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Abstract

In this paper we generalize Brown’s spectral distribution measure to a large class of
unbounded operators affiliated with a finite von Neumann algebra. Moreover, we
compute the Brown measure of all unbounded R-diagonal operators in this class.
As a particular case, we determine the Brown measure z = zy~!, where (z,v)
is a circular system in the sense of Voiculescu, and we prove that for all n € N,

2" e LP(M, 1) if and only if 0 < p < ni—s—l

1 Introduction

Let M be a finite von Neumann algebra with a faithful, normal, tracial state 7, and let

A(T) = exp </000 logtme‘(t))

denote the corresponding Fuglede-Kadison determinant. L. G. Brown proved in [Br| that
for every T' € M, there exists a unique, compactly supported measure pr € Prob(C) with
the property that

log A(T — A1) = /log |z — Al dpr(2), A eC.
C

This measure is called Brown’s spectral distribution measure (or just the Brown measure)
of T. It was computed in a number of special cases in [HL|, [BL], [DH], and [AH].
In particular, it was proven in [HL, Theorem 4.5] that if T € M is R-diagonal in the
sense of Nica and Speicher [NS], then ur can be determined from the S—transform of the
distribution g 72. For simplicity, assume that 7" € M is an R-diagonal element which is
not proportional to a unitary and for which ker(7") = 0. Then g is the unique probability
measure on C which is invariant under the rotations z +— 7z, v € T, and which satisfies

W(B(o,suw(t - 1)—%)> 1, 0<t<l
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In this paper we extend the Brown measure to all operators in the set M* of closed,
densely defined operators 7T affiliated with M satisfying

/ log™ t dpyr((t) < o0.
0

Moreover, we extend [HL, Theorem 4.5] to all R-diagonal operators in M2. Finally, we
will study a particular example of an unbounded R-diagonal element, namely the operator
z = xy ', where (z,y) is a circular system in the sense of Voiculescu.

The material in this paper is organized as follows: In section 2 we introduce the class M*
and generalize the Brown measure to all 7 € M* by proving, that for such T, there is a
unique pr € Prob(C) satisfying

/ log* |2| duz(2) < o0
C

and
log A(T — A1) = /log z—AMdur(z), AeC.
C

Moreover, we extend Weil’s inequality

/C 2P dper (=) < || T2

to all T € LP(M, 7). The main results in section 2 are stated in the appendix of Brown’s
paper [Br| without proofs or with very sketchy proofs. Since the results of the remaining
sections of this paper and of our forthcoming paper [HS] rely heavily on these statements,
we have decided to include complete proofs. We will follow a different route than the
one outlined in [Br]. For instance, we do not use the functions A;(7") and sr(t) from [Br,
section 1].

In section 3 we introduce unbounded R-diagonal operators and we prove the following
generalization of [HL, section 3]: The powers (S™)%, of an R-diagonal operator are R—
diagonal, and the sum S+ 7" and the product ST of x—free R—diagonal operators are again
R-diagonal. Moreover,

fysne = piok,
fys+r) = s B fiyr),
pstz = s X,

where /i = 1(p + f1) denotes the symmetrization of a measure 1 € Prob(R), and B (K,
resp.) denotes the additive (multiplicative, resp.) free convolution of measures (cf. [BV]).
These results are applied in section 4 to determine the Brown measure of R—diagonal
operators in M?2.

In section 5 we consider the operator z = zy~!, where (z,y) is a circular system in the

sense of Voiculescu, and we prove that the Brown measure of z is given by

1
dp.(s) = ————+ dResdlms.
2 (s) e Res dIms
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Moreover, we show that for all n € N, 2" 27" € LP(M, 1) iff 0 < p < %H, and when this
holds,

(n+1)sin (%)

o (2

1" = A0, < Mz, AeC.

The last two formulas play a key role in our forthcoming paper [HS] on invariant subspaces
for operators in a general II;—factor.

12°115 = 1I=7"17 =

and

2 The Brown measure of certain unbounded operat-
ors.

In [Br, Appendix| Brown described in outline how to define a Brown measure for certain
undbounded operators affiliated with M, where M is a von Neumann algebra equipped
with a faithful, normal, semifinite trace.

In this section we give a more detailed exposition on the subject in the case where M is
a finite von Neumann algebra with faithful, tracial state 7. To be more explicit, we show
how one can extend the definition of the Brown measure to a class M of closed, densely
defined operators affiliated with M. We also prove that many of the properties of the
Brown measure for bounded operators carry over to the unbounded case.

We let M denote the set ~of closed, densely defined operators affiliated with M. Recall
that every operator T € M has a polar decomposition

T = UlT| = U/OotdE|T(t), (2.1)

where U € M is a unitary, and the spectral measure Er| takes values in M. In particular,
for T'€ M we may define pp| € Prob(R) by

pr|(B) = 7(Er(B),  (BeB) (2.2)

2.1 Definition. We denote by M* the set of operators T’ € M fulfilling the condition

rllog [71) = [ log" () a8 < (23)

For T € M*, the integral
| otdum(t) € RU(-c0)
0
is well-defined, and we define the Fuglede-Kadison determinant of T; A(T') € [0, 00), by

A(T) = exp </00° logtd,um(t)>. (2.4)



Note that for "€ M, A(T) is the usual Fuglede-Kadison determinant of 7T'.

2.2 Remark. If T' € LP(M, 7) for some p € (0, 00), then
/ ¢ dpyr (t) < oo,
0

implying that

o0 1 (o) o @]
/ logt dpyr(t) = ]—9/ log(t") dpyr(t) < / ¢ dpyr(t) < oo,
1 1 1

e~

and hence T € M2.

2.3 Lemma. If T € M? and A(T) > 0, then T is invertible in M, 7! € M2, and

A(T) = 5.

Proof. If T € M* and A(T) > 0, then
1
| ozt dum (@) < .
0
Hence, 7(Ei7/({0})) = wr({0}) = 0, so that ker(T) = {0}. Since M is finite, also

ker(T*) = {0}, which implies that T has a closed, densely defined inverse 7' € M. Take
a unitary U € M such that T'= U|T|. Then

T =U|T| tU*.

Hence, pp-1) = pyri-1. Since pyp-1 is the push—forward measure of j7 via the map

t— %, we now have that

/ logtdpr-—1(t) = / log t dpyyr-1(t)
1 1

-/ 1og (1) i 1)

1
— [ ogtdun (0
0

Hence, T~ € M2 and

log AT = [ o (3) dr() = ~ log AT



2.4 Lemma. Let T € M. Then the following are equivalent:
(a) T € M2, ie. [[7log™ (t) dpr(t) < oco.
(b) T = AB™! for some A, B € M with A(B) > 0.

(c) T =C7'D for some C, D € M with A(C) > 0.

Moreover, if T € M? andT = AB~! = C~'D for some A, B,C, D € M with A(B), A(C) >
0, then

Al4) _ AD)
A(T) = = . 2.5
Proof. If T € M?, then T = U|T)| for some unitary U € M, and T = AB~!, where
A=UIT|(|ITP+1)2 eM (2.6)
and )
B=(IT]P+1)"2 e M. (2.7)
Since 3 log(t? + 1) < log(2t) when ¢ > 1, we get that
1 o0
log A(B) = — / log(# + 1) dyyz (1)
0
1
> =5 [ tos2dun( - [ los20dn(®)
2 Ja [1,00
> —o00, (2.8)
that is, A(B) > 0.
Also, T = U|T|U*U, and with
S = UT|U*, (2.9)
C=(2+1)2eM, (2.10)
and .
D=S(S*+1)z eM, (2.11)
we have that T'= C~'DU. Moreover,
1 (0.9]
log A(C) = —5/ log(t* + 1) dus(t)
0
1 o0
- - / log(t2 + 1) dyuyr (1)
0
> —00,

ie. A(C) > 0.



Now we have shown that (a) implies (b) and (c). On the other hand, if T = AB~! for
some A, B € M with A(B) > 0, then we may assume that B > 0. Then

T(log®[T]) < 7(log(1 +|T*))
= 7(log(1+ B 'A*AB™)).

Since B~'A*AB™! < ||A||?B2, and since t — log(1 +t) is operator monotone on [0, 00),
we get that

7(log"|T]) < 7(log(1+ [ AII*B™?))
< 7(log((L+AII)(1+B77))

= log(1+ ||A]|*) + 7(log(1 + B™?)).
Since B is bounded and A(B) > 0,
r(log(1+ B™?)) = 7(log(B*+ 1)) — 27(log B)
< log(|[BI + 1) — 2A(B)
< 0.

This shows that T € M2, i.e. (b) implies (a). It follows that if T = C~!D for some
C,D € M with A(C) > 0, then T* € M?. Take a unitary U € M such that T' = U|T].
Then |T*| = U|T|U*, implying that -] = p7). Hence T belongs to M* as well, and (c)
implies (a).

Now, let T € MA. Then T = AB~! = C~'D for some A, B,C, D € M with A(B), A(C) >
0. Moreover, for all such choices of A, B,C and D,

CA=C(AB™)B =C(C~'D)B = DB.
Since A is multiplicative on M (cf. [FuKal), it follows that

A(C)A(A) = A(CA) = A(DB) = A(D)A(B).

Hence,
A(A)  AD)
= . 2.12
A(B) A(O) 212
In partlcular with A and B as in (2.6) and (2.7), respectively, we have that A(B) > 0,
T =AB™!, and
log A(A / lo t),
g i g( t2+)“T()
and
log A(B / lo t),
g O g(t2+>M|T|()
so that

log A(T') = log A(A) — log A(B).
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Then by (2.12), for all choices of C, D € M with A(C) >0 and T = C~'D,

AD) _ A(4)
= = A(T).
A(C)  A(B) (T)
Then finally, by (2.12), for all choices of A, B € M with A(B) > 0 and T'= AB™!, we
also have that

2.5 Proposition. If S,T € M?, then ST € M*, and
A(ST) = A(S)A(T). (2.13)

Proof. Let S,T € M?. Take A, B,C, D € M with A(B), A(C) > 0, such that T = AB™!
and S = C~'D. Then
ST =C'DAB™,

where DAB~! € M. Hence there exist £, F € M with A(E) > 0 such that DAB™! =
E~'F. Tt follows that
ST=C'E'F=(EC)'F, (2.14)

where EC, F € M, and A(EC) = A(E)A(C) > 0. That is, ST belongs to M?~.

