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16. Cohomology of some special groups and monoids.

(16.0) Exercise. Read the examples on the cohomology of a groupG via standard resolution
assuming only thatG is a monoid. Did you find any reservations?

(16.1) Setup. Let G be a monoid and letA be an abelian category with exact
∏
G’s. A

standard complex defines a resolvent complex for the limit functorŴG= lim←−G : AG → A,
defined on the categoryAG of co-G-objects.

For special groups or monoids there may be special constructions of a coaugmented re-
solvent complex forŴG:

5̃A : 0→ ŴGA→ 50A→ 51A→ · · · ,

where each5i is a functorA 7→ 5iA, defined on co-G-objects ofA. In each of the
examples below we construct such a complex where each5i is exact and such that the
coaugmented complex is contractible when evaluated on a trivial G-object. Then it results
from the general theory that the cohomologyHp(5A) of the complex5A is the cohomology
lim←−

(p)

G A = Hp(G,A).

(16.2) Example. Let G be the free (multiplicative) monoid with a single generatorf (in
additive notation,G is the monoidN0 of nonnegative integers). Then aG-objectA is an
objectA of A with a given endomorphismf = fA : A → A. The following coaugmented
complex:

5̃A : 0→ ŴGA→ A
f−1

A→ 0→ · · · ,

is a resolvent complex. Indeed, the functors50 = 51 are exact, given byA 7→ A (and
forget the endomorphismf ). A coinduced object has the formρB =

∏
n>0B, where the

endomorphismf = fρB is determined by prn f = prn+1. The complex5̃(ρB) is the
following:

5̃(ρB) : 0→ B
ǫ

τ

∏

n>0

B
f−1

σ

∏

n>0

B → 0→ · · · ,

split by the indicated morphisms defined byτ = pr0 and prn σ =
∑
j<n prn. Do check it!

As a consequence, for this monoidG,

H0(G,A) = ŴGA = Ker(A
f−1

A), H1(G,A) = Cok(A
f−1

A) = A/G,

andHp = 0 for p > 1.

(16.3) Example. LetG be the free group with a single generatore (in additive notation,G is
the groupZ of integers). Then aG-objectA is an objectA of A with a given automorphism
e = eA : A→ A. The the following coaugmented complex,

5A : 0→ ŴGA→ A
e−1

A→ 0→ · · · ,
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is a resolvent complex. Indeed, the functors50 = 51 are exact, given byA 7→ A (and forget
the automorphisme). A coinduced object has the formρB =

∏
n B (where the product

is overn ∈ Z), where the endomorphisme = eρB is determined by prn e = prn+1. The
complex5̃(ρB) is the following:

5̃(ρB) : 0→ B
ǫ

τ

∏

n

B
e−1

σ

∏

n

B → 0→ · · · ,

split by the indicated morphisms defined byτ = pr0 and prn σ =
∑

06j<n prn for n > 0 and
prn σ = −

∑
n6j<0 for n 6 0. Do check it! As a consequence, for this groupG,

H0(G,A) = ŴGA = Ker(A e−1
A), H1(G,A) = Cok(A e−1

A) = A/G,

andHp = 0 for p > 1.

(16.4) Example. Let G be a free (noncommutative) group with generatorsei for i ∈ I ;
denote by∅ the neutral element ofG (the empty word). Then aG-objectA is an objectA ∈ A

with a given family of automorphismsei = ei,A for i ∈ I . Consider the complex,

0→ ŴGA
ǫ
A

d
∏

i∈I

A→ 0→ · · · ,

whered is determined by its projections: pri d = ei,A − 1A for i ∈ I . Assume thatA = ρB
is the trivialG-object determined by an objectB of A. ThenA =

∏
w∈G B, andG acts

by permutation of the coordinates. We want to prove that the complex is contractible when
evaluated onρB, so we want to define homotopiesσ, τ :

0→ B
ǫ

σ

∏

w∈G

B
d

τ

∏

i∈I

∏

w∈G

B → 0,

The morphismσ is the projection on the index∅ (the unit of the groupG), that is,σ = pr∅.
The morphismτ is determined by its projections prw τ , and they are defined inductively on
the length of the wordw. For the empty word pr∅ τ = 0, and

preiw τ = prw τ + pri,w, pr
e−1
i
w
τ = prw τ − pr

i,e−1
i
w
.

