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In this paper, we combine results on extensions of operators with recent results on the relation between the
M-function and the spectrum, to examine the spectral behaviour of boundary value problems. M -functions
are defined for general closed extensions, and associated with realisations of elliptic operators. In particular,
we consider both ODE and PDE examples where it is possible for the operator to possess spectral points that
cannot be detected by the M -function.
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1 Introduction

The extension theory for unbounded operators in Hilbert spaces has been studied since at least 1929 when von
Neumann discovered the so-called Krein extension. There are many applications of a general extension theory to
problems generated by both ODE and PDE examples. In the case of symmetric ODEs the book of Naimark [36]
characterises the extensions of the minimal operator by means of a Cayley transform between the deficiency
spaces and determines all of these extensions by the imposition of explicit boundary conditions. For PDEs, adjoint
pairs of second order elliptic operators, their extensions and boundary value problems were studied in the paper
of Vishik [43] while Grubb [15] showed that all closed extensions of the minimal operator can be characterised
by nonlocal boundary conditions, building on work of Lions and Magenes [29, 30] (cf. also Hérmander [23]) for
elliptic operators.

The theory of boundary value spaces (also known as boundary triplets) associated with symmetric operators
has its origins in the work of Kocubel [24] and Gorbachuk and Gorbachuk [14] with developments from many
authors, (see [6,25,27,28,35,37,39,41]). In this context, the theory of the Weyl- M -function was developed by
Derkach and Malamud [9, 10], where spectral properties of the operator were investigated via the M -function
and Krein-type resolvent formulae were established. For adjoint pairs of abstract operators, boundary triplets
were introduced by Vainerman [42] and Lyantze and Storozh [31]. Many of the results proved for the symmetric
case have subsequently been extended to this situation: see, for instance, Malamud and Mogilevski [32] for
adjoint pairs of operators, and Malamud and Mogilevski [33, 34] for adjoint pairs of linear relations. Amrein
and Pearson [1] generalised several results from the classical Weyl-m-function for the one-dimensional Sturm—
Liouville problem to the case of Schrodinger operators, calling them M -functions, in particular they were able to
show nesting results for families of M-functions on spherical exterior domains in R3. For a recent contribution
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with applications to PDEs and characterisation of eigenvalues as poles of an operator valued Weyl- M -function,
we refer the reader to [7]. Further recent developments in this area can be found in [3, 8, 12,38]. There has
also been extensive work on Dirichlet-to-Neumann maps, also sometimes known as Poincaré-Steklov operators,
especially in the inverse problems literature. These operators have physical meaning, associating, for instance,
a surface current to an applied voltage and are, in some sense, the natural PDE realisation of the abstract M-
function which appears in the theory of boundary triplets discussed above.

Systems of PDEs and even ODEs occur naturally in physical applications (reaction-diffusion equations, Max-
well systems, Dirac systems, Lamé systems) and there is much interest in the spectral properties of operators
generated by these. In Grubb [17] and Geymonat and Grubb [13] such systems are extensively discussed and
inter alia points of essential spectrum are characterised by failure of ellipticity of the operator or the boundary
condition. An alternative abstract approach for block operator matrices has also been developed (see for example
Atkinson et al. [2]).

In this paper, we shall combine results obtained by Grubb on extensions of operators, see for example [15],
with recent results obtained by Brown, Marletta, Naboko and Wood [7] on the relation between the M -function
and the spectrum, to examine the spectral behaviour of boundary value problems. M -functions are defined for
general closed extensions, and associated with realisations of elliptic operators. In particular, we shall consider
both ODE and PDE examples where it is possible for the operator to possess spectral points that can not be
detected by the M -function (unlike the classical Sturm—Liouville case).

In PDE cases, the kernel of the maximal realisation has infinite dimension; then unbounded operators between
boundary spaces must be allowed, and it is important to choose the representations of the boundary mappings
in an efficient way. We here rely on the calculus of pseudo-differential operators (¢’do’s), as introduced through
works of Calderon, Zygmund, Mihlin, Kohn, Nirenberg, Hormander, Seeley and others around the 1960’s, as
well as the calculus of pseudo-differential boundary operators (1)dbo’s) introduced by Boutet de Monvel [4, 5]
and applied and extended by Grubb [17]—[21] and others.

Plan of the paper Section 2 contains a discussion of the abstract theory. We begin by recalling the universal
parametrization of closed extensions A established in [15], based on an invertible reference operator Ag, and
show how it applies to operators A-\ (by use of techniques from [17]), giving rise to a Krein resolvent formula
and characterisations of kernels and ranges, in terms of an abstract boundary operator 7> : Vy — Wj. Next, we
connect this with the boundary triplets theory, as presented in [7]. We first show that for the realisation A defined
by a boundary condition I'yu = BTgu (for a special choice of T'g, I'1), the holomorphic operator family Mg ()
defined for A\ € g(Ap) is homeomorphic to the inverse of the holomorphic family 7 defined for A € o(Az),
when both exist. This takes care of a special class of boundary conditions. The idea is now developed further
to include general extensions by considering mappings between subspaces, as in [15]. In the present context,
this replaces the need to work with relations. M -functions are now defined for all closed extensions A, and the
operator families M 7(\) and T together describe spectral properties of the operator.

In Section 3, the ideas are implemented for realisations of elliptic operators on smooth domains {2 in n-space.
For second-order strongly elliptic operators it is shown in detail how T* and M 7(A), for Neumann-type boundary
conditions y;u = Cryou, are carried over to mappings L* and My, ()\) between Sobolev spaces over 92. The
general closed realisations give rise to operator families L3 and M, (\) between closed subspaces of Ly (02).
For systems and higher-order operators, the normal elliptic boundary conditions give rise to M- and L-functions
between products of Sobolev spaces over 0f2.

Section 4 addresses the inverse question: Are the spectral properties fully described by M () and T*? The
answer is in the affirmative for \ € Q(A) U o(Ag), and this is sufficiently informative in many situations. But
it is not so in general: We show, both by a PDE and an ODE matrix example, that there exist cases where the

M -function is holomorphic across points in the essential spectrum of A (and of Ap).

The authors thank the referees for careful reading of this paper and useful suggestions for improvements.
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2 Universal parametrization and )/ -functions

2.1 A universal parametrization of closed extensions

It is assumed in this paper that there is given a pair of closed, densely defined operators Ay, and A/, in a

Hilbert space H (a so-called adjoint pair) such that the adjoint of A/ ; is an extension of A, and the adjoint of
Anmin is an extension of A . ; we call these adjoints Apax resp. AL ... Moreover we assume that there is given

a closed, densely defined operator Ag lying between Ay,in and Ap.x and having a bounded everywhere defined
inverse. Thus we get:

Amin C Aﬁ C Amaxa 0e Q(Aﬂ)a Amax = (Ainin)*a
Alin C A C A 0€0(Af), AL =45 2.1

min max’ max min’

here o(B) denotes the resolvent set of B. We call Ag the reference operator. Let M and M’ denote the sets of
operators A lying between A, and Ay ax, resp. A lying between A, ; and AL ... We write Au for Au when
A € M, resp. A'v for A'v when A’ € M’. When U is a closed subspace of H, we denote by f; the orthogonal
projection of f onto U; the projection map is denoted pry;.
Denote also
ker Apox = 2, ker AL =7'; 2.2)

max
and let

prg = AglAmax : D(Amax) — D(Aﬁ)a Pre = I- prg: D(Amax) I Za
prg = (Ag)flAinaX : D(ALL) — D(AE), pre, =1 —prg : D(AL..) — Z'.

max max

(2.3)

Then prg and pr¢, resp. prg, and pr.,, are complementary projections defining the direct sum decompositions

D(Amax) = D(Ap)+Z, resp. D(A' ) = D(Ag)—i—Z'. 2.4)

max

We also write prg u = ug, pre u = ug, ete.
The above statements are verified in [15], which also showed the abstract Green’s formula

(Au,v) — (u, A'v) = ((Au) z/,ver) — (ue, (A'v)z), for u € D(Amax), v € D(AL )i (2.5)

max

and we recall that in that paper, all the closed operators in M were characterised by abstract boundary conditions:

Theorem 2.1 There is a one-to-one correspondence between all closed operators A € Mand all operators
T:V — W, where V and W are closed subspaces of Z resp. Z', and T is closed with domain D(T) dense in
V. HereT : V — W is defined from A by

D(T):pI‘CD(xZ{), V:ma W:pr{/D("Z*)a

. (2.6)
Tuc = (Au)w for ue D(A);
and A is defined from T : V — W by
D(A) = {u € D(Amay) | uc € D(T), (Au)w = Tuck; 27)
it can also be described by
weD(A) = u=v+z+A;'(Tz+f), vEDAmn), z€DT), feZ oW (2.8)

All closed subspaces V. C Z and W C Z' and all closed densely defined operators T : V — W are reached
in this correspondence.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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When A correspondstol : V — W,

ker A = ker T,
~ 2.9)
ran A =ranT + (H & W),
orthogonal sum. In particular, A is Fredholm if and only if T is so, with the same kernel and cokernel.
If Z, hence also T, is injective, the inverse satisfies
A1 = Agl +771! pry,, defined on ran A. (2.10)

The adjoint A* corresponds to T* : W — V' in the analogous way. In particular, in the case where Amin =
Al and Ag is self-adjoint (called the symmetric case), A is self-adjoint if and only if V.= W and T is
self-adjoint.

Remark 2.2 The characterisation is related to that of Vishik [43], but differs in an important way: Vishik was
concerned with normally solvable operators A (those with closed range), and his operators between subspaces of
Z and Z' map in the opposite direction of those in [15], covering only a subset of them. In contrast, the theory
in [15] allowed the characterisation of all closed operators in M.

There are also some results in [15, Section I1.3] on non-closed extensions.

Now consider the situation where a spectral parameter A € C is subtracted from the operators in M. When
A € 9(Ag), we have a similar situation as above:

Amin —ACAg = A CAmax — A, Apin —AC A —AC ALy — A, (2.11)
and we use the notation My, /\/lf—\, and
ker(Amax — ) = Zy, ker (Al — A) = A
pry = (Ag = N)7H(A=N), pry = (A5 -2 A =N, (2.12)
pr&\ =1- prg, pré‘, =1- prg, .

Then we have an immediate corollary of Theorem 2.1:

Corollary 2.3 Let \ € 9(Ag). There is a 1-1 correspondence between the closed operators A—Xin My and
the closed, densely defined operators T : V\ — Wy, where V and Wy, are closed subspaces of Z resp. Z%;
here

D(T*) =p2 D(A), Va=D(T*), W =pr) D(A*),
T)‘ué‘ =((A=Nu)w, for ue D(;l), (2.13)
D(A) = {u € D(Amax) | u} € D(T*), (A= Nu)w, =T u}}.

In this correspondence,

ker (Z — )\) = ker T?,

- (2.14)
ran (A — )\) =ranT? + (H © Wy),
orthogonal sum. In particular, if \ € Q(g)
~ -1 1, . -1
(A=A =g =N " +iv—u () pry, - (2.15)

Here ix_,y denotes the injection X — Y.

The formula (2.15) can be regarded as a universal “Krein resolvent formula”. It relates the resolvents of
the arbitrary operator A and the reference operator Ag in a straightforward way, such that information on the
spectrum of A can be deduced from information on 7. Note also the formulas in (2.14), which give not only

www.mn-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



318 Brown, Grubb, and Wood: M -functions for closed extensions

a correspondence between kernel dimensions and range codimensions, but an identification between kernels and
cokernels themselves.

