Triang Expl 16.1

16. Cohomology of some special groups and monoids.

(16.0) Exercise. Read the examples on the cohomology of a gréupa standard resolution
assuming only that; is a monoid. Did you find any reservations?

(16.1) Setup. Let G be a monoid and e be an abelian category with exdcf;’'s. A
standard complex defines a resolvent complex for the linmctor ¢ = lim,.: AC — A,
defined on the catego®° of co-G-objects.

For special groups or monoids there may be special congtngodf a coaugmented re-
solvent complex foi ¢

MA: 0-T6A->1m% - nta— ...,

where eachl’ is a functorA — TII‘A, defined on cas-objects of2(. In each of the
examples below we construct such a complex where &Hcls exact and such that the
coaugmented complex is contractible when evaluated owialt@-object. Then it results
from the general theory that the cohomoladgy (ITA) of the compleX1A is the cohomology

im% A = H?(G, A).

(16.2) Example. Let G be the free (multiplicative) monoid with a single generafo(in
additive notationG is the monoidNg of nonnegative integers). ThenGobjectA is an
objectA of 2 with a given endomorphisni = f4: A — A. The following coaugmented
complex:
fiA: 0-rA—-a'Sas0-...,

is a resolvent complex. Indeed, the functdt® = I1! are exact, given by — A (and
forget the endomorphisnfi). A coinduced object has the formB = [],-, B, where the
endomorphismf = f,p is determined by prf = pr,,,. The complexﬁ(pB) is the
following:

- f-1
(pB) : O—>ij: HBT 1_[3_>o_>...’
n>0 n>0

split by the indicated morphisms defined by= pry and pr, o = Zj<n pr,. Do check it!
As a consequence, for this mondaiqg

HOG, A) =TC% =Ker(A 175 4),  HYG, A)=Coka ™% A)= 4/,

andH? =0forp > 1.

(16.3) Example. Let G be the free group with a single generatgm additive notation( is

the groupZ of integers). Then &-objectA is an objectA of 2 with a given automorphism

e =eys. A — A. The the following coaugmented complex,
MA:0—>T%A—>A "5 A0,
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is a resolvent complex. Indeed, the functbif$= I1! are exact, given byt — A (and forget
the automorphisne). A coinduced object has the formB = [], B (where the product
is overn € Z), where the endomorphism= e, is determined by pre = pr,,,. The
complexI(pB) is the following:

fipB): 0B <> HB+,,,, nB—>0—>"'»

split by the indicated morphisms defined by= pry and pr, o = 20§j<n pr, forn > 0and
pr,o = — Zn<j<0 forn < 0. Do check it! As a consequence, for this graip

HO(G, A) =TCA =Ker(A <3 A), HYG, A) = Cok(A -3 A) = A/G,

andH?” =0 for p > 1.

(16.4) Example. Let G be a free (noncommutative) group with generatgréor i € I,
denote by the neutral element @ (the empty word). Then &@-objectA is an objectd €
with a given family of automorphisms = ¢; 4 fori € 1. Consider the complex,

0->T%% A4 4%J[a->0-> -,

iel

whered is determined by its projections: ;af = e; o — 14 fori € 1. Assume thatd = pB
is the trivial G-object determined by an obje#t of 2. ThenA = [[,.; B, andG acts
by permutation of the coordinates. We want to prove that tmepiex is contractible when
evaluated om B, so we want to define homotopiest:

00— B<—= nB l—[l_[B—>O

welG iel weG

The morphisnv is the projection on the index(the unit of the grougs), that is,o = pr,,.
The morphisnt is determined by its projections pit, and they are defined inductively on
the length of the wordv. For the empty word prr = 0, and

Pro,y T =P, T+ Pl pr,-1, T =Pr,T—Pr 1,
(16.5) Example. Let G be the free abelian (multiplicative) monoid with bagis ..., f;
(the additive version of; is the monoidYj, of r-sets(ny, ..., n,) of nonnegative integers).
Then aG-object is an objecl of 21 with a given family of commuting endomorphisnfs
The trivial G-objectp B determined by an obje@ is the producipB = [] . B, over
Np; the endomorphisnf; : pB — pB is determined by its projections,

nr fl = prnl ..... ni+1,...n, ° (1651)

.....
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.....

.....

.....

