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Abstract—For an arbitrary ordered set, we consider the model P € M1 (A) for which P(a) > P(b) whenevera < b .
of all distributions P for which an element which precedes Denoting by U, the uniform distribution overa!, we

another element is considered the more significant one in the find that P(A) is a simplex with the U,’s as extremal el-

sense that the implicationa < b = P(a) > P(b) holds. It will

be shown that if the ordered set is a finite co-tree, then the

universal predictor for the indicated model or, equivalenty, the

corresponding universal code, can be determined exactly aian

algorithm of reasonably low complexity.

ements. From the barycentric decomposition Bf € P,
P =3, cnwaUa, we define thespectrum of P by o(P) =
{aJw, > 0}.

By a code (really, a code length function) over tlagphabet

A we shall here understand a functieron A which satisfies
Kraft's equality >~ ., e (@) = 1. Note that we have chosen
to work with natural units rather than with bits. The set df al
o ) o codes over\ is denotedK(A).

We study finite co-trees, i.e. finite ordered setsfor For P € ML(A) andx € K(A) we consideraverage
which every non-maximal elementhas a unique immediate -4y length, (x, P) = 3", #(a)P(a). One should aim at
successor. _ choosingx so as to minimize this quantity. IP is fixed,

We think of a co-tree as aoriented graph and refer to the minimum is assumed for the coddapted to P, given
the elements asiodes. If there is only one maximal node, py (a) = mﬁ for ¢ € A and the minimum value is the
the co-tree isuspended with the maximal node agp node. entropy of P, H(P) = " _, P(a)ln L. Whenx is adapted

) . ’ a€l )~ Pla)’ .
Some suspended co-trees are depicted in Figure 1. Note [lgap’ we also say thaP is the distribution whichmatches x.
we have named the nodes in a systematic self-explanatory ¢t p MZL(A) and x* € K(A). The redundancy associ-
manner corresponding to thelievels, counted from the top ated with P andx* is the differencels*, P) — H(P) between

I. INTRODUCTION AND BACKGROUND MATERIAL

with the maximal nodes in level 0. the actual average code length and the minimal achievable
value. This quantity is theullback-Leibler divergence be-
ag ao ao ao tween P and the distributionP* matching<*, in standard

notation: D(P||P*) = > .., P(a)ln ;((“(3). We reflect our

emphasis on both the distribution and the code, by defining

“T 8 “ @2 D(P||x*) = D(P||P*) wheneverP* matches:*.
Returning to the order modeP = P(A), we de-
ai fine the guaranteed redundancy of any code by Rx*) =
ai a12 as1 g2 suppep D(P||x*) and theminimax redundancy by Runi, =
infﬁ*eK(A) R(l{*)
Case1  Case?2 Case 3 Case 4 It may be seen directly, see also Lemma 1 below, that

there exists a unique code;*, the universal code, such

that Rk*) = Rum. The distribution which matches the

universal code is theuniversal predictor. It is considered
The co-trees shown in Figure 1 are suspended co-treRe most unbiased representation of the mdgBelThe two

with uniform branching defined by abranching pattern universal objects identified, are those which we shall aim at

(k1,--- ,ky) of natural numbers (for each = 1,--- ,n, k, characterizing by an algorithm of low complexity.

branches emerge from each node in level 1).

Figure 1. Some simple suspended co-trees

lthis model — and not the alternative choice of all orderg@mnasg
. ! distributions — is considered to be the natural one, a maisar being that
For a general co-tree, theft sections a* = {b € A|lb < a} if 4 precedes (a < b), this is taken as a sign thatis more “significant”
play a special role. thanb, hence, for sensible distributions, one should h&ye) > P(b) rather
. s than the other way round. In terms of coding (see below) ooicehappears
1
M (A) is the set of distributions ovek. Theorder model  cyen more natural as it reflects the good sense of associagnghorter code

P =P(A), which is the object we will study, is the set of allwords to the more significant events.



