (sity,...,sqtq). Then
we (X, ta) = we (X, @) in KoPe—1(S-tor).

Proof. If only we can show the equation in the case where ¢, = 1 for all but one of
the v’s, then the equation follows since
ta=(t1,...,ta)a=(t1,1...,1)---(1,...,1,tq)c.

We will therefore assume that ¢ = (t1,1,...,1); the other cases follow similarly
(since we can permute the S,’s).
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To show the desired equation, it suffices to prove that the following equations
hold in K()P@_l(s—tOI').
[E AGs1t)] = [ETHA(s)] + [ETHA(f)- (8)
[De(X, ta)] = [De(X, )] + [ETHA(t)). 9)

Since A(1) is exact (being the Koszul complex of a sequence involving a unit), the
first equation follows if we can show that there is an exact sequence

m(1,81)
(5(51,1&11)) AE(BI)(—E(LM) m(t1,81))
_ T > - - @ 3

A(Sltl)

0 — A(s1) A(ty) —0.

The two matrices clearly define morphisms of complexes, since 7 (r,7’) and &(r, ")
are morphisms of complexes for .7/ € S; according to Lemma 35. Exactness
at A(s1) and A(t1) is clear since there is always one identity map involved in
either of w(r,r") and &(r,r") for v, € S;. Furthermore, £(1,¢1)m(1,s1) as well
as m(ty,51)&(s1,t1) are defined in degree ¢ by the fact that their (i,¢)-entries for
1,1 € T(e — ) are
0, if i £,
t1idx,, ifi=4 and 1 €4, and
s1idx,, ifi=4 and 1 ¢ i.

To show the exactness of the sequence above, it therefore only remains to show
that, for each ¢ € Z, the kernel in degree ¢ of the second morphism is contained in
the image in degree ¢ of the first. Since all (4,4’)-entries of the maps involved are
trivial except when ¢ = ¢/, it suffices to consider an element (z,y) in the i-entry
A1)} @ A(s1t1)h of the £th module of A(1) & A(sit1). So suppose that such an
element is in the kernel of the map in degree ¢ of the second morphism. If 1 € i,
this means that 12 = y, and in this case (z,y) is the image of x under the map
in degree £ of the first morphism. If 1 ¢ 4, it means that © = s1y, and in this case
(z,y) is the image of y under the map in degree ¢ of the first morphism. In either
case, (z,y) is in the image of the map in degree ¢ of the first morphism, and hence
the sequence is exact and equation (8) has been proven.

Moving on to equation (9), we first define for each ¢ € Z a homomorphism
Ye—1: Xo—1 — A(1), by letting its i’th entry for i € T(e — £) be

i 0, if 1 €4,
Ye—1 = (. i1 : ;
oot ay g, if1 ¢

€

Another way of writing this is

ver= J[ aiioalial .
€Y (e—¥)
1¢i
We now claim that there are morphisms
A1) A1)
D: Co(X,a) — @ and U: ) — A(ty)
C. (X, ta) C. (X, ta)
given in degree ¢ by
m(Ls1)e  ve-1 A1),
A(s1)e ®
Oy = g(slatl)f 0 ©® —>A(81t1)g
Xe—1
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and
A(1)e
53]
Wy = (—5(1,151)6 m(t1,51)e f(l,tl)[}/g_l) s A(s1t1)e — A(tr)e.
53]
Xo—1

Proving that ® and ¥ indeed are morphisms of complexes means proving that

o~ 0 0

41 oA (1) X
0 T (K ta | Benr = (P )
0 0 —0X ¢
and
N a0 0
t
8e+(11)‘lfe+1 =V, 0 aeﬁ(fl“) e (X, ta)e
0 0 —o)

for all £ € Z. Since we already know from Lemma 35 that 7(r,u) and &(r,u) are
morphisms for r,u € S, proving the above equations comes down to showing that
the following hold for all ¢ € Z:

m(1,81)e0e (X, ) = 3gA+(11)W + Y107 (10)
de(X, ta)y = &(s1,t1)00e (X, a)g;  and (11)
Tty 51)epe (X ta)e = E(L 1) rem10F +0n4 (L ) emare. (12)

