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1. Spectral asymptotic estimates in smooth cases

. Spectral asymptotic estimates in smooth cases

Let ©2 be smooth open C R”, with bounded boundary 92 = ¥. Denote
dhuls = vu, j € No. Consider a strongly elliptic second-order
differential operator on Q with complex C>-coefficients

n

n .
Au = — E k=t 8,-(a,-k8ku) + E j:1a,-8,-u + agu, with
ReS " ak(x)&ék > Gl for x € 0, € € R™,
J k=1 Lk jSk = ) '

Co > 0. Setvu =" njo(axoku) (= v1uwhen A= —A), the conormal
derivative ((ny, ..., n,) is the normal to ).

Consider the Dirichlet realization A, acting like A and with

D(A,) = {u € H*(Q) | vou = 0}, and a Neumann-type realization
A,.c with domain D(A, ¢) = {u € H3(Q) | vu = Cyou}; here C is
first-order tangential, and the system {A — \,v — Cyo} is assumed
parameter-elliptic for A € R_. We can assume both A, and A, ¢
invertible.
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1. Spectral asymptotic estimates in smooth cases

The “weak Schatten class” &, ., consists of compact operators B
such that sj(B) = y;(B*B)z is O(j~'/?) for j — oo; with quasi-norm
No(B) = Suijj(B)j1/p.

It is well-known (starting with Weyl 1912,. ..) that each of the
operators A, and A, ¢ has a spectral asymptotics behavior

2/n

si(A;") and s;(A, ) equal caj %" + o(j2/") for j — oo, (1)

with a constant ¢4 determined from A, and remainders improved to
O(j—3/") or more precision (Hérmander '69, Ivrii '80s,...). Note that
A;‘ and A;‘C are in 6,2 », (concerned with upper estimates).

It is also well-known (Birman 1962, Birman and Solomyak, Grubb in
’70s and '80s) that

si(A- L — A-") equals ¢j 7%/ ("= 4 o(j=2/("= ) forj — c0. (2)
IN"w,C Y

Also here, the remainder can be refined using Hérmander and Ivrii
results. In particular, A;"C —AS" € S(n_1)/2,00-

Gerd Grubb Copenhagen University Spectral asymptotics for resolvent differences with rough co:



1. Spectral asymptotic estimates in smooth cases

The dimension n — 1 comes in because the resolvent difference has
its essential effect in the neighborhood of the boundary 9. Let us
recall a general result of this type: The resolvent difference belongs
to the so-called singular Green operators in the calculus of Boutet de
Monvel *71 of pseudodifferential boundary operators (1>dbo’s).

For these it was shown in G’84;

When G is a singular Green operator on Q2 of order —t < 0 (and class
zero), then

si(G) = cgj ("D 4 o(j=Y/ "Dy for j — 0. (3)

Our aim in this talk is to extend asymptotic estimates like (2) and (3)
to problems where the coefficients are nonsmooth. Upper estimates
allowing some nonsmoothness are known from Birman '62.

Reference: G ’12, arXiv:1205.0094.
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1. Spectral asymptotic estimates in smooth cases

A basic ingredient in the study is the upper estimate:
Lemma A. /f = bounded open C R™ and B € L(L»(=), H!(Z)) with
t> 0, then B € &1, indeed,

N, ¢(B) = sup;s;(B)j"/™ < C||Bl| s (i, t)-

For asymptotic estimates, perturbation results are useful:

Lemma B. 1° If B = B, + R, where lim; s;(By)j'/P = Co and

lim; s;(R)j'/P = 0, then lim; s;(B)j'/P = C.

2° If B = By + By, for all M € No, with lim; sj(Bu)'/P = Cu,

limy Cy = Co andlimy Ny(By,) = 0, then lim; s,-(B)j‘/P = Cy.
Asymptotic estimates require a structural knowledge of B. If Bis a
classical pseudodifferential operator (1do) cut down to =, of order —t,
it has a principal symbol b° defining the principal part B, such that
B — BY is of lower order; then one can show that

Iim/- Sj(B)jt/m = C(bO)

This is useful for inverses of elliptic differential operators.
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2. The rough v dbo calculus

2. The rough dbo calculus

To get similar results for nonsmooth elliptic operators, we turn to
1do’s with nonsmooth coefficients, as treated by J. Marschall '87 and
M. Taylor '91. They study do symbols p(x, &) with full estimates in ¢
but only C™-smoothness in x (7 > 0).