The resolvent of A was studied in [17], from which we extract the following additional information. Define,
for A € p(Ag), the bounded operators on H:

E* = Apax(Ag = N7 =T+ A4 — N7,

F* = (Amax — NAZ' =1 —XAZ",

E? = Al (A5 =N =T+ M (A5 -2 = (B,
F = (A = N (45) 7 =T =2(45) " = (FY);

max

(2.16)

then E* and F* are inverses of one another, and so are E’ X and F’*. In particular, the operators restrict to
homeomorphisms

Eg: Z;Z/M Fé\ZZ/\L)Z,

- z 2.17
Ep . 7 = Z, Fp: Zt — Z'. @17
Moreover, for u € D(Amax), v € D(A.x)s
A A A -1
priu = E*pr,u, prou = prgu— AAg — )" prpu,
2 ¢ 3 gu=A(Ag = A) 7 pre (2.18)

pré\/ v= EA pres v, pré/ v = prg v — X(Ag -t pres .

This was shown in [17, Sect. 2], in the symmetric case, and the (elementary) proofs extend verbatim to the
general case. Similar mappings occur frequently in the literature on extensions. The following theorem extends
[17, Prop. 2.6], to the non-symmetric situation, with practically the same proof:

Theorem 2.4 For \ € o(Ap), define the operator G* from Z to Z' by
G 2= —Apry E*z, z€Z. (2.19)
Then
D(T*) = Ej\D(T), Va=EM, Wy =E*W, 220
(T/\E/\’U,EI/\’LU) = (Tw,w) + (G’\U,w), for veD(T), weW.
Proof. The first line in (2.20) follows from (2.13) in view of (2.18). The second line in calculated as follows:

ForuED(Z),wEW,

(Tqu w) = (Au, w)

This shows the equation in (2.20) when we set u¢ = v. |

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Denote by E) the restriction of E* to a mapping from V' to Vy, with inverse F}}, and let similarly E; be the

restriction of E'* to a mapping from W to W5, with inverse F{,{} Then the second line of (2.20) can be written

(E@) T E) =T +GYy on D(T)CV, .21
where

Gyw = pry Griv_.z. (2.22)
Equivalently,

™ = (FR) (T+Ghw)F) on D(T*)C Vi (2.23)

Then the Krein resolvent formula (2.15) can be made more explicit as follows:
Corollary 2.5 When \ € Q(AV) N o(Ag), T is invertible, and

(™) =BT+ &) (BR) (2.24)

Hence
(A=N "= (A =N " Hivnon B} (T +Ghy) " (E@) pryy, - (2.25)
Proof. (2.24) follows from (2.23) by inversion, and insertion in (2.15) shows (2.25). O

Note that G{\/,W depends in a simple way on V and W and is independent of 7'.

2.2 Connections between the universal parametrization and boundary triplets

The setting for boundary triplets in the non-symmetric case is the following, according to [7] (with reference
to [31], [34]): Amin, Amax, AL ;, and A, are given as in the beginning of Section 2.1, and there is given a pair

min max

of Hilbert spaces H, K and two pairs of “boundary operators”

I T
( 1) : D(Amax) — H X K, ( }) :D(A',.) — K xH, (2.26)
Ty T

bounded with respect to the graph norm and surjective, such that

(Au,v) — (u, A'v) = (T1u,T{v)y — (Dou, Tjv)c, for all w € D(Amax), v € D(A ), (2.27)

max

and

D(Apin) = D(Amax) Nker Ty Nker Ty,  D(AL,,) = D(AL ) Nker T} Nker T'y,.

max

Note that under the assumption of (2.1), the choice

max?

H=27, K=2, T1=pry Amax, Lo= pre, I =pry Al ry = pres, (2.28)

defines in view of (2.4) and (2.5) a boundary triplet.
Following [7], the boundary triplet is used to define operators Ap € M and A3, € M/’ for any pair of
operators B € L(K, H), B' € L(H,K) by

D(Ap) = ker(T'y — BTy), D(A%,) = ker(I, — B'T}). (2.29)

In order to discuss resolvents, [7] assumes that o(Ap) # (), which means that the situation with existence of
an invertible Ag as in (2.1) can be obtained at least after subtraction of a spectral parameter \o. Thus we can build
on the full assumption (2.1) from now on. (Theorem 2.1 shows that there is an abundance of different invertible
operators in M then.)

www.mn-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



320 Brown, Grubb, and Wood: M -functions for closed extensions

Definition 2.6 For \ € o(Ap), the M-function Mp()) is defined by
Mp(A) :ran(Ty — BTy) — K, Mp(T'y — BTo)u =Tou for all u € Zy;
and for A € o(A’g/), the M-function M, ()\) is defined similarly by
Mg, (A) :ran (I — BT() — H, Mp, (I} — BT{)v=Tyv forall ve Zj.
It is shown in [7] that when o(Ag) # 0,
(Ap)" = Afp.. (2.30)

We shall set all this in relation to the universal parametrization, when the boundary triplet is chosen as in
(2.28). We assume (2.28) from now on.
Concerning A g, note that B is taken as a bounded operator from Z to Z’, and that

D(Ap) = {u € D(Anax) | (Au)z = Buc},
by definition. This shows that for the operator T" : V' — W that Ap corresponds to by Theorem 2.1,
V=zZ W=7, T=B8B.

Note that (2.30) follows from Theorem 2.1.

When Z and Z’ are finite dimensional, all operators B will be bounded. But in the case where dim Z =
dim Z' = oo, Theorem 2.1 shows that unbounded 7”’s must be allowed, to cover general extensions. Therefore
we in the following take B closed, densely defined and possibly unbounded, and define A by

D(AB) = {u S D(Amax) | U¢ € D(B), (AU)Z/ = BUC} (2.31)

Lemma 2.7 ran(T'y — BT) = Z'. In fact, any f € Z' can be written as f = (I'y — BTg)v = T'yv for
v € D(Ap) taken equal to Aglf.

Proof. Letv runthrough D(Ag). Then Tgv = pr,v =0 € D(B), and Av runs through H = (ran Apin) ©
7', 30 T1v — BTgv = (Av)z runs through Z’. In other words, we can take v = Aglf, forany f € Z'. O

Lemma 2.8 Forany A € o(Ap), Mp(\) is well-defined as a mapping from Z' to Z by
Mp(MN)(Ty — BTo)u =Tou for all we Zy with Tou € D(B),
also when D(B) is a subset of Z. In fact,
Mp(\) =pr:(I — (Ap — A) " (Amax — A))Agl igr_m. (2.32)

Proof. In the defining equation, we can now only allow those u = z* € Zj for which pr; z* € D(B).
We first show: When f = (I'y — BIl)v forv = Aglf as in Lemma 2.7, then there is a z* € Z with
Tz € D(B) such that
f = (1 — BIy)2. (2.33)

For, let = (Ap — A\)"'(A — M), then v — € Z. Moreover, since © € D(Ap), pro x € D(B) in view of
(2.31),and pr. v = 0 € D(B), as already noted. Hence

(Fl — BF())(U — :L') = (Fl — BF())’U = f,
so we can take z* = v — z. We conclude:
{(I'y = BT)2* | 22 € Z, pre2* € D(B)} = Z'.

Next, we note that the z* in (2.33) is uniquely determined from f. For, if f = 0 and z* solves (2.33), then
2* € D(Ag) = D(Ap — )), which is linearly independent from Z, since A € o(Ag), so z* = 0.

Thus we can for any f € Z' set Mp(\)f = pr, 2* where 2” is the unique solution of (2.33); this defines
a linear mapping Mpg(\) from Z’ to Z. The procedures used above to construct Mp(A) are summed up in
(2.32). O

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Since B is closed, Mp () is closed, hence continuous, as a mapping from Z’ to Z.
For a further analysis of Mp()\), assume A € o(Ag). Then the maps E*, F* etc. in (2.16) are defined. Let
2* € Z,, and consider the defining equation

MB()\)((AZ/\)Z, — Bpr, z)‘) = pr¢ 2, (2.34)

where pr, z* is required to lie in D(B). By (2.17) and (2.18), there is a unique z € Z such that z* = E}z; in
fact
2 = E%z = pré‘ z, z= Fé\z)‘ =pr¢ 2*,

so the requirement is that z* € E} D(B).
Writing (2.34) in terms of z, and using that Az* = \z*, we find:

zr

)((
)((AzY) ,, — B2) (2.35)
)((

cf. (2.19). Here we observe that the operator to the right of Mp(\) equals 7 from Section 2.1 up to homeomor-
phisms:

~Gr-B=-(@+T) = (B}) 1B}, (2.36)

by (2.21); here T is invertible from E% D(B) onto Z. We conclude that Mp()) is the inverse of the operator
in (2.36). We have shown:

Theorem 2.9 When the boundary triplet is chosen as in (2.28) and \ € o(Ap) N o(Ag), —Mp(\) equals the
inverse of B+ G* = T + G, also equal to the inverse of T modulo homeomorphisms:

M\ =B+ G =T+ = (E’Z;\,)*T’\Eg. 2.37)

In particular, Mp(X\) has range D(B).
With this insight we have access to the straightforward resolvent formula (2.25), which implies in this case:
Corollary 2.10 For A € o(Ap) N o(Ap),

(Ap =Nt = (Ag = N g EXMp(N) (E’Q) Py, - (2.38)

Remark 2.11 Other Krein-type resolvent formulae for realisations in the general framework of relations can
be found in [34, Section 5.2].

We also have the direct link between null-spaces and ranges (2.14), when merely A € o(Ag).
Corollary 2.12 Forany ) € 9(Ag),

ker(Ap — A) = E} ker (B + G?),
o\ (2.39)
ran(AB — )\) = (F/A/) ran (B + G)\) + I'a'n(Iqmin - )\)

For A € o(Ap), this adds valuable information to the results from [7] on the connection between eigenvalues
of Ap and poles of Mp()).

The analysis moreover implies that Mp(\) and M. (\) are adjoints, at least when A € o(Ag).

Observe that 7'+ G* (and T?) is well-defined for all A € o(Ag), whereas Mp()) is well-defined for all
A € o(Ap); the latter fact is useful for other purposes. In this way, the two operator families complement each
other, and, together, contain much spectral information.

It is noteworthy that the widely studied boundary triplets theory leads to an operator family whose elements
are inverses of elements of the operator family generated by Theorem 2.1, compare with Remark 2.2 on the
connection with Vishik’s theory.
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322 Brown, Grubb, and Wood: M -functions for closed extensions

2.3 The M -function for arbitrary closed extensions

The above considerations do not fully use the potential of Corollary 2.3, Theorem 2.4 and Corollary 2.5, which
allow much more general boundary operators T : V' — W. But, inspired by the result in Theorem 2.9, we can in
fact establish useful M -functions in all these other cases, namely homeomorphic to the inverses of the operators

T that exist for A € Q(A) N 0(Ap), and extended to exist for all A € Q(A )

Theorem 2.13 Let A be an arbitrary closed densely defined operator between Anpin gnd Anax, and let T :
V' — W be the corresponding operator according to Theorem 2.1. For any \ € Q(A) there is a bounded

operator M z(\) : W — V, depending holomorphically on \ € Q(A ), such that when \ € o(Ag), —Mz(X) is
the inverse of T + G{\/7W, and is homeomorphic to T* (as defined in Section 2.1). It satisfies

Mz(N) ((Az/\)W —Tpr, z/\) = pr¢ 2, (2.40)
for all 2* € Z such that pre 2* € D(T). Its definition extends to all A € Q(E) by the formula
Mz(2) = pr, (I (A=A Ay — /\)) AViw_n . (2.41)
In particular, the resolvent formula
(A= 0)7"= (As = N7 — v BEYMz0) (B b, (2.42)
holds when \ € Q(Z) No(Ag). Forall A € o(Ap),

ker (A —\) = B} ker (T + Gy ),
~ o\ * (2.43)
ran (A—)\) = (Fé{)) ran (T+G{\/7W) + Ho Ws.