We verify (10) by brute force, calculating on the right hand side of the equation:

A(1) X _ aA(1) Je—t—1 j11
3g+1 Ye +Ve-10; —3g+1 H Qe QG 1Oy
JET(e—b—1)
1¢5
et ihn 1 oX
+ H oy ot ag 0
€Y (e—2)
1¢i
_ Ge—t i2 1
= H QT 0y
€Y (e—2)
1€i

e—¢

utl, le—t | Gutl fu—1 i 1

+ H (E (1) si Ty o ot gl ay)
€T (e—t) u=1

1¢i
Ge—t 71 1 X
+ H oy oyt ag 10
€Y (e—2)
1¢i
_ 'L.efl i1
= H R e
€Y (e—¥)
1€i
le—re i1/9X 1 1 X
+ H oy o (O + a1 07)
€Y (e—2)
1¢i
_ Te—rp i1 Te—t 11
= Qe_p - rqp + S10_1 " - Oy
€Y (e—¥) €Y (e—¥)
1€i 1¢i

=7(1,51) e (X, ).
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Here, the third equality follows from (1) in Proposition 23. This proves the equation
in (10). The equation in (11) is clear, since

f(slvtl)fée(‘xa Oé)g = H tl¢e(X7 04)@ =+ H (bG(Xv O‘)z = ¢6(X7 tOé).

€Y (e—2) €Y (e—2)
1ei 14

To prove that the equation in (12) holds, we apply (10) to the right side of (12):
(1, 1) eve10 +34A+(fl)f(1,t1)e+1w

=&(1,t1)e(ve—10 + 35A+(11)W)
=&(1,t1)em(1, 51)ede (X, ).

In contrast, applying (11) to the left side of (12) yields
m(t1, 81)ehe(X, ta)e = (t1, 51)e€ (51, t1) e (X, ),

so proving equation (12) merely requires showing that

f(l,tl)gﬂ(l,sl)gZﬂ(tl,sl)gé(sl,tl)g. (13)

This, however, follows since, for 7,7’ € YT (e—¢), both sides of (13) have (i, 4’)-entries
given by
0, ifi#d,

s1idx,, ifi=4 and 1 ¢ i, and

t1idx,, ifi=14 and 1 €.
Thus, we have verified equation (12), and we conclude that ® and ¥ are morphisms
of complexes.

We now claim that there is a short exact sequence

0— Co(X,0) = Ae(al) 2 A(t) — 0. (14)
C.(X, ta)

To see that the sequence is exact at C.(X, «), suppose that, for some ¢ € Z, the
element (z,y) € A(s1)e ® X¢—1 = Ce(X, ) maps to 0 under ®,: that is,

0=|&(s1,t1)e 0 = §(s1,t1)e()
0 idXef1 Yy

It immediately follows that y = 0, and we are left with the equations (1, s1)¢(x) =
&(s1,t1)¢(x) = 0 which imply that 2 = 0. Thus, @, is injective and (14) is exact at
Ce(X, ).

To see that the sequence is exact at A(¢y), suppose that € A(¢;)} for some
teZand i€ Y(e—{). Then,if 1 € i,

(1, 81)e  Ye—1 (z (1, 51)e(x) +7e-1(y)
)

(=€, ta)e 7(t,s1)e E(Lt)eve—n) [ | ==,

and if 1 ¢ 1,

—X
(=€ t)e w(tr,s1)e €L t)eve1) | O | =2
0

In either case, x is in the image of WUy, and we conclude that ¥, is surjective and
that (14) is exact at A(ty).

Equation (13) clearly shows that ¥® = 0, so to show the exactness of (14), it
only remains verify that the kernel of W, is contained in the image of ®, for all
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¢ € Z. So suppose that (z,y,2) € A1)y ® A(s1t1)e ® Xo—1 = (A1) ® Ce(X, tr))s
maps to 0 under ¥y: that is,

—&(1,t1)e(w) + m(t1, s1)e(y) + (1, t1)eve-1(2) = 0.

