Spin Representations and Powers of 2

Christine Bessenrodt, Jørn B. Olsson

1 Introduction

The starting point for this article was an observation by Yamada. He had computed the determinants of the (reduced) spin 2-decomposition matrices for the double covers ^S_n of the symmetric groups, which are available up to n = 15 in [Be], and had found them to be 2-powers. After computing the elementary divisors of these matrices, the first author then formulated a conjecture explicitly describing the elementary divisors even blockwise: they are roughly the square roots of the elementary divisors of the Cartan matrix of the corresponding 2-block of S_n. We prove this below as one of our main results in Theorem 4.4.

On the way to this result we have discovered some interesting 2-divisibility properties of spin characters. Generalizing the known result that the minimal 2-power in the degrees of the spin characters of ^S_n is 2^{[(n−s(n))/2]} (where s(n) is the number of summands in the 2-adic sum decomposition of n), we have found the minimal 2-power in the spin character values on all conjugacy classes corresponding to a cycle type with odd parts only. This is given below in Theorem 3.4.

2 Preliminaries

We let ^S_n denote a covering group of the symmetric group S_n. Thus there is (for n ≥ 2) a non-split exact sequence of groups 1 → ⟨z⟩ → ^S_n^π−→ S_n → 1 where z is central and of order 2.

For more details on the remarks below leading to the first proposition we refer to [MiO], Section 1. If H is a subgroup of S_n we let

H^+ = π^{−1}(H) , H^− = π^{−1}(H ∩ A_n) where A_n is the alternating group. The set, on which H operates is defined as Ω_H = {1 ≤ i ≤ n | there exists an x ∈ H s.t. x(i) ≠ i}

the set of non fixed points of H. We say that subgroups H_1, H_2, · · · , H_r of S_n operate on disjoint sets if

Ω_{Hi} ∩ Ω_{Hj} = ∅ for all i ≠ j .

In that case H_1, H_2, · · · , H_r in fact form a direct product as subgroups of S_n and if H = H_1 × H_2 × · · · × H_r then

H^+ = H^+_1 ^×H^+_2 ^× · · · ^×H^+_r

where ^× denotes a twisted central product as described in [H], [S].

When G is any finite group we let Irr(G) denote the set of complex irreducible characters of G.

For any subgroup H ⊆ S_n, Irr(H^+) is divided into 2 disjoint subsets according to whether ⟨z⟩ is in the kernel of a character or not. The set of characters in H^+ with z in their kernel is identified with Irr(H). The remaining characters in Irr(H^+) are called spin characters (of H or H^+). This set of characters is denoted Irr_s(H^+). Thus

Irr(H^+) = Irr(H) ∪ Irr_s(H^+) .

Characters in Irr(H^+) are called associate, if they have the same restriction to H^−. An associate class of characters consists of one (self-associate) character or of two associate characters (associate pair). We associate the sign σ(χ) = 1 to a self-associate character and σ(χ) = −1 to a non selfassociate character. (We are here only considering subgroups H of S_n with H^+ ≠ H^−, i.e. H ⊈ A_n. For the general case we refer to [MiO], Section 1.) We have the following result for spin characters of twisted central products (see [H], [MiO]).

Proposition 2.1 Let H_1, H_2, · · · , H_r ⊆ S_n operate on disjoint sets and put H = H_1 × H_2 × · · · × H_r. There is a surjective map

^⊗ : Irr_s(H^+_1 ) × · · · × Irr_s(H^+_r ) → Irr_s(H^+) (χ_1, χ_2, · · · , χ_r) → χ_1 ^⊗χ_2 ^⊗ · · · ^⊗χ_r with the following properties:

Suppose χ_i, φ_i ∈ Irr_s(H^+_i ), i = 1, · · · , r. Then

(1) σ(χ_1 ^⊗ · · · ^⊗χ_r) = σ(χ_1) · · · σ(χ_r);