Proof. Following the lines of proofs of Lemma 2.7 and 2.8, we define M ;(\) satisfying (2.40) as follows:
Let f € W.Letv = Aglf; then pr.v =0 € D(T), and

(Av)w —Tprev = Av = f. (2.44)

Next, let z = (A —\) “'(A— A, then 2* = v — z lies in Z,, and satisfies pre 2 € D(T) (since pry v = 0 and
pre @ € D(T), cf. (2.6)). This z* satisfies

(A2Y),, = Tpre 2t = f, (2.45)

in view of (2.44) and the fact that x € D(A )

Next, observe that for any vector 2 € Zy with pr¢ 2 e D(T) such that (2.45) holds, f = 0 implies 22 =0,
since such a z* lies in the two linearly independent spaces D (Z —-A ) and Z. So there is indeed a mapping from
J to pre 2> solving (2.45), for any f € W, defining M 7z(X). Tt is described by (2.41). The holomorphicity in

Ae Q(A) is seen from this formula.

The mapping is connected with T (cf. Corollary 2.3) as follows:

When \ € Q(Z) No(Ap), then z = pr, z* = F)z*, and 2* = EJ) 2, so the vectors z* with pr. z2* € D(T)
constitute the space E{\/D(T). Calculating as in (2.35) we then find that

Z = Dpr¢ 2
= Mz(V) ((42%),, - T2)
=Mz(\) ((A2Y),, — T2)
=Mz(\) ((A\E*2),, — Bz)
= MzN(=Grw —T)z,

s0 M 5() is the inverse of — (T + G{‘,’W) : D(T') — W. The remaining statements follow from Corollaries 2.3
and 2.5. O
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Note that when M () is considered in a neighbourhood of a spectral point of Ain 0(Ag), then we have

not only information on the possibility of a pole of M ()), but an inverse T, from which ker (A — \) and
ran (A — \) can be read off.

3 Applications to elliptic partial differential operators

3.1 Preliminaries

For elliptic operators A defined over an open subset €2 of R", n > 1, the null-space of the maximal realisation
is infinite dimensional, so that there is much more freedom of choice of boundary spaces and mappings than in
ODE cases. Itis necessary to allow unbounded operators between boundary spaces to obtain a theory covering the

well-known cases. Moreover, there is the problem of regularity of domains: For a given realisation A representing
a boundary condition, it is not always certain that A represents an analogous boundary condition, but this can
often be assured if D(;l ) is known to be contained in the most regular Sobolev space H™(€1), where m is the
order of A; this holds when the boundary condition is elliptic.

The theory of pseudo-differential boundary operators (Boutet de Monvel [4], [S], and e.g. Grubb [20]- [22]) is
known as an efficient tool in the treatment of boundary value problems on smooth sets (we call it the ¥ dbo calcu-
lus for short, similarly to the customary use of ydo for pseudo-differential operator). A guiding principle in the
construction of general theories would therefore be to make it possible to use the 1dbo calculus in applications to
concrete operators. The 1/dbo calculus is a theory for genuine operators and their approximate solution operators,
with many structural refinements; it has not been customary to study relations in this context. We therefore find it
adequate to interpret the realisations of elliptic operators in terms of the theory based on [15], that characterises
the elements in M by operators, rather than relations.

Let 2 be a smooth subset of R", with C'°° boundary 9€) = ¥, let m be a positive integer, and let A =
>~ |a|<m Ga(z)D® be an m-th order differential operator on €2 with coefficients in C*° (€2) and uniformly elliptic

(here the principal symbol a®(z,§) = Z\alzm aq (2)€* is invertible for all z € Q, all ¢ € R™ \ {0}). The
maximal and minimal realisations in H = Ly () act like A in the distribution sense, with domains defined by

D(Amax) = {’LL S LQ(Q) | Au € LQ(Q)}'7 D(Amin) = HSR(Q)7 (31)

and it is well-known (from ellipticity arguments) that

/ /
A:nin = Amax7 A:nax = Amirn (32)
where A/ and A/ , are the analogous operators for the formal adjoint A" of A.

The operators belonging to M resp. M’ defined as in Section 2.1 are called the realisations of A resp. A’.

We denote by H*(2) the Sobolev space over 2 of order s, namely the space of restrictions to 2 of the elements

of H*(R™), which consists of the distributions v € S’ such that (1 + |§|2)5/2ﬂ € Ly(R"). (8§ = S'(R™) is
Schwartz’ space of temperate distributions.) By (©2) we denote the subspace of H*(R™) of elements supported
in Q. For s > — 1, s— 1 notinteger, this space can be identified with the closure of C§°(Q2) in H*(2), also denoted

H§ (). Sobolev spaces over &, H*(X), are defined by use of local coordinates. We denote y;u = (99u)

E?
where 8, is the derivative along the interior normal 7 at 3. Here y; maps H*(Q) — H* /=3 (%) for j < s — 1.
For j < m there is an extension 7; : D(Amax) — H-i—3 (3), cf. e.g. Lions and Magenes [30].

Let us briefly recall the relevant elements of the ¢)dbo calculus. In its general form it treats operators

: X — X 3.3)

a <P++G K>.COO(§)N e
T S o> (E)M O (E)M,

Here T is a generalized trace operator, going from {2 to ; K is a so-called Poisson operator (called a potential
operator or coboundary operator in some other texts), going from X to €2; S is a pseudo-differential operator
on X; and G is an operator on £ called a singular Green operator, a non-pseudodifferential term that has to be
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included in order to have adequate composition rules. P is a ido defined on an open set Q> Q, and Py is

its truncation to €, defined by P,u = r+ Petu, where rT restricts D’ (Q) to D'(£2), and e™ extends locally
integrable functions on ) by zero on Q \ Q. P is assumed to satisfy the so-called transmission condition at ¥;
this holds for the operators derived from elliptic differential operators that we consider here. There are suitable
Sobolev space mapping properties in terms of the orders of the entering operators.

A solvable elliptic PDE problem

Au=f on Q, Tu=¢ on X, (3.4)
enters in this framework by an operator (where we suppress the index + on A since it acts locally)
C° (Q)N
A oo (0N
<T> O ()Y — X 3.5)
C° (E)M

(note that M = 0 and M’ > 0), with the inverse

Coo(ﬁ)N
(R K) : N — ()Y, R=Q, +G, (3.6)
Coo(E)M’

where Q4+ + G solves the problem (3.4) with ¢ = 0 and K solves the problem (3.4) with f = 0. Here )
is a parametrix of A on (for example in case A = —A, @ is the convolution with ¢, |z[*~™ on R™ when
n > 3), and G is the correction term needed to make () + G map into the functions satisfying the homogeneous
boundary condition.

Besides providing a convenient terminology, the 1/dbo calculus has the advantage that it gives complete com-
position rules: When A and A’ are two systems as in (3.3), the composed operator AA’ again has this structure.
In particular, a composition T K gives a ¥do on ¥, and a composition KT' gives a singular Green operator.
Compositions TPy, T'G and ST give trace operators, compositions P; K, GK and K S give Poisson operators.
These are the facts that we shall mainly use in the present paper. Details on the i’dbo calculus are found e.g.
in [21], [22].

3.2 A typical second-order case

To give an impression of the theory, we begin by studying in some detail the case of a second-order strongly
elliptic operator A. This part is divided into five subsections. In the first one we introduce boundary triplets
for the operator A. In the next three subsections we concentrate on the case of “pure conditions”, i.e. when
T : Z — Z'. For this case, we show in 3.2.2 how T can be identified with an operator L representing a
Neumann-type boundary condition. In 3.2.3, we study the corresponding M -function, proving, among other
things, a Krein-type resolvent formula. Subsection 3.2.4 takes a closer look at problems with elliptic boundary
conditions. Finally, in 3.2.5, we consider the general case when 7' : V' — W and V, W are subspaces of Z and
7!, respectively.

3.2.1 Boundary triplets

We begin by introducing boundary triplets for the case of a second-order strongly elliptic operator A i.e., with
Rea®(z,&) > col¢|? for x € Qand € € R™ (o > 0), taking 2 bounded. Let so(x) be the (nonvanishing)
coefficient of —92 when A is written in normal and tangential coordinates at a boundary point x, then A has the
Green’s formula

(Au,v) 1, 0) — (u, A'0) 1, 0) = (S071U,Y0V) Ly (x) — (You, Soy1v + A67<)U)L2(Z), (3.7)

for u,v € H%(£2), with a suitable first-order differential operator Af, over 3. We denote soy1 = 11, 5071 = V4.
A simple example was explained in [7, Section 7], namely

A= —A+p(z) grad, with formal adjoint A'v =—Av — div(pv), (3.8)
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where p is an n-vector of functions in C>(€2).

We can assume, after addition of a constant to A if necessary, that the Dirichlet problem for A is uniquely
solvable.

The Dirichlet realisation A, is the operator lying in M with domain

D(A;) = D(Amax) N Hy () = H*(2) N Hy(Q)
(the last equality follows by elliptic regularity theory); it has 0 € o(A,). Let
Z3(A) = {ue H*(Q) | (A= Nu =0}, (3.9)

for s € R. It is known from [30] that the trace operators 7y and 1, hence also v, extend by continuity to
continuous maps

Yo: Z5(A) — H* 3(2), v and 1y : Z5(A) — H* 2 (%), (3.10)

forall s € R. When A\ € g(A4,), let K;\ : ¢ — u denote the Poisson operator solving the semi-homogeneous
Dirichlet problem

(A=XNu=01in Q, ~ou=. (3.11)
It maps continuously
H*"3(%) — H*(Q), for all s€R. (3.12)

Moreover, it maps H*~ 2 () homeomorphically onto Z§(A) for all s € R, with o acting as an inverse there.
(We introduce below a special notation for the restricted operator when s = 0, see (3.21).) Analogously, there is
a Poisson operator K’V)‘ solving (3.11) with A — X replaced by A’ — \, mapping H s=3 (3) homeomorphically
onto Z3 (A’), with 4o acting as an inverse there.
Now define the Dirichlet-to-Neumann operators for each A € p(A4,),
P}, =unk}, P)

/
Yo0,V1 Yo,V

= v KN (3.13)

They are a first-order elliptic pseudo-differential operators over ¥, continuous and Fredholm from H 53 (X) to
H*=3(%) forall s € R (details e.g. in [16]).
We shall use the notation for general trace maps § and 7:

Py Bur— nu, u € Z3(A), (3.14)

when this operator is well-defined.
Introduce the trace operators I and IV (from [15], where they were called M and M’) by
Tu=r1iu-— Pgo,ylfyou, My =viu — Pégﬁyifyou. (3.15)

Here T maps D(Amax) continuously onto H 3 () and can also be written I’ = v A LA ax, and IV has the

analogous properties. Moreover, a generalised Green’s formula is valid for all u € D(Apax), v € D(AL,..):

(A, v)1,(0) — (u, AV) Ly 0) = Tu,v0v) 3 -1 — (you, T'v)_y 1, (3.16)
where (-, -)s,—s denotes the duality pairing between H*(X) and H ~*(X). Furthermore,
(Au,w) ) = (Tu,yow)y _1 for all w e Zg(A'). (3.17)