Note that the Koszul cochain compl&xX (X) = K*(f1, ..., fr; X) is defined in this general
setup for any compleX of G-objects. For th&-objectA, viewed as a complex in degree 0,
the morphismk%(A) — K1(A) is the morphisni: A — A®"; hencel';(A) = HO(f, A).

Lemma. The following coaugmented compléxe reduced Koszul complex)
Ki(A): 0—-TfA— K°A)— - > K'(A) > 0— .-, (16.5.2)

defines a resolvent complex for the funckgr

Hint. In degreed the functork’ is given byKi(A) = A®G):itis clearly exact. So it remains
to prove that theeduced Koszul complex (16.5.1) is exact when evaluated at a coinduced
objectpB. Note thatl’s (o B) = B, as it follows from the description (16.5.1).

Exactness is proved by induction en It » = 1, the coinduced object has the form
p1B = [],>0 B, and the reduced Koszul complex has the following form:

> . l f
KpiB): 0—->B <> [[B<> [[B—>0—" .

n>0 n>0

where ppt = 1 and pj,« = 0 forrn > 0. Itis split by the indicated morphisms, defined by
T =prgand pgyo = 0and pj, o = pr,_4 forn > 0. Do check it!

Now, forr > 1, the monoidG is the productG = G’ x G1 whereG’ is the submonoid
generated by, ..., f,—1andG; is generated by, ; both submonoids are free. Accordingly,
a co-G-object may be viewed as a @;z-object in the category of c6”-objects,2¢ =
(AS")G1, and the functop is a compositiop = p1p”:

prA-LeqG P (GO — 6
The Koszul cochain complex may be defined by a similar reoarskt X = Ky 5 X =
K¢ Ky, X. Now, letB be an object of!, and seiB; := p’B; thenpB = p1B1. The following
two morphisms of complexes are homotopy equivalences,

B — Kt/(p'B) = Ky/(B1) — Ky Ky, (p1B1) = Kt (pB),

the first by the induction hypothesis, the second becauseilitained by applyind to the
morphismB; — Ky, (p1B1) which is a homotopy equivalence by the case 1. a
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Coroallary. For the free abelian monofd with generatorg, . . ., f,, the cohomology with
coefficients in a cas -objectA is equal to the Koszul cohomology with respect to the seqeienc
fl_l,"',fr_ly

H?(G, A) = H}i_l ..... o 1(A).

(16.6) Example. LetG = Z" be the free rank-abelian group, with multiplicative generators
e1,...,e-. Asin (16.5), the group cohomology is given by the Koszulaoblogy,

HP (G, A) =

(16.7) Example. If A is a coG-object in&l, then the group homomorphisé — Aut(A)
extends to a ring homomorphisAG — End(A), denoted. — A4, from the group ring of
G to the endomorphism ring of.

Assume that is a finite group. Then theorm N is the elementV = )", _;u € ZG.
So the norm defines an endomorphidim= N4: A — A. Again, sinceG is finite, there is a
morphismD = Dy: [[,cq A — AdefinedbyD =) _;(sa — 14) pr,.

Clearly, sinceN (s — 1) = (s — 1) N inthe group algebra, it follows thatD: [[,A — A
andeN: A — [], A are zero. So the imag€A := Im N, of the norm is a subobject of
I'CA, and the imagé A := Im D, is contained in the kernglA := Ker N4 of the norm.

Lemma. If A is co-G-induced,A = p B, then the following two zero sequences are split by
the morphisms defined in the proof:

Al ATTA [ 2454,
seG seG

Proof. With A = p B the first sequence is the following, split by the indicated'phisms:

[Te~ [Ta<-T1[T=

hereN ande satisfy the equations pN = ), pr,, and pg pr;,e = pr,, —pr,. The mor-
phismst ando are determined by the projections, pr= pr; and prt = 0 whenr # 1
and pr o = prq pr,. Itis easy to verify the equatioNt + o¢ = 1.

The second sequence is the dual of the first; so the resulhésécond second is a
consequence of the first. a

(16.8) Example. Let G = C, be the finite cyclic group of ordef with a generatoe. (So the
additive version of5 is the grou/d7.) Then the following coaugmented complex defines
a resolvent complex far¢:

e—1
e

0>T0A A5 AN Qg AN
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As a consequence, for > 0,
H?7Y(G, A) = yA/DA,  H?(G,A) =TCA/NA.

(16.9) Exercises.