(16.5) Example. Let G be the free abelian (multiplicative) monoid with basisf1, . . . , fr
(the additive version ofG is the monoidNr0 of r-sets(n1, . . . , nr ) of nonnegative integers).
Then aG-object is an objectA of A with a given family of commuting endomorphismsfi .
The trivialG-objectρB determined by an objectB is the productρB =

∏
n1,...,nr

B, over
N
r
0; the endomorphismfi : ρB → ρB is determined by its projections,

prn1,...,nr
fi = prn1,...,ni+1,...,nr . (16.5.1)
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Consider the functorŴf = Ŵf1,...,fr : AG → A defined by

Ŵf1,...,frA =
⋂

Ker(fi,A) = Ker(A f A⊕r),

wheref = fA : A→ A⊕r is the morphism with coordinatesfi,A. Clearly, in this notation,

ŴGA = Ŵf1−1,...,fr−1(A).

Note that the Koszul cochain complexK•(X) = K•(f1, . . . , fr;X) is defined in this general
setup for any complexX ofG-objects. For theG-objectA, viewed as a complex in degree 0,
the morphismK0(A)→ K1(A) is the morphismf : A→ A⊕r ; henceŴf (A) = H

0(f, A).

Lemma. The following coaugmented complexthe reduced Koszul complex),

K̃f(A) : 0→ ŴfA→ K0(A)→ · · · → Kr (A)→ 0→ · · · , (16.5.2)

defines a resolvent complex for the functorŴf .

Hint. In degreei the functorK i is given byK i(A) = A⊕(
r
i); it is clearly exact. So it remains

to prove that thereduced Koszul complex (16.5.1) is exact when evaluated at a coinduced
objectρB. Note thatŴf (ρB) = B, as it follows from the description (16.5.1).

Exactness is proved by induction onr. It r = 1, the coinduced object has the form
ρ1B =

∏
n>0B, and the reduced Koszul complex has the following form:

K̃(ρ1B) : 0→ B
ι

τ

∏

n>0

B
f

σ

∏

n>0

B → 0→ · · · ,

where pr0 ι = 1 and prn ι = 0 for n > 0. It is split by the indicated morphisms, defined by
τ = pr0 and pr0 σ = 0 and prn σ = prn−1 for n > 0. Do check it!

Now, for r > 1, the monoidG is the productG = G′ ×G1 whereG′ is the submonoid
generated byf1, . . . , fr−1 andG1 is generated byfr ; both submonoids are free. Accordingly,
a co-G-object may be viewed as a co-G1-object in the category of co-G′-objects,AG =
(AG

′
)G1, and the functorρ is a compositionρ = ρ1ρ

′:

ρ : A
ρ′

AG
′ ρ1

(AG
′)G1 = AG.

The Koszul cochain complex may be defined by a similar recursion: KfX = Kf ′,frX =

Kf ′KfrX. Now, letB be an object ofA, and setB1 := ρ′B; thenρB = ρ1B1. The following
two morphisms of complexes are homotopy equivalences,

B → Kf ′(ρ
′B) = Kf ′(B1)→ Kf ′Kfr (ρ1B1) = Kf (ρB),

the first by the induction hypothesis, the second because it is obtained by applyingKf ′ to the
morphismB1→ Kfr (ρ1B1) which is a homotopy equivalence by the caser = 1.
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Corollary. For the free abelian monoidG with generatorsf1, . . . , fr , the cohomology with
coefficients in a co-G-objectA is equal to the Koszul cohomology with respect to the sequence
f1− 1, . . . , fr − 1,

Hp(G,A) = H
p
f1−1,...,fr−1(A).

(16.6) Example. LetG = Z
r be the free rank-r abelian group, with multiplicative generators

e1, . . . , er . As in (16.5), the group cohomology is given by the Koszul cohomology,

Hp(G,A) = H
p
e1−1,...,er−1(A).

