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Abstract

Let u denote a symmetric probability measure on [—1,1] and let
(pn) be the corresponding orthogonal polynomials normalized such
that p,(1) = 1. We prove that the normalized Turdn determinant
Ap(x)/(1—2?), where A, = p2 —pn_1Pn+1, is a Turdn determinant of
order n — 1 for orthogonal polynomials with respect to (1 — 22)du(z).
We use this to prove lower and upper bounds for the normalized Turan
determinant in the interval —1 < x < 1.
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1 Introduction
In the following we will deal with polynomial sequences (p,,) satisfying
xpn(l‘) = ’ann—o—l(x) + Oénpn_1<I>, n >0,

an+ =1 a, >0 v >0 n>1, (1)
po(z) =1, g =0, 0 <o < 1.
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Note that (p,) is uniquely determined by (1) from the recurrence coefficients
o, e and that p, has a positive leading coefficient. It follows by Favard’s
theorem that the polynomials p,, are orthogonal with respect to a symmetric
probability measure p. From (1) we get for x = 1

Y (Prs1(1) = pu(1)) = (1 = 70) (Pa(1) = pn_a(1)), n > 1, (2)
hence
Prir(1) = pu(1) > pr(1) = % S1n>l (3)

so that p,(1) = 1 for all n if 7y = 1, and (p,(1)) is strictly increasing if
Yo < 1.

We conclude that all zeros z,, < ... <z, of p, belong to the interval
(—1,1), hence supp(p) C [—1,1]. In fact, if there existed an integer n such
that x1, > 1, then by assuming n smallest possible with this property, we
get za, < 1 < 21, and hence p,(1) < 0, a contradiction. By symmetry this
implies that —1 < xy, ,,.

Define the Turan determinant of order n by

An(7) = Py(2) = Pa-1(@)pnsa(z), n > 1. (4)

In [11] the second author proved non-negativity of the Turdn determi-
nant (4) under certain monotonicity conditions on the recurrence coefficients,
thereby obtaining results for new classes of polynomials and unifying old re-
sults.

If 7o = 1 and hence p, (1) = 1 for all n, the normalized Turan determinant
A, (z)/(1 — 2?%) is a polynomial in z.

We shall prove estimates of the form

A, (0) < f"(“’)

— < CAL0), —-l<z<l, (5)
under certain regularity conditions on the recurrence coefficients. We prove,
e.g., an inequality of the left-hand type if («,) is increasing and concave, see
Theorem 2.5. In Theorem 2.7 we give an inequality of the right-hand type if
(avn,) is decreasing and satisfies a condition slightly stronger than convexity.

Our results depend on a simple relationship between the Turan determi-
nants of order n and n — 1 (Proposition 2.1) and the following observation:
the normalized Turan determinant is essentially a Turan determinant of or-
der n — 1 for the polynomials (g,) defined by (17) below, and if p denotes
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the orthogonality measure of (p,), then (g,) are orthogonal with respect to
the measure

(1 — 2®)dp(z).
See Theorem 2.3 and Remark 2.4 for a precise statement.

In Proposition 2.11 we prove non-negativity of the Turan determinant
for the normalized polynomials ¢,(z)/g.(1) provided the sequence (a,) is
increasing and concave (or under the weaker condition (21)).

Our work is motivated by results about ultraspherical polynomials, which
we describe next.

For @ > —1 let Rﬁf"“)(x) = p{* (x)/P,ga’o‘)(l) denote the symmetric
Jacobi polynomials normalized to be 1 for x =1, i.e.,

(_1)n dn

(1—a®) (1 —a?)"re, (6)

R (a) = :
xn

- 2(a+1),
cf. [10]. We have used the Pochhammer symbol
(@), =ala+1)...(a+n—1).

The polynomials are orthogonal with respect to the symmetric weight func-
tion ¢ (1 — 2%)® on (—1,1). Here 1/c, = B(a + 1,1/2), so the weight is a
probability density. We have R (z) = PV (2)/PV(1) with o = A — 3,
where (P{) are the ultraspherical polynomials in the notation of [10].

The corresponding Turan determinant of order n

A@(z) = RO (1) — R

n n

@ ()R (@), (7)

n

is clearly a polynomial of degree n in 2? and divisible by 1 — 22 since it

vanishes for x = £1. The following Theorem was proved in [12, pp. 381-382]
and in [14, sect. 6]:

Theorem 1.1. The normalized Turdn determinant
fi0(@) = A (@) /(1 — 2?) (8)
18
(i) strictly increasing for 0 < x < oo when o > —1/2.