L Table |
We shall use a special instance of a result from general |y verSAL PREDICTORS FOR THE CETREES INFIGURE 1

optimization theory, which is often ascribed to Kuhn and
Tucker, cf. []. In our terminology it reads:

Lemma 1. Consider the order modét = P(A) associated T Caf\e 1 Caf\e 2 AC\""?E 3; Caie 4
with a finite co-treeA. Let P* € P and letx* be the adapted e T > 1
code. Then a necessary and sufficient condition that these ar P(ao) 2w zlor z| 16 2z | 3125 2z
respectively the universal predictor and the universakecisd P*(a) LR S PR U S U S (N S U |
that, for some constar, the following two conditions hold: ' 4 Z zZ | 16 z |z 21 Z

. 1 1 1

D(U,||x*) =R fora € o(P*), 1) P(a.) Z 2xg | 22Xy
. - 151 55 17 256979
D(U,||*) <R forall aeA. (2) Rmin =InZ | In oo | In oo In—2 =

If (1) and (2) hold, Run = R.

Proof: Here follows a simple intrinsic proof of the
sufficiency: By convexity of redundancy in the first variabl@xact determination of universal objects can be provided. F
and as thd/,’s are the extremal elements Bf it follows from the subclass of order models based on linearly ordered sets,
(2) that Rk*) < R. On the other hand, for every € K(A), a complete result was developed by Ryabko, &f. [For

we have, using (1) and a special identity: the larger subclass of co-trees with uniform branching, an
algorithm was announced iff][but the details never published.

R(k) = Z waR(rk) 2 Z waD(Ual|%) As another motivation we note, as pointed out to us by
aco(Pr) aco(P*) Boris Ryabko, cf. also7], that for certain applications to

= Z weD(U,||k*) + D(P*||k) biology, information about biological species is sometme

a€o(P~) available only in inconclusive form resulting — not in the

= R+ D(P*|k). direct determination of their relative numbers — but only in

. . . L . an ordering among the species, from the more frequent to the
Regarding the identity used, teempensationidentity, se€ Pl |as5 frequent ones. Modelling as done here based on a co-

Thus, for evehryg, the in itself ir|1.te,r,esting inequality ga Kind of 06 is one possibility, though modelling based on tredzerat
re\r/]e:se Pyr': agoréan 'neqli'af'% (R = R+ D(P ”’i)_i than co-trees appear just as interesting, or perhaps evem mo
R holds. The desired result follows a3(P"[|x) > 0 with jaresting. However, such models are without reach if you

o AR

eq;allty if and only I'f“ _b“ oved b o insist on expressing the universal objects in closed form.
decl:ezsnf); may also be proved by an Intrinsic argument, i, o jts may serve as a useful reservoir of examples

modeled after 7). B for future research. Regarding limitations of future retht

The spectrum of A is defined agr(A) = o(P*). It turns out research, we remark that it is often difficult to develop éxac
that the difficulty in determining the universal objed®$ and results expressed in terms of standard functions for other
x* really only lies in determining the spectrum. Table 1 showdesirable models, either based on order structures other th
the nature of all universal predictors and the associatedtsp co-trees (e.g. trees) or on other constructs (such as Biéirnou
for the four concrete co-trees in Figure 1. The correctnes®dels). This will also be clear from research by Harremoés
of the table is easily checked by appeal to Lem®?a The and Topsge, in preparation. Thus, it is not possible to dgvel
normalizing factor,Z, which appears in the table is related t@xact results of the nature here discussed if single obsenva
minimax redundancy as,R, = In Z. Considering Case 3, we from a source irP is replaced by sequential models based on
realize that even for very simple examples, the spectrum m@pre extensive sampling (Galois theory provides a technica
be “defect” in the sense that(A) # A. Note that the defect hindrance for this).
disappears in this example if you either remove a node (Cases
1 and 2) or add one (Case 4).

