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Abstract. We prove: (i) Let

Folw) = Pa(a) e - (1+%)x} and Go(e) = Po@)| (14 )7 — ],

X

where P,(z) = 2" + ZZ;(l) cyx” is a polynomial of degree n > 1 with real coefficients. F,, is
completely monotonic if and only if n = 1 and ¢y > 11/12; and G,, is completely monotonic if and
only if n =1 and ¢o > 1/12.

(ii) The functions x +— e — (1 + 1/x)% and  — (1 + 1/2)**! — ¢ are Stieltjes transforms and in
particular they are completely monotonic.

(iii) Let @ > 0 and b be real numbers. The function x + (1 +a/z)"" — e is completely monotonic
if and only if a < 2b.

Part (i) extends and complements a recently published result of Sandor and Debnath, while part
(iii) generalizes a theorem of Schur.
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1. INTRODUCTION

A function f: (0,00) — R is said to be completely monotonic, if f has derivatives of all orders and
satisfies

(=1)"f™(z) >0 forall >0 and n=0,1,2,...
This definition was introduced in 1921 by F. Hausdorff [23], who called such functions ’total mono-
ton’. Bernstein’s Theorem, cf. [35, p. 161], states that f is completely monotonic if and only
if -
f = [ eaue),
0
where p is a nonnegative measure on [0, 00) such that the integral converges for all x > 0.

Completely monotonic functions have remarkable applications in different branches. For instance,

they play a role in potential theory [8], probability theory [13, 20, 26], physics [16], numerical and

asymptotic analysis [22, 36], and combinatorics [4]. A detailed collection of the most important
1
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properties of completely monotonic functions can be found in [35, Chapter IV], and in an abstract
setting in [7].

In the recent past, various authors showed that numerous functions, which are defined in terms
of gamma, polygamma, and other special functions, are completely monotonic and used this fact
to derive many interesting new inequalities; cf. [2, 3, 6, 9, 10, 14, 15, 24, 25, 27, 28, 31]. An
elegant majorization theorem for completely monotonic functions is given in [21]. In [28] the author
provides a counterpart of the classical theorem of Bohr-Mollerup by characterizing the gamma
function via the notion of complete monotonicity. Hankel’s determinant inequality for completely
monotonic functions is proved in [35, p. 167], and in [19] it is shown that in connection with an
interpolation problem there exists a close relation between completely monotonic functions and
completely monotonic sequences.

Several related classes of functions are studied in [21, 30, 34, 35]. Historical remarks on this subject
can be found in [11].

This work has been motivated by an article of J. Sdndor and L. Debnath [33], who proved that the
function

1\=

f(z) :(:U+1){e— (1—1—;) }
is decreasing and convex on (0,00). It is tempting to ask for an extension of this result: is f
completely monotonic? We prove that the answer is ’yes’. Actually, we investigate a more general

n—1

problem. We are looking for real polynomials P,(z) = 2™ + > 7" c,z” (n € N) such that

1Nz
(1.1) s Py(z) [e— (1+—) }
x
is completely monotonic. In view of the well-known inequalities
1Nz 1\z+1
(1+—) <e<(1+—) (x >0),
x x
it is natural also to study the monotonicity behaviour of
1\z+1
(1.2) x+— Py(x) [(1 + —) - e}
x

and its derivatives. In Section 3 we present all P, such that the functions defined in (1.1) and (1.2),
respectively, are completely monotonic. Moreover, we prove that the functions z +— e — (1 + 1/x)*
and z +— (1+1/z)**! —e are Stieltjes transforms, which implies that they are completely monotonic.

A theorem of I. Schur [29, pp. 30, 186] states that the sequence n — (14 1/n)"* (n = 1,2,...)
is decreasing if and only if b > 1/2. This result leads to the following question: for which real
parameters a > 0 and b is the function

a x+b
x»—>(1+—) —e®
x

completely monotonic? In Section 3 we answer this question.

2. LEMMAS

In order to prove our main results we need some lemmas, which we collect in this section. In our
first lemma we present an integral representation, which plays a crucial role in the proof of the
theorems given in Section 3.
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Lemma 1. Let

(2.1) f@)=@+fe-(1+1)] @>o).
Then we have
(2.2) fa) = g N % /01 5%(1 — 1):8581n (WS)ds.