(ii) equal to 1 for v € R when a = —1/2.
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(iii) strictly decreasing for 0 < x < oo when —1 < a < —1/2.

It is easy to evaluate f,SC“) at r = 0,1 giving

a (o) (a) e
120) = ity 127 (1) = 5= (9)
where we have used the notation from [1]
a Hn
) = m, (10)
and p,, is the normalized binomial mid-coefficient
on (21 1-3:5-...-(2n—1)
n=2"2" = : 11
a <n> 2. 4-...(2n) (11)

Corollary 1.2. For —1 < x < 1 we have

01 —a%) < AP(2) < I (1A —2®) fora>—1/2,  (12)

n

while the inequalities are reversed when —1 < a < —1/2. (For a = —1/2 all
three terms are equal to 1 — z*.)

For a = 0 the inequalities (12) reduce to (=1 <z < 1)

1
[ /2) nr1)2) (1 — 2°) < Po(2)? = Pyo1(2) Prsa (z) < (1 - ?)  (13)

for Legendre polynomials (F,). This result was recently published in [1]
using a SumCracker Package by Manuel Kauers, and it was conjectured that
the monotonicity result remains true for ultraspherical polynomials when
a > —1/2. Clearly the authors have not been aware of the early results
above.! Turan [13] proved that A%O)(x) > 0 for —1 < # < 1. The proof in
[12] of Theorem 1.1 is based on a formula relating the Turédn determinant

Ana(z) = F7\(2) = Facia(@) (@)

of the normalized ultraspherical polynomials F,, )(x) = pY (x)/ P,g’\)(l) and
the expression
d 0\ 2 4 5m d 5
PV (@) — P (1)1 PO (2),

!Motivated by this conjecture the present authors found a proof of Theorem 1.1 close
to the old proofs. During the preparation of the paper we found the references [12], [14].

Dna(z) =1
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namely (see [12, (5.9)])

An,)\(x) _ Dn,)\(x)
1—a2  p(n+20) [PV (1))

(14)

See also [3]. Using the well-known formula for differentiation of ultraspherical
polynomials

d A

PV (@) =22P V().

we see that

Daalw) = 202 (P @) = PR @) PO (@) (15)
Except for the factor (2))? this is the Turdn determinant of order n — 1 for
the ultraspherical polynomials corresponding to the parameter A\ + 1.

We see that this result is generalized in Theorem 2.3.

Since the proof of the monotonicity in Theorem 1.1 depends on the fact
that the ultraspherical polynomials satisfy a differential equation, there is
little hope of extending the result to classes of orthogonal polynomials which
do not satisfy a differential equation. We have instead attempted to find
bounds for normalized Turdn determinants without using monotonicity in
the variable z.

This has also led us to consider the following lower boundedness property,
which may or may not hold for a system of orthonormal polynomials (P,):

(LB)  inf{P?_ ,(z)+ P*(z) |z € R,n € N} > 0. (16)

If property (LB) holds, then necessarily > 2  PZ(xz) = oo for all € R.
Therefore, the orthogonality measure of (F,) is uniquely determined and has
no mass points.

In Proposition 3.1 we prove that (LB) holds for symmetric orthonormal
polynomials if the recurrence coefficients are increasing and bounded. It turns
out that for the orthonormal symmetric Jacobi polynomials the condition
(LB) holds if and only if a > 1/2.

The theory is applied to continuous g-ultraspherical polynomials in Sec-
tion 4.

Concerning the general theory of orthogonal polynomials we refer the
reader to [10],[9],[6].