The natural interpretations related to codes as well as theExperience tells us that for typical optimization probleohs
significance of the problem outlined as onegefheral univer- the nature we are studying, “normalization” (via a “paotiti
sal prediction and coding (general, because many other modelsinction”) is natural. This is for instance reflected in the
than models related to order structure may be considereilision by Z in Table??. A natural idea then is to facilitate
is recognized in the information theoretical literaturaecgi the search for universal objects by a prior normalizatioe. W
long. Sulffice it here to refer to the survey articlg [and the find it advantageous to work with codes rather than with
references therein). For the interesting connection tblpros distributions and define threlativized universal code for P(A)
related to capacity, seé]| as the functionk* = k* — Ruin. By a process of “de-

The motivation behind our very special study is mang/elatmzatmn » Itis easy to regair” from 7" Indeed,

sided. Firstly, the class of order models for co-trees afgpea Ruin = hlz e (a) (3)
to be the most comprehensive class of models for which an aeh

Il. A PROCESS OF RELATIVIZATION



We may characteriz&* among all monotone functions Let B be a blocking set forn. We define thebracket of a
¢ : A — R (monotone, i.ea < b = ¢(a) < ¢(b)). Some in B, by
preparations: A node € A is ¢-active if either a is a maximal N(a) — N’ (T5(a))
node or elsep(a) < ¢(a™) with a™ the immediate successor [a, B] = 1S5(a)|

g:?t'h\évre;?;”g;?;tz es Tﬁ;a::ﬁp;éz gr::;;:?s%;eénqé(z\)’é Note that the denominator above has a similar structure as
’ the numerator sincs(a)| = N(a)— N°(Tg(a)). Also note

put N(a) = N(a)ln N(a). With only a modest amount of ) . o
extra work, one can transform Lemma 1 into the followin%heate'rr;;ryeai)grtehrze dzziiit\;vnhzgzvae gil\?@g(z%l EoodeB has to

criteriom: One can prove that there exists a set-theoretically largest

Lemma 2: A real-valued functionp defined onA coincides blocking set fora with maximal bracket. This set we denote
with the relativized universal cod&* if and only if it is B*(a) and the actual value of the bracket we denjoig,,x.
monotone and satisfies the two requirements: Further, the remainder i@ and the ceiling iru associated with
B*(a) we denoteS*(a), respectivelyl™(a).

T(al) = N i - . . . .
¢?(a*) = N(a) for every g-active nodea, () The ceiling hierarchy (T} );=o is defined in a “top-down”
¢%(a') < N(a) for every nodea € A. (5) Mmanner by the following recursive recipe:
. the set of maximal nodes =0,
The set of nodes which are active ot is identical to the i = User~  T*(a) ifi>1. (8)
spectrumo(A). it
Based on Lemm&?, one can prove the following useful Clearly,7;" is eventually empty and the sef$(¢) with t € T
result: constitute a decomposition df. For a nodet € T \ T we

o o ) ] denote byu(t), the “mother” oft, the first node ™, larger
Proposition 2.1: Every minimal node ofA is active. The hany.

re_la_tivized universal code is hon-negative and vanisheth_en We can now state our first main result:

minimal nodes — and nowhere else. Therefore, the universal _ .
predictor assumes its maximal value on the minimal nodes andrheorem 1. [top-down construction] Let be any node in
any other node has a strictly smaller probability. A and determine the unique notle T for whicha € S*(t).

Theni*(a) = [t]max- The spectrum consists of all maximal

Thus, the relativized universal code measures code lengfyjes as well as all nodeswhich have a mothe(t) with
relative to the shortest codeword. The basic information wg ;)]

are looking for can adequately be representedbgndR i,
(calculated from 7?)). In the examples we knowg(A) = T but we do not know

if this holds generally.

max > [t] max-

[1l. A TOP-DOWN CONSTRUCTION
) ) ] ) ] IV. THE ALGORITHM
We aim at developing an algorithm which determines the

key objectsi* andR,in. A preliminary construction is needed
which in itself is an algorithm but of intolerably high conemt
ity. The construction will be explained in this section wéas
the algorithm will not be presented until the next sectioor. F
both sections, we focus on explanations on what is going
without providing the necessary technical justificationffise

it here to say that the key lies in certain combinatorial tdtess
which allow the comparison among so-calleckets, to be
introduced below.

