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Abstract

In 1982 Pimsner and Voiculescu computed the Kyp- and Kj-groups of the reduced
group C*-algebra C} (F}) of the free group Fj, on k generators and settled thereby
a long standing conjecture: C? ,(F})) has no projections except for the trivial projec-
tions 0 and 1. Later simpler proofs of this conjecture were found by methods from
K-theory or from non-commutative differential geometry. In this paper we provide
a new proof of the fact that C (F}) is projectionless. The new proof is based on
random matrices and is obtained by a refinement of the methods recently used by the
first and the third named author to show that the semigroup Ext(C  (F})) is not a
group for k > 2. By the same type of methods we also obtain that two phenomena
proved by Bai and Silverstein for certain classes of random matrices: “no eigenvalues
outside (a small neighbourhood of) the support of the limiting distribution” and
“exact separation of eigenvalues by gaps in the limiting distribution” also hold for
arbitrary non-commutative selfadjoint polynomials of independent GUE, GOE or
GSE random matrices with matrix coefficients.

1 Introduction.

In [HT] the first and the third named author proved the following extension of Voiculescu’s
random matrix model for a semicircular system:

Let Xl(”)7 ... X™ be r independent selfadjoint n x n random matrices from Gaussian
unitary ensembles (GUE) and with the scaling used in Voiculescu’s paper [V1]|. Moreover,
let z1,...,z, be a semicircular system in a C*-probability space (A,7) with 7 faithful.

Then, for every polynomial p in r non-commuting variables,

Tim [[p(X;", o, X)) = p(r, ) (1.1)

holds almost surely.
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The main steps in the proof of (1.1) were:

STEP 1 (Linearization trick). In order to prove (1.1), it is sufficient to show that
for every m € N, every € > 0 and every selfadjoint polynomial ¢ in r non-commuting
variables with coefficients in M,,(C) and with deg(q) = 1,

olg(X™, . X)) Ca(qlar,. .. z)) + (—¢,¢) (1.2)

T

eventually as n — oo (almost surely). Here o(-) denotes the spectrum of a matrix or of
an element in a C*-algebra.

STEP 2 (Mean value estimate). If ¢ is a polynomial of first degree with matrix
coefficients as in step 1, then for every ¢ € C°(R,R)

E{(tr,, @ tr,)e(g(X\", .., X))} = (tr, @ T)p(q(@r, ..., 2,)) + O(L) (1.3)

where tr,, = LTr,, is the normalized trace on M,,(C).

STEP 3 (Variance estimates). If ¢ is a polynomial of first degree with matrix coeffi-
cients as in step 1, then for every ¢ € C°(R, R),

V{(trn @ tr)p(g(X{", ..., X))} = O(&). (1.4)
Moreover, if ¢ = ?Ti vanishes in a neighbourhood of o(gq(z1,...,z,)), then
V{(trm @ tr)p(q(X{", ..., X))} = O(k). (1.5)

A standard application of the Borel-Cantelli lemma and the Chebychev inequality to (1.3)
and (1.5) gives that if ¢’ vanishes on a neighbourhood of o(g(xy,...,z,)), then

(t1 @ t1,)0(q(X™, L X)) = (trm @ T)p(glan, ..., 2,)) + O(n~3) (1.6)

holds almost surely, and from this (1.2) easily follows (cf. [HT, proof of Theorem 6.4]).

In [S], the second named author generalized the above to real and symplectic Gaussian
random matrices (the GOE- and GSE-cases). The main new problem in these two cases
is that (1.3) no longer holds. However, the following formula holds (cf. [S, Theorem 5.6|):

E{(trn ® tra)p(a(X", ..., XP))} = (1 @ Ppla(, ., ,)) + 2A(0) + O(), (17)

where A: C2°(R) — C is a distribution (in the sense of L. Schwartz) depending on the
polynomial ¢ and on the scalar field (R or H). Moreover, by [S, Lemma 5.5,

supp(h) € o(qle, - .-, 3,)). (18)
Using (1.7) and (1.8) instead of (1.3) the proofs of (1.2) and (1.1) could be completed
essentially as in the GUE-case.

The proof of the linearization trick relied on C*-algebra techniques, namely on Stine-
spring’s theorem and on Arveson’s extension theorem for completely positive maps. In
the present paper we give a purely algebraic proof of the linearization trick which in turn
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allows us to work directly with polynomials of degree greater than 1. As a result, we
prove in Section 6 and Section 10 that (1.3) for the GUE-case (resp. (1.7) and (1.8)
for the GOE- and GSE-cases) holds for selfadjoint polynomials ¢ of any degree with co-
efficients in M,,(C). Also (1.4), (1.5) and (1.6) hold in this generality. Consequently,
(1.2) holds for all such polynomials ¢ in all three cases (GUE, GOE and GSE). This is
the phenomenon “no eigenvalues outside (a small neighbourhood of) the support of the
limiting distribution”, which Bai and Silverstein obtained in [BS1]| for a different class of
selfadjoint random matrices.

Let us next discuss the application to projections in C},(F,): Recall from [HT, Lemma 8.1]

that C ,(F,) has a unital, trace preserving embedding in C*(xy,...,z,, 1), where 21, ..., x,
is a semicircular system. If e is a projection in M, (C*(x1,...,x,, 1)), then by standard

C*-algebra techniques (cf. Section 7) there exists a projection f in M,,(C*(z1,...,x,,1))

such that ||e — f|| < 1 and such that f takes the form

f=elalas,. .. x)),

where ¢ is a selfadjoint polynomial in » non-commuting variables with coefficients in
M,,(C), and ¢ is a C*°-function with compact support, such that ¢ only takes the values
0 and 1 is some neighbourhood of o(q(xy,...,z,)).

Consider now random matrices Xf”), .., X™ as in the GUE-case described above. By
(1.6) we have that

(b1 @ tr,)p(q(X{" ... X)) = (tr, @ 7)p(q(a1,...,2,)) + O(n7F)
= (trp, @ 7)(f) + O(n_%)

holds almost surely and hence the corresponding unnormalized trace satisfies
(Trm ® Tr)p(q(X(", ... XM)) = n(Tr,, @ 7)(f) + O(n75). (1.9)

Using that the left hand side of (1.9) is an integer for all large n € N, it is not hard to
prove that (Tr,,®7)(f) is an integer (cf. section 7 for details). Moreover, since |le— f]| < 1
implies that e = ufu* for a unitary u € M,,(C*(z4,...,x,,1)), we also have

(Tr,, ® 7)(e) € Z. (1.10)

Hence, using the existence of a unital trace-preserving embedding of C7 (F,) into
C*(xq, ..., 2., 1), it follows that:

(Tr,, ® T)(e) € Z for all projections e € M,,(Cr4(F,)). (1.11)

In particular:
Cr4(F,) Thas no projections except 0 and 1. (1.12)

The two statements (1.11) and (1.12) were first obtained by Pimsner and Voiculescu in
1982 (cf. [PV]) by proving that Ko(Ck4(F,)) = Z, where the Ky-class [1] of the unit in
C* 4(F,) corresponds to 1 € Z. Simpler proofs of Ky(C? (F,)) = Z were later obtained
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by Cuntz [Cul] and Lance [L|. Connes gave in [Co, pp. 269-272| a more direct proof of
(1.12) based on Fredholm modules. Connes’ argument can be further simplified to a short
selfcontained proof without explicit mentioning of Fredholm modules (|Cu2|, [CF]).

It is an elementary consequence of (1.11) that for every selfadjoint polynomial ¢ in r
non-commuting variables and with coefficients in M,,,(C), the spectrum of ¢(z1,...,z,)
has at most m connected components, that is

o(q(zy,...,2.) =L U--- UL (disjoint union),

where each I; is a compact interval or a one-point set (cf. Proposition 8.1), and j < m.
Let
1= e1+ -+ €j

be the corresponding decomposition of the unit in M,,(C*(z4,...,z,,1)) into ortogonal
projections, and put
ki = (Tr, @ 7)(e;) € Z.