2 Main results

Proposition 2.1. In addition to (1), assume o, # v, forn=1,2.... For
n>2

Qp — Qp_1
(’771—1 - an—l)ﬁ/n

A, = O = an)an-s Apor +

2 2
— 2Dy D).
(V-1 — Qn—1)Vn (Pp_1 +p5 TPn—1Pn)

Proof. By the recurrence relation we can remove either p,,; or p,_; from
the formula defining A,,. This leads to two equations

'VnAn - O‘npi_l + ’an?z — TPn—1Pn,
an\, = Oénp727, + %piﬂ — TPnPn+1-

We replace n by n— 1 in the second equation, multiply both sides by v,, —
and subtract the resulting equation from the first one multiplied by 7,1 —
a,—1. In this way we obtain

(’anl - Oénfl)’}/nAn - (771 - Oén)OénflAnfl
= (W Yn1 — 1Y) (P2 +D2) — (Yoot — Y — Q1 + Q) TPy 1P

Taking into account that ay + v, = 1 for £ > 1 gives

(’Yn—l - Ofn—l)’YnAn - (IYn - Oén)an—lAn—l - (an - an—l) (pi—l +p31 - prn—lpn)
]
Proposition 2.1 implies

Corollary 2.2. [11, Thm. 1] In addition to (1), assume that one of the
following conditions holds:

(i) (o) is increasing and oy, < 7, n > 1.

(ii) (o) is decreasing and o, > 7,, n > 1. Furthermore, assume vy = 1
or v <7/(1—m).

Then Ap(x) >0 for =1 <z < 1.



Proof. Assume first the additional condition «,, # 7, for all n > 0. Since for
—-l<x<l1

P () + pp () = 22p, 1 (2)pa(2) > 0,
it suffices in view of Proposition 2.1 to show Ay(z) > 0 for —1 <z < 1. We

have ) )
a1 + (1 — )

2
70
hence Ay > 0 if 94 > . If 1 <9 and —1 <z < 1, we have

71 A1(z) = arpy + 1pi — Tpop1 =

Y

nA(@) > nAi(l) = ol = %)(21/041 — %)-
70
The right-hand side is clearly non-negative in case (i) because 71 /a3 > 1,
but also non-negative in case (ii) because of the assumptions on .

Assume next in case (i) that there is an n such that «,, = v,. Let ng > 1
be the smallest n with this property. Denoting @ = lim «,, then clearly
a, <a<1—a <7y, forall n and hence o, = 7, = 1/2 for n > ny.
Therefore,

An(w) = pp 1 (%) + P (2) — 22pn-1(2)pn(z) > 0

for n > ng, —1 < x < 1. The formula of Proposition 2.1 can be applied for
2 < n < ng and the proof of the first case carries over. Equality in case (ii)
is treated similarly. O]

From now on we will assume additionally that 79 = 1. In this case the
polynomials p, are normalized at x = 1 so that p,(1) = 1. Since p,(—z) =
(=1)"pn(z), we conclude that p,(—1) = (—1)". Therefore, the polynomial
Pnio — P is divisible by 22 — 1 and

_ pn+2($) — pn(x)
B 2 —1 ’
is a polynomial of degree n. Moreover, an easy calculation shows that the
polynomials g,, are orthogonal with respect to the probability measure dv(z) =
711(1 — 2%)du(r). By the recurrence relation (1) with v = 1 we obtain that
the polynomials g, satisfy

an() n>0, (17)

xQn(x) = /yn+2Qn+1(~r> + O‘nQn—l(fL‘); n Z 07 qo = 1/71 (18>

The following theorem contains a fundamental formula relating the Turan
determinants of the polynomials p,, and g,.
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Theorem 2.3. Forn >1
Ap(z)
1— 22

Proof. By (1)

= %ﬁnng(x) - an_l’Yn—i—lQn—Q(x)qn(x)' (19)

D1 — 2Pk = ar(Pri1 — Pe—1) = ax(2® — D1,
TPk — Pk—1 = ’Yk(pkﬂ —pkq) = ’Vk(il?2 - 1)(]1@71-

Therefore,

(xQ - 1)2[05717#%%—1 - an—l’Yﬂ—l—lQn—?Qn]
= (Pnt1 — 2Pn)(TPn — Pu—1) — (Pn — TPn—1)(TPnt1 — Pn)
= (1= 2*)(p} — pn1Pns1).
O

Remark 2.4. Defining ¢y = 7190 = 1 and

%IM%, n>1,
QA ...0p

we have

An@)—ﬁ(u) @ (1) — e @in@)] . (20)

1—22 a, \"..-7

showing that the normalized Turéan determinant (19) is proportional to the
Turdn determinant of order n—1 of the renormalized polynomials (g, ). They
satisfy the recurrence relation (¢_; := 0)

x(jn = O‘n+1(jn+1 + ’Yn+1(jn—1> n > 0.