Key to our approach is the notion ofldocking set: A set
B C Ais ablocking set for o € A if B is a hereditary subset
of a! \ {a} which contains all minimal elements af \ {a}.
We associate two sets with such a set, thmainder in a,
Sp(a), and thecelling in a, Tg(a):

Theorem ?? does not in itself constitute an acceptable
algorithm as the search for th&*-sets — on which the
construction relies — will be far too complex if we just sdarc
for these sets in the blind among all possible blocking sats f
g}]e nodes in question. Fortunately, it turns out that a aystie
search “from the bottom” can be performed in polynomial

me.

The resulting algorithm consists of three parts: initiafian,
repeated calls of theentral subroutine, and a final collection
of results.

During initialization, basic data about the co-tree are-pro
vided. This includes access to thé- and N-numbers as
well as a decomposition ok in minimality components M;
obtained by successive removals of minimal nodes. Also, key
data, see below, are listed for the trivial case of minimale®)

Sp(a) =a' \ B, (6) nodes inM.
Tp(a) = set of maximal elements df . @) The centra_l part qf the algorlthm consists of repeated calls
to a subroutine which, for a given node calculateskey

The elements if'z(a) are the first elements i we meet data, B*(a), S*(a) andT*(a) as well as the maximal bracket
on paths fromu to a minimal node. The sef$z(a) are always [a]max, that is, provided these data are already available for
non-empty as are the selsandT’z(a), unlessa is a minimal nodes below:. This is why these calls are made in succession
node ofA. from below, through the minimality components.



The final part works top-down and is quite trivial in view When, above, we refer to thessential complexity, what

of Theorem??. we have in mind is the number of calculations and tests
Before embarking on a clarifying example, we sketch theeeded to go through the algorithm, with the understanding
central subroutine in Figure 2. that quantities which are needed for the initialization loé t
algorithm do not contribute to this number.
We shall now demonstrate how the algorithm works in
practice by investigating a particular example, the ce-ite

of Figure 3. The work carried out during execution of the
algorithm is conveniently summarized in Figure 4. We have

) marked in black the top-node (known to be active) as well as
B:=a'\{a} b := Arg max][{] all nodes which occur as nodes in a ceiling constructed durin
T o er the algorithm. In particular, all minimal nodes are marked i

= — b black ag J, ¢ s, 7 (a) = M. Furthermore, we have listed the
= [a, B] B = [lmax exact as well as the approximate values of all brackets which
are determined during the algorithm, and we have marked with
a “dagger” the one and only value, calculated for the node
ass, for which the (e > )-test of the central subroutine is
Yes - >> not passed (in the actual case becalise4 > 4 doesnot
_ hold).
No
ai
B := (B\b) U B*(b) a1
= (T\{o}) UT™(b)
2311 2313
o := [a, B] 2312

Figure 3. A “general” co-treé\.

The result is that all nodes excepts; are active. For
this you have to consider the very last part of the algorithm

@ (the “top-down” part). This can easily be done based on
information listed, for examplel™*(ag) = {a1,a2} since the

a-value [ag, B] = 15 — 4 — 10 is indeed greater than thg

value max;ery, (40)[tJmax = 10 —3 —5 when testing if the set

B = (ag)* \ {ao} could be the sought set*(ay).