(16.7) Example. If A is a co-G-object inA, then the group homomorphismG → Aut(A)
extends to a ring homomorphismZG→ End(A), denotedλ 7→ λA, from the group ring of
G to the endomorphism ring ofA.

Assume thatG is a finite group. Then thenorm N is the elementN =
∑
u∈G u ∈ ZG.

So the norm defines an endomorphismN = NA : A→ A. Again, sinceG is finite, there is a
morphismD = DA :

∏
s∈GA→ A defined byD =

∑
s∈G(sA − 1A) prs .

Clearly, sinceN(s−1) = (s−1)N in the group algebra, it follows thatND :
∏
s A→ A

andεN : A →
∏
s A are zero. So the imageNA := ImNA of the norm is a subobject of

ŴGA, and the imageDA := ImDA is contained in the kernelNA := KerNA of the norm.

Lemma. If A is co-G-induced,A = ρB, then the following two zero sequences are split by
the morphisms defined in the proof:

A
N

A
ε

∏

s∈G

A,
∏

s∈G

D A
N

A,

Proof. With A = ρB the first sequence is the following, split by the indicated morphisms:

∏

t

B
N

τ

∏

t

B
ǫ

σ

∏

s

∏

t

B;

hereN andε satisfy the equations prt N =
∑
u prtu and prt prs ε = prts − prt . The mor-

phismsτ andσ are determined by the projections, pr1 τ = pr1 and prt τ = 0 whent 6= 1
and prt σ = pr1 prt . It is easy to verify the equationNτ + σε = 1.

The second sequence is the dual of the first; so the result for the second second is a
consequence of the first.

(16.8) Example. LetG = Cd be the finite cyclic group of orderd with a generatore. (So the
additive version ofG is the groupZ/dZ.) Then the following coaugmented complex defines
a resolvent complex forŴG:

0→ ŴGA→ A
e−1

A
N

A
e−1

A
N
· · · .
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As a consequence, forp > 0,

H2p−1(G,A) = NA/DA, H2p(G,A) = ŴGA/NA.

(16.9) Exercises.
1. Prove for a finite groupG and aG-objectA that thep’th cohomologyHp(G,A) for p > 0
is killed by the order ofG. [Hint: Consider for the standard complex5A the morphisms
σp+1 : 5p+1→ 5p determined by the projections,

prs1,...,sp σ
p+1 = (−1)p+1

∑

s∈G

prs1,...,sp,s .

Prove thatσ∂ + ∂σ = |G|. Is it unfair not to specify the range ofp?]

2. (1) LetG be the group of order 2. Give an example of a commutative groupwith aG-action
such thatHp(G,A) 6= 0 for everyp > 0.

LetG be the monoid of order 2 generated by anf with f 2 = f . Prove for any co-G-object
A thatHp(G,A) = 0 for all p. [Hint: prove thatŴG is exact.]
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17. Thge Lyndon spectral sequence.
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18. The spectral sequence of a Galois covering.

(18.1) Setup. Consider for a topological spaceX the set of singularp-simplices inX,

1p(X) = HomTop(1
p, X) p > −1.

Let A be an abelian category with
∏

’s, andA an object inA. We writeCsing(X,A) for
the productA1p(X). Then there is a positive complexC = Csing(X,A) with differentials
defined by formulas analogous to those defining the chain complex Csing(X,Z). With an
obvious coaugmentation fromC−1 = A there is a similarreduced singular cochain complex
C̃sing(X,A).

Alternatively the differentials between the objects ofCsing(X,A), and other related mor-
phisms, may be defined by the following process of of transposing linear maps between the
modules in the chain complexCsing(X,Z): For any setI the projections pri : A

I → A for
i ∈ I form a family of morphisms in the set HomA(AI , A), that is,i 7→ pri is a map of sets
from I to HomA(A

I , A). So it extends to a homomorphism of abelian groups,

Z
⊕I → HomA(A

I , A);

naturally, the image of en elementc ∈ Z
⊕I will be denoted prc : AI → I . If c is the finite

linear combinationc =
∑
i ci i, then prc is the sum morphism prc =

∑
i∈I ci pri in the group

HomA(A
I , A). With this notation there is for every linear mapϕ : Z

⊕I → Z
⊕J an associated

transposed morphism,

ϕtr : AJ → AI , defined by pri ϕ
tr = prϕi .