Proof. In the Addenda and Problems in [1, p. 127], it is stated that if a function f is holomorphic
in the cut plane A = C\ (—o0, 0], and satisfies Sf(z) < 0 for Iz > 0 and f(x) > 0 for z > 0, then
f is a Stieltjes transform, that is, it has the representation

f(:r):a—l—/OOOdM—(t) (x > 0),

T+t
where a > 0 and 4 is a nonnegative measure on [0, 00) with [ u(t)/(1+%) < co. A proof is written
out in [5]. The constant a is given by a = lim;_, f(z), and  is the limit in the vague topology of
measures

1
du(t) = lim ——Sf(=t -+ iy)it,

i.e.

/cpdu: lim —l/%f(—t-i-iy)(p(t)dt,

y—0t ™
for all continuous functions ¢ on R with compact support. Let

f(z) = (1+z)[e —exp(zLog(1 + 1/2))] (2 € A),
where Log denotes the principal branch of the logarithm. We have

Log(1
f(1/z)=e(14+1/z) [1 — exp(M — 1)},
z
so that the series representation

Log(1+ 2) z 22
OBV TE g 22 1
~ s T3t (lz] < 1)

implies

(2.3) lim f(z) =

|z =00

(z € A).

N

To prove that the harmonic function f satisfies Sf(z) < 0 for Sz > 0, we use the maximum
principle for subharmonic functions, cf. [18, p. 20|, and show that the lim sup of Jf at all
boundary points including infinity is less than or equal to 0. From (2.3) we conclude that this is
true at infinity.

Let t € R and z € C with $z > 0. If z tends to ¢, then

(), itt >0,
e—l’ ift:(),

f(z) — (1+t)[e—exp(tlog%—i7rt)}, if -1 <t<0,
1, if ¢ = —1,
(14 t)[e — exp(tlog )], ift < —1.

In particular, if y tends to 0T, then we obtain for ¢t € R

—igf(—ttiy) =1 ift<0ort>1,
™ Y L(1 — ) exp(—tlog (1)) sin(wt), if0<t<1.
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The limit above is uniform for ¢ in compact subsets of the real axis, and therefore the (continuous)
density on the right is the vague limit of the densities on the left. The proof of Lemma 1 is
complete. ]

Remarks. (1) To obtain formula (2.2) we can alternatively use the residue theorem applied to
the function z — f(z)/(z — z0) (20 € A), where the path of integration is a simple closed contour
given by two circles |z| = € and |z| = R (where € < |29| < R) modified by inserting two horizontal
segments with z < 0, y = £e€ from the small circle to the big one and removing the left part of the
small circle and a small portion of the big circle close to —R. If we let € tend to 0 and then R tend
to oo, then we get (2.2).

(2) The integral representation (2.2) implies that f is completely monotonic. This extends the
monotonicity result of Sindor and Debnath mentioned in Section 1.

Lemma 2. Let

(2.4) g(s) = %33(1 — ) sin(ns) (0<s<1).

Then we have

! e
(2.5) /0 g(s)ds 51

|
|
h
>,
V2]
Q
w
N—
QL
Vo)
Il
|

e L1 L e
d —g(s)ds = ds = - — 1.
o and [ Seas= [ gis =

Proof. Let f be the function given in (2.1). We set x = 1/y and obtain
e ey/24e— (14 )ity
(2.6) x[f(x) - —] = .

2 y?
The rule of I’Hospital yields

Ley/2te—(L4y)tY e

2. li .
(2.7) lim " 51

From (2.2), (2.6), and (2.7) we get

1 L, e e
/ g(s)ds = lim g(s)ds = lim x[f(a:) — _} -
0

z—oo Jo T+ S T—00

Using ¢(s) = g(1 — s) we obtain

/01 sg(s)ds = /01/2 sg(s)ds + /1/12 sg(s)ds = /01/2 sg(s)ds + /01/2(1 — 8)g(s)ds

1/2 1 /1 e
= ds = - ds = —.
| atas =5 [ atsras = 5
Applying Lemma 1 we get

b L ' e e
ds = 1-s)ds= | —g(s)ds = li —c=--1
/01_89(8) s /01_59( s)ds /089(8) s= lim f(z) -5 =7

Lemma 3. Let
B e—(1+1/x)*
(2.8) Ai(r) = (1+1/z)*log(1+1/x) —1/(x + 1)] -
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B e — (1 + 1/$)x+1
(2.9) Ap(x) = (1+1/z)e+ log (1 + 1/x) — 1/z] )