Let now 0 < e < %50 where ¢ is the smallest length of the gaps between the sets I,..., [;.
In Section 8 and Section 11 we prove that the number of eigenvalues of q(Xl(”)7 . ,Xr("))
in the open intervals I; + (—¢,¢), i = 1,...,7, are exactly nk; eventually as n — oo

(almost surely) in all three cases (GUE, GOE and GSE). This is the phenomenon “Exact
separation of eigenvalues” by the gaps in the support of the limiting distribution which Bai

and Silverstein obtained in [BS2] for the class of selfadjoint random matrices previously
studied in [BS1].

2 Matrix Results.

2.1 Proposition. Let d,m and m’ be positive integers and let p be a polynomial in
M @ C(X, ..., X,) of degree d. Then there exist positive integers my,ma, ..., Mg+
and polynomials

Uj € My (C)®C(Xy, ..., X)),  (j=1,2,...,d),

such that

(i) my =m and mgy = m/,
(i) deg(u;) <1 forall jin {1,2,...,r},
(iii) p = uyug - - - ug.
Proof. The proof proceeds by induction on d. Noting that the case d = 1 is trivial,

we assume that d > 2 and that the proposition has been verified for all polynomials
in My, (C) ® C(Xy,...,X,) og degree at most d — 1. Given then a polynomial p in



My (C) @ C(Xy, ..., X,) of degree d, we may, setting Xy = 1¢(x,, . x,), write p in the
form
p(Xl,...,XT): Z C(il,ig,...,id)®XZ‘1Xi2"'XZ‘d,
0< 1,02, yig<r
for suitable matrices
C(il,ig, C. ,id) S Mm’m/(C), (il, 19,...,1q € {0, 1,... ,T}).
For any 4; in {0,1,...,7}, we put
Y(Zl) = Z C(il,ig,...,id)(gXiQ"'Xid.
0<ig,....ig<r
Note then that
p(XhaXT):Z(lm@Xll)( Z c(il,ig,...,z’d)@)XiQ--~Xid)
i1=0 0<ia,....ig<r
= Y (1 ® XY ()
11=0
Y(0)
Y(1)
:(1m®XO 1m®X1 m®X'r> .
Y(r)
= 'Ll,l(Xl, ce ,XT) : pl(Xl, Ce 7Xr)7
where
ul(Xlu ... 7X1‘) = (]—m ® XO ]-m ® Xl 1m ® Xr) € Mm,(r—f—l)m(c) ®(C<X17 L 7X'r>7
and
Y(0)
, Y(1)
p(Xl,...,XT) = . GM(r_,_l)m,m/(C)®(C<X1,...,XT>.

y(r)

We note that deg(u;) = 1 and that deg(p’) < d—1. By the induction hypothesis, there are

positive integers ms, ms, . ..
(1 =2,3,...,d) such that

(i) me = (r +1)m and mg, = v/,

(i) deg(u;) <1, forall jin {2,3,...,d},

(i) p' = uaugz . .. ug.

,Mgy1 and polynomials w; in My, 1., (C) @ C(X1, ...

, Xr)



Now, p = up’ = ujus - - - ug and we have the desired decomposition. ]

2.2 Remark. By inspection of the proof of Proposition 2.1, it is apparent that the de-
composition, implicitly given in that proposition, is explicitly given as follows:

my=m, my=(r+1m, mg=(r+Dmy=(r+1>%m, ... ,;mg=(r+1)""'m,
May1 = m'

uj = (Lo, ® Xo 1o, © X, L, ®X,), (=12,

ug = (X5 oclin, ... ig-1,ia) @ Xz-d)oghmﬂdfl o

where u,4 should be thought of as a block column matrix with (block) rows indexed by
the tuples (iy,19,...,74_1) in a certain order.

Note in particular that the polynomials uq, us, ..., ug_1 are basicly canonical, in the sense
that they only depend on p through the degree d and the dimension m. Conversely, the
polynomial uy4 basicly contains all information about p.

2.3 Proposition. Let A be an algebra with unit 1, and let d,m,my, mo, .

positive integers such that m; = m = mgyy,. Put k = Z;lzl m;.

-, Mgyt be

Consider further for each j in {1,2,...,d} a matrix u; from My, ., (A), and note that
us -+ ug € My, (A). For each X\ in M,,(A), define the matrix A(\) in My(A) by

A —u 0 0 0
0 1, —uy O 0
0 0 1, -—us 0
AN=| . . : (2.1)
0 0 0 T, —Ug 1
—ug 0 0 0 1,

where 1,,, denotes the unit in M,, (A). For any X in M,,(C) we then have

A — Uy +* - Ug

in which case

is invertible in M,,(A) <= A()\)

is invertible in My(A),

AN = B+,
where
1
UgU3 * * * Ug
U3Uyg -« - - Ug _
B = ooy | A~ wmue - ua) (1w wus uiusug Urtiy - Ug_1)
Uq




and

0 O 0 0 0 e 0

0 1,, u2 ugus uguszuy --- UgUs * * * Ug—1

0 0 1., wus U3U4 cee USUL - Ug—q
c=10 0 0 1., Uy cee UQUs - Ug—q

0 0 0 0 e 1., , Ug—1

0 O 0 0 e 0 1,

Note, in particular, that (A — ujug---ug)~" is the (block-) entry at position (1,1) of
AN

Proof. At first assume that A(\) is invertible with inverse F'(\). We write F'(\) in block
matrix form as

F(/\) = (fivj(/\))lgi7j§d’
corresponding to the block matrix form of A(\):

A(N) = (am‘(A)) 1<ij<d’

specified above.

>From the equality 1, = A(X)F()\), we get, in particular, the identities

d
D ai;Nfin(N) =61, (G=12,...,n), (2.2)

where

1, ifi=j,
i = e,
0y xm; if 1 #J.

For j =1, (2.2) becomes

Afii(A) —ui fo1(A) = Loy, (2.3)
and for jin {2,3,...,d — 1}, we get
FinQ) = 3100 = Oy, e fin(A) = wjfirna(N). (2.4)
Finally, for j = d, (2.2) yields
—uafi1(A) + fa1(A) = Oy 1€y fa1(A) = uafii(A). (2.5)

Then, by successive applications of the formulae (2.4) and (2.5), we find that

f2,1()\) = U2f3,1()\) = U2U3f4,1(>\) == U2U3 " 'Ud—lfd,l()\) = UU3 * - - Udf1,1()\).

Inserting this in (2.4), we obtain
L, = AM11(A) = wi (uous - ugfia(N) = (A = wrug -+ - ua) fr,1(N).
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To verify that also fi1(A)(A—uiug - - - ug) = 1,,,, we consider the equality F(A\)A(X) = 1,
from which

d
Z fl,i()‘)ai,j()‘) = 517j7 (] = 17 2a s d)
=1

For j = 1 we obtain
fraMA = fra(Nua = 1oy, (2.6)

and for jin {2,3,...,d},
Srist N+ [15(0) = Oy, Bey f15(8) = frjma (Mg (2.7)
By successive applications of (2.7),
fraA) = fra-1(Nug-1 = fra—z(MNua—oua— = = fra(MNwug - ug-1,
and inserting this in (2.6), we obtain
Lo, = fia()A = (fraNurug - - ugo1)ug = fia(A) (A — wus - - - ug),

as desired.

Assume next that (A —ujus - - - ug) is invertible in M,,(A) and consider the matrices B(\)
and C' introduced in Proposition 2.3. At first we show that

AN (B +C) = 14.

It is easily seen that

1,, A — Uy -+ - Ug
UgUsg * * * Ug 0
Uy -+ * Ugq 0
A()\) Uy« Ug - O
Ud 0
so that
1,
0
A(/\)B(/\) = 0 (1 U UiUz UUU3 -+ UiUg -~ Udfl)
0
1wy wug wguguz -+ uplg - UGy
0 O 0 0 e 0
0 0 0 0 0



It thus remains to verify that

0 —ui —wugy —ujugUs -+ —UU - Ug—1
0 1,, 0 0 s 0
0 0 1., 0 0
ANC =1y o 0 Lo, 0 : (2.8)
0 0 0 0 cee 1,

To this end, note that the first column in A(A\)C consists entirely of zeroes and that the
second column in A(A)C' equals that of A(N).

