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_]` acbedgf5fh`ji�kmlcaTn*` i.i.`okqpr`skmlcf5` prtV` b�tquvf5` ixw1y]b�tmuvfh`ji.tmtmz{kmkm`jk}|�` t~kZ�vp�ue�
�"pm`sdg�$�
� u��g` pjwT��� � u��v` pri.`�` p���dgprf��.ac`jpm`�k\�.�hn"uvi*tmb�d � �.�h` i � ` a�tmb1w��\aca�`strb�pml���kmacl � `}���mz�a��
��`jfhl�n.ac`jp��-|�� � `jp ��i.dvkquekq`jp �x��dvpmf5` actmuvf5aclci � ` p�d.w�acl � iTw���` p}kql�aca�uen*k�w���dgfhf5` pr` � i*` pm`
d � uvi.n*`jk�`jac` bkmpmdgi.l�tmbo�.n.t~kF��p@f���lcb�bv`�uvi�g` i*n.` tjw��R` i�`ji � ` a�tmbe`{�g`jpmtml�dgi�|�` � ��i.n.`jp
�"�5trlcn.`} *w

<>=@?$¡RA�BC=@?$D~¢�U£GJI¤K ¥¦M§BPO�QSAx¨ª©«[\=]QS¬�U$DSU

8`jac® dvfh`�kmd5km�.lct�km�.pm`j`¯�.dv�.pmt�`�°*uvf�w"±²k�® dgi*tmlct~kqt�dv�
��dg�.pV�.prdg|.ac`jfhtjw1y]uv®Z�:de�Jkq�*`
�.pmdg|*ac` f5tVlct���dvpmf��.acuekq`jn�lci���uei.lctr�:uei.n:l�i�y�i � acl�tm�Tw�³§dg��f�u����*tm`o|�d�dgb�t �"i*dvkq`jt
uvi.n�dekq�.`jpN´�pml�kmkm` i5f�uekm` prl�uvaµwy�ac` ®�kqprdgi.lc®�n.`���lc® `jt{fhu���i.dvkN|�`��.tm`jnTw�¶V�.`�y�i � a�lctr�
�g` prtml�dgi:|�` � lci.t�dgi��"u � `s *w

')�"�4�j�£�����e� �-6��

·:6"���*�,��6��
±¸n.`����ga � ` i.n.`)dv� � u��g`jph|.pr� � `jt5i*dvkZuekmlcdgi*` i

D(a, r) = {z ∈ C | |z − a| < r}
w

y]i*n*��lcn.`jpm`s` pml�i.n.pr` t�dgf��"uek�` i���dga�ue�4dgpmn*` i¦¹sb�uva�n.` t�`ji:trlcf5��`jax��dgaºw
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γ
|�`jkm` � i.`}`ji.�.`jn.tm®jlcpmb�a�` i � ` i*i.` f5ac�g|�`jk�½ i � uvi � fhd�n)�.pm`�k�w*�
uen

f
�ez�pr`}` i

uvi"uva���kmlctrbh���.i.bkmlcdgi�l
D(0, 2)

d � n.`j�.i.` p

F (w) =
1

2πi

∫

γ

z − w

z + w
f(z) dz, (∗)

��dgp
|w| 6= 1

w
¹gw�_�l�t �1uek

F (w) =

{

−2wf(−w) , |w| < 1,
0 , |w| > 1,

d � |�` � pm�*i.nT��uek
F

` p�uvi.uva���kql�tmb£l
C \ {w | |w| = 1}

w{_�l�i.b1¾
z − w =

z + w − 2w
w
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� wV�RikZu � ��uek f(0) = 1/2
d � |f(z)| ≤ 1