1. Prove for afinite grou and aG-objectA that thep’th cohomologyH? (G, A) for p > 0
is killed by the order ofG. [Hint: Consider for the standard compl&kA the morphisms
oP*1: 1Pt — 117 determined by the projections,

+1 +1 2 :
Sp o? = (_1)p prsl,...,sp,s .
seG

.....

Prove thab o + do = |G|. Is it unfair not to specify the range ¢f?]

2. (1) LetG be the group of order 2. Give an example of a commutative gnotlpa G-action
such thati” (G, A) # 0 for everyp > 0.

Let G be the monoid of order 2 generated by/awith f2 = f. Prove for any cas-object
A thatH? (G, A) = 0 for all p. [Hint: prove thatl"® is exact.]
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17. Thge Lyndon spectral sequence.
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18. The spectral sequence of a Galois covering.
(18.1) Setup. Consider for a topological spacethe set of singulap-simplices inX,
Ap(X) =Homrep(AP, X)  p> -1

Let 2 be an abelian category with[’s, and A an object in. We write Csing(X, A) for
the productd?»X), Then there is a positive complex = Csing(X, A) with differentials
defined by formulas analogous to those defining the chain Ea@®"9(X, Z). With an
obvious coaugmentation from1 = A there is a similareduced singular cochain complex
Csing(X, A).

Alternatively the differentials between the objectsfaf,g(X, A), and other related mor-
phisms, may be defined by the following process of of trangsgdsear maps between the
modules in the chain complexs"9(X, Z): For any set/ the projections pr. A’ — A for
i € I form a family of morphisms in the set HapdA’, A), that is,i — pr; is a map of sets
from I to Homy (A, A). So it extends to a homomorphism of abelian groups,

781 - Homy(A', A);

naturally, the image of en elemente Z®' will be denoted pr: A’ — 1. If ¢ is the finite
linear combinatior = ) _; ¢;i, then py. is the sum morphism pr= ), _; ¢; pr; in the group
Homgy (A, A). With this notation there is for every linear mapZ®! — 7%/ an associated
transposed mor phism,

o AT — A’ defined by pre" =pr,, .
It is easy to see that transposing is functorial:
((pw)tr — wtr(ptr.

The differentials in the cochain compl&ing(X, A) may by obtained by transposing the
differentials ofCS'"9(X, 7).

(18.2) Example. Other linear maps may be transposed. For instance: Fot-8Sphere
(n > 0) there is a homotopy equivalen€&"9(X, Z) = Z(0) & Z(n). Consequently, for the
general cochain complex there is a homotopy equivalence

Csing(X, A) = A(0) ® A(—n).

(18.3) Setup. Amap f: X — Y (of topological spaces) is@vering projection if Y may

be covered by open subsétssuch that the restricted mafp : f~1U — U is isomorphic to
a projectionU x J — U with a discrete sef (equivalently, if f~1U is a disjoint union of
open setd/, each being mapped homeomorphically obtoThe covering idrivial, if f is

isomorphic to a projectiod x J — Y.
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It is a standard fact that every covering of the unit squarg][Q [0, 1] is trivial. It is a
consequence that every covering of a 1-connected (i.&.cpanhected and simply connected)
spacely trivial. It follows that a covering has the followingfting property: for every pair

of based mapgp, ¢:
(X, x)
v

T
wherep is a covering andy is 1-connected there is a unique n@p, yo) — (X, x) making
the diagram commutative.

Consider a topological spaceé with a properly discontinuous action of a groupG, in
other words, every point € X has on open neighborhoad such thaty/ N sU = ¢ for all
elements # 1in G. It follows easily that the quotient map,

X = X/G,

is a covering projection.
Clearly, G acts on each set ,(X) of singularp-simplices. By the lifting property, the
map induced byX — X /G is surjective:

Ap(X) = Ap(X/G),

LetT, € A,(X) be a subset mapped bijectively omig (X/G). Assume thap > 0 so that
AP £ (. Then, by uniqueness of the lifting,, (X) is the disjoint union of ‘translates’ df,,,

Ap(X) = \/ 1(T)).

teG

The action ofG onthe set\ , (X) induces an action a¥ onthe produch 2»X), Moreover,
it is easy to see that the differentials in the complex conemath the action of5; hence the
cochain complexXsing may be viewed as a complex of objects frati. Moreover, by the
description above,

AN =TT A"
teG
hence eac X is a trivial G-object, induced by the objedt’» = A2»X/G)_|n particular,
there is an isomorphism,
[ Csing(X, A) = Csing(X/G, A). (18.3.1)

As the objects olCsing(X, A) are co-induceds-objects, and hence acyclic fore, the left
side of (18.3.1) is the hyper derived Bf evaluated at the comple&Xsing(X, A):

RTCCsing(X, A) = Csing(X/ G, A). (18.3.2)
A 2-spectral sequence falls out:
HP(G,H1(X,A) = H"(X/G, A). (18.3.3)
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19. Some special Galois coverings.