To prove (2.13), we let A, B,C, D, E, F be as above. Applying (2.5) to ST = (EC)™'F,
S=C"'Dand T = AB™!, we get that
A(F) A(F) A(DA) 1 A(A) A(D)

A1) = K50y ~ R®A©) ~ AB) AC) ~ AB)A(Q) ~ AWAT)-

2.6 Proposition. M2 is a subspace of M. In particular, for T € M2 and \ € C,
T — A1 €M~

Proof. Clearly, if T € M? and a € C, then aT € M?. If S, T € M, choose A, B,C,D € M
with A(B) > 0, A(C') > 0 and such that
S=C"'D, T =AB™'.

Then
S+T=C ' (DB+CAB™

where DB + CA € M and B~ 0! € M2 (cf. Lemma 2.3). Then, by Proposition 2.5,
S+TeMA. n

In the following we consider a fixed operator T'€ M“. Then we define f : C — [—o0, o)
by
fA) = L(T — A1) :=log A(T — A1), (Ae ). (2.15)

The next thing we want to prove is:



2.7 Theorem. f given by (2.15) is subharmonic in C, and
1
dpr = —V2f dA 2.1
Hr 27rv / (2.16)

(taken in the distribution sense) defines a probability measure on (C,Bs). pr is the unique
probability measure on (C,B,) satisfying

(i)
/10gJr |z| dpr(z) < oo,
C
(ii)
VAEC: L(T—\) —/log|)\—z\d,uT(z). (2.17)
C

Moreover,
(iii)

/ log* |2 dpir (= / £(e) (2.18)

The following lemma was proven by F. Larsen in his unpublished thesis (cf. [Lal, sec-
tion 2]. For the convenience of the reader we include a (somewhat different) proof.

2.8 Lemma. Let a,b € M and let ¢ > 0. Define g.,g: C — R by
g-(N) = 37(log((a — Ab)*(a — Ab) + £1)),

and
g(A) =log A(a — A\b).

Then g. is subharmonic, and if g(\) > —oco for some A € C, then g is subharmonic as
well.

Proof. Let A\; = Re(\), Ay = Im(X), A € C. At first we show that (A, A2) — g-(A1 +1Xg)
is a C?-function in R?. Fix ¢ > 0, and define h,k : C — M by

h(A) = (a—Ab)*(a— \b) +¢1,
E(A) = (a—Ab)(a— \b)* +¢l.

Then h and k are second order polynomials in (A1, A2) with coefficients in M, and h(\) >
el, k(\) > €1 for all A € C. Hence, by [HT, Lemma 4.6],

g=(N) = 37(log h(N)), A e C,

has continuous partial derivatives given by

gij- B %T<h71§—fj>v j=1.2.




Therefore, by [HT, Lemma 3.2], g. is a C?—function with

0%g. 1 ~10h 3,—10h ~1_0%h : ,
v S GO T R ) R S AV
Since ¢, is C?, g. is subharmonic if and only if its Laplacian
Pg. 0.
ON2 O\

is positive. Following standard notation, we let

J 1(8 — i 8) and £:l<i+ii).

X 2\0N  on ox 2\oN | oN
Then
g  0°9c _ 4 P
ONF 0N MO
By application of (2.19), we find that
0%g. 1 —10h}—10h —1_0%h
Since B
h(\) = a*a — Aa*b — Ab*a + |A]*b*b + €1,
we have 9
o —a*b + A\b*b = —(a — \b)*b,
% = —b"a+ \b"b = —b"(a — A\b),
and 02,
—— = 0b"D.
ONON

Applying the identity x(z*z + 1)~ = (zz* + 1)1z to x = a — \b, we find that

O*h _oh, 0k
ONON  OX O

= b'b—bw(z*r +e1) 2%

= b*b—b*(zz* +el) tza*h

= bb—b"(1—c(zz*+e1) )b

= eb*(xx* +e1)7'b

eb* kb,

Then by (2.20),
0%ge
ONON

cr(h(N) 710 k(X))

|

ST (R(A) 720" k(N) " bh(N)"2)
07

v

(2.19)

(2.20)



showing that g. is subharmonic.

Fix A € C, and let x = a — Ab as above. Then

g:(\) = L 1N og(2 4 ) dpuy (1),

and
g(A) = 1 [ g (12) dp (1):

Hence, g. is a monotonically decreasing function of € > 0, and

g(A) = lim g.(\).

e—0t

According to [HK], ¢ is then either subharmonic or identically —oo. [

2.9 Proposition. Let T € M?. Then the function f : C — [0, 0o[ given by
fA) =log A(T — A1)
is subharmonic in C.

Proof. Define Ty, T, € M by )
T,=T(T"'T+1)2 (2.21)

and )
To=(T"T+1) z. (2.22)

Then for every A\ € C,
T — A1 = (Ty, — \TL)Ty

where A(Ty) > 0 (cf. (2.8)). Thus, T — A1 € M2 with

A(T = A1) = A(Thy = M) A(Ty) 7,

1.e.

fA) = L(T — A1) = L(Ty — \T) — L(T5). (2.23)
Then by Lemma 2.8, f is either subharmonic or identically —oo. With
h(A) = L(Ty — NTh) — L(T3),

h(0) = 0 > —oo, and it follows from Lemma 2.8 that h is subharmonic. In particular,
h(\) > —oo for almost every A € C w.r.t. Lebesgue measure. For A € C\ {0},

FON) = h(%) +log [N,

Hence, f is not identically —oo. [ ]
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Recall from [HK, Section 3.5.4] that one can associate to every subharmonic function u the
socalled Riesz measure ji,,, which is a positive Borel measure on R? uniquely determined

by
Vo € C°(R?) : 2i/ uVi¢pdm = [ ¢du,. (2.24)
R2 R?

™

One uses the notation dy, = 5=V?ud\, and this is what is meant by (2.16).

In order to prove the rest of Theorem 2.7, we need some general lemmas on subharmonic
functions:

2.10 Lemma. Let g : C — [—00, 00| be a subharmonic function, and for r > 0 define

1 2w ]
m(g,r) = o /. g(re?) do, (2.25)
M(g,r) = sup 9(2). (2.26)
Then
g(0) = lin% m(g,r) = liII(l) M(g,r). (2.27)

Proof. Clearly, m(g,r) < M(g,r) for every r > 0. Moreover, since g is subharmonic,
g(0) <m(g,r), (r >0). It follows that

lim Sup;_.qg m(g7 T) S lim Sup,._.q M(g7 T)

liminf, om(g,r) < liminf, o M(g,r) (2.28)

9(0) < {

Now, every upper semicontinuous function attains a maximum on every compact set. In
particular, there exists for every r > 0 a complex number z, of modulus r such that
g(z.) = M(g,7). 2 — 0 as r — 0, and therefore

g(0) > limsup ¢(z,) = limsup M(g,r). (2.29)

r—0 r—0

It follows from (2.28) and (2.29) that
g(0) < limi(l)qu(g,r)
limsup,_,, m(g, )
liminf, .o M (g, )
< limsup M(g,r)

- r—0

9(0),

so the four inequalities above are in fact identities, and this proves (2.27). ]

IN

2.11 Lemma. f given by (2.15) satisfies

lim (M (f,r) —logr) = rlirilo(m(f, r) —logr) = 0. (2.30)

T—00

11



Proof. Define h : C — [—00, o[ by

h(A) = L(Ty — A\TY) — L(Ty), A €C. (2.31)

Then h is subharmonic with 2(0) = 0, and it follows from Lemma 2.10 that

0= lir% m(h,r) = lin% M(h,r). (2.32)
Since
h(X) =log | Al + f(3), A #£0, (2.33)

we get that when r > 0,

M(f,r) = M(h,%)—f-logr,
m(f,r) = m(h,;)+logr,

and combining this with (2.32) we obtain the desired result. n

2.12 Lemma. Let R > r > 0, and let g be subharmonic in C. Then with du = %VQg dA
and

log (%) [zl <
P(z) = log (I7R\) , r<|z] <R
0 , |zl >R
one has that
mig. B) = mig.r) = [ (:)duce) (234

Proof. Cf. [HK, (3.5.7)]. n

Proof of Theorem 2.7. When R > 1 > 0 define ¥z : C — R by

logR , |z[ <1
Yr(z) =< log (%) , 1<|z| <R
0 , |zl >R
Then, according to Lemma 2.12,
[ 0n() dprz) = m( . B~ .1, (235)
C

Now, @@ZJR /" 1 as R — o0, so by the Monotone Convergence Theorem, (2.35) and

Lemma 2.11,

=1
R—o0 lOg R

Y
that is, pr is a probability measure.

12



When R > 1, let
wr(z) =log R — ¢r(2), z € C. (2.36)

Then wgr(z) /" log™ |z| as R — oo, and hence by one more application of Lemma 2.11,

/logJr |z|dpr(z) = lim [ wrdur
C R=oo Je
= m(f,1),

proving (2.18). Note that since f is subharmonic, (2.18) imlies that [.log™ |z]dur(2) <
0.