Then

11 1
(2.10) lim Aj(z) = — and lim Ag(z) = —.

x—00 12 T—00 12

Proof. We have

bi(z) + c1(x) ba(z) + co(x)

1(x) () an 2() 02(@)
where
ay(x) = 2 [log (1 + l) - L} bi(z) = x[l - al(x)] c1(x) = 2? [—e - 1} 1z
x r+ 10 2 ’ (1+1/z)* 2’
and
— 2log (14 1) = 2], bo(a) = 1 = 2 € i
1= (1) 2} e = [} ], o= g1 4
The limit relations
. . 2 . 5
xli)ngoal(x) = 57 xli%bl(x) = §a xll)ngocl(x) = _ﬂa
and
lim as(x) = —=, lim ba(z) = —=, lim ca(x) = 2—74
lead to (2.10). O

A proof for the following lemma can be found in [26].

Lemma 4. Let h : [0,00) — (0, 1] be a continuous function. If h is completely monotonic on (0, 00),
then we get for all x,y > O:

h(@)h(y) < h(z +y).
The next lemma is given in [12, p. 83].

Lemma 5. Let f and g be functions such that f(g(:c)) is defined for x > 0. If f and g are
completely monotonic, then x — f(g(az)) 1s also completely monotonic.

Our final lemma is well-known and is stated only for easy reference.

Lemma 6. The sum and the product of completely monotonic functions are also completely mono-
tonic.
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3. MAIN RESULTS

We are now in a position to determine all real polynomials P, such that the functions given in (1.1)
and (1.2), respectively, are completely monotonic.

Theorem 1. Let P,(z) = 2" + Zg;é c,x” be a polynomial of degree n > 1 with real coefficients.
The function

1Nz
.I‘I—>Pn(.’13‘)|:€— (1—1——) }
x
is completely monotonic on (0,00) if and only if n =1 and cog > 11/12.

Proof. Let
F.(z) = Py(x) [e — (1 + %)x} (x >0).

There exists a number xg > 0 such that P, is positive on (zg,00). If F,, is completely monotonic,
then we have

Fio) = oo (1 1) - naa(1 2 e+ ) - 1] <o

and for x > xg this is equivalent to

P (x)
P,(x
where A; is defined in (2.8). Applying Lemma 3 we get

M ’,{L( ) M
<
n = th xjjn(l') th (1 +

(3.1) x

Al(:v))*l7

§(1+
A

~—

Al(x))_l ~1.

T
This implies n = 1. Hence, P, (x) = z + o, so that (3.1) yields

(3.2) Aq(z) < ¢ for all sufficiently large .
From (2.10) and (3.2) we conclude that ¢ > 11/12.
Let
1\=
(3.3) folz) = (z +c) [e - (1 v 5) ]
We have
c—11/12

fe(®) = frij12(z) + mfn/m@)

If ¢ > 11/12, then z +— (¢ — 11/12)/(x + 11/12) is completely monotonic . Applying Lemma 6 we
get: if fi1/12 is completely monotonic, then the same is true for f. with ¢ > 11/12.

We prove now that fi;/19 is completely monotonic. Let g be defined in (2.4). Applying

(3.4) @ i sl _1 i /OOO e e gt (2 >0,5>0,n=1,2,..)
with n = 1 we obtain

(3.5) /01 xg(—j)sds = /Ooo e “'h(t)dt,

where

(3.6) h(t) = /0 ¢tg(s)ds.
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From (2.2) and (3.5) we get

(3.7) filz) = g + /0 ettt

Using (3.7), (3.4) with s =n = 1, and the convolution theorem for Laplace transforms we obtain

x4 11/12 cx+11/12 x4+ 11/12 /OO L
3.8 = — == “h(t)dt
(3.8) fii12(z) o (z) 3 a1 PR A e ""h(t)
=—|1-— ot *tdt} {1 — —/ ot tdt}/ “Th(t)dt
2[ 12/066 + 12086 Oe (t)
—c_° h e Ttetdt 4 /oo e "t h(t)dt — - e e tdt /oo e th(t)dt
2 24 ), 0 12 J, 0
€ -
=—+ e "tu(t)dt,
2 Jo
where
u(t) = h(t) —e™* [i + 1 tesh(s)ds}
N 24 12 '
In order to prove that u is positive on (0,00) we set v(t) = e'h(t) and w(t) = e'u(t). Then we get
1 t
w(t) = v(t) — i — 133, v)ds
Let t > 0. Differentiation gives
1 11
/ o o ottt /
w! () = v'(8) = () 6[12h@)+¢l@ﬂ
and
1
(3.9) W (t)e=t = / e[11/12 — s]g(s)ds
0