Theorem 2.5. Assume that (p,) satisfies (1) with vo = 1. Let (cv,) be in-
creasing, a, < 1/2 and

Qp

Oy — Qpyq > [ (i1 — ), n > 1. (21)
Then A, (z) defined by (4) satisfies
A, (x)
> cA —1 1 >1
22 2(0), <zr<l n>1,

where ¢ = 2a1y2 /1. (Note that (21) holds if (o) is concave.)
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Proof. Observe that (21) is equivalent to (a,,V,+1) being increasing. Let
Dy (z) = anzz—l(z) — Ynt1Gn—2(T)qn(T).
Since a,, > a,_1, Theorem 2.3 implies

fi(g > a1 Dn(). (22)

By (18) we can remove g, or ¢, o from the expression defining D,,. In this

way we obtain

Dn = Oén—qu%,_z + an121_1 — Tqn—29n—1, (23>
Q-1 Qpn—17n

D, = Gy + 10 — TGn-1Gn-
Vn+1 Tn+1

Replacing n by n— 1 in the second equation and subtracting it from the first,

we find N N N
Dn o n—2 Dn—l _ n—1"n n—2"Yn—1 qi_2 2 0.
Tn Tn
By iterating the above inequality between D,, and D,,_;, we obtain
D, > Q1. On-2 Dy. (24)
Y3 Yn
From (23) we get
2 2
a1 x a
- =— (25)

Dy = a1t + ’72(]2 —2qoq1 = — + -
0 ! iR e

so (22) implies

A, (x) S MGy 1O 200179

1—22 " M MY M

Y

and the conclusion follows from the next lemma.

Lemma 2.6. Under the assumptions of Theorem 2.5

An(0) < D o TUA (), n> 1.

Y1---Tn aq



Proof. Denote

ap...0p

By (1) we have
13 ...09,_1

,(0) = (=1)" ,
pg() ( )7173~--72n—1

hence

(0
A2n<0)h2n = p%n(o)hQn - H 2h- H 2k >

Qo '72k 1

On the other hand

A2n+1 (O)h2n+1 = —DPon (0)p2n+2 (0) hon+1

_H@Qk 1H Y2k _A2n O)h2n§1

1 V2k—1
Moreover,
Qog—1 Y2k Qg1 Tk a172n aq
Az (0)ha, = > = > 1
() kl_[1 Qo H”sz: 1 ]!_[2 Qg H”Yk 1 Y102 4!
O

Theorem 2.5 has the following counterpart and the proof is very similar:

Theorem 2.7. Assume that (p,) satisfies (1) with o = 1. Let a,,n > 1 be
decreasing, o, > % and

Qp

Oy — Qg < . (an+1—an), n > 2. (26)
Then A, (x) defined by (4) satisfies

An(z)

1_x2§CAn(O), —-l<x<l n>1,

where C' = 2v,. (Note that (26) implies convexity of ay,,n > 1.)
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Remark 2.8. The normalized symmetric Jacobi polynomials p, (z) = R\ (z)
given by (6) satisfy (1) with

n+2a-+1 n

= = 27
" @ 2n+2a+1 (27)

420+ 1]

(In the case of @« = —1/2, i.e., Chebyshev polynomials of the first kind, these
formulas shall be interpreted for n =0 as 7 = 1,9 = 0.)

For a > —1/2 the sequence («,) is increasing and concave. Furthermore,
c=1

For —1 < o < —1/2 the sequence («,) is decreasing, (26) holds and
C=1

The statement about the constants ¢ and C' follows from Corollary 1.2.
However, we cannot expect ¢ = 1 in general, because it is easy to construct
an example, where the normalized Turdn determinant (19) is not monotone
for 0 <z < 1.

Consider the sequence (o) = (0,1/2—3¢,1/2—2¢,1/2—¢,1/2,1/2,...),
which is increasing and concave for 0 < ¢ < 1/8. In this case the Turdn
determinant ¢3 — G,Gs is proportional to f(z) = 2%+ A(e)z? + B(g), where

Ae) =4e® + 32— 1/2, B(e) = (1/2 = 32)*(1/2 — €)(1/2 + 2¢)? /=
Clearly, f is not monotone for 0 < x < 1, when ¢ is small.

