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Summary:
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sequentialprocedureis to stopobservationwhena linearcombinationof thecoordinates
of the canonicalprocesscrossesa prescribedlevel. Conditionsaregiven which ensure
that suchfirst passagetimes or a function of them havefinite moments.Also results
about

�����
convergenceas the prescribedlevel tendsto infinity aregiven.
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1 Introduction

For curvedexponentialfamilies of stochasticprocessesa naturalsequentialproce-
dureis to stopobservationwhena linearcombinationof thecoordinatesof thecanonical
processcrossesa prescribedlevel. This type of sequentialprocedurehasbeenstudied
by severalauthors,seee.g. the list of referencesin Sørensen(1986). For a generaldef-
inition of andbasicresultson exponentialfamilies of stochasticprocesses,seeKüchler
and Sørensen(1989, 1994).

Sequentialproceduresof the typedescribedabovehavelikelihood functionswhich,
exactly or approximately,are of the non-curvedexponentialtype. This implies, as is
well-known,severalnicestatisticalproperties.An interpretationof thesestoppingrules
is that observationis continueduntil a prescribedamountof observedinformationhas
beenobtainedabouta certainone-dimensionalparameterfunction. Generalresultson
this type of sequentialprocedurewere given by Sørensen(1986, 1994) and Stefanov
(1986a,b,1993).

If exponentialfamilies obtainedby sequentialsamplingare non-curved,the max-
imum likelihood estimatorfor the meanvalue parameteris efficient in the sensethat
thereis equalityin theCraḿer-Raoinequality. This hasin muchof the literaturebeena
mainmotivationfor studyingstoppingrulesof thetypedescribedabove.Sinceefficient
estimatorsdo not exist for curvedexponentialfamilies (seeTheorem15.4 in Chensov,
1982, p. 219), suchstoppingrules are the only possibilitiesto obtain a so-calledef-
ficient sequentialplan.

Conditionsensuringthat a linear combinationof the coordinatesof the canonical
processcrossesa given level at a finite time are well-known, seeStefanov(1986b).
Höpfner (1987) showedthat thesestopping times have finite momentsfor ergodic
Markov processeswith countablestate-space.He also gave conditionsensuringthat
the stoppingtimes divided by the level converges in ��� to a finite limit as the level
tendsto infinity. The presentpaperuseslarge deviationresultsfor semi-martingalesto
give conditionsensuringthe existenceof momentsand ���	� convergencefor a rather
generalclassof ergodic exponentialfamilies of processes.

In Section2 the type of model and the stoppingtimes consideredin this paper
aredefined,andsomepreliminaryresultsaregiven. The main resultsarepresentedin
Section3, while exponentialfamiliesof diffusion-typeprocessesandMarkov processes
with finite state-spaceare discussedin Section4.

2 Preliminaries

Considerameasurablespace
���
���� with aclassof probabilitymeasures��������������
,
�! "

satisfying #%$'& �)(�+*�
 and with a stochasticprocess, . Let ��� � denote
the right-continuousfiltration generatedby observationof , in the time-interval - .�
0/21 ,
andlet 3�4� denotethe restrictionof 3 � to � 4 . We assumethat thereexistsa probability
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measure5 on 6�7�8�9;: suchthat for all <>=@? andall ACBED we have 5�FGIHJH 5KF andL F 6�A':NM O 5 FGO 5 F M@PRQ	S�TUAUV�W FYX[Z 6�A\: V^] F�_a` (2.1)

Here
L F 6�A\: is the likelihood function correspondingto observationof b in cd?	80<2e . We

denotetranspositionof matricesby a f ` In (2.1) the stochasticprocess ] and the
non-randomfunction Z are 6hg X[i : X dimensional,while W is a ijX dimensionalvector
processwhich is right-continuouswith limits from the left. We assume,moreover,that
every coordinateof ] F is a non-decreasingpredictableprocesssatisfyingthat ]lk Mm?
and ] Fon p as < n p .