For 0 < 7 < 1, composition rules work for such operators with a
principal part and a less structured lower-order part.

Marschall’s work is particularly useful, since it shows which finitely
many symbol estimates are needed for operator norm estimates in
Sobolev spaces. This allows us to show:

Theorem 1. If P is a classical C™-smooth 1pdo of order —t < 0,
defined on a compact m-dimensional C* -manifold = without
boundary, then

si(P)j"/™ — C(p°), forj — oo.

The proof uses approximation by operators with smooth symbols.
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2. The rough v dbo calculus

Birman and Solomyak '77 have results of this kind requiring less
smoothness in &, but more smoothness in x depending on the
dimension.

Now we search for results on singular Green operators on manifolds
with boundary, in particular resolvent differences, where the boundary
dimension comes in. This needs an extension of the nonsmooth do
calculus to boundary value problems.

An extension was worked out by H. Abels in 2005, namely a
generalization of the pseudodifferential boundary operator (1)/dbo)
calculus originating from Boutet de Monvel *71, to nonsmooth
x-dependence, e.g. in C".

Abels has applied it to the Navier-Stokes problem, and there is a joint
work Abels-G-Wood ’12 showing Krein resolvent formulas in
nonsmooth situations.
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2. The rough v dbo calculus

The ¢dbo calculus deals with matrices:

P, +G K\ HHY(QN  H(QN
A= : X —  x , where
T S Hs+d(z)M HS(Z)M/

@ P is a pseudodifferential operator (»do) on R" of order d, and
P, = rtPe" is its truncation to Q (r* restricts to Q and e*
extends by zero).

@ T is atrace operator from Q2 to X of order d — 15 K is a Poisson
operator from ¥ to Q of order d + % Sis ado on X of order d.

@ Gis a singular Green operator of order d, e.g. of type KT.

In the nonsmooth calculus, the continuity holds for |s| < 7, when the
operators are merely C™-smooth (and of class 0).

Gerd Grubb Copenhagen University Spectral asymptotics for resolvent differences with rough co:



2. The rough v dbo calculus

There are rules of calculus, e.g.

Hs+d1+d2—9(Q)N HS(Q)N’
A1 A2 —OP(ajoan): X — x Lfor—7+0<s<T.
Hstate=0(x )M pys(x )M’

For the 2. order elliptic operator A we have the examples of s.g.0.s:

@ AJ'=Q, — G,, where G, isthe s.g.0. K,70Q,; here Q = A™"
on R”, and K, is the Poisson solution operator.

@ AL —A'=K,L7'(K])*,where L= C— P, ,,and P, , is the
Dirichlet- to Neumann operator vK,.

The formulas extend to the case where the coefficients of A are in
W,}(Q) with p > n, by Abels-G-Wood 12, as C"-smooth s.g.0.s of
order -2, 7=1—n/p.

For spectral estimates the calculus must be sharpened to operator
norms depending on specific finite sets of symbol seminorms, as in
Marschall’s 1ydo treatment.
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3. Spectral asymptotics for rough singular Green operators

3. Spectral asymptotics for rough singular Green
operators

One difficulty in the application of spectral theory to rough singular
Green operators is the handling of remainders:
If G = Gy + R on £, where Gy has the expected asymptotic behavior

si(Go) ~ ¢(Go)j /"),

and R: H==9(Q) — H°(Q), then Lemma A for operators on Q only
gives that
Sj(R) < Cj—(H—G)/n.

This goes to zero faster than the estimate for s;(Gp) only if
(t+80)/n>t/(n—1),ie,0>t/(n—1),

and we usually do not have such large values of 6 available.

So the remainders arising in compositions and approximations are a
big problem. One has to involve the boundary dimension directly.
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3. Spectral asymptotics for rough singular Green operators

Let G be a C™-smooth s.g.o. of order —t and class 0 on R,

() =0’ [

Rn71

eiiX/.E/ /0 Q(X/7Xﬂ7yﬂ7€/)l:l(€/7yﬂ) dynd£,7

where G(¢', yn) = Fyrmert(Y', ¥n), ¥ = W1y, Y1)
We use that the symbol-kernel g has a rapidly convergent double
expansion in Laguerre functions ¢n(xp, o),

Q(X/7Xn>}’n,€/) - Z/,mENUCIm(X/7§/)SDI(Xn, <€/>)<Pm(}’na <£l>)7

em(Xn, (€')) = polp(Xn)e ), xp > 0,

with polynomials of degree min x,, with coefficients depending on
=01+ |§’\2)%. The ¢m(Xn, 0), m > 0, are a basis of Ly(R).

