NAODeIIlavIls UNlversivel
Eksamen ved Det naturvidenskabelige Fakultet sommer 2001

Matematik 3 GE

ENGLISH TEXT Written exam, 4 hours. All course material is allowed during the
exam (alle ssedvanlige hjzlpemidler er tilladt). The 3 problems are weighted approxi-
mately as indicated.

Problem 1 (counts 20 %)

Consider the parametrized differentiable curve

t
B(t) = (t — sint, cost,4sin 5), teR

1. Show that the tangent vector 5’ (¢) has constant length, and determine a reparametriza-

tion a(s) = B(¢(s)) by arc length. (Recall that cos? £ = (1 + cost)).

2. Let p = 8(0) = (0,1,0). Determine, at the point p, the unit tangent vector t, the
curvature k, the normal vector n, the binormal vector b and the torsion 7 of the curve.

Problem 2 (counts 30 %)

Let S denote the regular surface (paraboloid of revolution) given by the graph of
z:a(:c2+y2), .’E,yER,

where a > 0 is a constant (the statement that S is a regular surface need not be verified
in your solution).

1. Determine the Gauss curvature K of S in each point (z,y,z) € S.
Let £ > 0 and let
f(w)=kcoshv and g(v)=a(v— sinhwvcoshv)
for v > 0. Furthermore, let R denote the surface of revolution which is parametrized by
x(u,v) = (f(v) cosu, f(v)sinu, g(v))

where
(u,v) € U = (up — m,up + ) X (0,00) C R?
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with ug arbitrary but fixed (the statement that R is a regular surface and (x,U) a
parametrization of it need not be verified in your solution).
Let
y(u,v) = (coshv cos(ku), cosh v sin(ku), a cosh® v)

for u € R and v > 0. Then y is a parametrization of S, when u is restricted to any open
interval of the form (u; — ¥, w1+ 7%) (this statement need not be verified in your solution).

2. Fix ug € R and define ¢ : x(U) C R — S by

(b(x(ua ’U)) = y(ua U)
for (u,v) € U. Prove that ¢ is a local isometry if and only if k% = 1 + 4a2.

3. Assume k% = 1 + 4a®. Determine the Gauss curvature of R in each point x(u,v).

Problem 3 (counts 50 %)
Let S = {(z,y,2) € R® | 2(z? + y?) — 2zy = 0 A (z,y) # (0,0)}.
1. Prove that S is a regular and orientable surface.
2. Let
x(u,v) = (ucosv, usin v, sin 2v)

for u # 0 and v € R, and let U; = {(u,v) | u > 0,—7 < v < w}. Show that (x,U) is
a parametrization of S, and compute the corresponding coefficients F, F' and G of the
first fundamental form.

3. Consider the regular parametrized curve a(t) = x(t, %), t > 0, on S. Compute the
normal vector N(p) of S at p = a(t) for each t > 0. Show that « is a line of curvature
of S.

4. Let Uy = {(u,v) | u < 0,—7 < v < 7}, then (x,U:) is another parametrization of
S (you need not prove this statement). Do (x,U;) and (x,U;) determine the same or
opposite orientations on x(Uy) N x(Us)?

5. Consider the regular parametrized curve 3(t) = x(1,¢), t € R, on S. Let
t
o(t) = — / (1+4cos?2r)"Y2dr,  (L€R)
0

(do not try to carry out the integration). Prove that the vector field

Xy

w(t) = cos (t) + sin p(t) ;—:‘

‘XU‘

is parallel along 3.

END. The Danish text follows on page 3
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DANSK TEKST Skriftlig eksamen, 4 timer. Alle saedvanlige hjzlpemidler er tilladt.
De tre opgaver vagtes tilnaermelsesvis som angivet.

Opgave 1 (teeller 20 %)

Betragt den parametriserede differentiable kurve

t
B(t) = (t — sint, cost,4sin 5), teR

1. Vis, at tangent vectoren (3'(¢) har konstant laeengde, og angiv en parameterfremstilling

a(s) = B(t(s)) ved buelzngden. (Husk at cos® £ = 1(1 + cost)).

2. Lad p = B(0) = (0,1,0). Bestem, i punktet p, enhedstangentvektoren t, krumningen
k, hovednormalvektoren n, binormalvektoren b og torsionen (snoningen) 7 af kurven.

Opgave 2 (teller 30 %)
Lad S betegne den regulzre flade (omdrejningsparaboloide) givet ved grafen af
z:a(:c2+y2), .’E,yER,

hvor a > 0 er en konstant (det er ikke ngdvendigt i besvarelsen af denne opgave at
eftervise udsagnet, at S er en regulaer flade).

1. Bestem krumningsmalet (Gauss krumningen) K af S i ethvert punkt (z,y, z) € S.
Lad £ > 0 og lad
f(w)=kcoshv og g¢g(v)=a(v—sinhwvcoshwv)
for v > 0. Lad endvidere R betegne den omdrejningsflade som kan parametriseres ved
x(u,v) = (f(v) cosu, f(v)sinu, g(v))

hvor
(u,v) € U = (ug — m,ug + ) x (0,00) C R?

med et vilkarligt fast tal up (det er ikke ngdvendigt at eftervise udsagnet, at R er en
regulaer flade og (x,U) en parameterfremstilling deraf).
Lad
y(u,v) = (coshv cos(ku), cosh v sin(ku), a cosh® v)

Opgavesattet fortsaettes pa side 4
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for u € Rog v > 0. Da er y en parameterfremstilling af S, hvis u restringeres til et
vilkérligt abent interval af formen (u; — T,u1 + %) (det er ikke ngdvendigt at eftervise
dette udsagn).

2. Lad ug € R vaere fast og definer ¢ : x(U) C R — S ved

QS(X(U, ’U)) = Y(ua U)
for (u,v) € U. Vis, at ¢ er en lokal isometri hvis og kun hvis k% = 1 + 4a?.

3. Antag k* = 1 + 4a®. Bestem krumningsmaélet (Gauss krumningen) af R i ethvert
punkt x(u,v).

Opgave 3 (tzeller 50 %)
Lad S = {(z,y,2) € R | 2(z® + y?) — 22y = 0 A (z,y) # (0,0)}.
1. Vis, at S er en reguleer og orienterbar flade.

2. Lad

x(u,v) = (ucosv,usin v, sin 2v)
for u #0 og v € R, oglad Uy = {(u,v) | u > 0,—7 < v < 7}. Gor rede for, at (x,U;) er
en parameterfremstilling af S, og udregn de tilhgrende koefficienter F, F' og G for fladens
forste fundamentalform.

3. Betragt den regulere parametriserede kurve a(t) = x(t, %), t > 0, pd S. Udregn flade-
normalvektoren N(p) til S i p = «a(t), for ethvert ¢ > 0. Vis, at « er en krumningskurve
for S.

4. Lad Uy = {(u,v) | u < 0,—7 < v < 7}, da er (x,Us;) ogsa en parameterfremstilling
af S (det er ikke ngdvendigt at vise dette udsagn). Bestemmer (x,U;) og (x,Us) den
samme eller modsatte orienteringer pa x(Uy) Nx(Usz)?

5. Betragt den regulaere parametriserede kurve 3(t) = x(1,¢), t € R, pa S. Lad
t
o(t) = —/ (1+ 4cos?27)~ Y2 dr, (teR)
0

(forsgg ikke at udfere integrationen). Vis, at vektorfeltet

X , x
“- +sinp(t) ﬁ
v

w(t) = cos ¢(t) il

er parallelt langs f.
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