(2) (χ_1 ^⊗ · · · ^⊗χ_r)(1) = 2^{[t/2]}χ_1(1) · · · χ_r(1) where t = |{i | σ(χ_i) = −1}|; (3) χ_1 ^⊗ · · · ^⊗χ_r and φ_1 ^⊗ · · · ^⊗φ_r are associate if and only if χ_i and φ_i are associate for all i;

(4) χ_1 ^⊗ · · · ^⊗χ_r = φ_1 ^⊗ · · · ^⊗φ_r if and only if the following two conditions hold:

(i) χ_i and φ_i are associate for all i; (ii) Either σ(χ_1) · · · σ(χ_r) = 1 or σ(χ_1) · · · σ(χ_r) = −1 and |{i | χ_i ≠ φ_i}| is even.

The associate classes of spin characters of ^S_n are labelled canonically by the partitions λ of n into distinct parts, i.e. λ = (a_1, a_2, · · · , a_m), a_1 > a_2 > · · · > a_m > 0, a_1 + · · · + a_m = n. We write |λ| = n and ℓ(λ) = m, the cardinality and length of λ. Also the sign of λ is σ(λ) = (−1)^{n−m}. According to the signs the set D(n) of partitions of n into distinct parts is divided into disjoint subsets D^+(n) and D^−(n). The partitions in the set D^+(n) resp. D^−(n) are called even resp. odd partitions.

Then the self-associate spin characters in S_n are labelled by the partitions in D^+(n) and the associate pairs of spin characters are labelled by the partitions in D^−(n). Thus if ⟨λ⟩ is a spin character, then σ(⟨λ⟩) = σ(λ).

The conjugacy classes of elements of odd order in S_n are labelled canonically via their cycle type by the elements in the set O(n) of partitions of n into odd parts. We will use an ‘exponential’ notation for partitions α ∈ O(n):

α = (1^{m1} , 3^{m3} , · · · )

Thus |α| = ∑ i odd i m_i , ℓ(α) = ∑ i odd

m_i.

It is well known that |D(n)| = |O(n)|; we denote this cardinality by d(n). In fact, already in 1883 J.W.L. Glaisher [G] defined a bijection between partitions with parts not divisible by a given number k on the one hand and partitions where no part is repeated k times on the other hand; so in particular for k = 2 this gives a bijection between O(n) and D(n). (A generalization of this map to all partitions may be found in [O].) In this situation, Glaisher’s map G is defined as follows. Suppose that α = (1^{m1} , 3^{m3} , · · · ) ∈ O(n). Write each multiplicity m_i as a sum of distinct powers of 2

m_i = ∑ j 2^{aij} .

This is the 2-adic decomposition of m_i. Then G(α) ∈ D(n) consists of the parts (2^{aij} i)_{i,j} , of course in descending order.

For any integer m ≥ 0, s(m) is the number of summands in the 2-adic decomposition of m. With this notation we see that if α = (1^{m1} , 3^{m3} , · · · ) then for the length of G(α) we have ℓ(G(α)) = ∑ i odd

s(m_i). We define

k_α = ∑ i odd

(m_i − s(m_i)) ,

and we denote by O^+(n) resp. O^−(n) the sets of partitions in O(n) with k_α even resp. odd. Then, since n = ∑ i odd i m_i ≡ ∑ i odd

m_i (mod 2) we obtain

Lemma 2.2 For α = (1^{m1} , 3^{m3} , · · · ) ∈ O(n) we have

σ(G(α)) = (−1)^{kα} .

Hence the Glaisher map G induces bijections O^ϵ(n) → D^ϵ(n), where ϵ is a sign.

The integer k_α also occurs in another connection. For any integer m, we denote by ν(m) the exponent to which 2 divides m. Thus 2^{ν(m)} is the exact 2-power dividing m. We also write m_2 := 2^{ν(m)}.