To see that (2.17) holds, it suffices to consider the case A = 0. Indeed, for fixed A € C
one easily sees that pr_,; is the push-forward measure of pur under the map z +— z — A
(cf. Lemma 2.14), and therefore

/log]z—)\]duT(z) :/log]z\d,uTM(z). (2.37)
C C

In the case A = 0 one has to compute the integrals [ log® || dur(2). We have just seen
that

[ 108" Izl dprz) = m(7.1), (2.39)
C
and with
logy , |z <r
Yo (2) = log%z‘ , r<|z| <1
0 , 2l >1

Xr(2) /" log™ |z| as r \, 0. Hence by Lemma 2.10 and Lemma 2.12,

/ log™ |z[dpr(z) = lim [ x,dpr
C C

= llir%)(m(f’ 1) —m(f,r))
— rn(f7 1) — f(O)

Combining this with (2.38) we get that
[0l dur() = 7(0) = (1),

as desired.

In order to prove that pr is uniquely determined by (i) and (ii) of Theorem 2.7, suppose
v € Prob(C) satisfies

/logJr |z| dv(z) < oo, (2.39)
C

13



and
vieC: /log |z — A|dv(z) = L(T — A1). (2.40)
C

Note that (2.39) implies that [.log|z — A| dv(z) is well-defined, since
log |z — Al <log(|z] + [Al),
and
2]+ AL < (A4 1) - max{1, |2}
Hence

log |z — A| <log(|A] + 1) + log™ |z|. (2.41)

Since 1 and v are both probability measures, it follows from a C°°-version of Urysohn’s

Lemma (Cf []I?O7 (818)]) that if
¢d//b - (bd

for every function ¢ € C°(R?), then ur = v. Then consider an arbitrary function
¢ € C(R?). Since the Laplacian of w — 5-log|w — z| (in the distribution sense) is the
Dirac measure §, at z, one has that

[C (=) dv(z) = /C ( /C 6 5.(1)) du(2)

_ ! (/C(vzqs)u) log |2 — A d) du(2). (2.42)

2 Je

At this place we would like to reverse the order of integration, but it is not entirely clear
that this is a legal operation. Therefore we put M = ||[V?¢||, and take x € C°(R?) such
that 0 <y <1 and X, = 1. With

pp(V24)
1 2
b1 = 5 (M + V2)x

and
1

hy = i(M - V2¢)X

one has that 1,19y € C°(R?)T, and VZ¢ = ¢ — 1s.
Also not that, according to (2.41),

h(A, 2) :==log(|\| + 1) + log™ |z| — log|z — A| > 0.
Therefore by Tonelli’s Theorem

/Cwi(/\)/(ch()\,z) dv(2) d)\:/(c/(cwi()\)h()\,z) dAdv(z), i=1,2. (2.43)
14



The map A — L(T — A1) is subharmonic and therefore locally integrable. Since

/ h(\, z)dv(z) =log(|A\| + 1) + / logt |z|dv(z) — L(T — A1),
C o

where A — L(T — A1) is subharmonic and therefore locally integrable,

/%()\) / h(A, z)dv(z) d\ < oo, i=1,2.
C C

It now follows from (2.43) that

/(C(v ng)(/\)[Ch(/\, 2)dv(z)d\ = [c/c(v ®)(N)h(N, 2) dAdv(z),
and since
J 17201 [ 1001+ 1) dv(e) ax < s,

C C
and

[ 120 [ 1og Jzlav(z) dr < o

C C

we deduce that

[oerae) = 5 ( / <v2¢><A>1og|A—z|dA) v (2)
C C

27 Je

L C(V2¢)()\)/(Clog|>\—z[dy(z)d)\

2

1 2
_ %/C(v $)(N)L(T — A1) dA
- / o(=) dur(2),

C

and this is the desired identity. [ ]

It follows from Theorem 2.7 that one can associate to every operator T € M* a probability
measure pp on (C,Bs), such that in the case where T' € M, ur agrees with the Brown

measure of T'. Therefore we make the following definition:

2.13 Definition. For T € M* we shall say that the probability measure p7 from The-

orem 2.7 is the Brown measure of T

In the remaining part of this section we will see that many of the properties of the Brown

measure for bounded operators carry over to this more general setting.

2.14 Proposition. Let T € M%. Then for every r > 0 and every A € C, the Brown
measure of r'T" + A1, g,y 1, is the push-forward measure of pr via the map z — rz + A.

15



Proof. Making use of Urysohn’s Lemma for C*°-functions on R? (cf. [Fo, (8.18)]) and the
fact that both of the measures considered here are probability measures, one easily sees
that if

/gb ) dptrriaa (2 /(%5 (rz+ A) dpr(2)

for every ¢ € C°(R?), then the two measures in speak agree on compact sets and hence
on all of Bs.
Let ¢ € C2°(R?). Then by definition,

2

[otrz e aunte) = - [ (5 + 2 )otre 42 f)a
1

= i " (ai * aazj2>¢(w)f<2

- —/V2 (w — A))dw

= — / quﬁ(w) [L(rT + A1 — wl) — log r] dw

_ / (1) djtyran (w) — log 1 - / V24(

— / P(w) dptrrar (w),
C

(w — A))%dw

where the last identity follows from Green’s Theorem. [ ]

2.15 Proposition. For every T € M” and every m € N, upm is the push-forward
measure of pur via the map z +— 2™.

Proof. Let v € Prob(C) denote the push-forward measure of yr under the map z +— 2™.
According to Theorem 2.7 it suffices to prove that

/logJr |z| dv(z) < o0,
C

and
vaeC: /log]A—z]dy(z):L(Tm—)\l).
c

Here
/ log* || du(z) = / log* |2 dur(2)
C C
— m [ log" |zl dpr (2
C

< 00,
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and if we let 0y,...,0,, denote the m complex roots of (z) = z™ — 1, then for every
A e C,

A=z =TT 10Aw - =l.
k=1

Hence

/log|)\—z|dy(z) = /10g|/\—zm|d,uT(z)
C C
= /Zlogwk)\% — z| dur(2)
C

k=1

= Y LT - A7 1)
k=1

- L<ﬁ(T Y 1))
- L(llj’?— L),

as desired. ]

2.16 Proposition. If T € M* with

1
/ log ¢ dpuyr|(t) > —o0, (2.44)
0

then pr({0}) = wr/({0}) = 0, and T has an inverse T~' € M*. Moreover, pur-1 is the

push-forward measure of jip via the map z v+ 2z~ L.

Proof. According to Theorem 2.7,
[ 1ogleldirz) = L) = [ 1ot (0, (2.45)
Hence, if (2.44) holds, then
—00 < /Clog |z| dpr(z) < oo, (2.46)
and therefore 117({0}) = pyz({0}) = 0. Moreover, |T| has an inverse |T|~* € M with
/oo log™ (t) dpyr(t) = /OOO log™ G) dpuyr|(t)

0
1
— — [ togtdum(®)
0

)

so |T|7t € MA. Take U € UW(M) such that T' = U|T|. Then T~ = |T|7*U* € M~.

17



Now, let v denote the push-forward measure of yi under the map z — 2~ !. According to
Theorem 2.7, if

/logJr |z| dv(z) < o0, (2.47)
C

and

vaeC: /log |z — AN dv(z) = LT~ — A1), (2.48)
C
then v = pp-1. Applying (2.46) we find that
1
Jrost lave) = [ 10" || dur(a)
C C z
= = [ togleldur(2)
(Iz1<1)
< Q.

In order to prove that (2.48) holds, let A € C. If X\ # 0, then, using the multiplicativity
of A on M2, we find that

1
/1og\z—A|dy(z) - /log’——)\‘duT(z)
C C <
1/1
= [rsl2 (5 - 2w
1
= / <10g|>\\ + log ‘— - z’ - log|z]) dpr(2)
C A

— L)+ L(T - %1) — L(T)

- L<)\1 (T - %1>T1>

= L(T'—\1).
In the case A\ = 0 we have:
/ log |#|du(z) = — / log |2] dpir (2)
C C

—L(T)
L(T™).

Hence (2.48) holds, and v = pp-1. [

2.17 Proposition. Let T € M. Then supp(ur) C o(T).

Proof. Let A € C\ o(T). Then T — A1 is invertible with bounded inverse. Moreover,
according to Proposition 2.16, pr_x1)-1 is the push—forward measure of pr_x1 via the
map z +— 21, z € C\ {0}. Since (T'— A1)~! is bounded, we have from [Br| that

supp(pr-x1)-1) C o((T — A1)™") € B(0, ),
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where 7 = ||(T" — A1)7}||. Hence,
supp(pr-x) € {z € C|]2] > 1}.

In particular, 0 ¢ supp(ur—_x1), which by Proposition 2.14 is equivalent to A ¢ supp(ur).
Hence, supp(ur) C o(T). [

2.18 Lemma. For every p € (0,00) and every t € [0, o0,
tr = p2/ log™*(at)a ' da. (2.49)
0
Proof. For t = 0 this is trivial. For ¢ > 0 we find that

/ logt(at)a™'da = / log(at)a™? " da
0 :

We will now prove Weil’s inequality for operators 7" in L?(M) (cf. [Br, corollary 3.8] for
the case T' € M):

2.19 Theorem. Let p € (0,00) and let T € LP(M). Then
/C 2P dur(z) < TP, (2.50)

In the proof of this theorem we shall need the following lemma, the proof of which we
postpone for a while:

2.20 Lemma. Let T € M2. Then
/Clog+ 12| dur(2) < (log* |T]). (2.51)
Proof of Proposition 2.19. Let a > 0. Then, according to Lemma 2.14 and Lemma 2.20,
/C log”* (al]) dur(z) = / log™ [2] dptar (2)
< /OO log™* t dpyjar(t)
0

— /OOO log™ (at)dpyr(t).
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Hence by Lemma 2.18 and Tonelli’s Theorem,

/C Pdun(z) = p? / N ( / 1og+<arz|>duT<z>>apl da
P’ /000 </OOO log™ (at) d,uT(t)> a P 'da

= /000 t7 dpayr ()
= 7(T"). u

IN

In order to prove Lemma 2.20 we shall need some additional results:

2.21 Lemma. Suppose A, B,C € M* with A and B invertible in M® and
A C*
(C B) 20.

A(C) < A(A)2A(B):. (2.52)