Corollary 2.9. Under the assumptions of Theorem 2.5 and the additional
hypothesis lim «,, = 1/2, the orthogonality measure 1 is absolutely continuous
on (=1,1) with a strictly positive and continuous density g(x) = du(z)/dz
satisfying

C
i

Proof. The corresponding orthonormal polynomials (P,) satisfy

g(z) <

Pk, = )‘nPn—i-l + )‘n—IPn—h (28>
where A\, = \/a,+17,. We also have P, = d,,p,,, where

5, = M,”ZL 8o = 1,
a1 ...0p,
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and lim A\, = 1/2. Since

A . A = Oén-&-?(’yn-i—l - '7n) + /7n<an+2 - an+1)
n+1 = \n — )

VOn+2Yn+1 T \/Qni1Vn

the monotonicity of (a,,), (7,) implies

o0
D gt = An| < o0.
n=1

By the theorem in [8] we conclude that the orthogonality measure p has a
positive continuous density g(z) for —1 < 2 < 1. Furthermore, it is known
from this theorem that

lim [P2(2) — Pyos(2) P (a)] = 222

n—oo ﬂg(:U) ’

uniformly on compact subsets of (—1,1). For another proof of this result
see [5, p. 201], where it is also proved that (P,(z)) is uniformly bounded on
compact subsets of (—1,1) for n — co. We have

1
TR

l{} _ 5721 _ / Apy1Yn—1
" 5n—15n+1 (079% (%) ’
and it follows that lim k, = 1. Using

A, () _ P’r%(’x) — K Po1(7) Py ()
A,(0) P2(0) — kyP,—1(0) Poy1(0)

An(x) (Pr(@) = kP () Paga (2))

where

we get the result. O]
In analogy with the proof of Corollary 2.9 we get

Corollary 2.10. Under the assumptions of Theorem 2.7 and the additional
hypothesis lim «,, = 1/2, the orthogonality measure 1 is absolutely continuous
on (—1,1) with a strictly positive and continuous density g(z) = du(x)/dx
satisfying

C

Vi

g(z) >
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We now return to the polynomials (¢,) defined in (17) and prove that
they have a non-negative Turan determinant after normalization to being 1
at 1. The polynomials ¢,, are orthogonal with respect to a measure supported
by [—1, 1]. Therefore, g,(1) > 0.

Proposition 2.11. Under the assumptions of Theorem 2.5

G (@) gu1(2) oy (2)
A1) gna(1) gua(1)

Proof. Indeed, let Q,(x) = ¢,(x)/q,(1). Then
xQn = CnQn+1 + (1 - Cn)Qn—l;

where ¢, = Yni2(qni1(1)/qn(1)). We will show that (¢,) is decreasing and
¢, > 1/2; and the conclusion then follows from Corollary 2.2. But ¢,_; > ¢,
is equivalent to

>0, ~l<z<1, n>L.

Dn+1<1) = 7n+1q721<1) B 7n+QQn71(1)Qn+1(1) =0,
which follows from (24) and (25). We will show that ¢, > 1/2 by induction.
We have
Co = ’Vz—ql(l)
(1)

Assume ¢,_1 > 1/2. By (21) the sequence (,V,41) is increasing. Putting
a = lim «,, we then get

= 1.

1
QnYn+1 S Oé(l - Oé) S Z
Using this and (18) leads to
nYn 1 1
1:Cn+wécn+ Scn+_7
hence ¢, > 1/2. O

3 Lower bound estimates

It turns out that Turan determinants can be used to obtain lower bound
estimates for orthonormal polynomials. Recall that if the polynomials (p,)
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satisfy the recurrence relation (1), then their orthonormal version (P, ) satis-
fies
P, = )\nPnJrl + )\nflpnflv

where A\, = /a1 17n-

Proposition 3.1. Assume that the polynomials (P,) satisfy
xPn = )\nPnJrl + )\nflpnfl, n > O, (29)

with P.y =A_1 =0, A\, >0, n >0, and Py = 1. Assume moreover that (\,)
is increasing and im A\, = L < co. Then the (LB) property (16) holds in the

precise form
2

Poa) + PLy(a) 2 55
Proof. This proof is inspired by [2, Thm. 3]. By replacing the polynomials
P,(x) by P,(2Lz) we can assume that lim \,, = 1/2. This assumption implies
that the corresponding Jacobi matrix acts as a contraction in 2, because it
can be majorized by the Jacobi matrix with entries A, = % Therefore, the
orthogonality measure is supported by the interval [—1,1]. In this way it
suffices to consider z from [—1, 1] because the functions P?(x) are increasing
on [1,+o0[ and P?(—x) = P?(z). Let

r€e€R, n>0.