��dgp
|z| = 1

wT_Rlct}uek
|F (w)| < 2|w|��dgp�uva�ac`

w ∈ D(0, 1) \ {0}
w$_�lci*b�¾.��l�t����gpmt~k��1uek

|f(z)| < 1
��dvp

|z| < 1
w

� w��Jlci*n.` t�n.` p�`ji uvi"uea���kql�tmb����.i*b�kmlcdgi
f

l
D(0, 2)

tq�en"uviT��uek
F

n.`��"i.` pr`jk\�g` n
(∗)

dv�*����acn.`jp
F (wn) = cos wn

��dgp�`jis���va � ` {wn}
l
D(0, 1)

fh`jn
|wn−1/2| =

1/n
��dgp�ueacac`

n �
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f(z) = 1/(z4 + z3 + z2 + z + 1)
w

¹gw��od�n*k � �gp �,u�k f
`jpJ`ji�fh`jpmdvfhdgp~�*���.i*b�kmlcdgi¯l�n.` i�bedgfh�*ac` b�tr`{�.acuviT�,d � |�` t~kq`jf

uvikZuva�ac`�k�ue�4��dga�` p���dgp
f

��pm` � i.`jk�f5` n�f��.a�kql��.acl�® l�km`jkZ��w
� w��Jlci*n ��dvac` pri.`¯��dvp

f
d � tmb�l�kmtm`jp�n.` pr` t}|�` a�l �g� `ji.�.`jn l4n*` i bvdgf5�.a�` b�tm`��*a�uviTw

_�l�t�tr��`j® l�` a�k ��uek
f

l�b�be`¯�.uvp\i*d � `ji3��dgac`jpV�"�hn.`ji3pr` ` a�ac`suvb�tm`e��d � uek�n.`jp\`jp
i.`jkmdg�3kmdhtrlcf5�.ac`o��dgac`jp

p1

d � p2 = p2

1

l�n.`ji ���$pr`¸�"uea����.a�ueiTw._�l�i.b1¾��*n.pm` � i
(z − 1)(z4 + z3 + z2 + z + 1)

w
� w�_�l�t �1uek

lim
R→∞

∫ R

−R

1

x4 + x3 + x3 + x + 1
dx =

4π sin(2π/5)

5
,

lcn.`�k�n.� � d$n$k�f���|.pr� � `v�1u�k

	�` t
(f, p1) = (e4πi/5 − e2πi/5)/5, (∗∗)

d � uek�	�` t
(f, p2) = (e8πi/5 − e4πi/5)/5

w
 .w�y@��kq` p~��lcth��dvpmf5ac` i

(∗∗)
w�_Rlci.b1¾�|.pr� � `��g` ikm�.` a�k���lci.be`jk���pmu¦tr���vp � trf��va � l

n.` i*i.`¯dv� � u��g`ew
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T (z) =
3 + z

2− z
.

¹gw��Jlci*n�|*lcaca�` n.`�k��g`jn
T

ue�Jn*` i��,��pr`s�.uva����.acuviTw
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C

�ez�pr`¯®jlcpmb�a�` i�fh`jn:®j` ikqpr�.f l�¹¯d � pmuvn.l��.to¹g�"d � a�uvn
l
�ez�pm`sn.`ji3pm`�kmkm`

aclci,�r`�fh`jn:�.z�acn.i.l�i � ¹g�"trdgf � �vpVl � ` i*i.` f �.�.i.bkq`�k � w
� w � b�l�kmtm` p

C
d � l

d ��� d�n*k � �gp �juek�n.l�tmtm`�b��.p~�g`jp4trbez�pr` p��.l�i"uvi.n.`jiolvkqdV��dgprtmbv`jaca�l � `
�.�.i.bkm` p w��N` trkm` f n.` i���lci.be` aµ�vtmdvf b��.p~�g` pri.`�tmb�z�pm`jp��.lci"uei.n.` i�f5` n�l$��g` p~k
ue�4n.lctrtm`o�.�.i.bkm` p w