It is easy to see that transposing is functorial:

(ϕψ)tr = ψ trϕtr.

The differentials in the cochain complexCsing(X,A) may by obtained by transposing the
differentials ofCsing(X,Z).

(18.2) Example. Other linear maps may be transposed. For instance: For then-sphere
(n > 0) there is a homotopy equivalenceCsing(X,Z) = Z(0)⊕ Z(n). Consequently, for the
general cochain complex there is a homotopy equivalence

Csing(X,A) = A(0)⊕ A(−n).

(18.3) Setup. A mapf : X → Y (of topological spaces) is acovering projection if Y may
be covered by open subsetsU such that the restricted mapfU : f−1U → U is isomorphic to
a projectionU × J → U with a discrete setJ (equivalently, iff−1U is a disjoint union of
open setsUα each being mapped homeomorphically ontoU . The covering istrivial, if f is
isomorphic to a projectionY × J → Y .
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It is a standard fact that every covering of the unit square [0.1] × [0, 1] is trivial. It is a
consequence that every covering of a 1-connected (i.e., path connected and simply connected)
spaceY0 trivial. It follows that a covering has the followinglifting property: for every pair
of based mapsp, ϕ:

(X, x)

p

(Y0, y0) ϕ (Y, y),

wherep is a covering andY0 is 1-connected there is a unique map(Y0, y0)→ (X, x)making
the diagram commutative.

Consider a topological spaceX with a properly discontinuous action of a groupG, in
other words, every pointx ∈ X has on open neighborhoodU such thatU ∩ sU = ∅ for all
elementss 6= 1 inG. It follows easily that the quotient map,

X→ X/G,

is a covering projection.
Clearly,G acts on each set1p(X) of singularp-simplices. By the lifting property, the

map induced byX→ X/G is surjective:

1p(X)→ 1p(X/G),

Let Tp ⊆ 1p(X) be a subset mapped bijectively onto1p(X/G). Assume thatp > 0 so that
1p 6= ∅. Then, by uniqueness of the lifting,1p(X) is the disjoint union of ‘translates’ ofTp,

1p(X) =
∨

t∈G

t (Tp).

The action ofG on the set1p(X) induces an action ofG on the productA1p(X). Moreover,
it is easy to see that the differentials in the complex commute with the action ofG; hence the
cochain complexCsing may be viewed as a complex of objects fromAG. Moreover, by the
description above,

A1p(X) =
∏

t∈G

ATp;

hence eachA1p(X) is a trivialG-object, induced by the objectATp = A1p(X/G). In particular,
there is an isomorphism,

ŴGCsing(X,A) = Csing(X/G,A). (18.3.1)

As the objects ofCsing(X,A) are co-inducedG-objects, and hence acyclic forŴG, the left
side of (18.3.1) is the hyper derived ofŴG evaluated at the complexCsing(X,A):

RŴGCsing(X,A) = Csing(X/G,A). (18.3.2)

A 2-spectral sequence falls out:

Hp(G,H q(X,A)⇒ H n(X/G,A). (18.3.3)



Triang Expl 19.1

19. Some special Galois coverings.

(19.1) Setup. Let A be an object in an abelian categoryA. Assume that the groupG
acts properly discontinuously on a topological spaceX. Then there is an isomorphism of
complexes,

RŴGCsing(X,A) = Ŵ
GCsing(X,A) ≃ Csing(X/G,A); (19.1.1)

the first equality because the complexCsing(X,A) on the left side is consists of co-induced
G-objects which are acyclic forŴG. The functorRŴG respects quasi-isomorphisms and
exact triangles. Hence, from the mapping cone,

C̃sing(X,A)

A(0) Csing(X,A),

and the isomorphism (19.1.1), there is an induced exact triangle,

RŴGC̃sing(X,A)

RŴGA(0) Csing(X/G,A).