Here z = (2)ier(e—r) and y = (i )ier(e—r) are Y (e—~)-tuples, so the above equation
states that, for i € T(e — ¢),

—t1x; +y; =0, when 1 €1, and
—x;+ 519 +7i_1(2) =0, when 1 ¢ 4.

Now let w = (wi)ier(e—r) € A(s1)e be defined by w; = x; whenever 1 € i and
w; = y; whenever 1 ¢ i. Then

w(1,51)e  Ye-1 w (1, 51)e(w) +ve-1(2)
E(s1,t1)e 0 z) = &(s1,t1)e(w)
0 idy, , z
Soowit D (swi+va(2)
€Y (e—£) €Y (e—4)
1ci 1¢i
= Yo otwit D i
€Y (e—2) €Y (e—¥)
lei 1¢i
z
s
=19
z

This proves that (z,y, z) is in the image of ®y. We have now proved that (14) is
exact. )

Denoting by B the exact complex 0 — X, i X, — 0, we now claim that there
is a commutative diagram

0 0 0
0 B B 0 0
LIA(L)
0——=Y"1C.(X,a) —= @ ——= Y 1A{t) ——0
SIC(X ta)
LIA(L)
0——D(X,a) — @& —=3S7 A1) —=0
D.(X,ta)
0 0 0

The columns are exact according to Theorem 29 and the top rectangles are readily
verified to be commutative. A little diagram chase shows that we can use the
morphisms in the middle row to induce the morphisms in the bottom row, so that
the entire diagram is commutative by construction. Now, the top row is clearly
exact, and we have just seen that the middle row is exact, so the exactness of
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the bottom row follows from the 9-lemma applied in each degree. Thus, we have
constructed an exact sequence

YA
0— D.(X,a) — @ — Y7 MA(t) — 0
D.(X,t«)

in KoP._1(S-tor), and since A(1) is exact, equation (9) follows. This proves the
theorem. 0

We are almost ready to take the final step in proving that w. (X, ) is independent
of the choice of a. But first a lemma.

Lemma 37. IfY is an exact complex in P.y1(S-tor) and 8 is an S-contraction of
Y with weight t, then we(De+1(Y, 3), Net1(Y, 8)) € KoPc—1(S-tor) does not depend
on the choice of 8 (but still depends on the weight t).

Proof. Let us consider the complex Y € P.(S-tor), constructed from Y in the way
X was constructed from X in Lemma 33, and equip Y with the S-contraction 3
induced from 3 in the sense of Theorem 17:

Y aY Y

) v 0, e—1 9y
0——imd) Y. 1 Y1 Yo ——0.

oY By ‘e Bg

e Me—1 e—2 0

Recall that there is an S-contraction d.11(Y,t) of A.y1(Y,t) with weight ¢ and an
S-contraction jiey1(Y, ) of Cey1(Y,3) with weight t2. According to Theorem 18,
the S-contractions X710, 1(Y,t), ¥ e y1(Y,3) and t3 are compatible with the
morphisms in the short exact sequence

0— Y 'A (V1) = 271C (Y, 3) = Y — 0. (15)

Now, the S-contraction 7e+1(Y,8) on D.y1(Y, ) is induced in the sense of The-
orem 17 by the S-contraction X!y 1(Y,8) on X71C.41(Y, 3) through the mor-
phism X71C. 11 (Y, 3) — Dey1(Y, 3). Similarly, as described above, the S-contraction
B on Y is induced in the sense of Theorem 17 by the S-contraction § on Y
through the morphism ¥ — Y. We claim that this implies that the S-contractions
S 6e41(Y, 1), nes1 (Y, 3) and 3 are compatible with the morphisms in the exact
sequence
0— S 'Acp 1 (Y, t) = Doyt (Y, 8) = Y — 0

from (7) in Lemma 33. This is easy: let A ef A1 (Vo0), C def Ce1(Y, ), D def

De1(Y,8), § = 6001 (Yot), 0 E prepr (Y, 8) and 5 = 5e41(Y, B). Proving, for

example, that ¥ ~!#§ and n are compatible with the morphism X"!A — D means
proving the commutativity of the bottom rectangle of the following diagram for all
teZandv=1,...,d.