Note next that for j in {3,4,...,d}, the entry at position (1,7) is

0
UgUs3 * * uj—l
U3Ug - - - uj—l

[A()\)C] .= ()\ —Up 0o --- O) uj'—l = —UiU2 - Uj—1.

Next, if i € {2,3,...,d — 1} and j € {3,4,...,d}, then the entry of A(N)C at position
(2,7) is

UiWUig1 * - Uj—1 — U1 - - Uj—1 = O, if 4 S j — 1.



Finally, for j in {3,4,...,k}, the entry at position (d, j) is

0
UgU3 - - Uj—1
U3Uyg * * ujfl
0 if j <d
ANC], = (~ug 0 -+ 0 1, Uiy =<
[ ]d ( ) ljm. 1,, ifj=d
0
0
Hence (2.8) holds, and therefore A(X)(B(A) +C) = 1;.
To verify that also
(B(A) + C)A(N) = 14,
at first note that
(1m Uy UiUy UiUgUs -+ Uiy - - -ud,l) A(N) = ()\ —UgUg ... Uy O - 0)
so that
1, 1, 0 0
UgU3z * * - Ug U2U3 * * * Ug 0 0
B()\)A()\) = | U3Ug - Uq (1m 0 O) — | usug---uq 0O 0
Ug Ug 0O --- 0
It thus remains to show that
0 0 0 0
_u2u3aa~ud 1m2 0 DY O
CA()\): _U/3U4"'Ud 0 1m3 e O
—uy 0 0 - 1,
This follows easily by considerations similar to those described above. [ ]

2.4 Corollary. Let p be a polynomial in M,,(C) ® C(Xy,...,X,) of degree d, and let
x1,...,x, be elements in a unital algebra A. As in Proposition 2.1, choose a factorization
of p into polynomials of first degree,

Put
UjZUj(.l’l,...,l’T), (j:1,2,...,d),
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and let A € M,,(C). Then A ® 14 — p(xy,...

,x,) Is invertible in M,,(A) iff the matrix

A®1, —U 0 0 0
0 1n,®1, - 0 0
0 0 1,,.®1, —v- 0
A()‘7vl7'--avr): . . 3. ’ .
0 0 0 Loy ©1,  —vis
"y 0 0o . 0 1, ®1,

is invertible in My (A).

By application of Corollary 2.4, one can give a purely algebraic proof of the following
“linearization trick” which was obtained in [HT| by use of Stinespring’s Theorem and
Arveson’s Extension Theorem for completely positive maps:

2.5 Corollary. [HT, Theorem 2.2] Let A and B be unital C*-algebras, and let x4, ..., x, €
Asa, Yty -, Yr € Bgq. If for all m € N and all ag, aq, . .. ,a, € M,,(C)s, we have that
o(a0®1ﬂ+2ai®xi)Qa<a0®13+2ai®yi>, (2.9)

then there exists a unital x-homomorphism
¢ C*(Lg, 24, ..

such that ¢(x;) =y; fori=1,... r.

,ZE,-) - C*<1fBay17 s 7y7")7

Proof. As in step I of the proof of [HT, Theorem 2.2|, a simple 2 X 2-matrix argument

shows that if (2.9) holds, then it also holds for arbitrary elements ay, a1, ..., a, € M,,(C).
That is, for every polynomial ¢ of degree at most 1 in M,,(C) ® C(X;,...,X,) one has
that

o(q(zr,. .., 7)) 20(qyr, -, 4r))- (2.10)

Now, let p € C(Xy,...,X,) be a polynomial of degree d > 1, and as in Proposition 2.1
(with m = 1), choose a factorization

For j =1,....d, put

vj = uj(xy,...,2,)
and

wj =u;(y1, - Yr)-

Then, with the notation of Corollary 2.4, for A € C we have that

Ay —plxy, ..., 2) € Ay = A\ 01, ..., 0g) € My(A)ing

and

>\]-B - p(yb s 7y7“) S Binv = A(/\awla v >wd) S Mk<B)znv
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Since the u;’s have degree 1,
q:=AN\uq,...,ug)

is a polynomial of degree 1 in My(C) ® C(Xy,...,X,). Note that A\, vq,...,04) =
q(z1,...,x.) and A\, wy,...,wq) = q(y1,...,y.). Hence, by (2.10),

g(AN\ v, ...,09)) 2 o(AN wy, ..., wy)).
In particular,
AN v, .., 0q) € Mp(A)iny = AN wy, ...y wq) € Mi(B)in-
Altogether, we have shown that
My —p(xy,...,x) € Aipy = AN — (Y1, -, Yr) € Binw,

ie.

J(p(xla"'wr?”)) 2 o-(p(ylv'-wyr)) (211)
holds for all polynomials p € C(Xy, ..., X,). In particular, the spectral radii, r(p(x1, ..., x,))
and r(p(yi, ..., y,)) satisfy

r(p(zy, ... x) > r(pys, -5 yn))- (2.12)
Applying (2.12) to the self-adjoint polynomial p*p, we get that
Ip(as, ) 1? = ey, - w1

Hence, the map

¢0 3p($1> cee axr) Hp(ylv s 7y7”)7 (p € (C<X1a s 7XT’>)7

is well-defined and extends by continuity to a unital *-homomorphism ¢ from C*(14, z1, ..., z,)
into C*(1s,y1,...,y,) with ¢(z;)) =y;, i =1,...,7. |

3 Norm estimates.

In this section we consider a fixed self-adjoint polynomial p in r non-commuting variables
with coefficients in M,,(C), i.e. p € (M,,(C) ® C(Xy,...,X,))sq, and for each n € N,
we let Xl("), ..., X™ be stochastically independent random matrices from SGRM (n, ).
Define self-adjoint random matrices (@)%, by

Qu(w) = p(X{" (W), ..., X" (W), (weQ), (3.1)

where (Q,F, P) denotes the underlying probability space.

With d = deg(p) we may, according to Proposition 2.1, choose my,...,mgr; € N with
m = m; = Mmgy1, and polynomials u; € My, m;., (C) ® C(X1,..., X;) of first degree,
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(n)

1,...,d, such that p = wjuy---ug. For each n € N define random matrices u; ",

J
j=1,...,d, by

(we ).

For A € M,,(C) we put Im\ = (XA — X*) as in [HT, Section 3].

Since @Q,(w) is self-adjoint, A ® 1,, — @, (w) is invertible for every A\ € M,,(C) with ImA
positive definite (c¢f. [HT, Lemma 3.1]). Then, according to Corollary 2.4, the random
matrix

A®1, —ul 0 0 e 0
0 1,01, —u” 0 . 0
(n)
0 0 Ly, @1, — 0
4,0 =] . g " (3.2)
0 0 0 L, ®1, —u”)
—u 0 0 0 1, ®1,

is (point-wise) invertible in M;(C), where k = 3>%  m.

3.1 Lemma. For every p € N there exist constants C1 ,, Cy, > 0, such that for all m € N
and for all A\ € M,,(C) with Im\ positive definite,

sup E{[[An(A) M7} < Crp + Copl|(ImA) 7.

Proof. Let p € N. According to Proposition 2.3 we may write

AN =C,+ BV 1, —Q,) 'B?,

where

0 0 0 0 0 0

0 1,,®1, ugn) ugn)uén) uén)ugn)uin) uén)ugn) . -ugn_)l

(n) (n), (n) ), ()

0 0 1,,®1, Us Us Uy Us Uy Ugq
c,=10 0 0 1., ®1, ufln) ufln)uén) . -ugi)l ,

0 0 0 0 1., ,®1, )

0 0 0 0 0 1, ® 1,

1, ®1,
Ay
g = |l afo |
ugl")



and
BT(L2) — <1m ®1, ugn) ugn)ugn) o ugn)uén) - ufln_)1> .