After input of a nodes, the largest blocking set far, B = The final “top-down” part of the algorithm is necessary
a'\ {a} is tested: Could it be the sought $8t(a)? In order as not all “black” nodes need be active — some of these
to decide this, the ceilin@’ and the bracket are noted. Every nodes may have been “overshadowed” by $ifiset for a
node inT’ is strictly less tham and hence, when the subroutinenode higher up in the co-tree. But for the present example, no
is called witha as input, all maximal bracket8],.x With such overshadowing takes place.

t € T will be known. The largest of these values is noted and
stored ing and (one of) the corresponding nodes is noted and o 15110~ 12.05

stored inbd. It turns out, that if the testv > (3 is positive, B B / \ -

Figure 2. Flow diagram for the central subroutine

must be the sought set and we go to the output and return tb~ 2~ 4 16 ' /?\1\3 —hr 1168

the basic algorithm. If, however, the test is negative, we ca 0 ‘ * 2~ 1 3~ 3-32/ N ¢ {Ef;jf;

diminish the setB as shown and try with a new triplg, T', «. ®0 0e o o’ 4~ 555

The procedure is then repeated until the test is positive. 0® . L3)
The details of the algorithm may only be clear to the reader 0

after working through the examples to follow. Before that, |

. . Figure 4. The algorithm for.
us state the result obtained, our second main theorem:

Theorem 2: The algorithm described above calculates the
ceiling hierarchy and thereby the universal objects assedi  The final result is that all values listed in Figure 3, excépt t
with a co-treeA in polynomial time. The essential complexityone which has been “daggered away”, are the correct values
is at most6 - n3 wheren is the number of nodes in. of the relativized universal code. For the exceptional nwde



33321115 the diagram in Figure 6, this shows that the active nodes are
to be found in levels 0,2,8 and 10.

[Paghtyan . As opposed to the rough estimate in Theorgmthe com-

30 '\ ° { s/2~102 Plexity of the algorithm for co-trees with uniform brancgin

o /%{%\5-55 can be evaluated precisely:

0e® ) ® 0

0 Theorem 3: The maximal number of tests that have to be

carried out during the execution of the algorithm when aeldpt
Figure 5. The algoritim foA \ {a11}. to co-trees with uniform branching is at magi — 1 for any
branching patterriky, - - - , k,,) of lengthn.

find that®* (ass1) = 7" (ass) = 5/2. The relativized universal Finally, we mention that the phenomenon of overshadow-

code may then be read directly from the figure when referridigd (Cf. the discussion in Sectiod?) can be illustrated by
to Theorem??. As to R, the value is obtained by?®). considering the co-tree with branching patt¢in2, 4, 8, 16).

One finds thaR ,,;, = In A with _|

A=8+272437342.57%/24 4734 3397105754 918371555 ViV,
V

which givesRnin ~ 2.12 measured in natural units, corre-
sponding to 3.06 bits. This may be compared with the 3 bits V
necessary to encode the 8 minimal nodes which are equally
probable under the universal predictor.

In order to illustrate the sensitivity of the algorithm, siher 1
also the co-tred~ = A\ {a11}. For this co-tree the algorithm
gives a result which can conveniently be summarized in [eigur VIV
5. Again, no “overshadowing” takes place, but we note that V
a new inactive node pops up, the nogde Thus one cannot VIV
decide “locally” if a node is active or not. For this co-tremeo \/
findsRuin =~ 2.01 natural unitsx 2.90 bits — compared to the
approximately 2.81 bits needed to encode the 7 minimal nodes Figure 6.
which have equal probability under the universal predictor

<|<

<| [<]<]
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Theorems?? and ?? are the main results of our research. Boris Ryabko introduced FT to the general problems in-
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branching and document the results announced earlie?].in [complex of problems have also been discussed with Peter Har-
One result gives the necessary and sufficient conditiontsathaemoés and a number of related results, but for other models,
co-tree with branching pattef#, - - - , k,,) have full spectrum have been developed, though not yet published. Finally, we
(c(A) = A). As a corollary, this is seen to be the case #hank Jan Caesar for technical assistance.
ki > --- > ky, thus providing a simple and rather natural
extension of Ryabko’s result?].
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