Crst e Cy
/ y /
AVAR] L — A
id Dg e —— e Dg_l

JAVAS AV,
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The top rectangle is commutative since ¥~'¢§ and X'y are compatible with the
first morphism in (15), and the back rectangle is commutative since 7 is induced from
Y~/ in the sense of Theorem 17. We have constructed the morphism ¥'A — D
by inducing it from ¥~'A — £ 71C via the morphism X~!C — D, so the rectangles
on the left and right side must also be commutative. Thus all rectangles except
possibly the bottom one are commutative. Since the vertical maps are all surjective,
the bottom rectangle now lifts to the top rectangle, and it follows that the bottom
rectangle must be commutative. A similar argument shows that 7 and t(5 are
compatible with the morphism D — Y.

Recalling from Lemma 33 that the exactness of Y implies the exactness of }7, we
now get, using Lemmas 32 and 33, that

we(D,n) = we (XA, B7H6) + we (Y, 15)
=wer1(Z7TA, 27H6),
which does not depend on 3 (but apparently still depends on t). O

Theorem 38. The element we(X,a) € KoP._1(S-tor) does not depend on the
choice of o (nor on the weight s): that is, if 5 is an S-contraction of X with weight
t, then we(X, a) = we(X, B).

Proof. We can assume that the weight s of a equals the weight ¢ of 3: for if this is
not the case, we consider instead the S-contractions ta and s whose weights are
both st, and we know from Theorem 36 that w. (X, a) = w.(X, ta) and w.(X, s5) =
we (X, B).

Consider the mapping cone C(idx) of the identity morphism idy: X — X and
the canonical short exact sequence

0—-X—-C@dy) = XX —0.

According to Theorem 18, the S-contractions s3, 8 * a and Y sa all have weight s2
and are compatible with the morphisms in the above sequence.

Now, the above sequence, which is a sequence in P.41(S-tor), induces by (5)
from Lemma 32 the following exact sequence in P.(S-tor):

0 — Dey1(X,88) = Dey1(C(idx), B * ) = Det1 (XX, Esa) — 0.

According to the same lemma, the S-contractions 7et1(X, sf3), Ne+1(C(idx), 8 * @)
and 7.4 1(X X, ¥sa), which all have weight s*, are compatible with the morphisms
in the above sequence.

In the construction of D.11(X,s8) we have considered X as a complex concen-
trated in degrees e + 1,...,0. Since X.i1 is the zero module, A,y (X, s?) is the
zero complex and D.41(X, sf) = X. Furthermore, it is straightforward to see that
Net+1(X, s3) is the same as s33 considered as an S-contraction of X. It now follows
from Theorem 36 and Lemma 32 that

we(Xu ﬁ) = we(X7 Sgﬁ)
= w@(DG+1(X7 86)7 776+1(X7 86))
= we(Det1(Cidx ), B * ), me1 (Cidx), B * a))
— We(Det1(BX, Xsar), net1 (XX, Tsa)).
Since C(idx) is exact, Lemma 37 implies that the first term in the above difference
does not depend on G*« and thereby not on 3. The second term does not depend on
[ either, so it follows that the difference depends only on «. Replacing 3 by a, we

therefore find that w.(X, ) is equal to the same difference, and hence w.(X, o) =
we (X, B) as desired. O
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Definition 39. In the light of Theorem 38, we shall write w,(X) to mean w. (X, «)
for any choice of S-contraction a of X.

We have now accomplished the first and hardest task in constructing an inverse
to the homomorphism Z; from the Main Theorem. Our second task is achieved in
the theorem below.