Lemma 2.3 Let α ∈ O(n) and let x^′_α be an element with cycle type α in S_n. Then

C_{Sn} (x^′_α) ∼= ∏ i odd

Z_i wr S_{mi} ,

a direct product of wreath products. The subgroups Z_i wr S_{mi} of S_n operate on disjoint sets. Moreover, ν(|C_{Sn} (x^′_α)|) = ∏ i odd

ν(m_i!) = k_α.

Proof. See [JK], 4.1.19 and 1.2.15. Use that for any m ≥ 0, ν(m!) = m − s(m). ⋄

Let C_α be the conjugacy class of S_n labelled by α ∈ O(n). By Lemma 2.3 k_α is the 2-defect of C_α. Then π^{−1}(C(α)) consists of two conjugacy classes in ^S_n, say C^{(1)}_α and C^{(2)}_α . We choose notation such that the elements of C^{(1)}_α have odd order. Then C^{(2)}α = z C^{(1)}α , and the elements in this second conjugacy class have even order. These conjugacy classes have 2-defect k_α + 1.

Obviously the values of any spin character of ^S_n on C^{(1)}α and C^{(2)}α differ only by a sign. Moreover associate spin characters have the same value on C^{(1)}α . Also spin characters of ^S_n vanish on all conjugacy classes of elements x ∈ ^S_n where π(x) has even order (possibly with one exception which is of no importance here).

Thus the values of all spin characters of ^S_n on all conjugacy classes may be easily recovered from the reduced spin character table Z_s = Z_s(n), a square matrix with rows indexed by λ ∈ D(n) and columns indexed by α ∈ O(n). The entries are ⟨λ⟩(x_α), where ⟨λ⟩ is a spin character labelled by λ and x_α ∈ C^{(1)}α . Examples of reduced spin character tables may be found in [M], [HH] up to n = 14.

In the context of 2-modular representations, we consider the part of the 2-decomposition matrix for ^S_n corresponding to spin characters. Since the rows corresponding to associate spin characters are equal, this part of the decomposition matrix is determined by the submatrix D_s = D_s(n), where for each λ ∈ D(n) we keep only one row for each associate class of spin characters. We call D_s the reduced spin 2-decomposition matrix; it is a square matrix of the same size as Z_s.

We prove a rather special result on determinants which is needed in the next sections.

Lemma 2.4 Let D be a square ℓ × ℓ-matrix. Let ~D be an (ℓ + s) × ℓ-matrix obtained from D by repeating s different rows from D. Then

det( ~D^t ~D) = 2^s(det D)^2 .

Proof. We may assume that the ℓ rows of D are pairwise different, since otherwise both sides of the equation are zero.

By the Cauchy-Binet theorem (see e.g. [MM], Thm. 2.6.1) we obtain

det( ~D^t ~D) = ∑ A det A^t det A

where the sum runs over all ℓ × ℓ submatrices of ~D.

We only get a contribution from submatrices A with pairwise distinct rows, i.e. out of the s pairs of repeated rows we choose only one of the pair. Thus we have 2^s such submatrices, and each of these is a certain row permutation of the matrix D. Thus for each such submatrix we get a contribution

(det D)^2 to the sum, and hence the claim follows. ⋄

We quote some general facts from modular representation theory due to R. Brauer, which we need in section 4. The results are contained in [F], V.10 and [NT], 5.11 but are not stated there explicitly in the form we need them.

If G is a finite group, p a prime, we let ℓ(G) be the cardinality of the set Cl_1(G) of p-regular conjugacy classes in G. For each C ∈ Cl_1(G) we let x_C denote an element in C. A defect group of C is a p-Sylow subgroup of C_G(x) for some x ∈ C. We let IBr(G) denote the set of modular irreducible characters of G, and we set Φ_G = (φ(x_C ))_{φ∈ IBr(G)C∈Cl}

1(G)

, the Brauer character

table of G. It is wellknown that the Brauer character table is non-singular modulo p, i.e.

det Φ_G ≢ 0 (mod p) .