Then

Proof. Note that A, B > 0 and that

1 ATCBTE _ (AT 0 (A O (A 0
B iCA™: 1 “\o B3)\Cc B)JLo B:)="

which is equivalent to saying that |[B~2CA~z|| < 1, and this clearly implies that
A(B2CA™7) < 1. n

2.22 Lemma. For every S € M2,

A1+ 8) < A(L+]9)). (2.53)

Proof. Take a unitary U € M such that S = U|S|. Then
B \5|)
> 0,
(\5| 151) =

1 U
(U 1)20’

|IS|+1 |S|+U*
(|S|+U 5]+1 ) =0

and

whence
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Now Lemma 2.21 implies that
A(S+1)

A(U*(S +1))
= A(U(U[S]+1))
A(|S] + U
(
(

A(IS|+1)2A(|S| + 1)z
A(]S|+1),

IN

as desired. ]

2.23 Lemma. Every S € M2 satisfies
A(L+5%) <A+ |S%), (2.54)
implying that for arbitrary n € N,

AL+ [S]) < AR +1S1*). (2.55)

Proof. Take a unitary U € M such that S? = U|S?|. Since
S5t 52 S\ o
(& 55)= ()6 9120

we find as in the foregoing proof that

(1+SS* U*+S2>

U452 1+55) ="

Again this implies that
A1 +[S%) = A(S*+U") < A(1 + S*S)%A(l + SS*)% =A(1+5%9),

where the last identity follows from the fact that S*S and SS* have the same distribution
w.r.t. 7. [ |

Proof of Lemma 2.20. According to (2.38) we have:
/ log* |2] dpir (= / F(e) (2.56)

fA) =71(log|T — A1|) = log A(T — A1), A eC. (2.57)

where

For every positive integer n define f, by

2"—1

Z feF12) z€eC. (2.58)
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Then clearly,
L Fe?)do = —
2m - 272n

" fa(e?)db. (2.59)

Applying Lemma 2.22 and Lemma 2.23 we obtain an estimate of f,(e!?):

2" —1

fu(e?) = ZlogA 0= Fip _ 1)

= 10gA<H 0o—5wiT 1))

logA(l SR
log A(1+[T%))
log A(1+[T*")
7(log (1 + |[T*")).

IAINA

Combining (2.56) and (2.59) with the above estimate we see that

/log+\z|d,u;p(z) < 5=7(log (14 |T1"))
C

1
= 5, Jostl+ ) dun(t)
[0,00
1
< — / log 2 dgyz(t) + (log 2 + 2" log t) dsyr((t)
[1,00]
210g2

<

+/ log™ t dpyr (¢).
2t Joel

Finally, let n — oo, and conclude that

/ log™® |2 dur(2) < / log™ t dpyr(¢). [
C (0,00

2.24 Proposition. Let T € M*?, and suppose P € M is a non-trivial T-invariant pro-
jection, i.e. PI'P =TP. Then

A(T) = Apyp(PTP) P ApLypr (PET P (2.60)

where Apyep and A pJ_MPJ_ refer to the Fuglede-Kadison determinant computed relative to
the normalized traces - 7'|pMp and PL)TlpLMPJ_ on PMP and P-MP*, respectively.

Proof. Put Ty, = PTP, T\ = PTP* and Ty, = P*TP*. Then, w.r.t. to the decompos-
ition H = P(H) & P(ﬂ-() , we may write

T — Thw T (1 0 1 Ty T O
N0 Th) N0 Ty 0 1 0o 1)/’
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where

1 0 _ L ply1—7(P)
A( (O T22> > — APLMPL (P TP ) 5

A( (Tgl 2) ) = Apyp(PTP)™P),

A( ((1) T112) ) = 1. (2.61)

To that (2.60) holds, note that

1 Tu\ ' (1 Ty
0 1 “\o 1 )

and

Thus, (2.60) holds if

and hence
1 Ty 1 Ty -
(6 )5( 1) o
Also,
1 -Ty,\ (1 0 1 Ty 1 0
0 1 ~\0 -1 0 1 0o -1/’
so that

(6 7))=+(6 %)

and then by (2.62),

as desired. ]

2.25 Lemma. Let p € (0,00), and let € > 0. Then the map L. : L?(M,7) — R given by
L.(T) = L 7(log(T*T + 1)), T e LP(M, 1), (2.63)
is continuous w.r.t. || - ||,.
Proof. Suppose T, T,, € LP(M, 7) with
i 17~ T3, =0
Then lim,, . || 7T — T;Tn”% = 0, implying that 7,;7,, — T*T in the measure topology.

Consequently,
W= = w — nh_}n;.lo KT, - (264)
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Define a sequence (1/,)%; of (finite) measures on (R, B) by
dva () = (1 +12)dpryr, (¢), (2.65)

and note that since lim, . [| T, = |7,

sup v, (R) < oc. (2.66)

neN
Similarly define a finite measure v on (R, B) by
dv(t) = (1 +t2)dprer(t). (2.67)

Because of (2.64) we have that for every ¢ € C.(R),

/ o(t)dr(t) = lim Oogzﬁ( t)dv,(t). (2.68)

n—oo

When ¢ € Cy(R), ¢ may be approximated (uniformly) by functions from C.(R). Thus,
taking (2.66) and (2.68) into account, one easily sees that

/ o(nav() = lim [ () dua (1), (2.69)
In particular, with : )
_ log(t +¢

¢(t> - 1 + t% ) (t Z O>7 (270)

(2.69) implies that

/ o(t)dr(t) = lim (b( )dv,(t) = lim L.(T,). |

n—oo n—oo

2.26 Corollary. For p € (0,00) the map L : LP(M, ) — [—00, 00| given by

L(T) = 7(log |TY), T e LP(M, 1), (2.71)
is upper semicontinuous w.r.t. || - ||,
Proof. Indeed, this follows from Lemma 2.25, since for every T' € LP(M, 7) we have that

L(T) = inf L(T). [

e>0
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3 Unbounded R—diagonal operators

Consider a von Neumann algebra M equipped with a faithful, normal, tracial state 7.

3.1 Definition. For T € M with polar decomposition 7' = U|T|, we denote by W*(T)
the von Neumann algebra generated by U and all the spectral projections of |T|.

Note that T is affiliated with W*(T') and that W*(T') is the smallest von Neumann
subalgebra of M with this property.

If My and M, are finite von Neumann algebras with faithful, normal, tracial states 7, and
Ty, respectively, then any s—isomorphism ¢ : M; — My with 7 = 75 0 ¢ is continuous
w.r.t. the measure topologies on the two von Neumann algebras and thus has a unique
extension to a (surjective) %-isomorphism ¢ : M; — M.

3.2 Definition. Let S,T € M.

(a) We say that S and T have the same *—distribution, in symbols S ~ T, if there exists
a tracepreserving *-isomporphism ¢ from W*(S) onto W*(T) with ¢(S) = T
(b) We say that S and T are x—free if W*(S) and W*(T) are *-free.

Note that in case S and 7" are bounded, the two definitions (a) and (b) given above agree
with the ones given in [VDN] .

Recall from [NS, p. 155 ff.] that if U, H € M are *-free elements with U Haar unitary,
then UH is R-diagonal in the sense of Nica and Speicher (cf. [NS]). Conversely, if " € M
is R—diagonal, then T has the same s—distribution as a product UH, where U and H are
*—free elements in some tracial C*—probability space, U is a Haar unitary, and H > 0.
We therefore define R—diagonality for operators in M as follows:

3.3 Definition. 7' € M is said to be R-diagonal if there exist a von Neumann algebra
N, with a faithful, normal, tracial state, and *—free elements U and H in N, such that U
is Haar unitary, H > 0, and such that T" has the same x—distribution as U H.

3.4 Remark. Note that if T € M is R-diagonal with ker(T) = 0, then the partial
isometry V' in the polar decomposition of T, T" = VT, is a unitary (M is finite). It
follows from Definition 3.3 and Definition 3.2 that V is in fact a Haar unitary which is
s—free from |T|.

In this section we will see that certain algebraic operations on (sets of x-free) R—diagonal
operators preserve R—diagonality, exactly as in the bounded case (cf. [HL]). Our proofs
are to a large extent inspired by the techniques used in [HL] and in [Lal]. In particular,
we will repeatedly make use of [HL, Lemma 3.7] which we state here for the convenience
of the reader:
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3.5 Lemma. [HL] Let U € M be a Haar unitary, and suppose 8§ C M is a set which is
x-free from U. Then for any n € N,

(i) the sets 8§, USU*,.... are *-free,
(i) the sets 8, USU*,...., Un=1§(U*)"~1, {U™} are x-free,
(iii) the sets USU*,....,.US(U*)", {U"} are x-free.

3.6 Proposition. If T' € M is R-diagonal with ker(T) = 0, then T has an inverse
T-'eM, and T! is R-diagonal as well.

Proof. Let T = V|T| be the polar decomposition of T" with V' € M Haar unitary and
x—free from |T|. Since ker(T') = 0, T has an inverse T~ € M:

T =V VTV = VvV TV,

where V* is Haar unitary and, according to Lemma 3.5, it is «—free from V|T|V* and thus
from (V|T|V*)~!. This shows that 7! is R-diagonal. ]

3.7 Lemma. Let S,T € 3\7[, and let V€ M be a Haar unitary. If S,T" and V are x-free,
then V.S and TV S are R—diagonal.

Proof. The case where S and T are bounded was treated by F. Larsen (cf. [Lal,
Lemma 3.6]). Our proof resembles the one given by F. Larsen.

Enlarging the algebra if necessary, we may assume that there are Haar unitaries V7, V5 €
M, such that Vi, V5 and S are #-free and V' = V1 V5.