Let ¢, denote the Poisson operator with symbol-kernel ¢m(xn, (€')),
then we can write, with C™-smooth do’s Cy,, of order —t on R"~ ",

G= Zl,meNod)ICImq}:T
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3. Spectral asymptotics for rough singular Green operators

Theorem 2. Let G be selfadjoint > 0 on R" | and let
PY(X) = o(X)n(Xn) With g € C(R" 1, R) and ¢, € C§°(R,R)
equal to 1 near Q. Then the positive eigenvalues of 1) Gy satisfy

(W GE) D — e(y§g°) (" for j — oo

Here

c(¥59°) = e /z /IE’|1 tr((v§9°(x', €' Do) "D/ dwax’. (4)

The proof uses a decomposition
G=Gy+ G;,,, where
Gy = Z/,m<M¢’C’m¢7m Gl, = > e
For the first sum, define
Km=(® &1 - Oy_1), Cuy = (%C/mwo),,m:oww,\,,_w
and note that Ky,Ky = Iy. Then Gy = KnCu,1 Ky
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3. Spectral asymptotics for rough singular Green operators

Moreover,

/Lj(i/)GM’(ﬁ) ~ /Jj(zl m<M¢IwO Cimtho®p,) = M/(ICMCMWUICIT/I)
= 1 (Crm,pe K Km) = 11j(Cra i) -

This is an M x M-matrix-formed «)do of order —t on R"~", to which
Theorem 1 applies to give a spectral asymptotic estimate.

For the second sum, /Gl = 3, o momt?® Cim® 5, one can use the
rapid decrease of the C;,,, combined with the control of
Sp,oc-quasinorms in terms of finite sets of symbol seminorms, to
show that v Gj,1> goes to zero in the quasi-norm on S(n—1)/t,00 for

M — oc.

Now Lemma B is applied to the decomposition

WGy = Gy + Gl for M — oo, to complete the proof.

There is an extension of the theorem to selfadjoint C™-smooth s.g.0.s
on bounded open smooth sets Q c R".
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4. Resolvent differences in rough cases

4. Resolvent differences in rough cases

Now consider the Krein resolvent formula
AL —A =K,LT'(K)" =G,

for A with W,}-coefficients. We want to find spectral asymptotics of
Gc; recall that K, is the Dirichlet Poisson operator,and L=C - P, ,..
In the selfadjoint case, G¢ the sum of a s.g.o. of order —2 (as treated
above) and a lower-order term. However, perturbation methods fail,
since the lower-order term is linked with dimension n.

Instead we shall use that G¢ is here already in a product form
passing via the boundary, and we can even allow nonselfadjointness.
In the original boundary problems for

A= _ZZ k108K Ok + Z}; a;0; + ap we approximate the coefficients
by C>-functions a3, a: (by convolution with an approximate identity),
and we likewise approximate C by smoothed out versions C=.
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4. Resolvent differences in rough cases

Following the construction of AJ", K, and L~ in Abels-G-Wood '12,
we can show that for ¢ — 0,

K — K7||£(H57%(2)7H3( — 0, each s € [0, 2],
K — K’|| L3 ) @ — 0, eachs€[0,2], (5)
I = L7 s, )Hg(z)) 0.
It follows by use of Lemma A that
Gz — Go = K5(L) /(KY)" = K, LTH(K))" — 00 S(n-1)/2,00:

fore — 0.
Then, since the result is known in the smooth case, we conclude by
use of Lemma B:
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4. Resolvent differences in rough cases

Theorem 3. For the resolvent difference G¢c = K, L~'(K)* defined
from the Dirichlet realization and a Neumann-type realization of a
strongly elliptic operator A with W/; -smooth coefficients, p > n, the
s-numbers satisfy

s5i(Ge)?/ ("1 — ¢(g2)?/ ") forj — oo,

where c(g2) is defined similarly to (4).

Moreover, a further analysis shows that there is the following formula
for the constant:

Theorem 4. With I°(x’, ¢') denoting the principal symbol of L and
ME(x',¢') denoting the root in C.. of the principal symbol
a(x’,0,¢',¢,) of A (as a polynomial in &, in local coordinates)

c(.q?;)z(n_”(;ﬁ)(n1)/2/5/1 [4(1°2 Im AT Im A~ |~(=D/* dwdx’.  (6)
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