Furthermore, we let C denote the Cartan matrix and D = (d_{χ,φ})_{χ∈ Irr(G)φ∈ IBr(G)}

denote the p-decomposition matrix for G. Then, let Bl(G) denote the set of p-blocks of G. For B ∈ Bl(G), Irr(B) is the set of ordinary irreducible characters in B, IBr(B) is the set of modular irreducible characters in B, ℓ(B) = |IBr(B)|, C(B) is the Cartan matrix for B and D(B) = (d_{χ,φ})_{χ∈ Irr(B)φ∈ IBr(B)}

denotes the p-decomposition matrix for B.

Then ℓ(G) = ∑ B∈Bl(G) ℓ(B) and C resp. D are the block direct sums of the matrices C(B) resp. D(B), B ∈ Bl(G).

The following is proved in [Br], section 5.

Theorem 2.5 There exists a disjoint decomposition of Cl_1(G)

Cl_1(G) = ⋃ B∈ Bl(G) Cl_1(B)

such that the following conditions are fulfilled

(1) |Cl_1(B)| = ℓ(B) for all B.

(2) For Φ_B = (φ(x_C ))_{φ∈ IBr(B)C∈Cl}

1(B)

, we have det Φ_B ≢ 0 (mod p).

(3) The elementary divisors of the Cartan matrix C(B) of B are exactly the orders of the defect groups of C ∈ Cl_1(B).

3 Powers of 2 in spin character values

We use the notation from section 2. In this section we determine the exact power of 2 dividing the value of all spin characters on a given conjugacy class labelled by α ∈ O(n).

As a preparation we generalize a result of A. Wagner ([W], Lemma 4.2).

Proposition 3.1 Let H = S_{n1} × S_{n2} × · · · × S_{nr} be a Young subgroup of S_n, n = n_1 + n_2 + · · · + n_r. Let P be a 2-Sylow subgroup of H (⊆ S_n). Then any spin character of P^+ has degree 2^{[k/2]}, where k =^r ∑ i=1 (n_i − s_i), s_i = s(n_i).

Let t = |{i | 1 ≤ i ≤ r , n_i − s_i is odd }|. The group P^+ has at most two spin characters; more precisely, P^+ has exactly one spin character which is self-associate if t is even, and P^+ has exactly two spin characters which are associate to each other if t is odd.

Proof. For r = 1 our statement coincides with Wagner’s result. To prove the general case we apply Proposition 2.1. Let

P^+ = P^+_1 ^×P^+_2 ^× · · · ^×P^+_r

where P_i is a 2-Sylow subgroup of S_{ni} . Now |P_i| = 2^{ni−si} , since ν(n_i!) = n_i − s_i.

If n_i −s_i is even then P^+_i has exactly one spin character of degree 2^{(ni−si)/2}. If n_i − s_i is odd then P^+_i has exactly 2 spin characters (which are associate) of degree 2^{(ni−si−1)/2}. Since each P^+_i has only one associate class of spin characters the same is true for P^+ by Proposition 2.1 (3). As we have seen the degrees of the spin characters of P_i are known, namely 2^{[(ni−si)/2]}. Therefore the degree of a spin character χ of P may be computed using Proposition 2.1 (2). We get

ν(χ(1)) = [ t 2 ] + r∑ i=1 [ n_i − s_i 2 ]

= [ t 2 ] + ∑ {i|n_i−s_ieven} n_i − s_i 2 + ∑ {i|n_i−s_iodd} n_i − s_i − 1 2 = ∑ {i|n_i−s_ieven} n_i − s_i 2 + ∑ {i|n_i−s_iodd} n_i − s_i − 1 2 + t 2 = [_r ∑ i=1 n_i − s_i 2 ] .