(Cf. [15, Thm. IIT 1.2].)
To achieve L (X)-dualities in the right-hand side of (3.16), one can choose the norms in H*z (%) to be
induced by suitable isometries from the norm in Ly(X). There exists a family of pseudo-differential elliptic
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invertible operators A of order s € R on X, symmetric with respect to the duality in Lo (X)) and with A, = A1,
such that when each H*(X) is provided with the norm for which A is an isometry from H*(X) onto Lo (%), A,
also maps H*(X) isometrically onto H!~%(X), all £, and

(A_SQD, AS’L/})S,—S = (@7¢)L2(E)7 907w S LQ(E) (3]8)
Then when we introduce composed operators
Fl :A%F, Fll :A%F/, F() :A_%’}/() :F/O, (319)

(3.16) takes the form (2.27) with H = IC = Lo(X):
Proposition 3.1 For the adjoint pair Apni, and A

I
min’

(3.19) provides a boundary triplet with H =K =

(AU,'U)LQ(Q) — (u, AIU)LQ(Q) == (Flu,ng)LZ(g) - (F()U,FQU)LZ(E) (320)
holds when u € D(Amax), v € D(AL )

max

Such reductions to Lo-dualities are made in [7] and [37]. [15] did not make the modification by composition
with Ai%, but worked directly with (3.16). (This was in order to avoid introducing too many operators. Another
reason was that the Sobolev spaces H*(X) do not have a “preferred norm” when s # 0; only the duality (-, -)s,—s
should be consistent with the self-duality of Lo(X). Moreover, when the realisation A represents an elliptic
boundary condition, D(E ) C H?(f) and the boundary values are in L2(3). Various homeomorphisms were
used in [17] for the sake of numerical comparison.)

In the rest of this section, we use the abbreviation H*® for H*(X). We shall keep the formulation with dualities
in the study of pure Neumann-type boundary conditions, but return to (3.19) in connection with more general

boundary conditions.

3.2.2 Interpretation of the boundary conditions

Consider the set-up of Section 2.1 with Ag = A, the projection prg being denoted pr.,. The realisation A, itself
of course corresponds to the case V' = W = {0} in Theorem 2.1.

Let A be a closed realisation which corresponds to an operator T with V = Z, W = Z’ by Theorem 2.1. Note
that;

Z=1723(4), Z'=23§(A) and for X€o(A,), Z\=ZA), Z5=Z)(A)

they are closed subspaces of La(€2).
Denote the restrictions of vy to mappings from Z resp. Zf—\ to H 2 by 7z, resp. Vz15 they are homeomor-
phisms

vz, Dy = H3, Vzi : 25— H 3, (3.21)

and their inverses 'ygj resp. 72;1 coincide with K, $ resp. K ’f‘ but have the restricted range space. Their adjoints
map

* . 1 ~ * . 1 ~ !
’YZA.HQ—)ZA, ,YZ;HZ—>ZS\

When A = 0, the A-indications are left out.

We shall first interpret A in terms of a boundary condition using the maps with A = 0; this stems from [15].
The above homeomorphisms allow “translating” an operator T' : Z — Z' to an operator L : H ~2 — H7, asin
the diagram

T L D(L) = v, D(T), (3.22)

Z/

[

_

(vz)
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where the horizontal maps are homeomorphisms. In other words,
x \ "L, — .
L= (vz) Tvz', with D(L)=~zD(T) (3.23)

(a closed densely defined operator from H™z to H%). Hereby we have, when ¢ = vz2z € D(L), v = vz w €
H-3,
(Tz,w)zr = (T 0, v79) 5 = (Lo, )1 1

Note that D(L) = voD(T') = yopre D(A) = 40D(A), since 7o vanishes on D(A,).

Recall the equation defining 7" from A:

(T pre u,w) = (Au,w) for uwe D(A), weZ' (3.24)
In view of (3.17), the right-hand side may be written

(Au, w) = (Tu, yow) = (r1u — Pyy 070U, Yow) for all we Z'. (3.25)

1 _1
27 2

For the left-hand side we have with L defined above, using that vz pr, u = ~Yo(u — pr., u) = you,
(T'preu,w) = (Lyz preu, vz w) s —

1
T2

= (Lyou, yow) s _1-

Then, when we write yow = 1), (3.24) takes the form

= (nu—P% , ~ou, ) for all ue D(A), ¢eH =, (3.26)

1 _1
272

Since v runs through H *%, this may be written Lyou = vju — PSmVl You, Of,

viu=(L+ P, ,,)0u, ~ou€ D(L). (3.27)

So in fact A represents a Neumann-type boundary condition (3.27).
Conversely, if we want A to represent a given Neumann-type boundary condition

nu = Cyu, (3.28)
where C'is a 1vdo over X, we see that L has to be taken to act like

L=C-P°

Yo,v1”

(3.29)

Now let us turn to the A-dependent case. Here we consider the families A — Xand T* and can proceed in a
very similar way. When working with the concrete boundary Sobolev spaces we find the advantage that Z and
Z are mapped by g to the same space H ~2. In fact,

vz, =v2F3, vz =72,E%, and similarly Yz = Y2 Ff, vz = Yz, EZ., (3.30)

since, e.g., YoF u = vo(u — AAZ Mu) = you, cf. (2.16).
Let A € o(A,). In the defining equation for T,

(TApréu,w) = ((A = Nu,w) for uED(Z), w e Z5, (3.31)
we rewrite the two sides as

(T/\’U/Z\,U}) = (LA,YZAUZ\,YZ’;w)l 10
2732

(A= XNu,w) = (ru— PV/\U,VI’YOM Yow)

s

W=
W=
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where L* : H—2 — H2 is defined by
-1
= (vz) Tz DY) =72,D(T); (3.32)
note that
D(L*) = 4D (T*) = v%E*D(T) = %D(T) = D(L). (3.33)
Then since vz, ué = 7You, the operator A- ) represents the boundary condition

L*you =viu— P}, you, ~you€ D(L*) =D(L). (3.34)

Moreover, in view of Corollary 2.5, L* isrelated to T + G* as follows:

A
z— P2 g 0% g3
T+G* T I
1
7 — - H?
() e
zZ ’YZ;—\

where the horizontal maps are homeomorphisms. In view of (3.30), they compose to vz resp. ('y}/) 71, S0
w1 _ w1 _
L= (yg) (T+6)z' =L+ (z) &g (3.35)
Since D(Z -A) = D(Z), (3.34) and (3.27) define the same boundary condition, hence

I»=L+P P on D(L). (3.36)

Y0,V1 Yo,V1

Remark 3.2 In particular, it can be inferred (e.g. from the case L = 0) that (7},)_161’\75 =P, —P) .-
Note how the operator family L* (in this case where V = Z, W = Z’) is written as the sum of a A-independent
operator L (defining the domain of the realisation) and a A-dependent operator P$O " P?O v, » Which is universal
in the sense that it only depends on A, the set §2, and A. It is useful to observe that since G* is continuous from
Z to Z' for each ), PO0 " PkU " is continuous from H~3 to H %, hence is of order —1, in contrast to its two
individual terms that are elliptic of order 1 (having the same principal symbol).

This analysis results in the theorem:

Theorem 3.3 For the second-order strongly elliptic operator A introduced above, let A be a closed realisation
with pr D(;l) dense in Z and pr, D(;l* ) densein Z'. LetT : Z — Z' be the operator it corresponds to by
Theorem 2.1.

(1) When Z and Z' are mapped to H™ 3 by o and Theorem 2.1 is carried over to the settmg based on the
Green’s formula (3.16), A corresponds to a closed, densely defined operator L : H™2 — H? with
domain D(L) = voD (A) such that A represents the boundary condition

viu = Cyou, where C =1L+ P$O v (3.37)
Here L is defined from T by (3.23).
(i) Forany X € o(A,), A—2) corresponds similarly to
I»=L+P° —pP* Hz—H2 (3.38)

Y0,V1 Yo,V1

with domain D(L/\) =D(L). A — ) is the realisation of A — X\ determined by the boundary condition
(3.37), where C may also be written C' = L* —i—Pﬂ;\0 v, Here, when A-)\ corresponds to T* by Corollary

2.3, L™ is defined from T by (3.32). Moreover; (3.35) holds.
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(iil) Furthermore, for any \ € p(A,),
ker (A — \) = K2 ker L*,

~ 3.39
ran (A — )\) = vy, ran L + ran(Amin — A). ¢ )
A

Proof. All has been accounted for above except point (iii), but this follows immediately from (2.14). O

3.2.3 The M -function
We define an M -function in this representation, by use of Lemma 2.8. We have from (2.32) for A € Q(Z ):

Mz = pr (T (A= N) " (Amax = V) A igrp 1 2/ — 2. (3.40)

We know from Theorem 2.9 that the M -function should coincide with minus the inverse of the operator induced
from T in (2.36), when \ € Q(A) N o(A,). So, applying the trace maps in (3.21) in a similar way as we did for
T, we get

Mp(\) =vzMz(MNvz
— 2 pre (I — (A=A (Amax — A)) A Vig g vy (3.41)
=Y (I — (Ai* A)il(AmaX — )\)) A;l iz g ’)/E/.

Here, when A € o(A) N o(A,), =M ()) is the inverse of the operator translated from 7'+ G*, namely, in view
of (3.35)—(3.36),

M\ =—(L+P°, — P )" =—(LM), (3.42)

Yo,V1 Yo,V1

bounded from Hz to H~ 2, and then it has range D(L). Moreover, it has the extension to A € Q(Z ) given in
(3.41), a holomorphic family of bounded operators from H 3t0 H 3.
Note that when A € Q(A) N o(A.,), L* is surjective onto H 2. These considerations lead to:

Theorem 3.4 For the realisation considered in Theorem 3.3, there is an M -function defined by
~ -1 1. X
ML) =70 (1= (A= 2) " (Amax = V) A7 iz Vi (3.43)
a holomorphic family of bounded operators from Hz to H 2. For A € g(;l) N o(A,), it satisfies

M(A)=—(L+P°  —P) ) =—(1)" (3.44)

Y0,71 T Y0.m

There is the following Krein resolvent formula, valid for all X € Q(A) No(A,):

N - —1
(A-N7" = (A =N~z g M) (v) by (3.45)
= (A4, =N = KIML()N) (K?> :

Proof. The definition of M, is accounted for above. The first line in the Krein formula follows from (2.42)
inthe case V = Z, W = Z’, by the calculation

B3Mz0) (B) = B3z M (03) " (BD) =7 Mu(0) (7};)71 :

-1
using (3.41) and (3.30). The second line follows since iz, g ’ygj = K$ cH: — H, (’y}i) pry =
A A
(izm7!) = (K2) s H — HE (recall that H = Ly(9)). =
A

Note that with the notation (3.14), L* = —FP7 |, .

and My (\) = P}

v1—Cv0,70°

cf. (3.29).
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3.2.4 Elliptic boundary conditions

Further information can be obtained in elliptic cases. Using the Sobolev space mapping properties of vz and its

inverse, one finds since D(A,) C H?(Q) that D(A) C H?(() if and only if D(L) C H?% . If L is given as an
arbitrary vdo of order 1, it is not in general bounded from H ~2 to H?, but has a subset as domain.