By [HT, Lemma 3.1], [(A® 1, — @,) '] < ||ImA)~!||, and therefore

E{[A.N7HY < E{UC + 1BV IHB2 1 TmA) )7}

<
< E{2 max{|| G, I BV NIBP (I (Tm) 1 })7}
< 2E{[|GullP + 1B P B2 Pl (TmA) 7P}

With
Koy = masc{ L, || Jlug™ - g}
one easily proves that

1Ol <d -1+ K2 < d*(1 + K%,

implying that
|CL|IP < 2Pd?P(1 4 K) < 2Pd?P(1 + K2P%).

Moreover,
IBPPIBRNP < d K= < d K.

Now, according to (3.4),

d
KoMt < 1y PP,

J=1

(n)

Since u;

=1

Hence

[ud 124 < (1 4 )% max{||a§ |, [aP X, - . a1 X ]34,

According to [S, Lemma 6.4],

sup(E{|| X[} < oo,

is of first degree, we may choose a(()j), ad e My m;., (C) such that

(3.3)

(3.4)

(3.5)

(3.6)

and combining this fact with (3.3), (3.5), (3.6), (3.7) and (3.8) we obtain the desired

estimate. []
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3.2 Lemma. Let x,...,x, be a semicircular system in a C*-probability space (A,T),
and let

q=np(x1,...,2,). (3.9)
Then again, with u; = u;(z1,...,x,), j =1,...,d, the matrix
0 1m2 ®1A —U2 0 0
0 0 1,.®1 —Uu 0
AN = | o .
0 0 0 1md71 (%9 ]-A —Ug—1
—Uq 0 0 0 1,,®14

is invertible for every \ € M,,(C) with Im\ > 0. Moreover, for every p € N there exist
constants C , and Cy , such that

AP < € + Co [ (ImA) P (3.10)

ol

holds for every A € M,,(C) with ITm\ positive definite.

Proof. Tt follows again form [HT, Lemma 3.1] that A ® 14 — ¢ is invertible. Hence, by
Proposition 2.3, A()\) is invertible with

ANTT=C+BYA®14-q)'B?,

where
0 0 0 0 0 0
0 ]_m2 X 1A (75 Ug2U3 U2U3U4 c. UgU3 " * - Ug—1
0 0 1,,®14 U3 U3U4 .. UUg -+ Ug—1
=10 0 0 1, ®14 Uy UgUs -~ Ug—1 | |
0 0 0 0 ]-m,j,l@lfl Ud—1
0 0 0 0 . 0 1, ® 1y
u2u3 .. .ud
B — | usuyg---uy ’
Ug
and
B(z) = (]—m®]—A U1 Uiug ... U1U2"'U,d_1).

Then, since ||(A® 14— ¢)7 || < ||(ImA)~}||, we have as in the proof of Lemma 3.1 that
A HP < 28 ([C))P + [ BRI BEP | (LmA) = |7),

and the claim follows. ]
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4 The master equation and master inequality.

In this section we prove generalizations of the master equation and master inequal-
ity from [HT]. These generalizations will allow us to handle self-adjoint polynomials

p(X™, . XY of arbitrary degree in r independent random matrices from SGRM (n, ).

Let r and n be positive integers. As in [HT, Section 3|, we shall consider the real vector
space (M,(C)sq)", which we denote by E,,. We equip &,, with the inner product (-,-),
given by

(A1,..., A, (Bi,....B,)), = Trn<ZAij>, (Ar,..., A, (By,...,B,) € &),

and we denote the corresponding norm by || - ||.. Still following [HT|, we consider the
linear isomorphism ¥, between M, (C)s, and R™ given by

qjo((auv>1§u,v§n) - ((auu)lgugm (\/iRe<auv))1§u<v§m (ﬁlm(aub))1§u<v§n)7 (41)

for (auy)1<uw<n in M,(C)sq. We consider further the natural extension U: &,., — R of
U, given by

\I/<A1, e ,AT) = (\I/()(Al), RN \1’0(147«)), (Al, c ,AT S Mn((j)sa)-
We note that ¥ is an isometry between (&, - |lc) and R™ equipped with its usual
Hilbert space norm. Accordingly, we shall identify €&, , with R™ via U.
In the following we consider a fixed self-adjoint polynomial p from M,,(C)®C(Xy,...,X,)
of degree d and the corresponding polynomials

u] = ’U,j(Xl, e ,X,«) € Mm].,mj+1((C) &® C(Xl, Ce ,XT>, (] = 172, Ce ,d),

introduced in Proposition 2.1. We put &k =mq + mo + -+ - my.

We consider further independent random matrices X{n), o ,Xﬁ") from SGRM (n, %) and
a fixed matrix A from M,,(C), such that Im()\) is positive definite. We may then consider
the (random) matrix A(A, Xl(n), . ,Xﬁ")) defined in Corollary 2.4. Since the polynomials
Uy, ..., uq are of degree 1, we may write

AN XM X)) = (A 0 )®1n—a0®1n—2ai®Xi("),

0 ]-kfm =1
for suitable matrices ag, ay,...,a, in M(C). We put
A= (N0 4 S mamet, S e X 42
=(0 1, ) and Si=we nt > a;® X", (4.2)
j=1
so that

ANXT XMy =A® 1, — S,

16



According to Corollary 2.4, A® 1, — S, is invertible, and hence we may consider the k x k
matrix

H,(\) = (idy @ tr,) [(A® 1, — S,) 7] (4.3)
The following lemma generalizes [HT, Lemma 3.5|:

4.1 Lemma. With H,()\) as defined in (4.3), we have for any j in {1,2,...,r} the formula

E{H,(\a;H,(\)} = B{(id; ® tr,)[(1, @ X)) - (A® 1, — S,) 7]}

Proof. For any vy, ..., v, € M,(C),, we may consider the matrix A(\, vy, ..., v,) described
in Corollary 2.4, and we clearly have that

A()\,Ul,...,’l},«) :A®1n——a0®1n—Zaj®vj,
j=1

with A, ay, ..., a, as above. According to Corollary 2.4, we may then consider the mapping
F: &, — M(C)® M,(C) given by

Flvy,...,v) = (A—ap)®1, — >0 ® Uj)_l, (01, ... 00) € Epp).
We consider furthermore the mapping F: R™ — M (C) ® M,,(C), given by
F=FoU™
Note then that
A1, —8,) " =FXM™, XM =Fux™, . xMy), (4.4)
where \IJ(Xl(n), e ,Xr(n)) = (V1,72 - - » Vrn2) With 1,92, ..o, Vpn2 ~ 1.i.d. N(0, %)
According to the proof of [HT, Lemma 3.1|, we have that
1B, o) < Aol - o)+ (B, (45)

for some polynomial h in C[Xy,...,X,]. From (4.4) and (4.5) it follows firstly that
that the expectations in Lemma 4.1 are well-defined. In addition, (4.5) shows that the
function F' is a polynomially bounded function of rn? real variables. In order to apply
[HT, Lemma 3.3|, we need to check that the partial derivatives of F' are polynomially
bounded as well. To this end, consider the standard orthonormal basis for M, (C)s,:

euﬁu (1 <u< n)
fé?:%(eunv‘f‘ev?u) (1<u<v<n)7
gy = %(eu”v — ev) (1<u<v<n),

17



where {e% | 1 < w,v < n} are the standard n x n matrix units.

orthonormal basis for &, ,, is

el = (0,...,0,e{m.0,...,0),
fguv:( Ofurz)) O 0>7
g =(0,...,0,g.0,...,0),

(1<j<r, 1<u<v<n),

(1<j<r, 1<u<wv<n),

The correponding

with the non-zero entry in the j’th slot. Note that the images by W of these basis vectors

is exactly the standard orthonormal basis for R™*,
a point € in R™ are, setting (v, ...