� w��{` t~kq`jf |.l�acac`jn.` pri.`o�g` n
T

ue�
C

d � l
d � ��lct ��uekRn.lctrtm`¸|*lcaca�` n.b��.p~�g`jpRtmb�z�pr` p

�.lci.uvi.n.`ji(lRi.`�kqdg�(`�k��.�.i*b�k�l\n.` i(bedgf5�.ac`jb�tr` �.acuviTw��{` t~kq` f ` i.n$�$l�n.` pr`
n.` i:�$l�i.bv`jaº�1tmdvfª|.lca�ac` n*b��*pr�g`jpmi.`stmb�z�pr` pR�*lci"uvi*n.` i:fh`jnTw1±Facac�*trkqpr` p�f5` n3`ji
tmb�l�kmtm`ew

 .w��}�.pr�v` pmi*`
C

d � l
ue� � pmz�i.tm`jp�` i |�` � pqz�i.tr`jkh�v|�` i f�z�i � n.` O

l�i.n.`j�.dgacn$k
l�n.` i¦i.`jn.pm`5�"uva��$�*a�uviTw�±Fn.` ikml��"®j` p

O
d � T (O)

�"��n.lci.`�trb�l�kqtr` pjw4y�p
T (O)�v|�` i � y�p

T (O)
|�` � pmz�i.tm`�k �

� w���uvn i��
f(z) = T (z) sin(πz)

w�_�lctj�Tuek
f

b�uvi �.n*��lcn*` t�kql�a4`ji �.` aJ���*i.bkqlcdvi
F
w �oz�acn*` pV�.a�l � �.`jn.` i |F (z)| ≤ 1000 + |z|1000

��dgp�uvaca�`�bvdvfh�.a�` b�tm`}kquva
z �
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G
�ez�pm`�`jk��-l�b�be`\kmdgf¸k �Jdvfhpm�vn.`�d � uei�kqu � ��uek {fn}

`jpN`ji����ga � `�ue��uei"uva���kmlctmbe`
���.i.bkql�dgi.` pRl

G
w��\ikZu � ��lcn*` pm`e�Tuek

fn → f
��dgp

n → ∞
�.i.l���dgpmf¸k\�"��bedgfh�.uvbkq`

n.` a�f�z�i � n.` p�ue�
G
�.��gdgp

f
` p�` i����.i.bkql�dgi�n.`j�.i.` pr`jk\l

G
w

¹gw��{` � pm�.i.nx�Tuek f
` pR�.` i.n*` acl � k\dv��kq`sn.l
	x`jpm` ikml�uv|�` a
l

G
w �1dvpmf��.a�` p�` i*n*��lcn.`jpm`

` i |�`jkmlci � `jactr`��"�
G
�Jtrdgf ` p¸kmlcact~kqpmz�b�be` a�l � kqlcaNuek¸tmlcb�pr`v�@u�k�n.` p¯�"i.n.`jt�` i

uvi"uva���kqlctrbh���.i*b�kmlcdgi
F

l
G
�.tm�

F ′ = f
w

� w���uvn
a ∈ G

d � acuvn
{an}

�vz�pr`o` i����ga � `\��pqu
G

tq�
an → a

��dgp
n →∞

w$_�lctj�
uek

f ′n(an) → f ′(a)
��dgp

n →∞
w

� w���uvn:i��

gn(z) =

n
∑

k=0

(−1)kz2k

(2k)!
, z ∈ C, n = 0, 1, 2, ...

_�l�t ��uek
g′n(π/2+2−n) → −1

��dgp
n →∞

wg_�lci*b�¾��\p � �.f5` ikm` p]���gpmt~k§��dvp ��uek
{gn}

bedgi�g` p � ` pr` p��.i.l���dgpmf¯kN�.��bvdgf5�"uvbkq`\n.` a�f�z�i � n.` p�ue��n.`ji�bedgf5�.ac`jb�tr`
�.a�uei�f5d�n)` i����.i.bkql�dgi

g
�$d � |�`jtrkq`jfªn.` i*i.`vw
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 .wV�RikZu � �*u�k G = C
�$d � uek{lci � ` i)ue�x���.i.bkql�dgi.` pri.`

fn

` pNi��.a����.i*b�kmlcdgi*` iTw$��uvn

A = {z ∈ D(0, 1) | fn(z) = 0
��dvpV`jk�` a�ac` p�uvi.n.`�k

n }.