Ellipticity of the boundary value problem defined from (3.28), (3.29) (the Shapiro—Lopatinskii condition)
holds precisely when L acts like an elliptic 1do of order 1. ThenranL C H 3 implies D(L) C H 3, and the
graph-norm on D(L) is equivalent with the H 2 -norm. Let Q(;{ ) N o(Ay) # 0 (a reasonable hypothesis in our

discussion) and let Ao € 0(A) N o(A,). Then L* has kernel and cokernel {0} (since T has so, by Theorem
2.1) and is likewise elliptic of order 1, so the inverse — M, (\g) is an elliptic vdo of order —1; it is defined on

allof H2. It maps H 2 onto H (since the range of the operator from any H® to H**! has codimension O). It
follows that

D(L) = D(L*™) = H%. (3.46)

Then moreover, D (Z) C H?(Q) (and D(;l) is the largest subset of D(Apax) where (3.28) holds).
In this case, the adjoint of (L*°) -t (as a bounded operator from H? to H~3) is ((L*)") ~! 5o the adjoint

of L (as an unbounded closed densely defined operator from H “st0 H %) is L* with domain H?2. Then A* is
the realisation of A’ defined by the elliptic boundary condition

viu = (L* + Pfy&ui)’you, (3.47)

and D(;l*) C H?(Q). Note thatif A = A’ and L is elliptic of order 1 and symmetric, A is self-adjoint.
Before including these observations in a theorem we shall show that also pr Zy Plzt and their adjoints iz, . g,

iz/ . belong to the ¢dbo calculus; this will allow a discussion of Mp(N) for X € g(ﬁ) \ o(A4,).

Proposition 3.5 Let A € p(A,). Then pr 7y acts as the singular Green operator

prz; =1 — (Amax = VR((A" = A)(A = ), 70, M) (Afnax — A), (3.48)

max
where R((A" — M) (A — X),%0,71) : g — w is the solution operator for the problem
(A =N (A= Nu=g, 7u=yu=0. (3.49)
Similarly,

Prz, = I— (Al - )\)R((A - )‘)(Al - )‘)7 7o, 71)(Amax - )\) (350)

max

Moreover, iz, _. i acts like the adjoint of the operator in (3.50) in the 1dbo calculus, and iZ/x_,H acts like the
adjoint of the operator in (3.48).

Proof. When f € H, pr ! f is the second component of f in the decomposition
H =ran(Amin — A) & Z5.
Write f = f1 + f2 according to this decomposition, and note that
(A" =N f = (A= Nfi. (3.51)

Observe moreover, that v = (A, —X) ™! f1 is the unique element in D(Ayin) = HZ(£2) such that (A—\)v = fi.
In view of (3.51), v moreover solves

(A =NA=XNv=(A=Nf, ~v=mv=0, (3.52)
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and this solution is unique since (A" — A\)(A — )) is formally self-adjoint strongly elliptic with positive minimal
realisation, hence has a positive Friedrichs extension, representing its Dirichlet problem (3.49). Thus v is uniquely
determined as

v=R((A" = A)(A=X),70,7)(A =N/,

and f> is given by the formula (3.48). It should be noted that the operator in (3.48) has a good meaning on Lo ()
in the 1dbo calculus; first A’ — X\ maps L2 () continuously into H~2((2), then R((A’ —X)(A— \),70,v1) maps
H~2(9) homeomorphically onto HZ(2), as is known for Dirichlet problems for positive operators, and finally
A — X maps HZ(Q) continuously into Lz (). (3.48) defines a singular Green operator since the tdo part of the
second term cancels out with .

The formula (3.50) follows by interchanging the roles of A — X and A’ — .

Finally, as a technical point taken care of in [20], the operator in (3.48), although the factor to the right is of

order 2, is of class 0 since R((A" — A\)(A — X),v0,71) is of class —2. Then it does have an adjoint in the 1)dbo
calculus, so the assertion follows since the adjoint of pr, : H— Zyisiz, _.pg. O

Theorem 3.6 For the operators considered in Theorems 3.3 and 3.4, one has:

(1) When L acts like an elliptic 1do of order 1, then D(L) C H? and D(Z) C H?*(Q), and when
A€ Q(Z) N o(A,), all the operators entering in the formulas belong to the 1}dbo calculus, and M, (\)
is elliptic of order —1. Moreover, lfQ(Av) No(A,) #0, D(L) = H3.

(ii)) When the statements in (1) hold, we have moreover that A* is the realisation of A’ determined by the
elliptic boundary condition (3.47), and D(L*) = H?2, D(Z*) C H*(Q). In particular, if A = A’ and
L is symmetric and elliptic of order 1, A is self-adjoint with D (Z) C H?(Q).

(iii) When L is elliptic of order 1 with D(L) = H3, M (N) is an elliptic 1¥do of order —1 for all A € Q(Z)

Proof. The assertions in (i) and (ii) were shown above. For (iii), we use the formula (3.43) derived in (3.41)
from (2.32). When L is elliptic with D(L) = H %, the resolvent (A — )\) - belongs to the 1ydbo calculus and
maps L2(Q) into H?(£2); then the composition rules in the 1dbo calculus imply that M, () is a 1»do over .
Since (I — (A~ A)_l(AmaX - )\)) AZ! maps L»(€) continuously into H2(2), M (\) maps H? continuously
into H?, hence is of order —1, for all A € Q(ﬁ ) Since the principal symbol of M () (in the 1)dbo calculus)

is independent of A, also the principal symbol of the ¢»do M, () is independent of \; it equals the inverse of the
principal symbol of L and is therefore elliptic. O

Remark 3.7 The Krein resolvent formula (3.45) can be compared with the standard resolvent formula
(A - )\)_1 = Qx+ + G (cf. Seeley [40] and e.g. Grubb [21]), where () is a parametrix (an approximate

inverse) of A — A on a neighborhood Q of Q,Q A+ 18 its truncation to 2, and G is a singular Green operator
adapted to the boundary condition (as in (3.6)). This has been used e.g. to show asymptotic kernel and trace
expansions (also for the associated heat operator). Formula (3.45) gives more direct eigenvalue information.

Remark 3.8 The operators L and M, () can be pseudo-differential also in non-elliptic cases. A striking case
is where L = 0 as an operator from H ~3 to Hz, so that A represents the boundary condition

Vu = P;)O,VI'YOU- (3.53)
This is Krein’s “soft extension” [26], namely the realisation Aj; with domain

D(AM) = D(Amin)‘i'Z; (354)

as described in [15]. Its domain is not contained in any H* () with s > 0. Here M (\) = — (PS(W1 — PWAUJJ1 ) !
when this inverse exists; cf. (3.44). Spectral properties of A,; are worked out in [19].
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3.2.5 The general case

The previous subsections cover the cases where T goes from Z to Z’ in Theorem 2.1 (called “pure conditions”
in [15]). The family M moreover contains the operators corresponding to closed, densely defined operators
T : V — W with arbitrary closed subspaces V C Z, W C Z’. In [15], it was shown that these correspond
tooperators L : X — Y*, X = ywWVand Y = W (subspaces of H *%); then A represents the boundary
condition

you € X, (Lyou,¥)y-y = (Tu, 1) for all ¢ €Y. (3.55)

1 1
3,73

The equation is also written Lyyu = T'u|y (restriction as a functional on Y').
Let us show how this looks when we use the modified trace operators in (3.19) mapping the maximal domains
to L2(X). Setting

Xy =ToV=A_X,
Yi=DoW =AY, (3.56)

Ly = (Tyw) 'TTyL with D(Ly) =ToD(T),

where I'g v resp. I'g w denote the restrictions of I'g as mappings from V' to X; resp. from W to Y;, we have the
following diagram:

v v | x,

T Ly (3.57)

— "
(T5.w)

We find as in (3.25)—(3.27) that the statements pr. u € D(T'), Tu¢ = (Au)w, carry over to the statements

Tou € D(Ll) Cc X1, LiTou= PTy, Tu; (3.58)

this is then the boundary condition represented by A. Note that the condition T'ou € X; enters as an important
part of the boundary condition, compensating for the fact that L; acts between smaller spaces than in the case
V=zZW=2.

Since pry, ['1u = pry, Ay (riw — P, you), (3.58) may also be written in terms of the standard traces you
and 1y u, as

Aféfyou € D(Ly), pry, A%l/lu = (Ll + pry, A%PSO,WA% inHLz) Aféfyou. (3.59)

Such formulations can likewise be pursued for A-— A, allowing an extension of Theorems 3.3 and 3.4. Let
A€ o(Ay). NowT'g v, = F(),VF"} Vi 5 X4, and Cowy = Fo,WF{/;’) : Wy = Y1. The defining equation for
T is:

(T)‘ pré u,w) =((A=Nu,w) for we D(Z), w e Wx. (3.60)
We define

L3 = (Fawx)ﬂ T gy, with D(L3) =Tou D(T?) =ToyD(T) = D(L1),  (3.61)
and then rewrite the two sides as follows, denoting I'} = Ay (v — Pon,ul Y0):

(T3, w) = (LiToud, Powsw) sy = (LiTou, Tow),,

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 282, No. 3 (2009) 333

(A= Nu,w) = (Tu,Tow) = (pry, ['tu, Tow)

Ly(2) — Yi®

When w runs through W5, I'pw runs through Y7, so we see that A—\ represents the boundary condition
Tou € D(L1) C X1, LiTou = pry, I'u. (3.62)
It can also be written in terms of the standard trace maps as

A_1you € D(L1) C Xy, LﬁA,éyou = pry, Ay (riu— P, vou), (3.63)

where the equation can be rewritten as

Yo,V1

pry, Ay viu = (Li\ +pry, A1 P A 1X1HL2) A syou. (3.64)

Since D(A — \) = D(A), we have in view of (3.59):

Ly = Li+pry, Ay (P, = P}, ) Avix,—r,, when € o(A,). (3.65)

2 Yo,V1 Yo,V1

All this leads to:

Theorem 3.9 For the second-order strongly elliptic operator A introduced above, let the closed realisation A
correspond toT : V — W by Theorem 2.1.

(i) Define X1, Y1 and L by (3.56); then A represents the boundary condition (3.58), more explicitly written
as (3.59).

(i) Forany X € p(A,), A— ) corresponds to the operator Ly : X1 — Y; defined in (3.61), and represents
the boundary condition (3.62), also written as in (3.63), (3.64). Here L{‘ and Ly are related by (3.65),
and

ker (A —\) = KAy ker L},

_ (3.66)
ran (A — X) =T}, ran L3 + (H & Wy).

Proof. In view of the preparations before the theorem, it remains to account for (3.66), which follows by
application of the various transformation maps to (2.43). (]

The M -function in this set-up is defined from formula (2.41), in a similar way as in (3.41):

Mp,(A) = TovMz(MNIg w
= A1y MzNIGw

= A pre (1= (A= 2) " (Amax = 2)) A7 Viwon Ty

= A7%70 (I* (Aii A)il(AmaX — )\)) A;l W_H FS,W'

(3.67)

Here, when A € (A ) N o(A,), =My, (}) is the inverse of L7. We therefore have the following:

Theorem 3.10 Once again, let A be the second-order strongly elliptic operator introduced above and let the
closed realisation A correspondtoT : V. — W by Theorem 2.1. The M -function in this setting is

Mp,(N) =A_17 (I (A=A Ay — )\)) A i T gy, (3.68)

a family of bounded operators from Y1 to X1, depending holomorphically on \ € Q(A ) For \ € Q(A) No(A,),
it satisfies

—1
My, (\) = — (L1 +pry, Ay (PS, — P ) Ay 1X1HL2) . (3.69)
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The following resolvent formula holds for all A € Q(Z) No(A4,):

~ _ —1
(A=N)""= (A, =N =iy Doty Mz, (V) (FS,W;) Pryy,

o, (3.70)
= (A, =N = K M, () (K2y,)
where K?,Xl : X1 — H acts like the composition ofA% X — X, iXéH,; and K;\ :H"* — H.
Proof. It remains to show (3.70), which follows from (2.42). O

The analysis of the realisations corresponding to operators T' : Z — Z’ covers all the most frequently studied
boundary conditions for second-order scalar elliptic operators, whereas the cases where 1" acts between nontrivial
subspaces of Z and Z’ are more exotic. For example, the Zaremba problem, where Dirichlet resp. Neumann
conditions are imposed on two closed subsets X p resp. Xy of X with common boundary and covering ¥, leads

_1
to the subspace V' = KSHO 2 (X ), which presents additional technical difficulties not covered by the »dbo
calculus.