Since W*(S) € M is finite, there is a unitary U; € W*(S) such that S = U;|S|. Then
VS = Vi(VoUy)|S|, where
(i) Vi is -free from |S| and VoUy,
(ii) 7(V4) = 7(V}*) = 0 and 7(VoUy) = 7((VaU,)*) = 0,
(ili) for all A € W*(|S|) with 7(A) = 0, 7(VoUA) = 7(Vo)T(U1A) = 0, 7(AU;VS) =
T(AUD)T(Vy) = 0 and 7(VoU  A(VaUL )71 = 7(A) = 0.

It follows now from [V1, Lemma 2.4] that V;(VoU;) is *-free from |S|. Thus, if V;(V2U)
is Haar unitary, then S is R—diagonal. Since V; is x-free from V,U;, we get from [HL,
Lemma 3.7] that for every n € N, the operators

ViV (VU VL ViV Yy Vo,
are x-free. Consequently,

T(VieUy)") = (W' [V (VRU)VI Ve (VUDV!)--- [ViH (VoUn) ViIVRU)
= (V) r((Vi T (VU)W (VU V2] [V (Ve U VA VU
= 0.

26



Then 7((ViValUy)™) = 7((ViVaUy)™) = 0, and ViVoU; is Haar unitary. Therefore V.S =
ViVoUy|S| is R—diagonal.

Now, TV S = V(V*TVS). Put
Bl = W*(V), BQ = W*(T), and 33 = W*<S)

Then By, By and Bj are x-free. We may write T as T' = Us|T| for a unitary Us € Bo.
Then

VTV = (V*UV)VH|T|V, (3.1)
where V*|T'|V is affiliated with V*B,V.

By and V*B,yV are #-free, and according to [HL, Lemma 3.7], By and V*B,V are *-free.
But then V is *-free from B, = B3V V*B,V.

Since S and V*T'V are both affiliated with By, their product, V*TV'S, is affiliated with
By, so V is x-free from V*TVS. It follows now from the first part of the proof that
TV S =V(V*TVS) is R-diagonal. |

3.8 Proposition. If S,T € M are x-free R-diagonal elements, then S'T" is R-diagonal as
well. Moreover,

psTysT = fs=s B pupr. (3.2)

Proof. Taking a free product of tracial von Neumann algebras if necessary, we can find
a von Neumann algebra N with faithful, normal, tracial state w and *—free elements
Uy, Hi,Uy, Hy € N such that Uy, Uy are Haar unitaries, H{, Hy > 0, and S > UiH; and

T ~ UQHQ.
*D
Choose trace—preserving *—isomorphisms

¢1W*(S) — W*(UlHl),
¢2W*(T) — W*(UQHQ),

with ¢1(S) = UyH, and ¢o(T) = UsH,. ¢y and ¢ give rise to a trace preserving -
isomorphism

O =1%o WH(S)x WHT) — W*(U Hy) x W*(UsHs)
(the free products are taken within the category of tracial von Neumann algebras) with
G(ST) = 61(S)po(T) = UrHyUp Hs.

Thus, ¢ := ¢|lw+(sr) is a trace-preserving *—isomorphism onto W*(UyH,U,H,) with

(ST) = UyH,UyHy. According to Lemma 3.7, Uy (H Uy Hs) is R-diagonal, and hence
ST is R—diagonal.

In order to prove (3.2), note that if S = 0, then pug«g = do, so that by the definition of
multiplicative free convolution given on p. 744 in [BV],

tss X pipep = 0o X e = 0.
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This shows that g« X puper = pysm)=sr if S = 0. The same holds if 7" = 0.
Now assume that S, T # 0. Note that

S*S ~ H?,
*D

T ~ H3,
*D

(ST)*ST ~ HyU;HiUsH,.

*D

Thus, (3.2) holds if
Pyu; 20, H, = oz X pg.

For every n € N, the bounded operators
Sy = Uy Hy 19 (H;)
and
T, = Uy Hy 1)) (H>)
are x—free. According to [HL, Lemma 3.9] they are both R-diagonal in the sense of Nica
and Speicher (cf. [NS]). Then, by [HL, Proposition 3.6],
(S, T) 5uT = M35, B piry, - (3.3)

Since S,, — U, H, and T}, — UsH, in the measure topology, (S.T, ) Sy T, — HyUj H2U2H2

in measure as well. These facts imply that pg:g, o H2s 13T, o mz and fi(s,7,)- ST, —
Wi,Us H2U,Hy - Moreover, upz # 0o and pigz # do, because S*S and T*T are non-zero.
Hence, by [BV, Corollary 6.7] and by (3.3),

— * 3 —
HH U H2USHy — W — nh_)ﬂc}o sy s, B prem, = pogz B g u

3.9 Proposition. Let S € M be R-diagonal, and let n € N. Then S™ is R-diagonal.
Moreover,

Proof. Choose a von Neumann algebra N with faithful, normal, tracial state w and with
x—free elements U, H € N such that U is Haar unitary, H > 0, and S o UH. Then

S™ ~ (UH)™. Since
*D

(UH)" =U"Ur"HU Y U* "HU"?]--- [U 'HU|H,

where

U, UyttrHU, Ut"HU™ 2, .., UTYHU, H
are x—free (cf. Lemma 3.5 (ii)), and U™ is Haar unitary, Lemma 3.7 gives us that (UH)"
is R—diagonal, and hence S is
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In order to prove (3.4), note that if pg«s = dg, then S = S™ = 0 and (3.4) trivially holds.
Now assume that pg«g # dg. For k € N define S, € M and Ty, € N by

Sy = 51[07@(’5‘) and T, = UHI[(M](H).
Then T;, > Si. Moreover, by Lemma 3.7, T} is R-diagonal in the sense of Nica and
Speicher, so S, is R—diagonal. It now follows from [HL, Proposition 3.10] that

Xn Xn
HI(SR)™=(Si)m = BT (T)r = Hrpr, = Hsps,: (3.5)

As k tends to infinity, S;Sp — S*S and [(Sk)™]*(Sk)™ — (S™)*S™ in the measure topology.
Since pig+g # 0o, we infer from [BV, Corollary 6.7] and from (3.5) that

psryse = w' = T gy ssn = w* = lim pgls, = pgls.

3.10 Definition. For p € Prob(R,B) let ji denote the symmetrization of p. That is,
i € Prob(R,B) is given by

i(B) = 5(u(B)+ u(=B)),  (BEB).

3.11 Proposition. Let S,T € M be x—free R—diagonal elements. Then
s+ = fs) 8 - (3.6)

Proof. Asin the proof of Proposition 3.8, choose (N, w) and *free elements Uy, Hy, Us, Hy €
N such that Uy, Uy are Haar unitaries, Hq, Hy > 0, and S o Ui H; and T > UsH,.

Again, for n € N, let

Sp = Uy Hy 1) (Hy)
and

T, = Uy Hy 1)) (Hs).

Then S, and T,, are x—free and R-diagonal and therefore, according to [HL, Proposi-
tion 3.5],
[118,+T0) = Hs.| B fyr,)- (3.7)

|Sp| — Hy and |T,,| — H, in measure, implying that jg,| “ pr, = s and gy, N
i, = 7 - Then we also have weak convergence of the symmetrized measures:

*

fuys,| = fis) and  fig,| = fijr)-

Let d denote the Lévy metric on Prob(R,B) (cf. [BV, p. 743]). Then d induces the
topology of weak convergence, and according to [BV, Proposition 4.13] and the above
observations,

d(fys| B fir), fys, B fyr,)) < d(iys), fiys,|) + (i), fiyr,) — 0 asn — oc.
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It follows that

fus) B hyry = w' = lim fys, By,
= w'— nh_{glo [4]8,,+ T - (3.8)

Since S and T (UyH; and UyHs, resp.) are x—free with S ~ U1H1 and T ~ U2H2, it
follows that S+T U1H1 + Uy Hy. Moreover, |S,, + T,| — |U1H1 + U2H2| ~ |S+T| in

w*

measure, and thus fi|s, 17,] % s+ - Finally, this implies that
s B yr) = sy ™

We close this section by proving two simple results on the S—transform of probability
measures on (0,00) (cf. [BV]).

For p1 € Prob((0, 00),B) define ¢, : C\ (0,00) — C by

Unlz) = /OOO 1 _12t du(t) =1, =€ C\ (0,00). (3.9)

Then v, is analytic and satisfies

(i) w;(t) >0, t € (—00,0),
(i) $u(z) = 1 as 2 — —ox,

(iii) ¥,(2) — 0 as z — 0.

Hence, v, maps a (connected) neighbourhood U,, of (—o0, 0) injectively onto a neighbour-
hood V,, of (—1,0). Define x,, 8, :V, — C by

Xu(2z) = w;l(z), z2€V,, (3.10)
Sulz) = : 1_ 1xu(z), z€V,. (3.11)

3.12 Proposition. The map p+— 8§, is one-to-one on Prob((0,c0),B).

Proof. Suppose p,v € Prob((0,00),B) with 8§, = §,. That is, in a neighbourhood
V=V,NV, of (—1,0), x,, agrees with x,. It follows that on (—o0,0), ¢, agrees with 1),,,
and then, by uniqueness of analytic continuation,

Vu(3) =1(5), A eC\ 0,00 (3.12)
That is, the Stieltjes-transforms G, and G, agree on C\ [0, 00[. Recall that

dp(z) = —Llim, o+ G, (2 + iy)da (3.13)
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(weak convergence of measures), and similarly,
dv(z) = —2 lim,_o+ G, (2 + iy)da. (3.14)

Thus p =v. [ ]

3.13 Proposition. Let M be a II;-factor with tracial state 7, and let a € J\~/[+ with
ker(a) = {0}. Then for all z in a neighbourhood of (—1,0),