This type of exponentialfamilies of stochasticprocessescoversseveralimportant
classesof stochasticprocessmodelsincluding exponentialfamilies of diffusions,ex-
ponentialfamilies of countingprocesses,andMarkov processeswith finite state-space.
Furtherexamplescanbe found in Sørensen(1986)andKüchlerandSørensen(1994).

We shall study stoppingtimes of the typeqRr 6tsu8wv^:xM@y{z�|^}j<~=�?C�'s V W F�� v V ] F =��x�^8 (2.2)

where s�B �\8av�B ���l� and �@=m? . Sometimes,when there is no ambiguity, we
will just write q r .

We shall work under the following condition.

Condition A 6�A': .
(i) The scorevector �

F 6�A\:xM@W F�X �Z 6�A': V^] F 8 (2.3)

where �Z 6�A\:xM���� Z^� 6�A':�����AR��� , is asquareintegrable5 G X martingaleandthe 6h��8t��: ’th
elementof its quadraticcharacteristicisH � 6hA':�= 6h��82��:< M X �����A � ��A�� Z 6�A\: V ] F�` (2.4)

(ii) Every coordinateof �Z 6�A\:�s � v is positive.

(iii) Thereexistsa strictly increasingfunction � and a constantvector �U���' o¡¢¤£ such
that ¥a� £   ¢¦£ and §j¨t©ª¥a�¬«w �­ ���h�'  in ®°¯²± probability as «³­ ´ .

A condition implying condition µ��h�'  (i) is that £·¶�¸{¹'º¼» �t�	½0«w  for all «�¾ £ and� ¶¿¸%¹\º�À ½ where » ���	½�«w  denotesthe domainof the Laplacetransformof § ¨ under ® ¯ ,
seeCorollary 6.3 in Küchler and Sørensen(1992).

We further assumethat we can find an exponentialrepresentation,where µ ¨ ¢�hµÂÁ¨ ½wµ³Ã¨  tÄ with µÂÁ¨ÆÅÈÇ ± dimensional,and where the correspondingdecompositionof
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the scorevector É°ÊwËhÌ'ÍÏÎÐË�ÉÂÑÊ ËhÌ'ÍwÒRÉ³ÓÊ Ë�Ì\Í0Í has the property that É�ÑÊ Ë�Ì\Í is a continuous
martingale,whereasÉ ÓÊ Ë�Ì'Í is a purelydiscontinuousmartingale.This assumptionessen-
tially meansthatthediffusionandthejump mechanismof theprocessareparameterized
separately.It implies that the quadraticcharacteristicof the martingaleÔ Ê^ÎÖÕ�×^É^Ê0Ë�Ì\Í (2.5)

has the form Ø Ô Ù Ê Î@Ú Ñ ËtÕNÍ ×^Û Ê�ÜÝÚ Ó Ë�ÕxÍ ×^Û Ê (2.6)

where the vectors Ú Ñ Ë�Þ�Í and Ú Ó ËtÕNÍ are given by

Ú Ñ Ë�ÕxÍNÎ�ß à¼áâãåä æwç°è Õ ã Õ æ éjêé Ì ã é Ì æ�ë ËåÌ'ÍìÒ (2.7)

Ú Ó ËtÕNÍaÎ�ß àâã¬ä æ0ç à¼á2í è Õ
ã Õ æ é êé Ì ã é Ì æ ë ËhÌ'Í¼î (2.8)

In (2.6), ÚYÑïË�ÕxÍ × Û Ê is thequadraticcharacteristicof thecontinuousmartingalepartof
Ô

,
while ÚYÓ\Ë�ÕxÍ × Û Ê is the quadraticcharacteristicof the purely discontinuouspart of

Ô
.

UnderCondition ðIË�Ì\Í the following resultsabout ñ�ò�ËtÕóÒwôaÍ hold.