But when we go beyond the scalar second-order case, subspace situations have a primary interest; see the next
section.

3.3 Higher order operators and systems

Let us now consider systems (matrix-formed operators) and higher order elliptic operators. Here one finds that
subspace cases occur very naturally and allow studies within the @dbo calculus, with much the same flavour as
in Theorems 3.3, 3.4 and 3.6. For even-order operators, a general and useful framework was worked out in [17],
normal boundary conditions for operators acting between vector bundles, which could be the point of departure
for ample generalisations. Scalar operators are covered by a simpler analysis in [16]. We shall here show in detail
how the analysis of [16] can be used, and illustrate systems cases by examples.

Example 3.11 Let A = (Aj k) be an p x p-matrix of second-order differential operators on €2, elliptic in the
sense that the determinant of the principal symbol is nonzero for z € Q, £ # 0. We here have a Green’s formula
like (3.7), but where so(z) is a regular p x p-matrix and 5¢(z) is replaced by so(z)*. There is again a Dirichlet
realisation Aw and if it is elliptic and 0 € Q(AV), we can repeat the study of Section 3.2, now for p-vectors. That
will cover boundary conditions of the form (3.28), and give a somewhat abstract treatment of the more general
cases.

Now one can also consider boundary conditions where a Dirichlet condition is imposed on some components
of you and a Neumann condition is imposed on other components of vyu. This is very simple to explain when
so(x) = I, so let us consider that case. Let A be determined by a boundary condition of the type

Youn, =0, mun, — Cyun, =0, (3.71)

where Ny and N7 are complementing subsets of the index set N = {1, 2, ..., p} with pg resp. p; elements. Using
the homeomorphism vz : Z = [], - j<pH ~2 () and similar vector valued versions of the other mappings in
Section 3.2, one finds that realisations of boundary conditions (3.71) correspond to operators

L: [[H?*® — [] H: (%), L=C-pry, P i, (3.72)
JEN, JEN,

where pry, projects {¢;}jen onto {¢;}jen,, and i, injects vectors {¢;} e, into vectors indexed by N by
supplying with zeroes at the places indexed by Ny. Again, ellipticity makes the realisation regular, and there are
formulas very similar to those in Section 3.2:

L)\ =L+ PT N,y (P'S(M'Yl - P';\U,'Yl) iNl =C - Pr'y, P’i:h’h iNl7
Mp(y) = —(LM 7 (3.73)
(A=N) "= (A4, =N = K2 in, M\ pry, (Kﬁ)* :
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where L* and M, () are elliptic 1/do’s when the boundary condition is elliptic.

Notation gets a little more complicated if sg is not in diagonal form, or if pr , is replaced by a projection onto
a p1-dimensional subspace of C? that varies with x € ¥. Then it is useful to apply vector bundle notation, as
in [17], where fully general boundary conditions are treated.

Next, consider the case where A is a 2m-order operator A = ZM <om Ga(2)D* (scalar or matrix-formed),

elliptic on . The Cauchy data are the boundary values

ou={vu,...,Y2m-1u}, (3.74)
which one can split into the Dirichlet data and the Neumann data

yu = {YoUy ...y, Ym-1u}, vu={YmU,...,Y2m-1u}. (3.75)

There is a Green’s formula for u, v € H*™(Q):

(Au,v) — (u, A'v) = (xu,yv) — (yu, X'v),  xu=Awu, x'v=Avv+ Ay, (3.76)
where A; and A (both invertible) and A, are suitable m x m matrices of differential operators over . Here
X = {x0,--., Xm—1} with x; of order 2m — j — 1, and the trace maps are continuous,

vizyA) — ] B ), xczi) — [ BT, (3.77)

0<j<m—1 0<j<m—1

for s € R. If the Dirichlet problem is uniquely solvable, one can again use A., as reference operator, and set
A A XTI
Py =xK5, P/ =xK], (3.78)

. A N . . .
with K7 resp. K denoting the Poisson operator solving

(A=XNu=0 resp. (A =XNu=0in Q, ~yu=e. (3.79)
Now
F=x—P) vy and T"=x"—-P .y (3.80)

/
max

are defined as continuous maps from D(Apax), resp. D(AL..) to [ ] jem H it+3 (3), and there is a generalisation

of (3.76) valid for all u € D(Amax), v € D(AL..):

(A’LL,’U) — (U,A/’U) = (FU,’)/’U){JJ’_%},{_J_%} — (7“7F/U){—j—%},{j+§} (381)

(where (-, -){s,},{—s,} indicates the duality pairing between []._,, H*/ () and [, H™ (2)).

j<m
It should be noted that PWA, + 18 a mixed-order system:

Py = (Pjk)

X k) jk=0. m_1 Pj, of order 2m —1—j -k,

and the principal symbol and possible ellipticity is defined accordingly. Such systems (with differential operator
entries) were first considered by Douglis and Nirenberg [11] and by Volevich [44]; in the elliptic case they are
called Douglis—Nirenberg elliptic.

Formula (3.81) can be turned into a boundary triplet formula with H = K = Lo (3)™ by composition of T’
and I with a symmetric 1»do defining the norms:

O = (Okhis 1) ionmor: 11 HT2(E) = La(2)™, (3.82)

0<j<m
and composition of v with © 1, setting
I =0r, T/=er", TIy=01y=Ty; (3.83)
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this leads to a word-for-word generalisation of Proposition 3.1, with
(Au, 'U)LQ(Q) — (u, A/U)LQ(Q) = (Flu, F/OU)LQ(Z)W - (Fou, Fllv)Lg(Z)m; (384)

foru € D(Amax), v € D(AL..)-

max

The straightforward continuation of what we did in Section 3.2 is the study of boundary conditions of the
type xu = C-~yu, that are the ones obtained when A corresponds to T : Z — Z'. When A corresponds to
T :V — W, we find that it represents a boundary condition similar to (3.58). Since the proofs in Section 3.2
generalise immediately to this situation, we can state:

Corollary 3.12 Theorems 3.3, 3.4 and 3.6 extend to the present situation for elliptic operators of order 2m,
when H™2 (X) is replaced by Hj<m H-Ji-3 (%), and o and vy are replaced by v and .
Theorems 3.9 and 3.10 likewise extends when, moreover, Lo (X) is replaced by L2 (3)™ and (3.84) is used.

Whereas the statements in the case of general subspaces V and W will be somewhat abstract, there are now
also formulations where the subspaces are represented by products of Sobolev spaces, and the operators belong
to the 1dbo calculus. We shall demonstrate this on the basis of the treatment of normal boundary value problems
in [16], which we now recall. Denote

M={0,...,.2m -1}, My={0,...,m—1}, M;={m,...,2m—1}.
A general normal boundary condition is given as

v+ Bpyu=0, j€J, (3.85)

k<j

where J is a subset of M with m elements and the B, are differential operators on X of order j — k. (It is called
normal since the highest-order trace operators ; have coefficient 1.) Let X' = M \ J, and set

Jo = J N My, Jy=JN My, Ky = K N My, Ki = Kn M,
Yo = {vitiesos V= {vitien, ko = {Vitiexo VEi= {Vj}tiek;
then (3.85) can be reduced to the form
Yoou = Fovkeu, viu= Fiyk,u+ Favk, u, (3.86)

with suitable matrices of differential operators Fy, Fi, F5. To reformulate this in terms of {, x}, we use the
convention for reflected sets:

N'={j|2m—1—j€ N}, (3.87)
considered as an ordered subset of M. Then x = {x; }jenm, splits into x = {x,’, Xx,’ }» where

Xn' =X tiens Xk = {Xj}iek, -
We can now reformulate (3.86) as

Yi,u = Fovr,u,  Xg,0u = Giyr,u + GaX i,/ u, (3.88)

where G and G5 are matrices of differential operators derived from those in (3.86) and the coefficients in Green’s
formula (m~0re details in [16]). B
When A is the realisation of A determined by the boundary condition (3.88) (i.e., D(A) consists of the

u € D(Amax) satisfying (3.88)), and ellipticity holds, then D(/T) C H?™(Q), and the adjoint realisation A*is
determined by the likewise elliptic boundary condition

Vi v = =G5vy,0, Xk, v = Givv — Fyx,v. (3.89)
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@: IKOKU , \I/: IJllJll ,
Fo -G5

we have that

YD(A) Cc X = @(H H™"3(x ) DAY cy=v | J] B3

keKo jEJ1’

Setting

Here X is the graph of F{ and naturally homeomorphic to its “first component” H pero H "2 2(%), and similarly

Y is homeomorphic to H ey H™ (E) The operator T : V. — W that A corresponds to by Theorem 2.1
carries over to an operator L X — Y™ by use of v, and this is further reduced to an operator

v [ EF R — ] BE®), Li=Gi - v P9,
kE€Ko JEJ!

with domain D(L1) = [[.cx, H 2m—k—3 (3). This representation is used in [16] to find criteria for the operator
to be m-accretive, and the ideas are further pursued in [17] for systems of operators (where vector bundle notation
is needed). B

For the present study of resolvents, we now find that A — X can be represented by

LY=G —-vP)o: [[ B 2@ — [[ #*:(®), DY) = [] #**=(®), (3.90)
ke Ko jeJ’ ke Ko

when A € p(A,). The corresponding M -function and Krein formula are:

M) =~ (G- @) [ #H2E) — [[ H )
JeNn’ keKo (3.91)
(A=N)""= (4 - N = K2eM()) (K;X\I/)* :
when \ € o(A) N o(A,). M()) extends holomorphically to o(A) (note that the spectrum of o(A.,) is discrete
in this case). As a mixed-order operator with entries of order 2m — 1 — j — k (k € Ko, j € Ji'), L} is
Douglis—Nirenberg elliptic, and M (\) is so in the opposite direction.

The two functions M (\) and L7 together give a tool to analyse the spectral properties of A in terms of 1do’s
on X, M(X) being holomorphic on Q(;{ ) and L7 containing information on null-spaces and ranges. We have
hereby obtained:

Theorem 3.13 Let A be a 2m-order elliptic differential operator with coefficients in C* (), and let A be the
realisation defined by the normal boundary condition (3.85), reformulated as (3.88), assume that the boundary
problem is elliptic. Let A, be the Dirichlet realisation, assumed elliptic and invertible. For A € p(Ay), the
operator corresponding to A=) by Corollary 2.3 carries over to (3.90). The associated M -function and Krein
resolvent formula are described in (3.91); M (\) extends to an operator family holomorphic in A € Q(Z)

When A is scalar of order 2m, this analysis covers all the elliptic problems to which Seeley’s resolvent con-
struction [40] applies, for it is known that normality of the boundary condition is necessary for the parameter-
ellipticity required there (cf. e.g. [21, Section 1.5]). When p X p-systems are considered, each line in (3.85)
can moreover be composed with a multiplication map to the sections of a subbundle of ¥ x CP?, as indicated in
Example 3.11; here normality means surjectiveness of the coefficient of the highest normal derivative v;, for each
7. For such cases, the treatment can be based on [17].