1

8 SR — 3.15
He—1 (’Z) Sua(_l - Z) ( )
Proof. Let z € C\ [0, 00[. Then
e = [ e -1
S A
<1
= z d/"La( ) - ]'
/o 1-2
<z
= dpa(t),
|
and hence
wa_l —fO 17 dpg(t) = —(Ya(2) + 1). (3.16)
It follows that for all z € C\ [0, ool
z= Xa<¢a(z)) = Xa(_l - %*1(%)), (3'17)
implying that w = 1,-1($) satisfies
1 1
1 =l=—" 3.18
X (W) = 3 = — =, (3.18)
and thus
8,1 (W) -8, (=1 —w) =1 (3.19)
(3.19) holds for all w € 1,-1(C\ [0, 00]) and in particular for all w in a neighbourhood of
(_170) u

4 The Brown measure of an unbounded R—diagonal
operator

The Brown measure of a general bounded R-diagonal operator was computed in [HL,
Theorem 4.4]. We will genralize this result to unbounded R-diagonal elements in M?#.
Our proof will take a different route than the one in [HL]. This new approach will enable
us to obtain an estimate of the p-norm of the resolvent (T'— A1)~ 0 < p < 1, for special
R-diagonal elements 7" (cf. Section 5).
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4.1 Lemma. Let T € M be an R-diagonal element, and let U € M be a Haar unitary
which is x—free from T. Then for every A € C,

T =M\ ~ [T+ ]\U] (4.1)

Proof. By passing to a larger algebra, we may assume that T = V|T'| where V' € M is
a Haar unitary and U,V and |T| are *—free. The case A = 0 is trivial. For A\ # 0, let

o= —ﬁ. Then aU*V is a Haar unitary which is *—free from 7". Hence,
aUV|T| ~T.
*D
Therefore,

T — A1 Y U VI|T| — A1
= |T —a\U|
= [T+ |A|U|.

4.2 Lemma. Let T € M be an R—diagonal operator, and define
h(s)=s7((T*T + s*1)7"), s> 0.
Moreover, for A € C\ {0}, set
ha(s) = sT([(T — A1) (T — A1) + s*1]71).

Then there exists an sy > 0 such that for s > s,,

h(s) = hy (S VI AN2h(s)2 — 1>.

2h(s)

Proof. By passing to a larger algebra, we may assume that there exists a Haar unitary
U € M which is #—free from T". Then, according to Lemma 4.1,

|T — \1| o T + AU
It follows now from Proposition 3.11 that
fyr-x1) = fyr| B finn = fyr B,

where v = %(54)\‘ + (Sw).

For 3 > 0 define
Qp={weC|0<|uv| <8, T <arg(w) < =}
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According to [BV, Corollary 5.8], there is a 3 > 0 such that for every w € g,
:RMT—AU (w) = :Rﬁm (w) + iR,,(w),

where T 1
R, (w) = VS
and
Gﬂm (is) = —ih(s), s> 0,
whence |
Ry (—ih(s)) + () Grr~(=ih(s)) =is,  s>0.

Take s, > 0 such that for every s > sy, —ih(s) € Qg. Then, when s > s,

| 1 JTADPRGE -1
Rioosay (1h(s)) = is + 2o + A2A(s)

h(s) ~2ih(s) ’

implying that

h(s) = hy (S VIS AN2h(s)2 — 1>.

2h(s)
That is, when s > s, and

VI—APh(s)2 -1

t =
o oh(s) ’

then h(s) = hy(t). [

Note that if

VI APh(s)? - 1

t=s+

2h(s) ’
then (s,t) satisfies the following equation:
1
—t)(—— —s+t) =N\ 4.2
(=0 (50 —5+) =W (4:2)

In the following we will investigate this equation further.

4.3 Definition. Let m,n € N, and let U be an open set in R™. A map f:U — R" is
said to be analytic if it has a power series expansion in m variables in a neighborhood of
every z € U.

We shall need the following two well-known lemmas about analytic functions of several
variables:

4.4 Lemma. Let U be a connected, open subset of R™. If f, g : U — R™ are two analytic
functions which coincide on a non—-empty, open subset V of U, then f = g.
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4.5 Lemma. Let U C R™ be open and let f : U — R™ be an analytic function for which
the Jacobian J(xq) = detf'(xo) is non—zero for some xo € U. Then f is one—to—one in
some neighborhood V' of x, and the inverse of f|y is analytic in a neighborhood of f(x).

4.6 Lemma. Let u be a probability measure on [0, 00), and define

h(s) = /000 5 dp(u), s> 0. (4.3)

52 4+ u?
Then h is analytic on (0,00). Moreover, if i1 is not a Dirac measure, then for all s > 0,

0<h(s) < % and  h'(s) < @ — 2h(s)*.

1 [ 1 1
h(s) = = d >0
(5) 2/0 <s+iu+s—iu> H e

h has a complex analytic extension

Proof. Since

h:{zeC|Imz >0} - C

given by the same formula. In particular, h is an analytic function of s € (0,00). If u is
not a Dirac measure, then p # g, and so h(s) > 0 for all s > 0. Moreover,

] 82
Sh(s):/o 82+u2du(u)<1, s > 0.

Finally, for s > 0,

h(s)? =

) /OOO % () dp(v)

52 + u? 52 + 2

|
< /f/f%((ﬁ)ﬂ (SszQ)z> dpu(u) dp(v)
/0 s
1
2

< 0 (S2+U2)2 52+U2)2
YO
= 5(7—“5)
Hence,
() < " _an(sp



and equality holds if and only if the product measure p® pu is concentrated on the diagonal
{(u,u) | u > 0}. But this would imply that u is a Dirac measure. Thus, if x is not a Dirac
measure, then

h'(s) < hs) _ 2h(s)?, s>0 n

S

4.7 Lemma. Let u be a probability measure on [0,00) which is not a Dirac measure,

and put
A(p) = ( / m%du(u)) and ofp) = ( / qudM(u)> ,

with the convention that co™2 = 0. Then 0 < A (p) < Ao(p) < 0.
Proof. Clearly, \;(p) < 0o, and since u # g, Aa(p) > 0. The lemma is then trivially true

if A\1(p) =0 or A\y(p) = +00. Thus, we can assume that A;(u), A2(p) € (0,00). Then, by
the Schwartz inequality,

= ([ewe) ([ )

< 1
> —
> /0 U dp(w)
= 1,

and equality holds if and only if for some ¢ € (0, 00), % = cu holds for p—a.e. u € [0,00).
However, this can not be the case when p is not a Dirac measure. |

4.8 Lemma. Let u, \(u) and A2(p) be as in Lemma 4.7, and let h be as in Lemma 4.6.
Then put

k(s,t)z(s—t)(ﬁ—sjtt), s>0,teR.

Then k is an analytic function on (0,00) x R. Moreover, for t > 0 the map s — k(s,t) is
a strictly increasing bijection of (t,00) onto (0,00), and for t = 0 the map s — k(s,t) is

a strictly increasing bijection of (0,00) onto (A1(1)?, Xa(1)?).

Proof. Clearly, k is analytic. Moreover,

ok 1 R (s)
%(s,t)—%—(s—t)<2+h(s)2>. (4.4)

For s € (0,00), we get from Lemma 4.6 that

ok _ s [h(s) 2y
%(870) = h(s)2 <— - Zh(s) —h (5)> >0,

S
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and

8k< ) 1 -
—(s,8) = —= > s.
s h(s)
Since the right-hand side of (4.4) is an affine function of ¢ € R, it follows that
Ok
8—(8,t> > t, s > O, t e [0, S]. (45)
s

Hence, s +— k(s,t) is a strictly increasing function of s € (¢, 00) for every t € [0, 00). For

s>t>0,
k(s t) = / %(s',t) ds’ > / tds' =t(s —1). (4.6)
¢ 08 t

Hence, when t > 0,
lim k(s,t) = oo,

S§— 00

and
lim k(s,t) = k(t,t) =0.

s—t+
Thus, s — k(s,t) is a bijection of (¢, 00) onto (0, c0).

Next, consider the case ¢ = 0. We have already seen that s — k(s,0) is strictly increasing
on (0,00). Note that for s > 0,

_ 1—sh(s) n(s)
o0 = Tmgs T dls)

where

n(s) = /000 v dp(u) and d(s) = /OOO b dp(u).

s2 4+ u?

By the monotone convergence theorem,

Jig (o) =1,

lim d(s) = /000 idp(u) _ !

s—0+ u? A (p)?’
lim s°n(s) = / w? dp(u) = Ao (p)?,
S—00 0
and
lim s%d(s) = 1.
Hence,
; _ 2
T £(5,0) = A"
and
lim k(s,0) = Ao (p)?.
This shows that s — k(s,0) is a bijection of (0,00) onto (A (u)?, Aa(p)?). ]
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4.9 Definition. Let p, Aj(u) and Aa(p) be as in Lemma 4.7, let h be as in Lemma 4.6,
and let k& be as in Lemma 4.8. For A\t € (0,00), let s(\,t) denote the unique solution
s € (t,00) to the equation k(s,t) = A* (cf. Lemma 4.8), and for A € (Aq(u), Aa(p)), let
s(X,0) denote the unique solution s € (0,00) to the equation k(s,0) = A2

4.10 Lemma. The function (\,t) — s(\,t) is analytic in (0,00) x (0,00). Moreover, for

A€ (M(p), Aa(p)),
tl_ig}r s(A\, t) = s(A,0). (4.7)
Proof. Let
Q={(s,t) eR*|0 <t < s}

According to Lemma 4.8, k is a strictly positive, analytic function in €. Let
F(Sat) = ( k<87t)7t>7 (87t> €.

Then F' is analytic in €2, and by Lemma 4.8, F' is a one—to—one map of £ onto (0, 00) X
(0,00). Moreover, its inverse F'~! : (0,00) x (0,00) — Q is given by

F7Y(O\t) = (s(\1),1),  s,t>0.
The Jacobian of F' is

3(F)(s.) = 2 \/k(s.) O

1
Os = 2\/@%(8715)7

which by (4.5) is strictly positive for all (s,t) € 2. Hence, by Lemma 4.5, F~! is analytic
in (0,00) x (0,00). In particular, s(\, t) is analytic in (0, 00) x (0, 00).