Lemma 2.1 õ Õ × ð³Ê�Üöô × Û Ê�÷�øªù^ËåúwÍóû ËNüë Ë�Ì\Í�ÕýÜ[ô^Í ×^þ Ë�Ì'Í (2.9)

in ÿ�� –probability, and ÿ��²Ëåñ�ò�ËtÕóÒ¼ô^Í Ø � ÍaÎ � î (2.10)

Proof:

Since Õ × ð³Ê�Üöô × Û Ê°Î Ô Ê�Ü ËNüë Ë�Ì\Í�ÕýÜöô^Í ×^Û Ê0Ò
it follows by the law of large numbersfor martingales(Liptser, 1980) thatõ Õ × ð³Ê�Üöô × Û Ê ÷ øªù^ËåúwÍóû ËNüë Ë�Ì\Í�ÕýÜ[ô^Í ×^þ Ë�Ì'Í Ù��
in ÿ � ß probability. This provesthe lemma.

This resultgeneralizesa resultby Stefanov(1986b). In thenext lemma � í denotes
the positive part of � î
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Lemma 2.2. Suppose �	��

��������������������� ���"!#��$ %
(2.11)

in &(' � probability as

!)$ *
.

Then + ��, ����-/.0���
132��4�5$ � �768 ��9:�;�)<=2�� 
(> �?9@� � ��,
(2.12)

in & ' � probability as

+ $ *
.

Proof: The result follows by noting that���"- . �+ A ���"- . �� 
 ��B�CD<=2 
(E B�CF�HGIB�C 1
where

GJB C A + �K� 
 ��B C �L2 
 E B C 1
and that (2.11) implies

GIB C � E B C $ %
in& ' � probability. Now Lemma2.1 canbe appliedsince

-M.ONP*
as

+ $ *
.

We shall imposethe following condition on the martingale Q .

Condition M

��9:�
.

The martingale Q A � 
�R ��9:�
is quasi-left-continuousand its jump characteristicS under & ' has the form S ��TF1#U !V13U�WX� AZY �\[] ^`_ ,Pa ^ ��U WX�;U Ecb ^ed� 1

(2.13)

where
a ^

is a non-randommeasuresatisfying thatf Whg a ^ �?U WX�
ikjml n�oqp lsr`rtr`lvuxwzyhr
(2.14)

UnderConditionM {?|~} the quadraticcharacteristicof the purely discontinousmar-
tingale part of � is �� � ��3� �#�P����� {?�~� l � � } ok� {?�7}���� � l (2.15)

where ��� {���} o ��#� �3� � �s� � {�� � } l
which is in accordancewith (2.6). A condition implying (2.13) is

� {e� l ��� l � � } o� {?� � } u {e� l � �#} , where
�

satisfies(2.14). Note that (2.14) implies that�� � �� �@� �X��� � � � {��~�
l � � }c� jml ��� � r
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3 Results
In this sectionwe give resultsabout momentsof ¡�¢�£/¤¦¥ and §(¨~© convergenceofª\«�¬ ¡�¢"£M¤~¥ .

Theorem 3.1. SupposeCondition A ¢�­:¥ and Condition M ¢?­:¥ are satisfied. Assume
further the Craḿer condition that thereexists ®°¯�±q² suchthat³´ µ ´ ¶ ¬P·¹¸ µ�ºO» ¢?¼ ½�¥
¾k¿ZÀ Á�ÂÄÃ ÀMÅ`ÅtÅ`ÀvÆÇ©HÈÄÉ"ÊÌËH®ÎÍÏ¢�²¦ÀV® ¯/Ð Å
Then for Ñ�¢"Ò#¥ÓÂx¡ «�¬ ¢�Ô¦Ò#¥ , where Ôz±KÕÖ¢7×Ø ¢?­@¥ÚÙÜÛ Ý�¥�Þ�ß Ð «�¬ ,à�á ¢�£/¤O±âÑ�¢ ª ¥4¥
ã ä	åæÉ®çÍÜècéê ±ëÃ