Example 3.14 For a simple example, consider the biharmonic operator A = A2, which has the Green’s
formula

-y A
(A%u,0) — (u, A%) = (xu,y0) — (yu, xv), Xu = ( Jl:) ; (3.92)
0
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note that linear conditions on ygu, y1u, Y2u and y3u can be written as conditions on Yyou, y1u, YoAu and y; Au,
hence on yu and yu. The operator P%X is a ¢vdo from H s=3 x HS 3 to H*" 5 x HS" 3 (note the reverse order
of the Sobolev exponents in the target space).

Let A be defined by an elliptic boundary condition with a first-order differential operator C,

You =0, YAu=Cruy; (3.93)
then A* represents the likewise elliptic boundary condition
Yu =0, YAu=C"yu, (3.94)

and the domains of A and A* are contained in H 4(€2). For the corresponding operator T : V' — W according to
Theorem 2.1,V = W = K9 ({0} x H*%). This carries over to the operator

L=C—pryP% ip: H™% — H*, (3.95)

where pry = (0 1) and iy = (). Thanks to the ellipticity, D(L) = H 3, and L is an elliptic ¢do of order 1. We
here find that

LY =L+pry (P), — P}, )iz =C —pry P} s,
Mp(\) = — (L) 7, (3.96)
(A=) = (Ay = )" = KX iy My(\) pry (Kﬁ)* .

It is also possible to take another realisation Ag than the Dirichlet realisation as reference operator, preferably
one defined by an elliptic boundary condition, as in [15]. For strongly elliptic operators, using A, as reference
operator has the advantage that semiboundedness properties are preserved in correspondences between A and T,
see [16,17].

There do exist even-order operators for which the Dirichlet problem is not elliptic; a well-known example is
the operator —AT + 2 grad div on subsets of R?, studied by Bitsadze.

Example 3.15 The operator A need not be of even order. For example, first-order p X p-systems, such as Dirac
operators, have received much attention. In this case the Cauchy data are {you1,...,vou,}. Elliptic boundary
conditions require p to be even. In “lucky” cases, one can get an elliptic boundary value problem by imposing the
vanishing of half of the boundary values; this will then give a reference problem, allowing the discussion of other
realisations. More systematically, one can impose the condition I you = 0 for a certain 1ydo projection I
over the boundary (the Atiyah—Patodi—Singer condition), which defines a Fredholm realisation. If it is invertible,
it can be used as a reference operator.

Similar considerations can be worked out for elliptic operators on suitable unbounded domains, and on man-
ifolds. More specifically, the calculus of ©dbo’s is extended in [21] to the manifolds called “admissible” there;
they have finitely many unbounded ends with good control over coordinate diffeomorphisms. They include com-
plements in R™ as well as EZ of smooth bounded domains.

Example 3.16 We shall here make concrete the considerations in Example 3.14 for the biharmonic operator
on the half space

R} = {z ={2',2,} € R" | z,, > 0},

where we denote {x1,...,z,-1} = 2’. This constant-coefficient case can be viewed as a model for variable-
coefficient cases, giving an example of the pointwise symbol calculations entering in the 1»dbo theory. (A detailed
introduction to the vdbo calculus is found e.g. in [22].)

It is well-known that since A? is symmetric nonnegative, the resolvent of the Dirichlet realisation in L (R} )
exists for A € C \ R,. We shall write

A=—p', p€Vyy, where Vyp={zeC\{0}||argz|<6}.
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We fix a \g < 0, then the realisations of A = A% — ) fit into the general set-up, with the Dirichlet realisation
A, of A% — )\ as reference operator. However, for simplicity in formulas (avoiding addition and subtraction of
o), we keep the parameter \ for the operator families defined relative to A% — ).

In the following calculations, one can think of a 1 > 0; the considerations extend holomorphically to V7 /4.
To find the Poisson operator K ;‘ solving the problem

(A2 - )\)’U,(LL'/, xn) =0 on ]Riv ’U,(:L'/, 0) = 500(33/)7 871“(1'/) 0) = 501(33/)7

we perform a Fourier transformation in the x’-variable, and then have to find solutions of

((|’f/|2 - 5)2 + ,u4) W' z,) =0 for wx, >0,
a(€',0) = @o(&), (3.97)
ont(E',0) = @1(8),

that are in S(R; ) = r*S(R) (the restriction to R ;. of the Schwartz space of rapidly decreasing functions on R).
Write

(G2 = 82)% +u) = (€' +in? — 02) (1€ — in* - 22)
= (04 4+ 0n)(04 = On)(0— + On)(0— — On),
1 1

U+:(|€/|2+iﬂ2)2, 0__:(|£/|2_,LM2)27
where 27 is defined for z € V; to be real positive for z € R, ; note that ;2 € Vi /2 so that |¢'|? £ ip® € V., and
Re oy > 0. Then the general solution in S(R.) of the first line in (3.97) is

v(xy) = cre” 7T 4 cge” 7,
It is adapted to the boundary conditions by solution of

cte=¢0E), —ore—oa_ca=a1(E),

with respect to (c1, ¢2); this gives

, 1 _ _ - —0_ -1 (70\0 b (70\0
I,Z'n — e~ 0+Tn  =O0-Tn T = k/\ 14 )
(€ n) = o ) ( o 1> <gp> \&

Here /;;\ (¢',x,,) is the so-called symbol-kernel of the Poisson operator K2 it acts like
f !
KA 900) — (27)n / oia’ € A ' n (fo(f )) de’,
and maps H*~ 2 (R" 1) x H*~2 (R"~!) to {u € H*(R") | (A= A)u = 0} forall s € R. (In variable-coefficient
cases, k would moreover depend on z’ 2

The symbol p*(¢’) of the Dirichlet-to-Neumann operator Pv/\»c with x chosen as in (3.92) is found by the
calculation

an 12_6721 7. /
)= (L ) B

1 —iopp? io_p?\ (-0 —1
o, -0 iu? —ip? oy 1

_ ip? 20 0_ oy +o_ (3.98)
op —o_ \—(oy +0-) -2

1 2010_ or+o_

_4(a++0_)((0++0) _9 )

. <p3‘0 P31) .
R NS x|
Pip P11
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here we used that (o — 0_) 7! = (04 +0-) /(0% —02) = (o4 + 0-)/(4ip?).

)
The operator P} is Op(p*), where we use the notation for ¢do’s

Op(q)f = (2m)1" / ¢ € g (! V() de.

Rn—1

Let us consider a model boundary condition (3.93) for A? — )\ with a ﬁ~rst—order differential operator C' =
b101 + - -+ + bp—10,—1 with constant coefficients; it defines the realisation A, and C has symbol ¢(£') = ib - £'.
Then the operators L* and L* defined similarly to (3.95) and (3.96) are the ¢do’s with symbol

) =c(€) - p(€),
resp.
ME) =) +p13(€) = ph (&) =€) = ph(€) =€) + %m o).

When [* is invertible for all ¢/, M, () is the v»do with symbol

N[

m(€',)) = - (c(§'> i+ a_>)_ __ (c@') P2 (i)t 4 L(er - uﬁ)i)_ L (99)

This shows how M, ()\) is found. As an additional observation, we remark that when b is real nonzero, then
Cc* = —-C # 0, so Ais non-selfadjoint, cf. (3.94). However, M, (\) is well-defined for all A\ € C\ EJF
(since ¢(¢’) € iR). On the other hand, L** has numerical range v(L*°) approximately equal to the sector
V ={z € C||Imz| < |b|Rez}, and v(L*) is contained in the numerical range of A, by [15, Thm. III 4.3].
This gives an example where Ahasa large numerical range outside the spectrum.

Remark 3.17 One can ask whether the considerations extend to Douglis—Nirenberg elliptic systems (systems
of mixed order). But it may not be easy. Consider for example a 2 x 2-system

A A u
Aw = 3.100
v (A21 Ax ) \v (3.100)
on a smooth bounded open set {2 C R", where u and v are scalar, and A;; is of order 4 — ¢ — j. There is a Green’s
formula for A:

(Aw, w') = (w, A"w') = (kw, y0u') — (You, K'w’),

where kw = xu + b1yov, K'w’ = x'u’ 4 bayov', with first-order trace operators x and x’; {you, kw} are the
reduced Cauchy data according to [13, 18]. Assume that the principal symbol is uniformly positive definite; in
particular, the function Asz(x) > ¢ > 0, the symbol a¥; (x,£) > ¢|¢|* and the determinant aY; (z, &) Asz(z) —
ady(x,€)ad; (z, &) > c|€)?. Then the Dirichlet problem for A (with boundary condition you = 0) is well-posed,
with domain D(A,) = (H2(Q) N H}(Q)) x HY(Q).

When 0 € g(A,), there is the following parametrization of null-spaces of A (cf. also [18, Thm. 2.11]):

Yopry < 25N A) = {w € HY(Q) x HH(Q) | Aw = 0} = B (),
all s € R; but this does not in general lead to a nice parametrization of
ZJ(A) = {we Ly(Q)? | Aw = 0},

which would be required to get a good interpretation of the abstract theory for A as an operator in Ly (£2)2.

This regularity problem is not present in the one-dimensional situation, where the maximal domainis H?x H!;
an example is considered in Section 4.2.

In the example in Section 4.1 we consider an n-dimensional case of (3.100), where the off-diagonal terms are
of order 0; this allows an easier parametrization of the null-space.
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4 Examples

We have seen that the family M ;(\) is holomorphic on Q(A) so that
o(A) > {\eC|Mz()) singularat \} . 4.1)

Among the singular points, we have very good control of those outside o(Ag) by Corollary 2.12 and (2.43), for
the null-space and range of A — \ are fully clarified by the same concepts for 7* (a holomorphic operator family
on o(Ag) which is homeomorphic to the inverse of M 7(\) on o(A) N o(Ag)); it gives the information:

o(A)No(Ag) = {\ € o(Ap) | ker T* # {0} or ranT™ # W5 } . (4.2)

So the only spectral points of A whose spectral nature may not be controlled by M 3(\) and T are those that
lie in 0(Ag). For many scalar equations it has long been known that the M -function allows full control of the
spectrum. However, when considering systems, it is easy to see that uncontrolled points may exist by considering
equations which are decoupled. In [7], an example involving a coupled system of ODEs was given where M ;

was regular at a point \g belonging to the essential spectrum of A (and of Ag). We shall here show a similar
phenomenon for PDEs and for a system of ODEs with first order off-diagonal entries.

4.1 PDE counterexample

Consider the 2 x 2 matrix-formed operator

()

acting on 2-vector functions w = {u,v} on €, such that A is a second-order elliptic operator as studied in
Section 3.2 and a,b,c € C*°(2). The set ranc is a compact subset of C. We assume that it has a connected
component K with more than one point, that C \ (ran ¢) is connected, and that

a(z)b(x) vanishes on suppc. (4.4)

The maximal and minimal operators are

e (). (b 5

with
D(Amax) - D(AO,max) X L2(Q)7 D(Amin) - D(Ao,min) X LQ(Q); (46)

and there is the Green’s formula

(A (Z) ’ (:)L/)) - ((Z) ’ AI (Z//)) = (VluaVOU/) - (’YO'U/, Viul + ABVOUI)LQ(E)7

with notation as in (3.7) ff.
Proposition 4.1 Let A., be the Dirichlet realisation defined by the Dirichlet condition you = 0.

