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Abstract

We describe an algorithm that decides the existence of a homotopy between two given maps into a simply
connected space. It is based on a computation of the non-commutative group [>.X, Y] of pointed homotopy
classes of continuous maps from a suspension. Details are found in |6].

Algorithm A Algorithm B

INPUT: INPUT:

e finite pointed simplicial sets X, Y e finite pointed simplicial sets X, Y

OUTPUT:

e group [XX, Y] of pointed homotopy classes of
maps 22X — Y

e pointed simplicial maps f, g: X — Y
OUTPUT:
e decides whether f and g are homotopic

Previous results

e Analogous results for stable homotopy were obtained in the series |2, 3, 5] and relied on the computation of
the abelian group { X, Y} of stable homotopy classes. Moreover, [4] shows that such a computation cannot
be made non-stably, at least not for homotopy relative to A C X.

e Here we utilize the computation of the non-commutative group [XX,Y]|. For X and Y finite, it is a
polycyclic group and computations with such groups are possible, see the section about Polycyclic groups.

Reductions

e The full strength of Algorithm A requires a fibrewise version of Algorithm B. For simplicity, we there-
fore restrict to the case that ¢ is the null map, i.e. we describe an algorithm that decides whether f is
nullhomotopic.

e Since [ X, Y] = X, P, for n = dim X, we may reduce the algorithms to the case Y = P,,. These instances
will be called Algorithm A,, and Algorithm B,,.

e For f: X — Y, we denote by f, the composition f,: X L) y P

Algorithm A, (from A, _, and B, _ )

e Using Algorithm A, _ 1, we compute a nullhomo-
topy h': 0 ~ f,,_1, where o denotes the null map.

o Lift A/ to some h': ! ~ f, using Proposition 1
in the sections about the Postnikov towers. Since

pnf' = 0, we may interpret f' as a map to the fibre
of pp, ie. f11 X — K(mp,n).

e We compute generators of [XX, Py,_1| using Algo-
rithm B,, _ 1, decide whether [f'] € im d and find
h" with 9[h"] = [f'].

e Proposition 1 computes a lift ' o~ 1/,

e The nullhomotopy of f is then given as a concate-
nation h = h' x b, computed by Proposition 1.

Algorithm B,

e Specializing (x) to XX, we get a long exact sequence
[Z2X7 Pn—l] i> Hn(ZXa 7‘-77,) ]—*> [ZXa Pn] m [2X7 P?”L—l] —
e Using Algorithm B,, _ 1 and the effective computability of cohomology groups, all terms are fully effective

polycyclic with the exception of the middle one.

e The algorithm follows from the 5-lemma for polycyclic groups (see the section about Polycyclic groups),
once we demonstrate the effective exactness.

second term: given a« € H"(XX, y,) in the image of 0, compute its preimage; this is easily obtained from
a list of generators of [ZQX , P,_1], given by Algorithm B,, _ 1 for X =X X.

third term: given f,,: ©X — P, with f,,_1 nullhomotopic, find f’ ~ f,, with im f’ lying in the fibre of
pn; first compute a nullhomotopy h: o ~ f,,_1 via Algorithm A,, _ ; and then lift it to a
homotopy f' ~ f,, using Proposition 1.

fourth term: given f,,_1: XX — P,,_1, compute a lift to P,,; achieved by Proposition 1.

Polycyclic groups

A group G is called polycyclic, if there exists a sequence of subgroups
G=Gr>Gr_12--2>2G >2Gy=0
such that:

e cach (G;_1 is a normal subgroup of G,
o cach G;/G,;_1 = Z/q; is a cyclic group, possibly of infinite order.
Choosing g; € G; that generates G;/G;_1, and writing G additively, we obtain a bijection

Zlg % - X Ljgr — G, (21,...,2¢) —> 2191 + - + 2rGr.

This allows effective computations in G, e.g. solving the word problem.

5-lemma for fully effective polycyclic groups

A sequence K BEINYE i) H is effectively exact if there is an algorithm that computes, for each g € ker 3,
some k € K with g = a(k).

Postnikov tower

Let Y be a simplicial set. A (simplicial) Postnikov tower for Y is a commutative diagram satisfying the

following conditions:
e The induced map ¢p«: (YY) — m;(Py) is an isomorphism for
0 <7 < n and an epimorphism for : =n + 1.

o m;(Pp)=0fori>n+1

e There exists a pullback square

P,
Pn >E(7Tn7n) J{Z%
Pn ) P,_4
Pn—1T>K(7Tmn‘|‘1) /
Y )Pl
¥1

) ) (7T n, n)
Here K (7, n+ 1) is the Eilenberg-MacLane space and E(my, n) lpl
its path space. These have standard simplicial models with

K (7, n+1) aminimal complex and § a minimal fibration, see [7]. Py = x

identitying P, with the pullback P,_{ X K(

T, n+1

Properties

e The paper (3] constructs a Postnikov tower Py, for Y algorithmically; in particular, this algorithm computes
the homotopy groups m, = mp(Y).

e The Postnikov stages P, are generally infinite. On the other hand, they are Kan complexes — maps X — Py
have a simplicial representative; this representative can be used in algorithmic computations!

e The “difference” between P,,_1 and F,, is cohomological and as such can be computed:

Long exact sequence

The fibre of py,, being isomorphic to that of §, is K(my,,n + 1). Thus, we have an exact sequence

SX, P, 1] <25 (X, K (i, )] <2 [X, Py 225 (X, By ] = (X, K (7, 0+ 1), (%)

In addition, | X, K(mp,n)| = H™"(X;m,) and as such is computable; indeed, [2] shows that it is “fully effective
abelian” (and thus fully effective polycyclic).

Lifting propositions
Some maps to a Postnikov stage P,,_1 can be algorithmically lifted to P,.

Proposition 1 (|5, Propositions 3.5, 3.6, 3.7]). There is an algorithm that, given one of the diagrams

A > P,

A
/
e
/

X ——PFP, 1

(ix X)U(I xA)—— P,
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~ e
e
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Al x X > P

A x X)U (A2 x A) —— P,

”~
~
N /
~
~
~

A% x X > P

where i € {0,1} ori € {0,1,2} respectively, computes a diagonal (if it exists).

The last two cases have a special meaning:
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