D, (1) = M1 P2(2) — Ay Py (2) Py (), n > 1.
By (29) we can remove P, to get
D, = A1 P2+ N\ 1 P?— 2P, \P,. (30)

Alternatively we can remove P,_; and obtain

An-1 2 Ari o
Replacing n by n — 1 in (31) and subtracting it from (30) gives
)\n—2 >\271 B /\272 2
D, — 22p, = lnl” fn2p2 5 32
>\n—1 ' /\n—l ! ( )
[terating the inequality D,, > (Ay—2/An—1)Dn_1 leads to
D, > 20 p, — > 92,
o )\n—l ! >\n—1 o 0
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because D; = A\g by (30), which for |z| <1 yields
1
Dy € M Py A P2 olel(P2 + P < P+ BL (39

In the general case the lower bound is 2(A\g/(2L))%. O

Corollary 3.2. Under the assumptions of Proposition 3.1 with L = 1/2 the
orthogonality measure p is absolutely continuous with a continuous density
g = du(x)/dx on [—1,1] satisfying

v1— 22,

<
9(w) < 27?)\(2)

Furthermore, g(x) >0 for —1 <z < 1.

Proof. By assumptions the orthogonality measure is supported by [—1,1].
By the proof of Proposition 3.1 we have

D, (x) > 2)2.

On the other hand, by [8] and [5, p. 201] the orthogonality measure is
absolutely continuous in the interval (—1, 1) with a strictly positive and con-
tinuous density ¢ such that

24/1 — 22

: 1 B
lim —D,(x) = 79()

n—00 )\n—l
uniformly on compact subsets of (—1, 1), cf. the proof of Corollary 2.9. By
property (LB) there are no masses at +1. O

Remark 3.3. Corollary 3.2 is also obtained in [4, p.758].

The Jacobi polynomials P\*® (z) in the standard notation of Szegé, cf.
[10], are discussed in the Introduction. The corresponding orthonormal poly-
nomials are denoted P,(c;x). We recall that

P(a’a) 2 1— 2 &y = .
1[ n (@) (L —at) de (2n + 2o+ D)nIl(n 4+ 2a + 1) B(a + 1,1/2)

(34)

/1 22a+1r(n+a+ 1)2
Ca
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Proposition 3.4. Property (LB), defined in (16), holds for the orthonor-
mal symmetric Jacobi polynomials (P, (a;x)) if and only if o > 1/2. More
precisely:

(i) Fora>1/2

2
inf{ P?(a; p? : €eR,neN}> .
inf{P}(02) + Piy(osa) |2 €Rn €N} > o=

(ii) For —1 < a < 1/2
inf{ P?(c;z) + P> [(o;z) | » € R,n € N} = 0.
Proof. Assume o > 1/2. In this case we get from (27)

)\2:1 - 402 — 1
! dn+a+1)2-1]"

so (\,) is increasing with lim A, = 1/2. By Proposition 3.1 we thus have

2

P24+ P2 >92)\ =
TL+ n—1 = 0 20{"’37

which shows (i).

In order to show (ii) we use Theorem 31 on page 170 of [9] stating

wn(ka)pi_l(w, Thn) B[l — x%,n (35)

for a generalized Jacobi weight w. (For two positive sequences (ay,), (b,) we
write a, ~ b, if 0 < C; < a,/b, < Cy < oo for suitable constants Cj.)
Applying this to the largest zero x; , of the orthonormal symmetric Jacobi
polynomials (P, («a;x)), we get

wn<x1,n)Pg—1(a§xl,n) ~ o/ 1- x%,n (36)

1 1
wy(t) = (V1—t+ E)Q%/l +t+ 5)2‘” > (1 —t%).
This gives in particular

P2

n—1

with

(a210) < C(1—af, )77,

hence lim P?_, («; 1,,) = 0 for @ < 1/2. This shows (ii) because P,(a;x1,,) =
0. [l
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Remark 3.5. For —1 < a < —1/2 the observation of (ii) follows easily from
the asymptotic result

Pu(e; 1) ~ dan® 2, n > o0,

where d,, is a suitable constant, but this simple asymptotic can not be used
when —1/2 < a < 1/2.
The proof of (ii) presented above has kindly been communicated to us by

Paul Nevai. Our original proof is based on Hilb’s asymptotic formula [10,
Thm 8.21.12):