_�l�t �@u�k
A

`jp�` i ` i*n.` a�l � fhz�i � n.`e�J���lct f
lcb�bv`��.uvp�i.d � ` i i��.ac�*�.i.bkq`jp�l

D(0, 1)
w

�}��0�/µ�-��	X����������6��

·:6"���*�,��6��
±FiXkm�.`)��dgaca�d�´�lci � �.pmdv|.ac`jfht¸km�.`)i.dvkquekql�dgi

D(a, r) = {z ∈ C | |z − a| < r}
l�t

�.tm`jnTw �1�*prkq�*` pmf5dgpr`v�.pr` ®�ueacaxkm�"uek�u�tmlcf5�.a�`���dvac`�l�t�u5��dgac`Rdv�Jdvpmn.`jps¹vw

�¯�,61�J/���! 9
8`hac`jk

γ
n.`ji.dvkq`5kq�.`h�.i.l�k¸®jlcpm®jac`�kqpmu��v` prtm` n dvi.® `hlci#km�.`�®jdg�.ikq`jp~�²® acd�®Zb´�lctr`�n.l �

pm` ®�kql�dgiTw1��`jk
f

|�`¯uei3uvi.uva���kql�®R���.i*®jkql�dgi�lci
D(0, 2)

uvi.n�n.`j�"i*`

F (w) =
1

2πi

∫

γ

z − w

z + w
f(z) dz, (∗)

��dgp
|w| 6= 1

w
¹gw � �.d�´ km�"uek

F (w) =

{

−2wf(−w) , |w| < 1,
0 , |w| > 1,

uvi.nsuvp � �.`@kq�.uek F
lctTuvi"uva���kmlc®@l�i

C\{w | |w| = 1}
w��\l�ik�¾

z−w = z+w−2w
w

� w � �.�.��dgtr`Nkq�.uek
f(0) = 1/2

uvi.n
|f(z)| ≤ 1

��dgp
|z| = 1

w � �.d�´7kq�"u�k
|F (w)| <

2|w|
��dgp�uva�a

w ∈ D(0, 1)\{0}
w���lcik�¾ �.pmtrk4tm�*d,´8kq�"uek

|f(w)| < 1
��dgp

|z| < 1
w

� w��Rd�` t{km�.` pr`�`�°$lct~kVuvi�uvi"uva���kmlc®����.i.®�kqlcdvi
f

l�i
D(0, 2)

trd¸kq�"u�k
F

n.`j�"i*` n)|�
(∗)

�"uvtskq�.`��*pmdg��` p~kF�
F (wn) = cos wn

��dgp¯u3tm`����.` i.®j`
{wn}

lci
D(0, 1)tm�.®Z��kq�"u�k

|wn − 1/2| = 1/n
��dvp�uvaca

n �

�¯�,61�J/���! �
��`�k

f(z) = 1/(z4 + z3 + z2 + z + 1)
w

¹gwV�Rp � �.`Rkm�"uek
f

lct�u¯fh`jpmdgf5dgpr�.�.lc®V���.i*®jkql�dgi�l�i�kq�.`R® dgf5�.ac` °5�.a�uei.`�uvi*n��"i.n
kq�.`oi��.f�|�` p�dv�4��dgac`jt���dgp

f
�-®jdg�.ikql�i � f¸�.a�kmlc�.a�lc® l�kql�` tZ� w

�¯�,61�J/���! ���g6����,�-�T+�����6��%�,	�� �����T� ¼ �*0��
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� w��Jlci*n7kq�.`���dgac`jt�dv�
f

uei.nXf�uebv`�u � � �.pr`�kqd tm�.d�´ kq�.`jlcp�acd�®�u�kqlcdvi8lci km�.`
�.a�uei.`vwN±Fi(�"uvprkmlc®j�.a�uvpj�]tm�.d�´Hkq�"uek