(19.1.2)

(19.2) Example. The groupG = Z acts as translations on the spaceR of reals. The quotient is
the 1-sphere:R/Z = S1. The spaceR is contractible, and so there is a homotopy equivalence
of chain complexesCsing(R,Z) ≃ Z(0). Hence there is an induce equivalence of cochain
complexesCsing(R, A) ≃ A(0). It is easily seen to beG-invariant, whenA is viewed as a
constantG-object. Consequently, by (19.1.1),

Csing(R/Z, A) = RŴ
GA(0).

So the cohomology ofS1 is the cohomologyH ∗(G,A) which, with the constant action of
G = Z onA, is the following:

H0
sing(S

1, A) = H1
sing(S

1, A) = A, H
p
sing(S

1, A) = 0 for p > 1.

(19.3) Example. The groupG = Z
r acts onr-spaceR

r . The quotient is a product of
1-spheres:Rr/Zr = (S1)r . HenceHp

sing((S
1)r , A) = Hp(G,A) (whereA is the constant

G-object); the latter cohomology is thep’th Koszul cohomology ofA corresponding to the
sequencef = 0. Hence,

H
p
sing((S

1)r) = A(
r
p).

(19.4) Example. The cyclic groupG = ±1 operates onSr via the antipodal mapx 7→ −x; the
quotientSr/± is the real projectiver-spaceIP r = IP r(R). There is a natural homotopy equiv-
alenceZ(r) ∼−→ C̃sing(Sr ,Z) and hence a homotopy equivalenceA(−r) ∼−→ C̃sing(X,A).
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The equivalence isnot G-invariant. In fact, it is easy to see that the induced actionof the
element−1 ∈ G onH r

sing(S
r , A) = A is multiplication by(−1)r+1.

Let us writeA± for A with thisG-action (if r is odd, it is the constant action ofG onA,
and whenr is even, the element−1 ∈ G acts as multiplication by−1 onA). Then there
is a quasi-isomorphism of complexes ofG-objectsC̃sing(X,A)

∼−→A±(−r). So the exact
triangle (19.1.2) takes the following form,

RŴGA±(−r)

RŴGA(0) Csing(IP
r , A).

(19.4.1)

Thepth cohomology of the top vertex isHp−r (G,A±), and it vanishes whenp < r. So
the long exact cohomology sequence of the triangle yields isomorphisms,

H
p
sing(IP

r , A) = Hp(G,A) =





A whenp = 0;

2A when 0< p < r, p odd;

A/2A when 0< p < r, p even.

Without knowledge of the morphisms in the triangle, the exact sequence does not determine
the cohomologyHp

sing(IP
r , A) for p > r. A triangulation ofIP r may be obtained from a

G-invariant triangulation ofSr ; it is a consequence thatHp
sing(IP

r , A) = 0 for p > r. Given

this fact, the long exact sequence reduces to isomorphismHp−r (G,A±) ∼−→Hp+1(G,A)

for p > r and an exact sequence:

0→ H r (G,A)→ H r
sing(IP

r , A)→ H0(G,A±)→ H r+1(G,A)→ 0.

In turn, depending on the parity ofr, the exact sequence is the following:

0→ 2A→ H r
sing(IP

r , A)→ A→ A/2A→ 0 (r odd),

0→ A/2A→ H r
sing(IP

r , A)→ 2A→ 2A→ 0. (r even).
(19.4.2)

The exact sequence determines the cohomology in important cases, likeA = Z, A = R,
or A = F2. It is natural to expect from (19.4.2) in general thatH r

sing(IP
r , A) = A when

r is odd, andH r
sing(IP

r , A) = A/2A when r is even. In fact, there is an isomorphism

H
p
sing(IP

r , A) = Hp(C6r ) for allp, whereC6r is ther ’th cochain truncation of the following
positive complex (with the firstA in degree 0):

C : 0→ A 0 A 2 A 0 A 2 A 0 A · · · .
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20. Local systems; homotopy groups.

(20.1) Setup. Fix a topological spaceX and a decent categoryC. Assume in particular the
C has small limits, and denote by 0 the initial object ofC. A C-valuedlocal system onX is a
functor,

G : P(X)→ C,

whereP(X), the fundamental groupoid of X, is the following category: The objects of
P = P(X) are the points ofX, the morphisms inP from a ∈ X to b ∈ X are homotopy
classes of paths froma to b, and composition inP is concatenation of paths. The category
P = P(X) is indeed a groupoid: every morphism is an isomorphism.