Now, let A\g € (A1(), Aa(t)) and put sg = s(\g,0). Then k(s,0) = A2, and by the proof
of Lemma 4.8, %(s,,0) > 0. Let

Fo(s,t) = (\/k(s,t),t).

Fy is then analytic in some neighborhood Uy of (sg,0). Moreover, J(Fy)(so,0) # 0,
and therefore, by Lemma 4.5, F, has an analytic inverse F; ' in a neighborhood Vj of
Fy(s0,0) = (Ao, 0). Clearly, Fy *(\,t) = F~1(\,t), whenever (A, t) € VoN[(0,00) x (0, 00)],
and then and F, '(\,t) € Q.

Note that
Jim Fyt(Xo,t) = Fy 1 (o, 0) = (s0,0), (4.8)
and since the second coordinate of Fjy*(\,t) is t, we conclude that F, (Ao, t) € €,
eventually as ¢t — 0+. Hence,
o -1
(80,0) = tl—lg}i-FO ()\0,25)

= lim F~ (), 1)

t—0+

= tli)%}r(s(AOa t)) t)v
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and therefore,
lim s(Ag,t) = so = s(o, 0). n

t—0+

4.11 Remark. We get from Lemma 4.10 that

thm+ s(A,t) =0, 0 <A< Ai(p), (4.9)
and
tlir& s(A,t) = +o0, A > o). (4.10)

Indeed, for fixed t > 0, A — s(\, ) is a monotonically increasing function of A\. Hence, if

0 <A< A (), then

limsup s(A, ¢) < limsup s(\,t) = s(X,0),
t—0+ t—0+

for all X € (A1 (p), Aa(p)).

); A
But A — s(X,0) is the inverse function of s — /k(s,0), and hence X' — s(\,0) is a
bijection of (A1(w), A2(p)) onto (0,00). It follows that hm sup;_o4 S(A,t) = 0, and this
proves (4.9).

For A > A\y(u), a similar argument shows that liminf; .o, s(\,¢) = +oo, and this proves

(4.10).

4.12 Lemma. Let A > 0. Then
(1) lim; o (s(A,t) —t) =0, and
(ii) there exists a ty > 0 such that when t >t and s = s(\,t), then

1+ 4X2h(s)? —
2h(s)

Proof. Fix t > 0, and put s = s(\,t). Then by Definition 4.9, s > t and k(s,t) = A%
According to (4. 6) k(s,t) > t(s —t). Hence,

)\2
O<S—t<7

This proves (i). With s and t as above,

)\2:k(s,t):(s—t)<%—s+t>.

Solving this equation for ¢, we get that ¢ is one of the two numbers

1 JTE D)
W) S 2h(s)

ti:S—
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If t =¢_, then

>
R TYONE

and since ﬁ — 00 as s — 00, this can not hold for large ¢ because of (i). Hence, t =t
for t sufficiently large. ]

Combining the previous lemmas we get:

4.13 Proposition. Let T € M be an R-diagonal element, let A € C\ {0}, and define
h(s) and hy(s) as in Lemma 4.2. Let u = pyr|, and let s(|\|,t) be as in Definition 4.9.
Then

Ra(s(JA|, 1)) = h(t), t>0.

Proof. According to Lemma 4.12, if ¢t > ¢y and s = s(|A|,t), then

1+ 4X2h(s)? —
2h(s)

t=s+

Since s(|A[,t) > t, we infer from Lemma 4.2 that for ¢ sufficiently large,

ha(t) = h(s([Al, 7).

Hence, by Lemma 4.4 and Lemma 4.10, the same formula holds for all ¢ > 0. ]

4.14 Lemma. Let T be an unbounded R-diagonal element in M?, let A € C\ {0}, and
let t > 0. With p = g and s(|A|,t) as in Definition 4.9 we then have:

AP
A2+ (s(AL £) — 1)

Proof. Since T is R—diagonal, T’ oA cT for all ¢ € T. Hence, the left-hand side of (4.11)
depends only on |\A|. It therefore suffices to consider only the case A > 0. For A, ¢t > 0, let

A((T = A)Y(T — A1) +£°1) = A(T*T + s(|A,1)°1).  (4.11)

H(t) = 5 log A(T*T + t°1)

and
H(t) = 3 log A((T — A1)*(T — A1) + ¢*1).

Then with py = a1

/ log(u® + %) dp(u),
0

l\Dl'—‘

and -
/ log(u® + %) dpuy(u).
0

l\.’)l'—‘
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Since T and T — A1 belong to M?, H and H, take values in R. Moreover, H and H are
differentiable with derivatives H'(t) = h(t) and H}(t) = hy(t). Also, since T € M*2,

1 o 2
1tlirn (H(t) —logt) = 5 1tlirn log (1 + %) dp(u) =0, (4.12)
—00 —00 0
and similarly
tlirn (Hx(t) —logt) = 0. (4.13)

Fix A > 0 and to > 0. There is a constant C' such that

Hy(t) = /t hy(t") dt' + C.

to

Moreover, according to Proposition 4.13,
ha(t) = h(s(A, 1)), t > 0.
Put s(t) = s(\, t) and u(t) = t—s(t). Then s(t)+u(t) =t and s'(¢)+u/(t) = 1. Moreover,

by Definition 4.9,
(s(t) —t) (h(;(t)) — s(t) + t) =\

Hence,

implying that

It follows that

/th,\(v)dv = /h(s(v))(s'(v)+u’(v})dv

— H(s(t)) ~ H(s(t)) + §log (ﬁ)  Lio (ﬁ#)

Hence,

Hy(t) = H(s(t)) + %log ()\2 n (S)Et> — t)2> + ',

for a constant C’. Recall that s(t) —t — 0 as t — oo (cf. Lemma 4.12). It then follows
from (4.12) and (4.13) that C’ must be 0. This finally shows us that
)\2

exp(2H,\(t)) = A2+ (s(t) —t)

5 exp(2H (1)),

and this proves (4.11). u
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4.15 Theorem. Let T € M*? be R-diagonal, let y = gy, and let s(|A|,0) be as in
Definition 4.9.

(i) If M () < |A| < A2(p), then

2

A(T — A1) = (\AP +’i<|w, 0 A(T*T + s(|\|, 0)21)>

(ii) If |\ < A (p), then A(T — A1) = A(T).
(iii) If |\ > Ao(p), then A(T — A1) = |Al.

Proof. The theorem is obviously true for A = 0. Moreover, as in the proof of Lemma 4.14,
it suffices to consider the case A > 0. Note that

A(T — 21)* = lim A((T — A1)*(T — A1) + £°1). (4.14)

t—0+

Hence, (i) follows from Lemma 4.10 and Lemma 4.14. If 0 < A < A;(p), then by Re-
mark 4.11, lim; o1 s(\, t) = 0. Hence, (ii) also follows from Lemma 4.14. Now suppose
A > Ao(p). Then s(A\,t) — oo as t — 0+. The right-hand side of (4.11) is equal to

A2s(\, 1)? A(T*T — s(\, 1)°1)
A2+ (s(\t) —t)? s(A, t)? ’

where the first factor converges to A as t — 0+, and the second factor converges to 1 (cf.
(4.12)). (iii) now follows from (4.11) and (4.14). [

4.16 Remark. Note that

Aa(p) = (/Ooou2du|T|(U)> = |72
Ai(p) = (/OOO u™? dﬂm(U)) =775,

where || T!|5 := +o00 in case ker(T') # 0.

=

and

4.17 Theorem. Let T be an R-diagonal element in M with Brown measure pp, and
suppose (| is not a Dirac measure.

(a) If ker(T') = 0, then

supp(pr) = {A € Cl|T7H|3" < [\l < T |2}
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Moreover, the S—transform of ppp is well-defined and strictly increasing on (—1,0)
with

Sy ((=1,0)) = (170172 | T3),
and pp is the unique probability measure on C which is invariant under rotations

and satisfies )
pr(B(0,8,,.(t=1)72)) =t, 0<t<Ll

(b) If ker(T) # 0, let P denote the projection onto ker(T"). Then

supp(ur) = {A € C||A| < [Tz}

Moreover, the S—transform of ju 2 is well-defined and strictly increasing on (7(P) — 1,0)
with

S (((P) = 1,0)) = (IT]13%, ),
and pp is the unique probability measure on C which is invariant under rotations
and satisfies

=

MT(B(O,S#‘TP (t—1)72)) =t 7(P)<t<L.

Proof. By definition, dur(A) = 5=V?*(log A(T — A1))dA (in the distribution sense).

Hence, pr can be determined from Theorem 4.15 in the same way as [HL, Theorem 4.4.]

is obtained from [HL, (4.5)]:
Using the same notation as in [HL], we define functions f, g : (0,00) — R by
10) = | s (@)
YT )y T ez TR
and L )
— f(v
R
Moreover, for A € (||[T7Y|32, |T]|2), let v()\) denote the unique v € (0,00) such that
g(v) = A2. Then, in our notation,
f)=7(1+*T*T)™") = v h(v™),

and

Hence,
1

A= ——
o) = 5
and it follows that the formula (4.15) in [HL],

1 [ 1 A2 L
log A(T—A1) = 5/0 log(1+v2w2)du|T|(w)—|—§log (m) Ae (| 1||22> ||T||§)»
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is equivalent to the one in Theorem 4.15 (i). The rest of the proof of Theorem 4.17 is
identical to the second part of the proof of [HL, Theorem 4.4], since boundedness of T is
not a necessary assumption in the latter. ]

4.18 Remark. Let T € M* be R-diagonal. Then supp(ur) € o(T), and according to
Theorem 4.17,
supp(pr) = {A € CIIT7H|3" < A < [IT]2}-

Moreover, by arguments similar to the ones given in [HL, proof of Proposition 4.6], one
can show that

(a) if 0 < |A| < |T7Y|3", then A € o(T) iff T does not have a bounded inverse, and

(b) if [A] > ||T||2, then A € o(T) iff T' is not bounded.