f
�"uvt�i.d ��dvac` t�dgi%kq�*` pm`�ueaRacl�i.`:uvi.n

kq�"u�k¸kq�*` pm`�uvpm`�` °*uv®jkma��¦kF´{d trlcf5�.ac`���dgac`jt
p1

uvi*n
p2 = p2

1

lci8km�.`��.�*��`jp
�"uva����F�.acuvi.`vw �\l�i�k ¾.® dvfh�.�$kq`

(z − 1)(z4 + z3 + z2 + z + 1)
w

� w � �.d�´ km�"uek

lim
R→∞

∫ R

−R

1

x4 + x3 + x3 + x + 1
dx =

4π sin(2π/5)

5
.

³§dg�:uvpm`ouva�acd�´N` n)kqd��.tr`skm�"uek
	�` t

(f, p1) = (e4πi/5 − e2πi/5)/5 (∗∗)
uvi.n�kq�"u�k�	�`jt

(f, p2) = (e8πi/5 − e4πi/5)/5
w

 .w�_]` prl�����km�.`}��dgpmf¸�.a�u
(∗∗)

w �\l�ik�¾.dgi*`s® uvi��.tm`}km�.`o�.lcik � l��g`ji:l�i ���*` trkmlcdgi �
dv�
kq�.l�tV�.pmdg|*ac` f�w

�¯�,61�J/���! 

��`�k

T (z) =
3 + z

2− z
.

¹gw��Jlci*n�km�.`olcfhu � `��*i.n.` p
T

dv�4km�.`o�.�.��` p��"uva����F�.acuvi.`ew
��`�k

C
|�`�km�.`o® lcpr® a�`}® ` ikm` pm`jn ueko¹suvi.n�´�l�km��pquvn.l��.t}¹¯uvi.n�ac`�k

l
|�`}km�.`otrkqpmuvl � ��k

aclci*`}dv�Jtracdg��`�¹suvi.n��"uvtrtmlci � km�.pmdv� � �)kq�.`o��dglcik � w
� w��3uvbe`¸u�tmbe`jkm®Z�3dv�

C
uvi.n

l
uei.n)�g` prl�����km�"uekVkm�.` tr`s®j�.pr�v` t\lcikq`jpmtm`j®jk\uekVkF´Nd

n.l 	�` pr` ik���dvlcikqtjw �Jlci.n)km�.`¸uei � ac`}de�Jl�i�km` prtm` ®�kql�dgi:de�Jkq�*`s®j�.pr�v` tRuek�`�uv®Z�:dv�
kq�.`jtm`s��dvlcikqtjw

� w��Jlci*n�kq�.`}l�f�u � ` tN�.i.n.`jp
T

dv�
C

uvi.n
l
uvi.n)tr�.d�´¤kq�.uek{km�.` tr`sl�f�u � `\®j�.pr�v` t

lcikq`jpmtr` ®jkRuek�`�°*uv®�kqa���dgi.`o��dvlcik�lci)kq�.`s® dvfh�.a�`�°��.a�uvi*`vw �"�.prkm�.` prfhdvpm`v�.�.i.n
kq�.`�uvi � a�`hde�Vlcikq`jpmtr` ®jkmlcdgi#dv�Vkq�*`�lcfhu � `�®j�.pr�v` t�uekskq�.uek¸��dgl�i�k w�±Facac�*trkqpmuekq`
´�l�km�:u�tmbe`jkm®Z�Tw

 .wV¶V�.`�®j�.pr�v` t
C

uvi.n
l
|�dg�*i.n7uvi#dg��` i uvi*n8|�dg�.i.n.`jn7tm`�k

O
® dvi�kquvlci*` n8l�i

kq�.`�acd�´{`jp¸�"uea����F�*a�uvi.`ewT±Fn.`ji�kml����
O

uvi.n
T (O)

dgi8�vdg�.p�trbv`jkm®Z�.` tjw�±Ft
T (O)dg��` i � ±Ft

T (O)
|�dg�.i.n.`jn �
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