Fix a pointb in X. The group AutP(b) (equal to EndP (b)) is the fundamental group
π = π1(X, b) of X atb. View the groupπ as a category with one object. Then the inclusion
is a functor,

b : π →֒ P, (20.1.1)

from the fundamental group to the fundamental groupoidP = P(X). The corresponding
restriction functor,

b∗ : CP → Cπ , (20.1.2)

associates to a local systemG the co-π -objectG(b). By the Kan-construction, the restriction
functor has a right adjoint functorρb : Cπ → CP . It associates with a co-π -objectA the local
system given as a limit,

(ρbA)(a) = lim←−
a/π

A, (20.1.3)

where the index categorya/π is the right fiber ata of the inclusionπ → P: Its objects are
the pathsξ : a → b, and there is only one morphism fromξ : a → b to η : a → b, which is
the loopηξ−1. Consequently,

(ρbA)(a) =

{
A if a, b belong to the same path component,

0 otherwise;

an explicit isomorphism in the first case being given by a choice of a path classa→ b.

Hence. , whenX is path connected: For anyb ∈ X the functorF 7→ F(b) is an equivalence
between local systems onX and co-π(X, b)-objects.

If a local systemG has values in an abelian category with
∏

’s we may form the complex
C(P,G)with cohomologyHp(P,G). If b ∈ X (andπ := π(X, b)), we have the restriction,

C(P,G)→ C(π,G(b)),

and, for a co-π -objectA the right adjunction,

C(P, ρbA)→ C(π,A).

As noted above these two maps of complexes are homotopy equivalences whenX is path
connected. In particular, in the path connected case, the cohomologyHp(P,G) is isomorphic
to the group cohomologyHp(π(X, b),G(b)).
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(20.2). Special local systems are the homotopy groups: LetSn be then-sphere,

Sn = { x ∈ R
n+1 |

∑

i

x2
i = 1 },

as a pointed topological space (pointed by the north polep = (0, . . . , 0, 1). Letπn(X, b) be
the set of homotopy classes of maps (of pointed topological spaces)ϕ : (Sn, p) → (X, b).
The class inπn(X, b) represented byϕ is denoted [ϕ]. Clearly,π0(X, b) is the set of path
components ofX.

Assume thatn > 1. Then there is a well defined composition inπn(X, b) determined as
follows: Denote bySn−, Sn0 andSn+ the subsets ofSn determined, respectively, by the relations
x1 6 0, x1 = 0, andx1 > 0. By squeezing the equatorSn0 to a north pole we get a map,

∗ : Sn→ Sn ∨ Sn,

4trucm
For mapsϕ,ψ : (Sn, p) → (X, b) we obtain a map(ϕ, ψ) : Sn ∨ Sn → X and the

composition inπn(X, b) is determined by the formula,

[ϕ] ∗ [ψ ] := [ϕ ∗ ψ ].

It is a standard fact that the composition is well defined,andis a group law onπn(X, b), abelian
if n > 2. [Note that the obvious identificationπ1(X, b) = π(X, b) is an anti-isomorphism
with respect to the group structures as defined here.]

For a morphismξ : a→ b in the path categoryP and an elementz ∈ πn(X, b) there is an
elementξ∗z ∈ πn(X, a) determined similarly the the obvious mapSn → Sn ∨ I squeezing
the upper hemisphere toI . The mapξ∗ is a group ismomorhism,

ξ∗ : πn(X, b)→ πn(X, a),

and the formation ofπn(X, b) is an inverse local system onX, denotedπn(X), with values
in Sets whenn = 0, in Gr whenn = 1, and inAb whenn > 2.

Note that the isomorphismπ1(X, a)→ π1(X, b) corresponding to a morhismξ : a → b

is given by the formula,
ω 7→ ξ∗(ω) = ξ

−1 ◦ ω ◦ ξ.

We will need a few properties of theπn.

Fact 1. The Homotopy addition Lemma. 20.3