(n)

]7u7u

_d
~de

dt

F(&4t0(e

t=0

))

F((Ul,...

t=0

t:OF(Ul, PN

((A — CL())

t=0

n)
y Uj—1,U5 + teq(w, Vjg1y---

((A—a0)® ]-n_

7UT) = \1171(5)7

+ tG(n)

7,u,u

) )

’

r
Z.:lal-®vi—t

)71

®1,

2.

-2 (

(n)

U,

a;

T

i=1 a; X V; (aj X e

v)

(n

®eu)

u

)

)((A—a0)®1n—

where the last equality uses [HT, Lemma 3.2|. We find similarly that

S| P(ernuii,) =
((A—G0)®1n—z
| Flerm,) =

((A —ap) ®1,

-2

r
i=1 a; & Vi

)

r

i—1 Qi @ V;

)" (a5 @ 02 ((

;@ FI) (A —ag) @1, —

A—a0)®1n

-2

s

2

i=1 a; & V;

Hence, the partial derivatives of I at

))717

(4.6)

r
i=1 a; & Vi

2

r

i—1 Qi @ V;

)

>—1

Appealing once more to (4.5), it follows that the partial derivatives of F' are polynomially
bounded as well. Hence, we may apply [HT, Lemma 3.3| to F' and the i.i.d. Gaussian

variables \I/(Xl(n), . ,Xﬁn)> = (1,72, - - -, Yrn2). For any j
XJ('Z),u = (Xj(n))kka (1<u<n),
() _ (n)
Y;ﬂh” - ﬁRe(X] )u,v; (1 § u

in {1,2,...,r}

<v<mn),

<v<n),

and note that these random Varlables are the coefficients of \I/(X

put

LX) ) w.r.t.

standard orthonormal basis for R™ , in the sense that
WO X = 3 (X ) Y Y Y 20
7j=1 u=1 1<u<v<n 1<u<v<n
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It follows thus from the Gaussian Poincaré Inequality and (4.6) that

E{x",(A®1,—5,) "} =E{X" FUX™M, ... X))}
1 d n n
= EE{_ FU(XY,..., X™M)) —t\I/(ej,u,u)}

1 _
= ~E{(A®1,-5,) Hay@em)(Ae 1, —S,) '},

and similarly we get that

- 1
E{Y (A®1,—S,) "} = ~E{(A® 1, — 5,) (0 ® fI)(A © L, — 5,) 7}

E{Z].),- (A®1n—5n)‘1}:%E{(Ae@ln—sn)— (a; @ gi (A @1, — S,) "}

>From this point, the proof is completed exactly as in the proof of [HT, Lemma 3.5|.
[ ]

Lemma 4.1 implies the following analogue of [HT, Theorem 3.6]. The proof is the same
as in [HT] and will therefore be omitted.

4.2 Theorem. (Master equation) Let A\ be a matrix in M,,(C) such that Im(\) is
positive definite, and let A and S, be the matrices introduced in (4.2). Then with

H,(\) = (id @ tr,) [(A@ 1, — S,) 7]

we have the formula
E{ 3" aiHu(NaiHa(A) + (ag — A)H,(N) + 1m} ~0. (4.7)
i=1

We next prove the following analogue of [HT, Theorem 4.5|:

4.3 Theorem. (Master inequality) Let A be a matrix in M,,(C) such that Im(\) is
positive definite, and let A and S, be the matrices introduced in (4.2). Then with

H,(\) = (idy ® tr,) [(A®@ 1, — S,) 7]

and
Gn()‘) = E{Hn()‘)}a

we have the estimate
r C L
H 3 @GN aiGa(N) + (a0 — A)Go(N) + 1’““ < (Crat Caa| (tmx)1||").
i=1
where C' = k3(3"0_, ||a;]|*)* and C4 4, Cs 4 are the constants introduced in Lemma 3.1.
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Proof. Setting K,,(A\) = H,(\) — G,(\) = H,(\) — E{H,(\)}, we find exactly as in [HT,
proof of Theorem 4.5] that

T T

> aiGaNaiGa(N) + (a0 = N)Ga(N) + 1 = B 3 il (NaiKa (V) }.

i=1 =1

and from this

| 2 G NaG. ) + (a0 = MG + 1| < Dl PE{ KL}

: (Z Joil?) S B{Kun (V) (45)
- (Z_: Haiuz) i V{Hu oV},

where K, ,,(\) (resp. Hpuw(N)), 1 <u,v <k, are the entries of K,,(\) (resp. H,(\)). As
in [HT, proof of Theorem 4.5] we note that

Hypuo(N) = fruw (X, X)),
where f, 1 €., — C is the function given by

fn,u,v(vla cee 7vr) = k(trk & trn) [(eq(fq)) ® 1n) ((A - ao) ® 17’L - Z;:l a; @ Ui)il] )

for v = (vy,...,v,) € & ,. For any unit vector w = (wy,...,w,) from &, ,, we find as in
[HT] that
d 1 r 2 A r _114
‘E‘t:of”’“’“(” + tw)’ < g” Doy G ® wiHka(@“nH(( —ag) ®1, — >, a; ®v;) ;

and here, by arguing as in the proof of [HT, Lemma 4.4,

H 22:1 a; & win,Trk(XJTrn < k” 22:1 a;-‘al-H < k‘ZLl Haz‘||27
so that

k

Fnal®+ t0)] < = (S Nl [((A = a0) @ Lo = Xy as @ )

F
dt lt=0 n

Consequently,

2
fn,u,v(v +tw)‘ ’ w e 87‘,717 ||w||e - 1}

d
ngadfmw(v) ||2 = max { ’ T ‘t:O

< B el (A - a0) ® 1, — S @ @ )

n
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Combining this with (4.5), it is clear that grad f,, ., (as well as f,, .., itself) is polynomially
bounded as a function of rn? real variables. Hence we may apply the Gaussian Poincaré
Inequality in the form of [HT, Corollary 4.2| as follows:

n n 1 n n
V{HouoN} = V{ fraa X1 X)) < B [erad foa (X[, X))

< LR - o1 - S ae X)) @9

k . .
= ﬁ(zz:l la:||?) - <Cl,4 + C’2,4H(Im)\) 1H4)7

where C 4 and Cy4 are the constants given in Lemma 3.1. Since (4.9) holds for all u,v
in {1,2,...,k}, we find in combination with (4.8) that

H ;aﬂn(”ai@nw a0 = A)G(N) + 1| < Z—(Z lai?) - (Cra-t Coal | (mn)|").

and this is the desired estimate. ]

5 Estimation of ||G,(\) — G()\)||.

As in the two previous sections, for each n € N we consider stochastically independent
random matrices Xl("), XM from GUE(n, 1), and we let

Qn =p(X{",..., XM, (5.1)
where p is a fixed self-adjoint polynomial from M,,(C) ® C(Xq,...,X,). Welet A, ()) be
given by (3.2), where X\ € M,,(C), and Im is positive definite. Then we may write

A,(N)=A®1, -5, (5.2)
where \
0
(0. o
and ,
i=1

for suitable matrices ag,aq,...,a, € My(C). Note that, according to (3.2), the a;’s are
block matrices of the form

0 aY 0 o0 0
o o0 a” o 0
o 0 0 a¥ 0
a; = . . . , (5.5)
0 0 0 ol
a”? 0 0 0 0




where al(-j) € My m;,(C), j=1,...,d—1, and agd) € My, m,(C). As in the previous
section, let

H,(\) = (id; @ tr,)[(A® 1, — S,) '], (5.6)
and let
Gn(A) = E{H,(N)}. (5.7)
Next, let xi,...,x, be a semicircular system in a C*-probability space (A,7) with 7
faithful, and put
q = p(xla"wxr)a (58)
5 = a0®1A+Zai®xi, (5.9)
i=1
and
G\ = (idp @ T)[(A® 14 —5)"". (5.10)

Note that, according to Lemma 2.3, A® 1,4 — s is invertible. Finally, for every pu € M;(C),
such that © ® 14 — s is invertible, put

Gu) = (idy, @ T)[( @ 14 — 5)71]. (5.11)

5.1 Lemma. (i) The R-transform of s w.r.t. amalgamation over My(C)® 14 is given
by

R(z) = ap + Zaizai, (z € My(C)).