5 Properties of z = zy~!

Let M = L(F,) be the von Neumann algebra associated with the free group on 4 gener-
ators. According to [V1] or [VDN], M is a II;—factor generated by a semicircular system
(81, S2, 83, 84), 1.e. the s;’s are freely independent self-adjoint elements w.r.t. the unique
tracial state 7 on M, and s; has distribution

1
dps, (t) = o VA —81 ) dt, 1<i<4

Put

Then M = W*(z,y), and (z,y) is a circular system in the sense of [VDN]. Also, by
[VDN], |y| has the distribution

dpupy (1) = % VA= 1y (t) dt.
In particular, ker(y) = 0. In this section we will study the unbounded operator
Z=xY
as well as its powers 2", n = 2, 3,... We will need the following simple observation:

5.1 Lemma. Let (u,,)5°, and p be probability measures on R with densities (f,,)5, and
f, respectively, w.r.t. Lebesgue measure. If f, "= f a.e. w.r.t. Lebesgue measure, then
= 1 weakly.

Proof. Recall that s, "— u weakly iff for all ¢ € Cy(R),

i du,, = du. 5.1
m [ ods /R“” (5.1)

n—oo
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Then, let ¢ € Co(R) with 0 < ¢ < 1. (5.1) follows for such ¢ by application of Fatou’s

Lemma to each of the sequences of integrals < fR ) fndm> and < fR(l — ) fndm>
n=1 n=1
5.2 Theorem. Let (M,7) and z = zy~' be as above.
(a) z is an unbounded, R—diagonal operator.
(b) The distribution of z is given by
duy.(t) = 2 1 Li0,00)(t) dt (5.2)
PaA(t) = — 775 Loeo () dt. :
(c) Forp e (0,1), 2,271 € LP(M, 1), and
-1 pm\1~1
2l = 1= = [eos ()] < o, (5.3)
(d) z,271 € M?, and the Brown measure of z is given by
1
dp.(s) = ————ds, 5.4
11=(s) m(1+ |s]2)?2 5 (5-4)

where ds = dRes dIms is Lebesgue measure on C.

Proof. (a) Let z = u|z| and y = v|y| be the polar decompositions of z and y. Then,
according to [VDN], u, |z|,v and |y| are x—free elements, and u and v are Haar unitaries.
In particular, z and y are R—diagonal and so is y~* (cf. Proposition 3.6). Moreover, y~!
has polar decomposition

y =yl ) = oty
which implies that = is affiliated with W*(y). Hence, z and y~! are *—free, and it follows
from Proposition 3.8 that z = zy~! is R—diagonal with

SH|Z|2 (t) = SHMQ (t> S,L"‘yfl‘Z (t)7 te (_17 0)

The distribution of |z|? has density

1 /4—1t
Aptpge () = — 1) —— 1,00 (2) dL,
Paf2(t) = 5| —— Lo (t)
and thus S#W is given by
1
Sy (t) = 17
for all ¢ in a neighborhood of (—1,0) (cf. [HL, example 5.2]). Since |y~ = |y*|"t ~

*D
|y~ 3 |z|7, we get from Proposition 3.13 that

= —t, t e (—=1,0).



Then

t
Sz () = 1xp € (=1,0), (5.5)
and )
t t
X“lz\2(t) - 1—H8M\z|2 (t)=— 1+t]° te(-1,0).
The inverse function of X, 2 19 then
¢M|Z|2(u) - 1+ \/—_U,7 u € (_OO’ )a

and it follows that

G () = %(1 (1) = A< (5.6)

Let v/w denote the principal value of the square root of w for w € C\ (00, 0]. Then both
sides of (5.6) are analytic in C \ [0,00). Thus, (5.6) holds for all A € C\ [0, 00), and it
follows that for ¢ > 0,

1 1 1 1 1
~2 lim ImG, L (f 4 iu) = —~ 1 SN 5.7
o TG, (f+ i) = —— m<t+i\/%> TVt + 1) (5.7)
For g € (0,1),
o0 tﬂ—l d T
- dt= — .
/0 1+t sin(fm)’ (58)

(cf. [Ha, p. 592, formula 613]). The right—hand side of (5.7) therefore defines the density
of a probability measure, and then, by Lemma 5.1, the probability measures

1 .
- ImG), , (¢ + i) dt, u >0,
converge weakly to
1 1
S P,
T \/l_f(t 4 1) (0,00)
as u — 0+. Hence, by the inverse Stieltjes transform, dy.2(t) is given by (5.9), and then

2 1

dpyz (1) = s L(0,00)(t) dt.

(1) dt, (5.9)

This proves (a) and (b).

In order to prove (c), note that according to (5.8),

2 [
() = —/0 dt




proving (c). Since LP(M,7) C M2, p > 0, z, 2=t € M?. According to Theorem 4.17, y. is
then the unique probability measure on C which is invariant under rotations and satisfies

p=(B(0,8, ,(t—1)"2) =t, 0<t<l
Then by (5.5),

uz<B(0, ﬁ)) —t  O0<t<l,

that is,

7"2

B =— .
p(BO.T) = 1, 70

Hence, 441.(B(0,7)) = (1f+)2’ and combining this with the fact that 4, is invariant under
rotations, we find that p, has density w.r.t. Lebesgue measure on C given by

1 2r 1 1 -0
_— e ——— r
2mr (14+12)2 7 (14 1r2)2’ ’

where 7 = |s|, s € C\ {0}. This proves (d). [

5.3 Lemma. Let u be a probability measure on [0,00) and, as in section 5, put

hs) = /Odeu(u), s € (0,00).

52 + u?

Then for 0 < p < 2,
o0 2 o0
/ u P du(u) = —sin <7T—p> / s Ph(s)ds. (5.10)
0 T 2 0

Proof. By Tonelli’s theorem,

/O°° s "h(s)ds = /Ooo (/OOO 52517_22 ds) dpa(u).

Letting s = ut2, we find (using (5.8)) that

o glop 1 © 3 T ANEE
e [ S () e
/0 2wz 9" /0 T R NC WA

This proves (5.10). [ |

5.4 Theorem. Let (M, 7) and z be as in Theorem 5.2, and let n € N,

(a) 2™ is an unbounded R-diagonal operator.

(b)

> s no1y 1
/0 a2 Qe (0) = (s+s5) . s>0 (5.11)
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(c) Forp € (O, n+1> 2" and z~" both belong to LP(M, 7), and

(n+1)sin (%p) ‘

o (Tt

12715 = 127"l =

(5.12)

(d) Ifp e (O, +1> and \ € C, then ker(2"—\1) # 0. Moreover, (:"—\1)"1 € L?(M, 1)
with
1" = A1)l < 27"l (5.13)

Proof. According to Proposition 3.9, 2" is R—diagonal. Moreover, since

n t '
S/L‘Z‘Q(t) = <_ 1—+t> ) te (—1,0),

quznp (t) = LS (t> == ( o %) ) te (_170)7

1+t Hizn 2 +

with inverse function

Gpoa() = —— e (00).
1+ (—u)n+t
Hence, for A € (—o0,0),
1
G#‘Zn|2 (A) - X (1 + w#‘znp (%)) - ﬁ (514)
(1+( )\) n+1>
Let -
s
) = [ e, s € (0.50)
Then

This proves (b).

~1 where (z,y) is a circular family, it is clear that 2= ~ 2" for all n € N.

*D

Since z = xy

Hence, [|2"||, = ||z~"]|, for all p > 0. Note that for p > 0,

12715 = 7(]=7"7) = 7(1(z")*[77) = 7 (["[ 7).
Thus, by Lemma 5.3, for p € (0, 2),

oo 2 o0
i /0 u_pdu|zn|(u):;sin<%p> /0 s Phy(s) ds. (5.15)
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By application of (5.11) we find that

(n+1)p
2

n—1
/ s Phy(s)ds = / 827 ds = = il / dt.
0 0 sm 41 2 Jo 14t

Then by (5.15) and (5.8), for 0 < p < 25,

||z_"||§ = (n+1)sin (%p) [sin <7T<1 - @))]_1
= (e Dysin (22) [sin (2 02) ]

2
and this proves (c). Note that the right-hand side of (5.16) converges to oo as p — 25 —.
Hence, 27" ¢ L%H(M, 7), and the same holds for 2". In particular, 2" is not bounded,
and this proves (a). In order to prove (d), let A € C\ {0}, and put

& t
B (f) = / ), >0,
0

(5.16)

2 4+ u?
Then by Proposition 4.13,
hoa(t) = hn(sn((A, 1)), £>0,

where s,,(]A[,1) is given by Definition 4.9 in the case y = p.»|. Note that, according to
Definition 4.9,
sn(|A]T) > t, t>0.

Moreover, by (5.11), h,, is monotonically decreasing on (0,00). Thus,
haa(t) < hy(t), t > 0.
It now follows from Lemma 5.3 that for p € (0, 2),

/ u? dp|zn,)\1|(u) S / u? du‘zn‘(u). (517)
0 0

According to (c), the right-hand side of (5.17) is finite for p € (O, HLH) Hence, for such
p, ker(z" — A1) =0, (2" — A\1)~' € LP(M, 7), and
162" = AL)THE < 1127711 m

5.5 Remark. Note that Theorem 5.4 (a) and (c) generalize Theorem 5.2 (a) and (c) to
all n € N. It is not hard to generalize Theorem 5.2 (b) and (d) as well. One finds that
the distribution of |2"| is given by
5 sin (%7
du‘zn‘(t) = —

7rt(tniﬂ + 2 cos (#) 4t

) 1(0,00)(t) dt,

and the Brown measure of 2" is given by

1 s|2—2
djion(s) = =L
nw (L [s2)?

We leave the details of proof to the reader.

dRes dIms.
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