(19.1) Setup. Let A be an object in an abelian categdlly Assume that the group
acts properly discontinuously on a topological spaceThen there is an isomorphism of
complexes,

RTCCsing(X, A) = T'CCsing(X, A) == Csing(X/G, A); (19.1.1)

the first equality because the compl€xng(X, A) on the left side is consists of co-induced
G-objects which are acyclic fof®. The functorRI'® respects quasi-isomorphisms and
exact triangles. Hence, from the mapping cone,

6‘Jsing(X» A)

AN

A(0) Csing(X, A),

and the isomorphism (19.1.1), there is an induced exacigfiea

RIC gsing(X, A)

M \ (19.1.2)

RTY A(0) Csing(X/G, A).

(19.2) Example. The groupG = Z acts as translations on the sp&oef reals. The quotientis
the 1-sphereR/Z = S1. The spac® is contractible, and so there is a homotopy equivalence
of chain complexe€S"YR, Z) ~ Z(0). Hence there is an induce equivalence of cochain
complexeLsing(R, A) ~ A(0). Itis easily seen to b&-invariant, whenA is viewed as a
constaniG-object. Consequently, by (19.1.1),

Csing(R/Z, A) = RT'C A(0).

So the cohomology o$? is the cohomology?*(G, A) which, with the constant action of
G = Z on A, is the following:

Hgng(S*, A) = Hgng(S*, A) = A, HL (S*, A)=0forp > 1.
(19.3) Example. The groupG = 7" acts onr-spaceR”. The quotient is a product of
1-spheresR’ /7" = (S1)". HenceHJ,, (SYH, A) = HP(G, A) (whereA is the constant
G-object); the latter cohomology is tbﬂth Koszul cohomology ofA corresponding to the

sequencé = 0. Hence,
smg((Sl) )= A(p)'

(19.4) Example. The cyclicgroups = +1 operates of” viathe antipodal map — —x;the
quotlentS’/i isthe real projective-spaceP” = IP" (R). Thereisanatural homotopy equiv-
alenceZ(r) —> CSiN9(S”, Z) and hence a homotopy equivalendé—r) — Cs.ng(X A).
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The equivalence isot G-invariant. In fact, it is easy to see that the induced actibthe
element-1 € G on Hg,((S", A) = A is multiplication by(—1)"+1.

Let us writeAT for A with this G-action (if r is odd, it is the constant action 6f on A,
and wherr is even, the element1l € G acts as multiplication by-1 on A). Then there
is a quasi-isomorphism of compIexes@fobjects@sing(X, A) —=> A*(—r). So the exact

triangle (19.1.2) takes the following form,

RTYAE(—r)
ﬂ \ (19.4.1)
RTYA(0) Csing(P", A).

The pth cohomology of the top vertex 87" (G, A*), and it vanishes whep < r. So
the long exact cohomology sequence of the triangle yielms@phisms,

A whenp = 0;
HE (P7, A) = HP(G, A) = | 24 when O< p < r, p odd
A/2A whenO< p <r, peven

Without knowledge of the morphisms in the triangle, the €gaquence does not determine
the cohomologwgng(ﬂf”, A) for p > r. A triangulation of/IP” may be obtained from a

G-invariant triangulation of”; it is a consequence thatl, (IP", A) = 0 for p > r. Given

this fact, the long exact sequence reduces to isomorpHgm (G, A*) => HPt1(G, A)
for p > r and an exact sequence:

0— H'(G, A) > Hfny(IP", A) > H%(G, A*) > H"Y(G, A) —> 0.
In turn, depending on the parity of the exact sequence is the following:

0— 2A — Hsring(ﬂ”, A) > A— A/2A — 0 (r 0dO),

0—> A/2A — Hsring(ﬂ”, A) = 2A — 2A — 0. (r even. (194.2)
The exact sequence determines the cohomology in imporésatse likeA = Z, A = R,
or A = Fp. Itis natural to expect from (19.4.2) in general tifagng(ﬂﬂ, A) = A when
r is odd, andHg,((IP", A) = A/2A whenr is even. In fact, there is an isomorphism
Hsﬁng(IP’, A) = HP(CS")forall p, whereC'S” is ther’th cochain truncation of the following
positive complex (with the firstt in degree 0):

C: 0>A-9% A -2, 4.0, 4.2, 4.0, 4, ...
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20. Local systems; homotopy groups.