The statement about the number of spin characters of P follows from Proposition 2.1 (4). ⋄

Theorem 3.2 Let Z_s = Z_s(n) be the reduced spin character table as described in section 2. Let d^−(n) = |D^−(n)|. Then 2^{d−(n)}(det Z_s)^2 = ∏ α∈O(n) |C_{Sn} (x^′_α)| .

Proof. By doubling the rows in Z_s which correspond to λ ∈ D^−(n) we obtain a complete spin character matrix ~Z on the 2-regular classes. Since |C_{^Sn} (x_α)| = 2|C_{Sn} (x^′_α)| for all α ∈ O(n), the column orthogonality relations on the character tables for S_n and ^S_n imply that ~Z^t ~Z is a diagonal matrix with |C_{Sn} (x^′_α)|, α ∈ O(n), as its diagonal entries. Using Lemma 2.4 we now obtain 2^{d−(n)}(det Z_s)^2 = det( ~Z^t ~Z) = ∏ α∈O(n) |C_{Sn} (x^′_α)| . ⋄ Corollary 3.3 Let Z_s be the reduced spin character table for ^S_n. Then (det Z_s)_2 = ∏ α∈O(n) 2^{[kα/2]} .

Proof. By Lemma 2.2, d^−(n) = |O^−(n)|. For any integer k ≥ 0 k − 2[k/2] = { 0 if k is even 1 if k is odd Hence by the Theorem above and by Lemma 2.3 2 ∑ α∈O(n) [k_α/2] + d^−(n) = ∑ α∈O(n) k_α = 2ν(det Z_s) + d^−(n) ,

so that ν(det Z_s) = ∑ α∈O(n) [k_α/2]

as claimed. ⋄

We are now able to prove the first main result of this paper.

Theorem 3.4 Let α = (1^{m1} , 3^{m3} , · · · ) ∈ O(n). Let k_α = ∑ i odd

(m_i − s(m_i)).

Then 2^{[kα/2]} is the maximal power of 2 which divides all spin character values ⟨λ⟩(x_α), λ ∈ D(n).

Proof. We first prove that 2^{[kα/2]} | ⟨λ⟩(x_α) for all λ ∈ D(n). Consider the restriction of ⟨λ⟩ to K^+_α := C_{Ŝn} (x_α). If α = (1^{m1} , 3^{m3} , · · · ) and x^′_α = π(x_α) ∈ S_n has cycle type α, then by Lemma 2.3

K_α = C_{Sn} (x^′_α) = ∏ i odd K^{(i)}_α

where K^{(i)}α ≃ Z_i wr S_{mi} , a wreath product. The subgroups K^{(i)}α operate on disjoint sets whence

K^+_α = K^{(1)+}_α ^×K^{(3)+}_α ^× · · · .

We claim that a spin character of K^+_α has a degree divisible by 2^{[kα/2]}. A 2- Sylow subgroup of K_α is isomorphic to a 2-Sylow subgroup of S_{m1} ×S_{m3} ×· · · , which is a Young subgroup of S_m, m = m_1 + m_3 + · · · .

If we restrict a spin character of K^+_α to a 2-Sylow subgroup, then each irreducible constituent has degree exactly 2^{[kα/2]}, by Proposition 3.1. The claim about spin character degrees of K^+_α follows. Let ⟨λ⟩_{|K}+_α = ∑ ξ∈Irr_s(K^+_α ) a_ξ ξ

where a_ξ ≥ 0. For each ξ ∈ Irr_s(K^+_α ), ξ(x_α) = κ_ξξ(1), where κ_ξ is a root of unity, since x_α ∈ Z(K^+_α ). Each ξ has a degree divisible by 2^{[kα/2]} as seen above. Therefore each κ_ξξ(1)/2^{[kα/2]} is an algebraic integer for each ξ. Thus ⟨λ⟩(x_α)/2^{[kα/2]} = ∑ ξ a_ξκ_ξξ(1)/2^{[kα/2]}

is an algebraic integer. Since ⟨λ⟩(x_α) is an integer we get 2^{[kα/2]} | ⟨λ⟩(x_α), as desired.