() A, is lower semibounded with domain (H?(2) N H}(Q)) x L2(2), and the spectrum is contained in a
half space {Re A > a}.

(ii) The operator A., has a nonempty essential spectrum, namely

Oess(Ay) =ranc. 4.7

(iii)) Outside the essential spectrum, the spectrum is discrete, consisting of eigenvalues of finite multiplicity.
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Proof. (i) follows from standard results for elliptic operators and the fact that the adjoint of A, is the Dirich-
let realisation of A’ with similar properties. Hence, the spectrum is contained in a half space {Re A > a}.

(i) follows from Geymonat—Grubb [13], where it was shown that the essential spectrum of the realisation of a
mixed-order system A defined by a differential boundary condition Su = 0 consists exactly of the points A € C
where ellipticity of { A — A, 8} fails. The current operator A is a mixed-order system with orders 2 and O for the
diagonal terms, order 1 for the off-diagonal terms (to fit with the rules of Douglis, Nirenberg and Volevich for
mixed-order systems). The principal symbol of A — X is

("7 - @9

so ellipticity of the Dirichlet problem for A — X fails precisely when A € ranc.

For (iii), we note that the resolvent set is nonempty, so for A ¢ ranc, A, — A is a Fredholm operator (by the
ellipticity) with index O (since the index depends continuously on ). Then all spectral points outside ran c are
eigenvalues with finite dimensional eigenspaces. Since these eigenspaces are linearly independent, there can only
be countably many, so there is at most a countable set of eigenvalues outside ran c. They can only accumulate at
points of ran c. o

Consider another boundary condition for A,
nu = Cyu, 4.9)

with C a first-order differential operator, and such that the system {Ag, 1 — Cyo} is elliptic, defining the real-
isation Ag. Then {A, (11 — Cy) pr, } is likewise elliptic, and we define A to be the realisation of A under the
boundary condition (4.9). Again, the essential spectrum equals ran c.

It is well-known that Ao satisfies a 1-coerciveness inequality (hence is lower bounded) if and only if the real
part of the principal symbol of L = C — Pg{wl is > ¢o|¢’| with ¢ > 0, and that the adjoint then has similar
properties (cf. e.g. [16], [17]). Assuming this, we have that the spectrum lies in a half plane {Re A > a3}, and
the spectrum is discrete outside ran c.

We next want to discuss M -functions for the comparison of the Dirichlet realisation and the realisation defined
by (4.9). Let k be a point in (A, ); then the general analysis of Section 2 works for the realisations of A — k,

with reference operator A, — k. So the holomorphic families 7* and M (A—k) (A) are well-defined relative to

this set-up. Note that c¢(z) is now replaced by cx(x) = c(x) — k; the essential spectra of A, — k and A~k are
contained in ranc,, = ranc — k.

Let A ¢ rancy. The solutions of the Dirichlet problem with non-homogeneous boundary condition are the
solutions of

(Ao —k—XNu+av =0,
bu+ (c—k—ANv=0, (4.10)
You = @.

The second line is solved by v = b(\ + k — ¢) ~u, which by insertion in the first line gives

(Ag—k—A+ab(A+k—c) Hu=0,
You = @

4.11)

When \ € g(A,—Fk), the problem (4.11) has a unique solution u. = K% € ker (Ag—k—A+ab(A+k—c)™!)
for each ¢ € H~%, and (4.10) has the solution {u,b(k + A — ¢)~'u} € ker(A, — k — \). The Dirichlet-to-
Neumann operator family for A — k is

PRA = vy pry KE2, (4.12)

which identifies with the Dirichlet-to-Neumann operator family P2’ for Ay — k.
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As above, let A be the realisation of A under the boundary condition (4.9). It corresponds as in Section 3.2 to
IY=C—-PA=L4P"0 PPN H" 3 g3 where L=C—-P° D(L)=H?3.
Then there is an M -function going in the opposite direction and satisfying
Mp(\) = —(L 4 P& — pFA) 7! (4.13)
when \ € (A — k) N o(A, — k). With a notation similar to (3.14), Mp,()\) acts as follows:

Mp(\) = PP (4.14)

v1—Cv0,70"

Proposition 4.2 There exists a point belonging to the essential spectrum of A—k (and of A, — k) at which
M7y, (X) is holomorphic.

Proof. Let \g = ¢(zg) — k, for some g where co(x) € K \ {0}. Then A\ belongs to ess(Ay — k) and to

Oess (Z — k:) We shall show that M, (\) can be extended holomorphically across Ag or a neighbouring point.
In view of (4.4),

a(@)b(@)N +k —c(2))™' = a(z)b(z)( N+ k)", forall z€Q, \#—k. (4.15)
This implies that the problem (4.11) takes the form
(Ag—k = A+ ab(A+ k)" "u=0,

(4.16)

You = ¢,
for A # —k, and this is obtained by reduction from the problem

(Ag—k—XNu+av=0,

bu— (A + k)v =0, 4.17)

You = ¢,
a Dirichlet problem for

Ay = (Abo (;)k “_(”I?) . (4.18)
Similarly, the problem

(A—k—MNw=0, 1ru—Cyu=1, 4.19)
is equivalent with

(A1 — Nw =0, ru—Cyu=1. (4.20)
So, M1,(X) defined above coincides with the analogous operator for A;:

Mp(A) = P}y 4o (A1) 4.21)

It is holomorphic on g(;h) , where Zl is the realisation of A; defined by the boundary condition (4.9).

This detour via A; gives information about the possible holomorphic extensions of the M, (\)-function for
A — k. We infer from the general result of [13] that the Dirichlet realisation A; - of A1, as well as the realisation
A1, have essential spectra equal to {—k}. Moreover, their spectra are contained in a half space, and are discrete
outside the point {—k}.

So A\g = ¢(xp) — k is either in g(ﬁl) or is one of the discrete eigenvalues of El, and in any case there is a disk
B(\g, ¢) around it such that My, ()\) is holomorphic on B(\g, ) \ {Xo}. Since ¢(z) — k is not the only point in
the connected set K — k, there will be a point x{, such that ¢(x(,) — k € B(Ao,9) \ { o}

We can conclude that M7, () is holomorphic at A = ¢(x(,) — k, but the point belongs to the essential spectrum
of A —k (and of A, — k). O
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Remark 4.3 The hypothesis (4.4) can be replaced by a weaker hypothesis as follows: Assume that K is
a compact connected subset of ranc containing more than one point. Let w, w’, w” be subsets of Q with
dist(w, 2\ w') > 0, dist(w’, Q2 \ w”) > 0, such that K C c¢(w) and dist(K,c(Q \ w’)) > 0. Assume that
ab vanishes on w”. Letn € C*> withn = 1 on Q \ w” and n = 0 on w’, and set ¢ = ne. Then, for all
A ¢ranc —k, ab(A+ k —¢)™! = ab(A + k — ¢’)~*. The problems (4.10) and (4.19) can now be replaced by
problems where c is replaced by ¢’ , whose range is disjoint from K, so that there will be points in K — k where
the M -function is holomorphic.

4.2 ODE counterexample

Consider the 2 x 2 matrix-formed operator

4(0) 0= (et o) e

acting on pairs of functions u, v on the interval [0, 1] and a, b, c € C*°([0, 1]). Its formal adjoint is given by

(u —u"(x)  (b(x)v(x))
A )= 7 ‘
and there is the Green’s formula

(a () () = () (1)) = Cort) - urt

where
uy (1) + a(1)uz(1)
b= ( ((0) — a(0)us (0) ) |
Pou = Ty = (Zi% | (4.24)

and u,v € D(Amax) = H*(0,1) x H*(0,1).

Proposition 4.4 We introduce the quantities

I
a(x) (x\i(:()w)) v a(x)
Qz,\) = ) a(r) = exp (/ Q(s,\) ds) , Blx) = EETOIOR (4.25)
-1+ A—c(zx) 0 —1+ A—c(zx)
and let yy and ys be two linearly independent solutions of
1 12 11
o= | g e=0 (4.26)
a | da 2

/

satisfying the initial conditions y1(0) = 1, y1(0) = 0, y2(0) = 0, y5(0) = 1. Note that y1 and y2 depend on A,
but we suppress this in the notation.
c1,c0 € (C} .

(i) We have
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(ii) Consider the operator A;, the restriction of Amax to kerI'y, i.e., subject to Neumann boundary condi-
tions. The matrix of the M -function has the entries

y1(1) 1
= T () PRI RORCYIIS
|58 1]y (1) 11— 52 )
(4.27)
B 1 - ys(1)
M2 = T PP OROIIVIS
[)\,c(l) - 1} yl(l) {1 P O) } yl(l)

(iii) Assume in addition that the function b vanishes identically on an open interval I C (0,1). Then there is
a second operator A with different essential spectrum to A1, but giving rise to the same M -function.

Remark 4.5 Note that if 47 (1) = 0, then y; is a Neumann eigenfunction for (4.26), and ) is an eigenvalue of

the operator A;. Apart from this case, singularities of the M -function only occur when the coefficient in (4.26)

blows up, as terms of the form %b((f)) — 1 also appear there.

Proof. (i) (A — A)u = 0 can be written as
—uy — Aug + auy, = 0, buj + (¢ — Nug = 0.

Solving the second equation for uy and substituting this into the first gives

b\’
—u’1’+a( “1) — Ay = 0. (4.28)
A—c

Introducing «v and (3 as in (4.25), Equation (4.28) simply becomes (au})’ — SAu; = 0. Moreover, introducing

x O/
T) =ex —uy(x
o) =exp [ S (a),
the equation can be written as

1 12 1
¢//+_[Z_O‘_5,\]¢O (4.29)
« « 2

and the kernel of A,,.x — A has the form

c1Y1 + Cca2y2
ker(Amax — A) = {( b e , ) ‘ cl,CQE(C}.
3—c\C1Yy + 02y2)

(ii)) We now calculate the M -function for the operator subject to Neumann boundary conditions. For any
(u1,uz2) € ker(Amax — A) we have

(mn m12) (_Ull(l) + a(1)uz 1)) _ (“1(1))
ma1 Mg w4 (0) — a(0)ug(0) ) \wu1(0))°
A simple calculation then gives (4.27).

(iii) We first note that the determinant of the principal symbol of A — \ is given by £2(ab+c— \) which is zero
if A € ran (ab + ¢). Hence ellipticity of the system fails for A\ € ran (ab + ¢) and by [13], the essential spectrum
of the operator equals ran (ab 4 ¢). Under the additional assumption that the function b vanishes identically on

an open interval I C (0, 1), we have that ran (c|;) is contained in the essential spectrum of the operator. Let ¢ be
a C'*°-function on [0, 1] that coincides with ¢ on [0, 1] \ I. This gives rise to another operator A with

~(u —u(z)  a(z)v(z)
A x) = . 4.30
()@ <b<x>u'<x> E(x)vm) (30
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Let A; be the realisation of A subject to Neumann boundary conditions. Then ran (¢|;) will lie in oegs (El)
Therefore, in general the essential spectrum of the operators A; and A; will differ. However, for the calculation
of the M -function, ¢ only appears in terms of the form b(z)

A—c(z)
blx) _ _bx)
A—c(x) X—¢(x)’

and by our assumptions,

so the M-functions for A; and A, coincide. Thus, we have another example where two operators with differing
essential spectra give rise to the same M -function. O
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