ìVíïîÎð ê «�¬ ¢ ê © ÃÌ¥Ú® ªïñ~ò\óõô�ö¹÷/ø¦ùûú?ü?ýFþ ÿ����0ü������	��

�������������������
(3.1)

where ��ü������ ÿ ��!#"%$Mü'&(�*),+�ü'�*�(þ-�(ü/.0 ü�12�3&4)-5�� (3.2)

with +76Úü'�*�(� 89;:�<#= ö�>@?BA þâÿõþ-�DC �%E 6Úü�FGC��
and with " $ ü�&H� given by (2.7). The setIKJ �ML��ONÏüQP7�R� <TS�U ��ü�����VWPYX (3.3)

is non-empty.By ��ü����KVZP we meanthat everycoordinateof �0ü'�*� is negative.

Remark: It is obvious from the proof that (3.1) holds for any positive and strictly
increasingfunction [ satisfying that \ ü�]^� þ`_ ü(.0 ü�1Y��&,)a5�� ��b Sdc � [ c � ü�]^� is a positive
increasingfunction.

Proof: e	fGgihBjlk,m�gQn*o�o�prq/f7s�tvuxw j�yHz n|{�}
where t�~	��������~��-�%���|~/����~����� ~|�,��gi�^oRg(�� g��2o3������o �	�
with �� ~/��g(�� g��2o3������o � g � ��g��^o	�-�|~�o#�
We will thereforeapply the large deviationresultLiptser andShiryaev(1989,Theorem
4.13.3) to the probabilityq�gQtl~ z �m�gd�^o;o(��q��@�v~ k�g(�� g��2o3���-�(o � � ��g��^o	� �m�gd�^o�¡
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where ¢ £ ¤¥§¦©¨
. In order to do this, we need the local characteristicsof the

semimartingale¢ under ª/« . The jump characteristicand the continuousmartingale
characteristicof ¢ equal thoseof

¨
, i.e. ¬ and ­%®B¯�°(±'²/³|´ , respectively. The drift

characteristicof ¢ is ¤¥ minus the compensationof the jumpsnumericallylarger than
one, so our ¤¥ equalsthe processdenotedin the sameway in Liptser and Shiryaev’s
theorem. Now for µ�¶·¯Q¸7¹Rµ»ºT¼ define½ ´;¯'µ*±(£�µ¾¤¥ ´�¿ÁÀÂ µ�Ã#­ ® ¯�°H± ² ³|´�¿ ´Ä º ÄÅ^Æ º^Ç�È�É@ÊBË ¦ À ¦ µDÌ�Í�¬*¯�ÎÐÏG¹#ÎGÌ*±^Ñ
Under Condition M ¯�ÒY±´Ä º ÄÅ;Æ º#ÇÓÈ É@ÊBË ¦ À ¦ µDÌ Í ¬*¯�ÎÐÏG¹#ÎGÌ*±(£�Ô%¯'°(± ² ³|´�Ñ
Thus ½ ´;¯'µ*±�£�µ	¯/ÕÖ ¯QÒY±3°�¿-×�± ²	ØTÙ ¯�Ú^±*¿-Û�¯Üµ�± ² ³|´�Ñ

Let us next show that the set Ý�Þ is non-empty.First note thatÔ7ßà�¯'µ*±�£ ÄÅ^Æ º^Ç Ì È�É@ÊBË ¦ À Í*á à ¯�ÎGÌ�±
when µa¶â¯�¸7¹#µ�ºx± . Hence Ô ßà ¯�¸G¿ã±�£ä¸ and Û ß ¯�¸2¿å±�£ ¦ ¯(ÕÖ ¯�Ò2±3°æ¿©×�± . Now, sinceÛ�¯Q¸Ð±�£�¸ andeverycoordinateof Û ß ¯�¸2¿å± is negative,we canfind çµO¶è¯�¸é¹Rµ�ºx± suchthat
every coordinateof Û�¯#çµ*± is negative.