(i) If p € My (C) is invertible, and ||p~| < @, then G/(p1) is well-defined and invertible,
and

ap + Z alé(u)az -+ é’(,u)*l = W.
=1

(iii) Let pu € My(C) be invertible, and let R,T" € M;(C) be block diagonal matrices of
the form
R = diag(rllml,rglm, e >rd1md)7

T = diag(tllml, t21m27 e ,tdlmd),
where r1,...,1rq,t1,...,tq € C\ {0} satisfy

Tth = T2t3 == Td—ltd = T‘dtl =1.

If ||[(RuT) Y| < i, then G(u) is well-defined and invertible, and

l[sll”

ap + Z a;G(p)a; + G(p) ™ = p.
i=1
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Proof. (i) is essentially due to Lehner [Le|. One just have to exchange a; with a; in the
proof of [Le, Prop. 4.1].

In order to prove (ii), note that if ||ju~!| < ”71”, then

pR1x—s=(p®1a) (L @ 14— (1™ ® 1a)s),

where ||(1' ® 14)s| < 1. Hence, u ® 14 — s is invertible, and G(u) is well-defined. If in
addition ||u7t < m, then we get from Neumann’s series that

G < [[(p@1a—s)7Y
< e @ 1a— (0 @ 14)s) 7|
< 2l (5.12)

Now, G(u) is the Cauchy transform of s w.r.t. amalgamation over M;(C) ® 1,4 (cf. [V4],
[Le]). Hence, the maps
2z R(2) + 271

and

p= Gp)
are inverses of each other, when z and y are invertible, and ||z|| and||u™!|| are sufficiently
small. Thus, according to (i) and (5.12), there is a § € (O,m), sucht that when
p € My(C) is invertible with ||u~!]| <, then

{ G(p) is invertible, and
ao + 30y aiG(pa; + Gp)™! = p.

This statement is equivalent to the identity
G(p) <u —ap — Z aié(,u)ai> = 1;. (5.13)
i=1

It is easily seen that
_ 1
U= {pe GL@ Il < 1}

is an open, connected set in My (C). Hence, by uniqueness of analytic continuation, (5.13)
holds for all € U. Therefore, for every p € U, G(u) is invertible with inverse

G(p) ™ =p—a— Zaié(ﬂ)@i-
=1

This proves (ii).
Finally, to prove (iii), observe that by (5.5) and (5.12),

RaiT:ai, (i:O,l,...,T). (514)
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If || (RuT) 7Y < then we get from (i) that G(RuT) is well-defined and invertible, and

IIsll II’

ap + Z a;G(RuT)a; + G(RuT) ™" = RuT. (5.15)

i=1
According to (5.14), (R® 14)s(T' ® 14) = s. Hence,
RUT ®14—s=(R®@1a)(p® 14— 5)(T @ 1a).
Then, since RuT ® 14 — s is invertible, so is 4 ® 14 — s, and
(p@14—5)"'=(TR1)(RuT @14 —35) " (R® 14).
It follows that G(u) is well-defined, and

G(p) = TG(RuT)R

is invertible with inverse

G(p)™' = R'G(RuT)~'T7L.
Taking (5.14) and (5.15) into account, we find that

Qo + Z az aZ + G )
=R! (RaoT + Z(RCL@'T)@(R/“LT) (Ra;T') + é<R’UT)71>T71
i=1

=R! <a0 Z a;G(RuT)a; + é(RuT)”)T’l
i=1
= R'RuTT!
This proves (iii). m
In the following we let

O = {\ € M,,(C)|ImA is positive definite},

A0
v (500

5.2 Lemma. There is a constant C’, depending only on s = ag®@ 14+ > .,_, a; ® x;, such
that:

and as before, for A € O we put
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(i) For all A € O,

I(A @ 1a—s)7 M < C"(1+ [ (ImA) ).

Moreover, G(\) is invertible, and

(ii) Let A\ € O, and suppose that u € My (C) satisties

I — Al < !
a 2C/(1 + [[(Tm\) 1))’

Then p ® 14 — s is invertible, and

1 ® 1a = 5)7H| < 20(1 + [|(TmA) ).

Moreover, G(p) is invertible, and

ap + Z a;G(p)a; + G(p) ™ = p.
i=1

Proof. (i) With C7, and Cj; as in Lemma 3.2, put (' = max{C},,C;,}. Then by

Lemma 3.2,

Put

I(A® L, —s)7H < C"(1+ [(TmA) ).

0" = {x € O A7"]| <min{1, |[s]~}}.

Then O’ is a non-empty, open subset of O. At first we will show that the remaining part
of (i) holds for all A € O'. Let A € O, and put

Then with

and

put

and

Then Tltg = T2t3 =

1
o=\ < mm{1, —}.
]

R = diag(r11lm,, ..., 7alm,)

T = diag(t11m,, .- ., talm,)-

e = Td—ltd = ’I“dtl = 1, and

a1\ 0
mr (000,
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whence ]
[(RAT) | = max{a® M |A]l, o} = a < TSl
s

Therefore, by Lemma 5.1, G(A\) = G(A) is invertible and satisfies
ag + Z (IZG<>\)6L1 + G(/\)_l =A.
i=1

It follows that

G\ (A ~ag— Z aiG()\)aZ) ~ 1, (5.16)

holds for all A € O, but then, since O is open and connected, it follows from uniqueness
of analytic continuation that (5.16) holds for all A € O. That is, for every such A\, G(\) is
invertible and satisfies

ao + Z (IZG()\)CLZ + G(/\)_l = A.
i=1

(ii) Suppose that p € M;(C) and
1 ® 1a— )7 < 2C°(1 + [|(TmA) ).

According to (i), [[(A ® 14 — )7 < C'(1 + [[ImA|7Y). Put 2 = A ® 14 — s and
y=pu®1yg—s. Then

_ 1
e @ =yl < 5

Therefore, y = x(1 — 27 (x — y)) is invertible, and by Neumann’s series,

lz = < 2fl27).

Iyl < || S e - )

Hence,
[(n® 14 —5)" | < 2C"(1 + [|(TmA) ).

Put

n - 1
0" = )\LGJO {u € My(C) [[|p—All < 2C"(1 4 ||(ImA) =) }

Since O is connected, 0" is a connected, open subset of M (C). In order to prove (ii), we
must show that

G(p) (u —ay — iaié(u)%) =1y (5.17)

holds for all ;€ O”. Again, by uniqness of analytic continuation, it suffices to show
that (5.17) holds for all p in a non-empty open subset of O”. Choose A\ € O such that
AT < min{1,||s][7¢}, and define block matrices R,T € M;(C) as in the proof of
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(i). Then [[(RAT)™!|| < - Since 2 — 27! is continuous on G'Ly(C), we may choose

o€ (O, m), such that if H/,l, — AH < 5, then 1% is invertible, and

1
I(RpT) 7 <
Is]]
Put
0" = {n e Mp(C)[|lp— All <6}
Since § < m, 0" C ©”. Moreover, we get from Lemma 5.1 that when p € 0",

then G(p) is invertible, and

T

Gu) ™ =p—ao— > aG(p)a:
i=1
That is, (5.17) holds for all © € 0" and therefore for all p € 0”. [

A0

Let A € O, and put A = (O Lo,

(1 > 0 such that

). According to Theorem 4.3, there is a constant

|(A—a0- iaiGn(A)ai)Gn(M 1| < %(1 AT, (5.8)

Put .
Bn()\) =A- ag — ZaiGn()\)ai, ()\ € O)
=1

Then, by Neumann’s Lemma and (5.18), if

C N 1
LI < 5, (519

then B, (\)G,,(\) is invertible with [|(B,,(A\)G,(\))7|| < 2. Hence G,,()) is invertible too
with