Theorem 40. The map we: P.(S-tor) — KgP._1(S-tor) induces a group homo-
morphism W.: KgP.(S-tor) — KoP._1(S-tor) defined by W.([X]) = we(X) for
X € P.(S-tor).

Proof. The only thing we need to show is that the relations in KyP.(S-tor) are
preserved under the map we.

If X is exact, we already know from Lemma 33 that w.(X) = 0. Thus, it only
remains to show that, if

0—X-S xS X 0 (16)
is an exact sequence in P (S-tor), then we(X) = we(X) + we(X). In this case there
exists a morphism p: ¥~ X — X with the property that its mapping cone C(p) is
isomorphic to X. Now choose S-contractions @ and & for X and X, respectively,

and let 5 and 5 denote the weights of @ and &, respectively. Recall that & * X~ 'a
is an S-contraction of C(p) with weight 5. We now have

we(X) = we(C(p))

=we(C(p),a*y"ta)
= w.(X,3a) + we(X,30)
:we( )+we( )

where the third equality follows from Theorem 18 and Lemma 32. This proves the
theorem. ]

We are immediately able to show that our homomorphism W, in fact is an
isomorphism.

Theorem 41. The group homomorphism

T, 1 : KoPe_1(S-tor) — KoP.(S-tor)

given by T, _,([X]) = [X] is an isomorphism; in fact, the inverse of I.,_, is We.

Proof. If we shift the canonical exact sequence of the mapping cone C.(X, ) one
degree to the right, we get the exact sequence

0— Y 'A(X,s) = 2710 (X,a) = X =0 (17)
in P.(S-tor). Theorem 29 showed that there is an exact sequence

0—B— Y 1'0.(X,a) = D(X,a) =0 (18)

in P.(S-tor), where B is the exact complex 0 — X, i X. — 0 concentrated in
degrees e and e — 1. From the exact sequences in (17) and (18) it now follows that
the following holds in KyP.(S-tor).

[X] = [E71C0(X, )] = [T A(X, 5)]
= [De(Xv O‘)] - [E_lAe(X,S)]
:Iiz—l We([X])



GROTHENDIECK GROUPS FOR CATEGORIES OF COMPLEXES 121

Conversely, suppose that Y is a complex in P._;(S-tor) and that g8 is an S-
contraction of Y with weight ¢. Then, considering Y as a complex in P.(S-tor),
A (Y,t) =0 and D.(Y,5) =Y, and therefore

[Y] = [De(Y, 8)] - [ Ac(Y, 2)]
=W.T, ([Y]).

e—1

Thus, Z,_; and W, are mutually inverse, and the theorem is proved. 0

Theorem 42 (Main Theorem). The group homomorphism
Za: KoPga(S-tor) — KoP(S-tor)
given by Z4([X]) = [X] is an isomorphism.

Proof. The sequence

! I/
KOPd(S—tor) i KQPd+1(S—tOI‘) SN

of Abelian groups KoP ;(S-tor) and homomorphisms T for f > d is a direct system,
and it is straightforward to see that the Grothendieck group KoP(S-tor) together
with the maps
Zr: KoPs(S-tor) — KoP(S-tor) for f>d

satisfies the universal property required by a direct limit of this system (since
KoP(S-tor) is generated by complexes concentrated in non-negative degrees). In
contrast, since all the homomorphisms I'f are isomorphisms according to The-
orem 41, the direct limit must be isomorphic to each of the groups KoP;(S-tor)
and Z; must be an isomorphism for each f > d. O

Exploiting the property of a direct limit, we see that the inverse of Z; must be
the homomorphism Z;l making the following diagram commutative.

KoP¢(S-tor)

T KoP(S-tor) — — — — £ — — — = KoP4(S-tor)

Tit1

a1 Wipt

KoPjyi1 (S-tOl‘)

It follows that Z;' is given for Y € P(S-tor) by
I3 ([Y]) = (=1)" Wayr - We([S"Y))
for n and f chosen sufficiently large that XY € P¢(S-tor).
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