Since 2^{[kα/2]} divides all entries in the column of Z_s labelled by α, for any α ∈ O(n), Corollary 3.3 forces this to be the maximal power of 2 dividing all the entries in the column, for any α ∈ O(n). ⋄

4 The elementary divisors of the reduced spin 2-decomposition matrix of a 2-block

In this section we first deal with the ‘global’ situation for the reduced spin 2-decomposition matrix and afterwards refine this to the block version.

As before, for α = (1^{m1} , 3^{m3} , · · · ) ∈ O(n) we set k_α = ∑ i odd

(m_i − s(m_i)).

Theorem 4.1 Let D_s be the reduced spin 2-decomposition matrix for ^S_n. The elementary divisors of this matrix are 2^{[kα/2]} , α ∈ O(n) .

Proof. First we show that the determinant of D_s is correct. By doubling the rows in the matrix D_s which correspond to λ ∈ D^−(n) we obtain a complete spin 2-decomposition matrix ~D. Now using [NT], 5.8.11, we have ~D^t ~D = C, the 2-Cartan matrix for S_n. Hence by Lemma 2.4 we have

det C = 2^{d−(n)}(det D_s)^2 .

On the other hand, by [NT], 3.6.32 (or use Theorem 2.5(3)) and Lemma 2.3 we have

det C = ∏ α∈O(n) |C_{Sn} (x^′_α)|_2 = ∏ α∈O(n) 2^{kα} .

As before we see

ν(det C) = ∑ α∈O(n) k_α = 2 ∑ α∈O(n) [k_α/2] + d^−(n) ,

so that

| det D_s| = ∏ α∈O(n) 2^{[kα/2]} .

For the result on the elementary divisors we now study Smith normal forms. For any integral square matrix X we let S(X) denote its Smith normal form, i.e. the diagonal matrix with the invariant factors of X as diagonal elements. We need the following property of the Smith normal form: If X and Y are square n × n matrices with relatively prime determinants, then S(XY ) = S(X)S(Y ). (See e.g. [N], Theorem II.15).

Let Φ be the table of Brauer characters of ^S_n, so that

Z_s = D_sΦ .

As | det D_s| is a power of 2, and det Φ is odd, we have

S(Z_s) = S(D_s)S(Φ) (1)

Let Δ be a diagonal matrix with diagonal elements 2^{[kα/2]}, α ∈ O(n) (in the usual order). By Theorem 3.4 there exists an integral matrix W such that

Z_s = W Δ .

Since det Δ = | det D_s| we get | det W | = | det Φ|, so that the determinants of W and Δ are relatively prime. Thus

S(Z_s) = S(W )S(Δ) . (2)

Since the S-matrices are diagonal we conclude that

S(Δ) = S(D_s) .

Since Δ itself is a diagonal matrix, the result follows. ⋄

Corollary 4.2 The elementary divisors of D_s are exactly 2^{[c1/2]}, · · · , 2^{[cℓ/2]}, where c_1, · · · , c_ℓ are the 2-defects of the conjugacy classes of elements of odd order in S_n.

Next we prove a block refinement of the result on the elementary divisors of the reduced spin 2-decomposition matrix. First, we describe briefly the 2-block structure in ^S_n (see [BO] for further details).

If B ∈ Bl(S_n) then all irreducible characters (ordinary and modular) of B may be considered as characters in a unique block ^B ∈ Bl( ^S_n). We write B ⊆ ^B. With this identification IBr(B) = IBr( ^B), but note that ^B contains also some spin characters in addition to the ordinary characters of B. The description of the distribution of spin characters into the 2-blocks of ^S_n was a main result in [BO].