0 a+1/2 0 a+1/2
g=1/2 (sin 5) (cos 5) P (cos 0)
IFa+n+1) _
= 2 J.(NO) +0(n"%?), (37
I NO) + 0, (37)
where 6 € [¢/n, /2], N =n+a+ % and ¢ > 0 is fixed. Let j, denote the
smallest positive zero of the Bessel function J,.
Defining 6,, = jo/N, we get

n—apéa,a)(en) _ O(n_3/2),
e PED0,) = (V24 o) alia Y2 L 0@3) — 0.
nt n+a+1/2
By (34) and Stirling’s formula
1 () ) ) 22a L
P e 1—2)%de ~ ————n~
o [ IPE@R (0 = e~ ™

and hence

P?(a;cosb,) = O(n**7?), P2

n—1

(a;cos6,) = O(n**h).
This shows that
P?(a;cosB,) + P2 | (a;cos6,) — 0 when a < 1/2.

Remark 3.6. The example of symmetric Jacobi polynomials suggests that
if (\,) is decreasing, then property (LB) does not hold. This is not true,
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however, because for % <A < \/Li and A\, = % for n > 1 we have a decreasing
sequence. The corresponding Jacobi matrix has norm 1 because this is so
for the cases \g = % and Ao = 1/v/2, which correspond to the Chebyshev
polynomials of the second and first kind respectively. Furthermore, for n > 2
we have by (30) and (32)

2 1
D, = M-1P? — MNPy 1P =Dy = F[Aé - (N5 — Z):I;Q]
0

and for -1 <z <1

1
Ao — =) > 0.

2
= )\_%(
On the other hand, (33) applies for n > 2, and we see that the orthonormal
polynomials satisfy
1

03 -5

2
inf{P;(z) + P,y (x) [z €Rn €N} >
0

4 Continuous g-ultraspherical polynomials

The continuous g-ultraspherical polynomials C,(z; 3|q) depend on two real
parameters ¢, 3, and for |q|,|3| < 1 they are orthogonal with respect to a
continuous weight function on (—1,1), cf. [6],[7]. The three term recurrence
relation is

n+1 1 — ﬁ2qn—1

2Co(@: Blg) = 50— (a: Blg) + 21— Bq")

2(1— Bgm) " Co1(z:Blg), n=0

(38)
with C_; = 0,Cy = 1. The orthonormal version C,(z; 3|q) satisfies equation

(29) with

1 1— n+1 1 — 2.m

2\ (1= Bq")(L = Bg"+1)
The value C,,(1; (|q) is not explicitly known, and therefore we can only obtain
the recurrence coefficients ay,, 7y, from (1) for p,(x) = C,.(z; Blq)/Cn(1; 5|q)
as given by the recursion formulas

)\2

1—a,’
which we get from the relation A\, = /a1 17n-

Opt1 = Qp = 07 Tn = 11— Ay, (40)
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Theorem 4.1. (i) Assume 0 < 3 < ¢ < 1. Then the recurrence coefficients
(An) form an increasing sequence with limit 1/2, and therefore (C,(x; 5|q))
satisfies (LB).

(i1) Assume 0 < g < 3 < 1. Then the recurrence coefficients (\,) form a
decreasing sequence with limit 1/2, and the sequence (ay,) is increasing and
concave with limit 1/2. In particular, we have

A, ()
.2 >cA,(0), —-l<zxz<l, n>1,

with ¢ =201 (1 — a2) /(1 — o).

Proof. The function

(1 gr)(1 — ) S
q
(1= Ba)(1 - Bqx) (1= Ba)(1 — Bgx)
is decreasing for 0 < § < ¢ < 1 and increasing for 0 < ¢ < g < 1. This
shows that A\, = (1/2)4/1(¢") is increasing in case (i) and decreasing in case
(ii). In both cases the limit is 1/2.
In case (ii) we therefore have A2 > 1/4 and hence

=1+(1-p5)(6—-

() =

i1 > > ay,
Gl =0 ) =

because 4x(1 —z) < 1 for 0 < z < 1. This shows that («,) is increasing and
hence with limit 1/2. We further have

1 1 1
A1 — i = 2(N], — Z) + 2(5 - Ofn)(§ — Qpt1),
showing that o, 11—, is decreasing, i.e., (ay,) is concave. We can now apply
Theorem 2.5. [
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