G ()M < (BN Gn(N) I Ba (Nl

< 2||Bn(A
1Bn (M| T (5.20)
< 2(J Al + 1+ [laoll + Y llail P Ga(N))-
i=1
Taking Lemma 3.1 into account we find that for some constant C5 > 0,
IGaN)HE< Co([IA] + 1)1 + [|(ImA) ). (5.21)
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By (5.18), if A € O satisfies (5.19), then

r

A~y — D2 aGaNas — Gu) < (1 4+ 1 1mA) )G ()

=1

C _ _
< 5 (L )~ (AN + (L + ([ mA) )
C _
< (L AN+ [@mA) )
(5.22)
for some constant C3 > 0. For A € O fulfilling (5.19) define A,,(A) € My (C) by
An(N) = a0+ Y aiGu(Na; + Go(A) (5.23)
i=1
Note that
A—A,(A\) = B,(\) - G,(N)7, (5.24)
and therefore, by (5.22),
C _
JA = AW < 5 (L AN+ [ (TmA) 7). (5.25)
Let C’ be as in Lemma 5.2. Then, if also
2C'C _ _
= 2L AN+ [[@mA) )L+ | (ImA) ) < 1 (5.26)
then ]
A, (N — Al < . 5.27
1) =A< aem Ty ) 20
Hence, by Lemma 5.2, G(A,(\)) is well-defined and invertible and satisfies
a0+ Y a:G(A(N)a; + G(A,(\) " = A, (V). (5.28)
i=1
Put
04 = maX{QC’l, 20/03}
and
Vo= {2 e 0] SHa A+ @y )+ ) < 1) (5.20)
n — n2 . .

Then for all A € V,,, (5.21) and (5.26) hold, and hence also (5.27) and (5.28) hold. Observe
that the set

: Cy _ _
U, = {1t1m‘t> 0, A+ +17)(1+17) < 1}
is contained in V,,, and that the function

it A+ +t2) 1+t (5.30)
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is strictly convex on |0, oo[ and satisfies

f(t) = o0, t—0",

5.31
f(t) = 00, t— oc. (5.31)
Therefore the set
J—tOC41t1t’51t’11 5.32
= {t> 0| S0+ <1 (5.32)

is either empty or an open, bounded interval. In particular, U, is arc-wise connected.

For A € O put e(\) = ||(ImA\)~}||=. Then, as in [HT, Proof of Proposition 5.6], we find
that ie(\)1,, € U, for all A € V,,, and that the line segment connecting A and ie(\)1,, is
contained in V,,. Hence, either V,, = () or V}, is connected.

For A € V,, we get from (5.23) and (5.28) that

T 7

Y aiGu(Nai + Gu(N) =D aiG(A(N))a; + G(AL(N) 7 (5.33)

=1 i=1

In the following we will show that (5.33) implies that G, ()\) = G(A,()\)) for all X € V,.

5.3 Lemma. Let z,w € GL(C), and suppose that
Z a;za; + 271 = Z a;wa; + w1t (5.34)
i=1 i=1

If there exists T' € GLy(C), such that

> llwai|[ | Ta;zT < 1, (5.35)
i=1

then z = w.

Proof. By (5.34),
w ( Z a;za; + z*1>z = w ( Z a;wa; + wil)z,
=1 =1

r

Z wa;(z —w)a;z =z — w.

=1

i.e.
Therefore,

which implies that

(D lwailliTazT )iz = w)T | = (2 = w)T .
=1

Hence, if (5.35) holds, then )||(z — w)T || = 0, and thus z = w. u
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5.4 Lemma. For all n € N and all A € O with ||(Im\)~Y| < 1 there exists T € GL(C),
depending only on ||(Im\)~!||, and a constant Cs > 0, depending only on ay, . . ., a,, such
that

ITa;Gu(NT | < Cs||(ImA) Y7, (i=0,1,...,r).

Proof. With the same notation as in the proof of Lemma 3.1,

1G] < E{A.(N) 7}
< E{|Call} + E{IBLNIB2HI Lm) 7,
where
C11 == sup E{||C,, ||} < oo,
neN
and

Co = sup E{|| BV || BR[|} < oc.
neN
In the same way we get for 7' € GLi(C) that

ITa,GuNT | < E{ITa:CaT |} +E{|Ta; B BOT [ HI(ImA) ™|

<
< E{ITa;C.T [} + Conllasl T HT 1| (T d) ). (5.36)

By Lemma 2.3, C,, has at most %d(d — 1) non-zero block entries and takes the form

0000 O 0
0 * *x % *
0 0 % % % *
c,=10 00 % = *
0000 --- % =%
0000 -+ 0 =

Combining this with (5.5), we find that «;C,, is a strictly upper triangular d x d block
matrix. Let § > 1, and put

T = diag(BLm,, B2 Ly, - - -, B1,,). (5.37)

Then T'a;C, T~ is obtained from @;C,, by multiplying the (i, v)’th block entry by B*".
Since a,;C), is strictly upper triangular,

ITa:C, T < Y NTaC Tl

pu<v
= > 8 7llaiCulus|
pu<v
< B MaCaluwl,
u<v
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where [z],, denotes the (u,r)’th block entry of a matrix x € M (C). Hence,
d2
1Ta;:C. T < 7 lasChll

Since E{||C,||} < Cy1, we get from (5.36) that

_ d? _ _
|Ta;Ga(NT| < (ﬁom + oIl 1mA) 1) s | (5.38)

Moreover, since 3 > 1, we have that ||T'|| = 3% and ||| = 37! Now, if ||[(Im\)7}| < 1,
put 8= ||(ImA\)~![|~@ > 1. Then by (5.38),

a;
ra G, < e+ o).
Put 05 = (ZZ:I ||az||> (CleQ + 0271). Then

ITaGA (T < % — Gyl (ImA) 7. .

5.5 Lemma. There is a positive integer N, such that for all n > N,

G.(\) = G(A,(N),  (NeVy).

Proof. Let X\ € V,,, and put z = G,,(\) and w = G(A,()\)). According to (5.33),

s s

g a;za; + 271 = g a;wa; + w

i=1 i=1

Moreover, by Lemma 5.2 (ii) and (5.27) we have that

I(An(X) ® 14— )7
2C"(1 + || (TmA) ).

lwll <
<

Thus, if ||(Tm\)7Y| < 1, then ||w|| < 4C". Moreover, by Lemma 5.4 there exist a constant
C5 and T' € GLg(C), such that

| Ta; 2T < Cs||(TmA) 1 4.

Hence

> llwaill|TaiT ) < 4C'C5 (D llas] )l (imA) 1.

1=1 1=1

Put

e = min { (4C"C5 > [las])) ™", 1}
i=1
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and
VIi={A eV, |||ImA\) Y| < e} (5.39)

Then for all A € V/,
> lwailll|TaT 71 < 1,

i=1
and therefore, by Lemma 5.4, z = w. That is, for all A € V!,

Ga(A) = G(A(N)). (5.40)
Recall from the proof of Lemma 5.2 that
Cy
U, = {1751 ‘t >0, SO+DL+E) 1+ < 1}
is a subset of V,,. Hence, if
Cy e\~b e\ 1
G-+ ()0 (G < o
then i51,, € V,;. Choose N € N, such that

v a5+ )0+ ()

Then for all n > N, (5.41) holds, and hence V, is a non-empty open subset of V;,. Since V,
is open, and A — G, (A) — G(A,(N)) is analytic, (5.40) holds for all A € V,, when n > N.
[

5.6 Theorem. There exist N € N and a constant Cg > 0, both depending only on
ao, - - - , @, such that for all A € O and all n > N,

Cs

1Ga(A) = G = —5 (L + AN+ [ TmA)~ HIT). (5.42)

Proof. Let N be as in Lemma 5.5. Then for n > N and XA € V,,,

1G.(A) = G = [G(A(N) = G|
< AN @14 —8)7" (A®1A—S) al
= (AN @ 14— 5)"HA = A (N)(A@ 14 —5)7"
< (AN @14 —5)” 1||||A —AWIA© 14— 5)7Y.