We havenow checkedthe conditionsin Liptser andShiryaev’stheorem,andtheir
formula (4.13.26)yields that for everypositiveandnon-decreasingfunction ê»´ª�¯d¢v´ ëWì�ê�´�±Kí·î2ï «7ð'ñTò7óõô ¦ ¯�ö ¦ À ±3ê»´ ð µ�ì ¦ ê*÷%ø´ ½ ´;¯�µ�±�ùBú@ù7ûÐü3ý3þ
for every ÿ�� ��� , ��� � and 	
� � . By choosing 	
� ���� ����������������� and "! �$#��&%'�)(*	,+ ü.-/ �&%'� we obtain0�1 ��2 ! �3	  "! �547698;:=<>� + ü �?�@(7�A��ÿ -/ �B%'��C�DFE 1HG 698I:KJ����@(7�A�MLH��ÿN�?�PO !&QSR)T ü�ý�þ,U
provided -/ is a function suchthat #V(�	S+ üA-/ is positiveandnon-decreasing.

For %W� / �&XN� and -/ �&%'�Y� / + ü �&%'���[ZF+ ü #��B%'� , we get that
 "! �[#��&%'�\�]�)(^��	.Z_�`+ ü �)�^�

and 0 1;aMbdcfehg.iWj X_kl47698I: < � + ü �&�@(7�A��ÿ"X CmD E 1 G 698I: J ���@(n�A�MLH��ÿN� � O coepg.i Q,R5T ü�ý�þ U
which provesthe theorem.
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With the notationqYr s tAu&v'wYx
y_z|{_}f~����K�?u?�@�n�.w��"u��Fw��P�_�&�,�)����� t
we have the following result.

Theorem 3.2. SupposeCondition A u���w and Condition M u?��w are satisfiedand that
there exist ����� and ���*��� such that�� � q r s t��� �¡ � u&¢Nw�£¤¢I¥ ¡ �'¦ ¢¨§�©
for someª �7« . Thenthe ª ’th momentof   u­¬¤®mw under ¯ { is finite.

Proof: The result follows because

z|{ } �M°N¡ �   u­¬±®;w�£ ¥ � x �� � ¯ { } ¬±®²�  ³¡ � } ° ¢ �M� ¥ �N� ¦ ¢
and becausethe integrandfor ¢ sufficiently large is dominatedby~��I�µ´h� ¡ � u��@�7�Aw�� °�¶ qYr s t }  �¡ � } ° ¢ �M� ¥ �F�Y·
which hasbeenassumedintegrable.

Theorem 3.3. SupposeCondition A u���w and Condition M u?��w are satisfiedand that
there exist ����� and ���*��� such thatq r s t �� �¡ � u&¢Nw�£¸x�¹ }oº ¡H»�¼ ¢H½ �¿¾,À ¢=Á ÂÄÃ
whereÅ@Æ^Ç and ÈÊÉ3Ç . Thenthefamily of randomvariablesË�Ì&ÍNÎ³Ï�Ð�ÌBÑ±ÒIÓ`ÓÕÔ²Ö×Í=ÉÄØ|Æ^ÇIÙ
is uniformly integrableunder Ú�Û for every Ü�ÆÝÇ and ØlÆÝÇ . Under the conditionsof
Lemma 2.2 Í Î³Ï Ð�ÌBÑ Ò Ó�Þ ß?Ì�àá Ì?âäã.Ó�åVæ�ç�Ó?è�é.Ì�â�Ó�ê Î³Ï
in ë Ô ÌìÜíÆ7Ç�Ó as ÍíÞ Â under Ú Û .
Proof: With î
ï ð Î³Ï Ì?ð�ñóòAÓMô and with the constant õ Ï suitably chosenwe have
for é sufficiently large that
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ö|÷�ø'ù?ú³û³ü\ý�þBÿ��������	��

� ������� ��������������� �"!
#%$'& ÷ øìÿ��)(ný�û³ü+*fú $ ü-, �/. !10 23 � & ÷ ø ÿ'�4(7ý�û³ü+*¤ú�5 ü-, �/. !�675
8 $'9�: �7;=<?> @ * ý�û³ü * ú $ ü�, � .A. 0 9�: � 23 � ;B<?> @ * ý�û³ü * úC5"ü�, � .A. 675
8 $'9�: �7; <?> @ *.ý�û³ü	*äú $ ü�, ��.A. 0 9�: � úNû ��D 23� � �FE � ; ù�ý�û³üäþ�G����HG � û³ü"6IG
8KJ ü úCL $ L", �HM ü 9 û � þON � �PE � û : � 0 J ü 9�: � úNû �'D 23� � �PE � 9 û N Q G�L M+� û³ü�6IG
8KJ ü úCL $ L", �RM ü 9 û � þON � �PE � û : �TSUWV �X0 D 23 Y 9 û N � � �PE ��Z þ[5\0K��� �RM L¤û³ü 675^]W_`aKbdc
egfRh
f"iOjRk c
l�m�n�oOpOq�rtsPu'mCv7wTxyWz|{~}����� � l m�p�nFq rPs�ug� oO� }�{ w jRk�f m cg� �^� _`��

for
hT� ogoO� e m c }�� w�����w j

. This expressiongoesto zeroas
h�� �

, which provesthefirst
claim. The resulton � jd� convergencefollows in view of Lemma2.2 .

4 Examples

4.1 Diffusion processes

Considerthe classof stochasticdifferential equations�/������� �/�� [��¡|¢¤£?¥��� [�¦¡ §���¨©¢«ª
�g O�¦¡ ��¬­�¯®°¨²±´³d®
(4.1)£)µ¦¶¸· ®

with initial condition
�º¹T�%»C¹

. All quantitiesareone-dimensional,
ª¼±�³

,
andthe functionals

�/�
,
¥��

and
ª��

dependon
�

only through ½ �º¾1¿�ÀÂÁÃ¨
Ä
. As usual

¬
is a standardWienerprocess.We assumethat

�
,
¥

and
ª

satisfyconditionsensuringthat
(4.1) hasa uniqueweak solution for all

£Åµ«¶
. Examplesof modelsof this kind are

theBrownianmotionwith drift, theOrnstein-Uhlenbeckprocesses,theBesselprocesses
and the non-Markovprocessesstudiedby KüchlerandMensch(1992).

If
�

is observedin the time-interval
�Æ³	®¯¨�§

, the likelihood function is, undersuitable
regularity conditions(seee.g. Liptser andShiryaev,1977),given byÇ �g �£I¡=��È�ÉdÊ­ËÌ£�Í1��ÎÐÏÑ £�Ò�ÓÔ� ÕÂ®
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where ÖÔ×ÙØ ×Ú Û¸Ü�Ý�ÞOß¦à�áHâ"ÝRÞ[ß¦à¯ãÔá�äIå
and æ ×�Ø ×Ú Û Ü"Ý�Þ[ß¦à�â'ÝRÞ[ß¦à ãÔá äèçß4Ý
with çß × Ø ß ×Aéëê Û é ×Ú Û¸ì Ý ÞOß¦à�ädå�í
This model is of the type consideredin this paper.