(20.1) Setup. Fix a topological spac& and a decent categoy, Assume in particular the
¢ has small limits, and denote by 0 the initial objectofA ¢-valuedlocal systemon X is a
functor,

G:P(X)— ¢,

where P(X), the fundamental groupoid of X, is the following category: The objects of
P = P(X) are the points o, the morphisms i? froma € X to b € X are homotopy
classes of paths from to », and composition irP is concatenation of paths. The category
P = P(X) isindeed a groupoid: every morphism is an isomorphism.
Fix a pointb in X. The group Aub(b) (equal to Eng (b)) is the fundamental group

m = m1(X, b) of X atb. View the groupr as a category with one object. Then the inclusion
Is a functor,

b:m — P, (20.1.1)

from the fundamental group to the fundamental grougie= P(X). The corresponding
restriction functor,
b*:¢P - ¢7, (20.1.2)
associates to a local systéjrihe cost-objectG(b). By the Kan-construction, the restriction
functor has a right adjoint functay, : ¢* — ¢7. It associates with a ce-objectA the local
system given as a limit,
(ppA)(@) =lim A, (20.1.3)

a/mw

where the index categowry/r is the right fiber at: of the inclusiont — P: Its objects are
the paths: a — b, and there is only one morphism frdma — bton:a — b, which is
the loopn&—1. Consequently,

A if a, b belong to the same path component,

A =
() @) { 0 otherwise
an explicit isomorphism in the first case being given by a chaoif a path clasg — b.

Hence. , whenX is path connected: For amye X the functor§ — §(b) is an equivalence
between local systems dhand cor (X, b)-objects.

If a local systen® has values in an abelian category wjitts we may form the complex
C (B, &) with cohomologyH” (3, &). If b € X (andn := 7 (X, b)), we have the restriction,

C(B, 8) — C(m, &(b)),
and, for a car-objectA the right adjunction,
C(CB, ppA) —> C(m, A).

As noted above these two maps of complexes are homotopyateioes wherX is path
connected. In particular, inthe path connected case, ti@wgologyH ? (3, &) isisomorphic
to the group cohomolog¥ ? (w (X, b), &(b)).
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(20.2). Special local systems are the homotopy groups:St'die then-sphere,

S"={xeR" |} xZ=1),
i

as a pointed topological space (pointed by the north pcte (O, ..., 0, 1). Letn, (X, b) be
the set of homotopy classes of maps (of pointed topologmatas)y: (S, p) — (X, b).
The class int, (X, b) represented by is denoted §]. Clearly, 7o(X, b) is the set of path
components oX.

Assume that > 1. Then there is a well defined compositionmin( X, ) determined as
follows: Denote bys” , S§ andS’} the subsets of” determined, respectively, by the relations
x1 < 0,x1 =0, andx; > 0. By squeezing the equats§ to a north pole we get a map,

%18 > §"v S,

4trucm
For mapse, v: (8", p) — (X, b) we obtain a mafge, ¥): §" v §" — X and the
composition in, (X, b) is determined by the formula,

[e] * [¥]:=[e=* ]

Itis a standard fact that the composition is well defined jaadjroup law o, (X, b), abelian
if n > 2. [Note that the obvious identificatiory (X, b) = 7 (X, b) is an anti-isomorphism
with respect to the group structures as defined here.]

For a morphisng : a — b in the path categorfg and an element € 7, (X, b) there is an
element,z € m, (X, a) determined similarly the the obvious m&p — S" v I squeezing
the upper hemisphere o The magk, is a group ismomorhism,

é*: an(X9 b) - an(X9 Cl),

and the formation ofr,, (X, b) is an inverse local system ofi, denotedr, (X), with values
in Setswhenn = 0, in Gr whenn = 1, and inAb whenn > 2.

Note that the isomorphisam (X, a) — m1(X, b) corresponding to a morhisgt a — b
is given by the formula,

loa)oé.

o §(w) =§"
We will need a few properties of the,.

Fact 1. The Homotopy addition Lemma. 20.3