11/12 1
= / e 1[11/12 — s]g(s)ds + / e 1[11/12 — s]g(s)ds
0 11/12

11/12 1
> e [T i sgg(syds + e 20 [ /12 = slg(e)ds

1
= 6(11/12)t/ [11/12 — s]g(s)ds.
0

Applying (2.5) we obtain
1
oe
11/12 — ds = —
[ 2= sigtsyas = 2.

so that (3.9) reveals that w’ is positive on (0, 00). Hence, we get for ¢ > 0:

e 1 e
w(t) > w(0) = u(0) = h(0) ~ o = /0 g(s)ds — o =0,

This implies that w and w are positive on (0, 00). From the integral representation (3.8) we conclude
that fi112 is completely monotonic. O
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Séndor has proved the weaker result that the function f, in (3.3) is convex for ¢ > 11/12, cf. [32].
Our second result is a striking companion of Theorem 1.

Theorem 2. Let P,(z) = 2" + Zg;é e,z be a polynomial of degree n > 1 with real coefficients.
The function

x+— Py(x) [(1 + i)mﬂ - e}

is completely monotonic if and only if n =1 and ¢y > 1/12.

Proof. Let
1\z+1
Go(z) = Po(z) [(1 n E) - e} (z > 0).
There exists a number x; > 0 such that P, is positive on (z1,00). If G}, is completely monotonic,
then we have

1\ z+1 1\z+1 1 1
!/ /

. = - — - Y2l <o
(3.10) G () Pn(:x)[(l + :r) e} + Pn(x)(l + x) [log(l + :U) x] <0
For x > x1 the inequality (3.10) can be written as

P (x) Ag(x)) 1

A1 <1+ ——=

(3.11) xPn(:U) - ( + x ) ’

where Ag is given in (2.9). We let x tend to co and conclude from (2.10) that n = 1. Hence,
P,(z) =z + ¢ and (3.11) gives for all sufficiently large x:

Ag(l‘) S CQ.
From (2.10) we obtain ¢ > 1/12.
It remains to show: if ¢ > 1/12, then

1\ z+1
o =to o127 -
is completely monotonic. We have

c—1/12

mgl/lz(ﬂﬁ)-

9e(T) = g112(2) +
Since z +— (¢ — 1/12)/(z + 1/12) (with ¢ > 1/12) is completely monotonic, we conclude from Lemma
6 that it suffices to prove that g; /15 is completely monotonic. Let f1 and h be the functions defined
in (3.3) and (3.6), respectively. Using the identity

1
(3.13) g1(@) = (1+ - )le - Aila)],
(3.7), (3.4) with s = 0,n = 1, and the convolution theorem for Laplace transforms, we get
r+1/12 1
gunol@) = 00y = (14 12 )le ~ ()
_ 1 € > —xt _ - > —xt
= (1+ m) [2 /0 e h(t)dt] = +/0 e~to(t)dt,
where
e 1t
o(t)=—=h(t)+ — — — [ h(s)ds.

24 12 J,
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We have to show that o is nonnegative on (0,00). Applying (2.5), (3.6), and

t t ol 1 t 1] _ptu
/ h(s)ds = / / e *g(u)duds = / g(u)/ e *dsdu = / ——g(u)du,
0 0 Jo 0 0 0 u

we obtain the integral representation

o(t) = /01 (1—e™) [1 - ﬁ}g(u)du

Using (2.5) we get for ¢ > 0:

—t/12 1/12 1 oy [ 1
! 1 1
_ _—t/12 - (1 _ —t/12
(1—e )/0 [1 12u]g(u)du B (1—e ) > 0.
This completes the proof of Theorem 2. O

Remark. In analogy with Lemma 1 we obtain that g; is a Stieltjes transform. Indeed, from (3.13),
(2.2), and (2.5) we get

(i) o~ gt [N

where g is given in (2.4).

Theorem 3. The functions p(x) = e—(1+1/2)% and q(x) = (1+1/z2)**! —e are Stieltjes transforms
with the representations

1 Lg(s) ds 1 Lg(s) ds
p(x)—$+1+/0 l—sxz+s’ q<$)_§+/0 s x4

and in particular they are completely monotonic. Here, g denotes the function defined in (2.4).