To the blocks B ∈ Bl(S_n) and ^B ∈ Bl( ^S_n) (where B ⊆ ^B as before) is associated a non-negative integer w = w(B) = w( ^B) called the weight of the block. Most block theoretic invariants of B and ^B depend only on w. Thus for example for the number of modular characters we have ℓ(B) = ℓ( ^B) = p(w) where p is the partition function [JK] and w = w(B). Moreover, by [BO], Theorem (2.1) the number of associate classes of spin characters in ^B is also p(w). We may consider therefore a reduced spin 2-decomposition matrix D_s( ^B) of a 2-block ^B ∈ Bl( ^S_n). This is a p(w) × p(w) square matrix with rows labelled by the associate classes of spin characters in ^B and the columns by the modular irreducible characters in ^B (i.e. in B). In this section we determine the elementary divisors of D_s( ^B). Since the matrix D_s is a direct sum of the D_s( ^B), ^B ∈ Bl( ^S_n) and D_s has determinant a power of 2, the same is true for each D_s( ^B).

By Theorem 2.5 and Lemma 2.3 we have

Lemma 4.3 There exists a disjoint decomposition O(n) = ⋃ B∈Bl(S_n ) O(n, B) such that the following holds (1) |O(n, B)| = ℓ(B) = p(w). (2) Set Φ_B = (φ(x^′_α))_{φ∈IBr(B)α∈O(n,B)} . Then det Φ_B ≢ 0 (mod 2).

(3) The elementary divisors of the Cartan matrix C(B) of B are exactly the numbers 2^{kα} , α ∈ O(n, B).

We may now prove the main result:

Theorem 4.4 Let ^B ∈ Bl( ^S_n), B ∈ Bl(S_n), B ⊆ ^B. Suppose that 2^{c1} , 2^{c2} , · · · , 2^{cℓ} are the elementary divisors of C(B). Then the elementary divisors of D_s( ^B) are 2^{[c1/2]}, 2^{[c2/2]}, · · · , 2^{[cℓ/2]}.

Proof. We have to show that 2^{[kα/2]}, α ∈ O(n, B) are the elementary divisors of D_s( ^B). Let Z_s( ^B) be the reduced spin character table for ^B on the 2-regular classes. It has the same row indices as the reduced spin 2- decomposition matrix D_s( ^B) and the column indices are the α ∈ O(n, B).

Also we let Φ_B be the table of modular character values for modular characters φ ∈ IBr(B) on the conjugacy classes C_α, α ∈ O(n, B). Then we have

Z_s( ^B) = D_s( ^B)Φ_B .

As a divisor of det D_s, | det D_s( ^B)| is a 2-power, whereas by Lemma 4.3(2), det Φ_B is odd. As before we let S(X) denote the Smith normal form of an integral square matrix X. Then

S(Z_s( ^B)) = S(D_s( ^B))S(Φ_B) .

Let Δ_B be a diagonal matrix with diagonal elements 2^{[kα/2]}, α ∈ O(n, B). By Theorem 3.4 there exists an integral matrix W , such that

Z_s( ^B) = W · Δ_B .

Hence det Δ_B divides det D_s( ^B). By Theorem 2.5 and Theorem 4.1 we have ∏ α∈O(n) 2^{[kα/2]} = ∏ B det Δ_B | | | ∏ B | det D_s( ^B)| = | det D_s| = ∏ α∈O(n) 2^{[kα/2]}

Hence we have ∏ α∈O(n,B) 2^{[kα/2]} = det Δ_B = | det D_s( ^B)|

for all blocks B resp. ^B. Thus | det W | = | det Φ_B | is odd, and so

S(Z_s( ^B)) = S(W ) · S(Δ_B )

and we conclude that S(Δ_B) = S(D_s( ^B)). Since Δ is itself a diagonal matrix, the result follows. ⋄

The elementary divisors of C(B), B a 2-block of S_n, have been determined explicitly in [O]. Unfortunately, the formula was misstated there; we take the opportunity to give the correct formula here. First we have to introduce some notation.

