Extra Exercises for Chapter 2

E 1.2 For f € L}(R) and a > 0 let f, denote the function equal to f on | — a, a]
and extended to a periodic function on R with period 2a.

Show that the Fourier series of f, can be written as

[e.9]

inT 1 e .
fa($) ~ z_: Ca,nelnaaf’ where Can = % /a f(l,)e—lnaac dx
and as
3 ! % \eing® ‘ —i2mx
fa(l‘) ~ Z %ga(%)e a-, Where ga(y) = f(x)e 2 ydx‘ (01)

Show that g,(y) — F f(y) for a — oo for each y € R.

Show that the sum in (0.1) can be considered as an infinite Riemann sum and
explain that formally it approaches

/ Ff(y)ei%rzy dy,

so one is tempted to claim that this integral equals f(x), i.e. that
fla)= [ Frweay 02)

A lot of research for 200 years has been spent trying to make this rigorous.

Explain that one can write the formula (0.2) in the following equivalent forms

fz) = % /_OO J?(Z/)em’ dy, where f(y) = /_oo Fla)e = da,

and

flz) = \/%/_ f(y)eixy dy, where A(y) = \/%_ﬂ/_ F(z)e ™ dz.
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E 1.3 Let f € £}(R) and assume that f(x) > 0 for almost all z and [ f(z)dx =
1. (In other words f is density for a probability measure). Prove that |Ff(t)| <1
for all ¢ # 0. (Of course Ff(0) = 1.)

E 3.1 Let f € £L(R) and h € R. Prove that

F(f(@)e™ ) (t) = F(f)(t = h), F(mf)t) = F(f)(t)e ™

E 3.2 From complex analysis it is known that

1

1 R 1
— ee 2V dr=e2, telR.
V27T/oo

Show that e=™" is a fixed point for F.

E 3.3 Define f(z) = 1/ cosh(nzx), z € R.

1°. Prove that [* f(z)dx = 1.
2°. Prove that 5
T
[ fla) = Sinh(7z)’

where the right-hand side for = 0 is to be understood as the limit for x — 0.

3°. Prove that F(f)(t) = 1/cosh(nt), t € R, i.e., that f(z) = 1/cosh(nz) is a
fixed point for F (or an eigenvector for F corresponding to the eigenvalue 1 e.g. in
the space S to be introduced in section 8).

Hint: Use the residue theorem for the function

e—27r1tz

F(z) = cosh(rmz)’

which is meromorphic in C. Integrate F' along the sides of the rectangle with vertices
+R,£R + i, where R > 0 is fixed and let R — oo.