Proof. Using (2.2) and (2.5) we obtain

1 1 Lg(s)ds Lg(s)ds L (s)ds
p(x)_x—i—l:x—i—l[/o gl—s +/0 gx%—s}:/o (1—93)(x+s)'

Letting = tend to 0 we get

which implies

Remarks. (1) Using (3.3) and (3.12) we obtain the identities

1 1
p(x) = mfn/m(x) and q(z) = mgl/m(x)-

Lemma 6 and Theorems 1 and 2 imply that p and g are completely monotonic.
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(2) Applying Lemma 4 and Theorem 3 we get the following functional inequalties involving p:

p(z)p(y)
oz +y) <e—1 (x,y>0).

Moreover, since lim,_,op(z) = e — 1 and lim,; (p(ac))2/p(2:c) = 0, we conclude that both bounds
are best possible.

0<

(3) A holomorphic function f : C\R — C is said to be a Pick function, if f(Z) = f(z) and Sf(z) >0
for Sz > 0; cf. [17]. It follows immediately from the first part of Theorem 3 that p(z) = (1+1/2)?
is a Pick function. The function z — (1 + z)'/# is holomorphic on C \ (—o0,0] and has a negative
imaginary part in the upper half-plane, because p is a Pick function. Like in the proof of Lemma 1
it can be seen by [1, p. 127] that it is a Stieltjes transform with the representation

1 1 [ sin(n/t) dt
z+1 +E/1 (t—1)Vto +t

This formula follows also from the representation of p in Theorem 3 by a change of variable.

(14+z)/* =1+ (z > 0).

(4) A function f : (0,00) — [0,00) is called a Bernstein function, if f has derivatives of all orders
and f’ is completely monotonic; cf. [8]. Since p’ = —p’ we conclude that p is a Bernstein function.
Theorem 3 implies that = ~— (1 + 1/2)**! is a Stieltjes transform. Using that if f is a Stieltjes
transform, then sois x +— 1/f(1/z), and if f is a nonzero Stieltjes transform, then 1/ f is a Bernstein
function, cf. [5], we obtain that z +— (1 + z)'*/% is a Bernstein function.

Our next theorem extends in part the results on complete monotonicity given in Theorem 3 and
provides a generalization of Schur’s monotonicity theorem mentioned in Section 1.

Theorem 4. Let a > 0 and b be real numbers. The function
z+b
x (1 + g) —e®
x
1s completely monotonic if and only if a < 2b.

Proof. Let

a x+b
Qap(z) = (1 + E) — e’

If g4 is completely monotonic, then we get

a\ z+b a
(3.14) o p(z) = (1 + E) {log(l + E) -
We set o = at. Then (3.14) yields
t{(t+1)log(1+1/t)—1] <b/a (t>0).
Letting t tend to oo, we get 1/2 < b/a.
Next, we define for x > 0 and b > a/2 > 0:
Yap(x) = —(2 + b)log (1 + a/x).

a(x +0b)

x(m—i—a)} =0.

Differentiation gives

a(z +b) a [Qb—a ab}

z(r +a) (z +a)? ’

Applying (3.4) and Lemma 6 we obtain that —ygvb is completely monotonic . Since limg, .o ¥/, ,(x) =
0, it follows that y/ , is also completely monotonic. Using Lemma 5 (with g =y, and f = 1/exp)

a
yfz,b(:c) = — log (1 + ;) and —y(/;b(x) = - -
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and the limit relation lim, .o ¢qp(x) = 0, we conclude that exp(—yqp) = qup + €* and gq are
completely monotonic. O

Remark. It remains an open problem to determine all real parameters o > 0 and 3 such that

z+0
Pap(x) =¥ — (1 + %)

is completely monotonic. Theorem 3 implies that p; ¢ is completely monotonic. This result can be
extended easily: if 0 < a < 1, then p, is completely monotonic. Let 0 < a < 1 and z4(x) =
Pa,o(cx). Then we have

—zo(x) = ale — pro(@)]* 7 (~pho(@))-

Using Theorem 3, Lemma 5 (with g(x) = e — p1o(z) and f(z) = 2% 1), and Lemma 6 we conclude

that —z/, is completely monotonic. Since lim,_,o zo(z) = 0, we obtain that z, and p, o are also
completely monotonic.
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