Sincea solutionof (4.1) doesnot jump, condition î Þ ïIà
andthe Craḿer condition

areautomaticallysatisfied.Thuswe needonly assumeCondition

æ Þ�ï7à
to obtain thatð�ñ Þ[ò'ó)ô´õ�Þ[ö�à¯àX÷ øPùdúûýü�þ~ÿ� ô�� �����	� � ã�
 Þ � é �?à û ö���
���� �?ÞOõ�Þ[ö�à¯à
í

(4.2)

For diffusion-typeprocesses
ì�Þ û à

hasthe simple formìCÞ û à Ø �� û á���á é û Þ � ï�����à��
and þ~ÿ Ø ��� � � �^ãÔá Þ � ï����Bà! �í

For the particularcaseof the Ornstein-UhlenbeckprocessäIß ×ÙØ ï?ß × ä#"��«ä%$ × � ß Û Ø ê Û �
condition

æ Þ�ï7à
is satisfiedwith & Þ'"�à Ø "

and
â�ÞOïIà Ø é Þ � ïIà ã�


when
ï)( � í

Fromresults
in Küchler and Sørensen(1992) it follows that
 ��� � Þ'"�à Ø *,+ ���-�/. é "� �1032 4�57698-:<;=6?>�@BAC:EDF@FG�4IHKJML
for all ;?NO> and DQPSRUT , so the conditionsof Theorem3.3 are satisfied. HenceV :<WFX�Y[Z�\]@_^a`bWdcfehgji%k is uniformly integrablefor every l gji and e=gji-m andW X�Y Z \on 6h8#4]:Epq4�G9rK@ X�Y
in s ^ :utwvx@ as W n y for every l gzi .
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4.2 Finite state-space Markov processes

A continuoustime Markov processwith finite state-space{%|~}�������}��d� and intensity
matrix {�������� , where ��������� for �	���� , has, when observedin � �-}[�B�<} the likelihood
function � ���<�%� �����]��� ¢¡�£¤ ��¥q¦ §¨ ¤ �x©¥F� � �ª�¬«®­ �°¯ �²±� ³µ´¶ ¤ �x©¥F�¸·�¹Bº »½¼ | ³ �¿¾ÀÂÁÄÃªÅ_ÆÇÉÈÊÌË¢ÍÎ)Ï (4.3)

providedthe initial state ÐoÑaÒÔÓCÑ is fixed. Here Õ Å×Ö ÒÔØÚÙ~ÛÄÜ Å�Ö , the processÝ®Ã�Å°Þ Ö�ÆÇ is

the numberof transitionsfrom state ß to state à in the time interval áãâ Ïåä�æ , and ç Ã�ÅÚÆÇ is
the time the processhasspentin state ß before ä . The assumptionthat Ü ÅªÖéè â for allßëêÒSà is only madeto simplify the exposition.

We considerstoppingtimes of the formì�í ÒïîÚð-ñÂòó¢ô ä è âÌõ¿ö÷ ÅÚøqù
úûwü Å çÄÃªÅÚÆÇµý ÷ ÖxþøFÅCÿ ÅªÖ Ý®Ã�Å°Þ Ö�ÆÇ �� è�� Ë ÍÎ�� (4.4)

Thescorevectoris a squareintegrable���
	 martingalewith quadraticcharacteristic(2.4)

and �
�uÕ�� , (iii) is satisfied with ��� ä � Ò ä and � Å �<Õ���ÒSÜ Å�� �uÕ���� ù�������� ���! #"�$�%'&)( %*&,+ where�.- �/ #"�$10 ��324 -6587:9  #" - �3$<; The jump characteristicof = hasthe form (2.12) with> -  #?A@*$�0CB �D24 -FE - �HG,I�J KML,N �<O  #?P@*$ +
where

L N �QO
is the Dirac-measureat R . The Craḿer condition is obviously satisfied.

Henceby Theorem3.1S I  �T,UWVYX'$1Z [�\:]�_^a` Ub Vdc 587:9_e b %*&  bgf cD$ � X.hMikj3l m
 nX*$�;
For finite state-spaceMarkov processeso -  � $�0 B �D24 - E - �HG,IpJ KrqDG � j f c f  Rts c
$ �ru f �Fvw- ;
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Höpfner, R. (1987): A remark on stopping times associatedwith continuous-time
ergodic Markov chainsand an applicationto statisticalinferencein birth-and-death
processes.Scand. J. Statist. 14, 211–219.
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