Let p be a prime, λ a partition. For any pair of non-negative integers (m, a) such that m ≥ 1, (m, p) = 1 and a ≥ 0, let t_λ(m, a) be the multiplicity of mp^a as a part of λ. Then the partition λ is characterized by the nonnegative integers t_λ(m, a), where (m, a) runs through all pairs as above.

We define an integer e(λ) as follows: e(λ) = ∑ m,a t_λ(m, a)(1 + p + · · · + p^a) .

For all i ≥ 0 let p^i_0(n) = |{λ ⊢ n | λ p-regular and e(λ) = i}| .

Finally, let P (x) = ∑ n≥0 p(n)x^n be the partition generating function, and define the integers m(n) by P (x)^{p−2}P (x^p) = ∑ n≥0 m(n)x^n .

Then the following holds (see [O]):

Theorem 4.5 Let B be a p-block of S_n of weight w, and let i ≥ 0. Then the multiplicity of p^i as an elementary divisor of the Cartan matrix C(B) is w∑ t=0 m(w − t)p^i_0(t) .

Acknowledgments. The authors are grateful to the Danish Natural Science Foundation for the support of their collaboration. We would also like to thank H. Yamada for communicating his observation on the determinants to us.

References

[Be] D. Benson: Some remarks on the decomposition numbers for the symmetric groups. The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 381-394, Proc. Sympos. Pure Math., 47, Part 1, Amer. Math. Soc., Providence, RI, 1987.

[BO] C. Bessenrodt, J.B. Olsson: The 2-blocks of the covering groups of the symmetric groups. Adv. Math. 129 (1997), 261–300 [Br] R. Brauer: Zur Darstellungstheorie der Gruppen endlicher Ordnung I.

Math. Z. 63 (1956), 406-444.

[F] W. Feit: The representation theory of finite groups. North-Holland, 1982. xiv+502 pp.

[G] J.W.L. Glaisher: A theorem in partitions, Messenger of Math. 12 (1883), 158-170.

[HH] P. Hoffman, J.F. Humphreys: Projective representations of the symmetric groups. Oxford, 1992

[H] J.F. Humphreys: Blocks of projective representations of the symmetric groups. J. London Math. Soc. (2) 33 (1986), no. 3, 441-452.

[JK] G. James, A. Kerber: The representation theory of the symmetric group. Encyclopedia of Mathematics and its Applications, 16, Addison- Wesley 1981.

[MM] M. Marcus, H. Minc: Introduction to linear algebra, Macmillan 1965.

[MiO] G.O. Michler, J.B. Olsson: The Alperin-McKay conjecture holds in covering groups of symmetric and alternating groups, p odd, J. reine ang. Math. 405 (1990), 78-111.

[M] A.O. Morris: The spin representation of the symmetric group. Proc.

London Math. Soc. (3) 12 1962 55-76.

[NT] H. Nagao, Y. Tsushima: Representations of finite groups. Academic Press, 1989.

[N] M. Newman: Integral matrices, Academic Press 1972.

[O] J.B. Olsson: Lower defect groups in symmetric groups, J. Algebra 104 (1986), 37-56.

[S] J. Stembridge: Shifted tableaux and the projective representations of symmetric groups, Adv. Math. 74 (1989), 87-134

[W] A. Wagner: An observation on the degrees of projective representations of the symmetric and alternating group over an arbitrary field. Arch. Math. (Basel) 29 (1977), 583-589.

Christine Bessenrodt Fakultät für Mathematik, Otto-von-Guericke-Universität Magdeburg, D-39016 Magdeburg, Germany

Email address: bessen@mathematik.uni-magdeburg.de

Jørn B. Olsson Matematisk Institut, Københavns Universitet, Universitetsparken 5, 2100 Copenhagen Ø, Denmark

Email address: olsson@math.ku.dk