Since (5.27) holds for all A € V,,, we get from Lemma 5.2 that
IGa(A) = G < 2(C)* (1 + [[(ImA) MDA = An (V)]
Hence, by (5.25), for all A € V,,,

2(C")*Cs
TL

1Gn(A) =G < (L M+ (X)) L+ [ (ImA) =)

Cy! i
< S+ [l amn) )
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for some constant C’él) > (0. Next, if A € O\ V,, ie.

%(1 AN+ [HTmA) T P) (@ + [AmA)~H]) = 1,

then

1Gn(A) = GV < %(1 AN @+ 1T )= P) @+ 1 AmA) D AG M+ IG D

(5.43)
Put " = max{Cy1,Ca1,C] 1, Cy 4}, where Cy 1, Ca 1, Cf 4, Cy  refer to the constants from
Lemma 3.1 and Lemma 3.2. Then

1G4+ GV < 2C"(1 + [[ImA) ),

and hence, by (5.43), there is a constant CéQ) > 0, such that for all A € O\ V,,,

2)
1Gn(A) = GOV < %(1 + AN+ [[ImA) ).

Thus, with Cs = max{C{", C{’}, (5.42) holds. n

6 The spectrum of @),.

As in the previous we consider a fixed polynomial p € (M,,(C) ® C(Xj,...,X,))s, and
define @,, and ¢ by (3.1) and (3.9), respectively. For A € C with Im\ > 0 put

gA) = (trm @ 7)[(Aly @ 14 — )71, (6.1)
gn(N) = E{(tr,, @ tr,)[(A\ 1, ® 1,, — Q) '} (6.2)

By application of Proposition 2.3, we find that with F = 1,, ® 0_,,, € My(C),

90 = tr (G, B),

and .
gn(A) = - trp(EG, (A1) E).

Hence for every n > N’,

920 = 901 < 11+ AN + | (mA) 7). (63

6.1 Theorem. For every ¢ € C>°(R,R),

E{ (11 © tr,)6(Qn)) = (b1, © 7)) + O( 3 ).
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Proof. This follows from (6.3) by minor modifications of [HT, Proof of Theorem 6.2].
]

We are now going to prove

6.2 Theorem. Let ¢ € C*(R,R) such that ¢ is constant outside a compact subset of
R, and suppose

supp(¢) No(q) = 0.

Then
E{(tr,, ® tr,)0(Qn)} = O(an), 4)
V{(tr, @ tr,)¢(Qn)} = O(n™), (6.5)
and
P(|(trm ® tr,)6(Qn)| < n73, eventually asn — oo) = 1. (6.6)

In the proof of this theorem we shall need:

6.3 Proposition. Let m,r € N, let p € M,,(C) ® C(Xy,...,X,) with p = p*, and
for each n € N, let Xl("), ., X™ be stocastically independent random matrices from
SGRM(n, %) Then for every compactly supported C'-function ¢ : R — C there is a
constant C' > 0 such that

V(@ )6(@0)} < SE{ r @ m)6@] - (141X ) 67
where

and d = deg(p).

Proof. Choose monomials m; € C(Xy,...,X,), 7 =1,...,N, and choose «; € M,,(C),

7 =20,...,N, such that
N

p:a0®1+2aj®mj. (6.8)

j=1

Consider a fixed n € N, and let &, , be the real vector space (M, (C)s,)" equipped with
the Euclidean norm || - || (cf. [HT, Section 3|). Then define f: &, , — C by

f(v1,...,0,) = (tr, @ tr,)[o(p(ve, ..., 00))], (v1, ..., € Mu(C)sa).
According to [HT, (4.4)],
V{(tr, ® tr) Q) < - E{|(arad (X, X)), (6.9)
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Now, let v = (v1,...,v,) € €., and let w = (wy,...,w,) € &, with ||w|| = 1. Asin
[HT, Proof of Proposition 4.7] we find that

S )] < ) B, 5] e+, ©10)
where
16" (P21, 01, = M- (b1 @ trn) [ (p(v))]-
According to (6.8),
al d
HEL:(JP(U +tw) 2, Tty ®Trp - Z ) @ ® E‘t:omj (v+tw) 2,Try ®Trp

1

J

d
ot 3]t )

M-

- 2,Trp

J

Making use of the fact that ijugm <1,j=1,...,r, we find that with d; = deg(m;),

m;(v +tw)”

[l

) n

<. =1 < ( 'd—l)
< d; lrgggllvzﬂ T <d (14 ‘El vl “ ),
and it follows that

— _Op(v + tw)

r N
<d-<1 idq)( | )
oy, +§WH ;mmm

Then by insertion into (6.10),
’2

(trm @ tra)[|¢'*(p(0)))-

(1 Y (o)
i=1 J=1

1
flo+tw)| < -

e

Since w was arbitrary this implies that with

N 2
— - (Y Nl )
j=1

Q

I(arad D)2 < (110 @ )16 00))] - (1 +_§:”0Jd1>
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Then by (6.9),

V{(trm ® tra)[0(Qn)]} < %E{(trm @ tr,) (|62 (Qn)] - (1 > ||X§">||d—1)2},

as desired. ]

6.4 Proposition. There exist universal constants (k) > 0, k € N, such that for every
n € N and for every X, € SGRM(n, %),

E{L(x. >3 - [ Xal*} < y(k)ne 2. (6.11)

Proof. Let k, n € N and X,, € SGRM(n, +). Define F : [0, co[— [0, 1] by
F) = P(|Xall <), (2 0).

Recall from [S, Proof of Lemma 6.4] that for all € > 0 one has that
1 - F(2+¢) < 2nexp<— ”752> (6.12)

Integrating by parts as in [Fe, Lemma V.6.1| we get that
B{laxso - 1% = [ #are
= 31 -F@3)+k /OO =11 — F(t))dt.
3
According to (6.12), 1 — F(3) < 2ne” 2 and
/OO 11— F@))dt = /OO(?) + )1 — F(3+1))dt
3 0
< /00(3 ) exp ( . g(l + t)2>dt
0
= 2ne 2 /000(3 + ) exp ( - g(% + t2)>dt.
Hence (6.11) holds with

7(/“?)22'3k+2/ (3+t)k_leXp<—g(2t—|—t2)>dt<oo. ]
0

Proof of Theorem 6.2. (6.4) follows from Theorem 6.1 as in [HT, Proof of Lemma 6.3].
To prove (6.5), note that by Proposition 6.3,

V(i @ tr)0(Qu)) €SB (i, ® ) [6P(@Qu)] (- ) (14 3 15 72) ). (613

i=1
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Let Q;, = {w € Q| ||Xi(n)(w)|| <3},i=1,...,r. Then by Proposition 6.4,

E{ (b1, @ tra) |0/ F(QuIXG" %)
< [ 9w, @ ) (o PQIAP+ [ R
o Q\Qy

7

< 3R {(try, @ tr,) [P (Qu)]} + 1615 ]| v(2d — 2)me 2.

Applying (6.4) to |¢'|* we get that
E{(tr, ® tr,)[|¢'*(Qn)]} = O(n™?),

and hence by (6.13),
V{(try, @ tr,)d(Qn)} = O(n*A‘ + %eg) =0(n™%),

which proves (6.5).
Finally, (6.6) follows from (6.4) and (6.5) as in [HT, Proof of Lemma 6.3]. n

As in [HT, proof of Theorem 6.4], (6.6) implies the following:

6.5 Theorem. For any € > 0 and for almost all w € €,

7(Qn(w)) Co(g) +]—¢.¢l,

eventually as n — oo.

*

* 4(Fr) — a new proof.

7 No projections in
7.1 Theorem. ([V3], [PV]). Let m,r € N, let xy,...,x, be a semicircular system in
(A,7), and let e be a projection in M,,(C*(1a,21,...,2,)). Then (Tr,, ® 7)e € Ny. In
particular, C*,,(F,) contains no projections but the trivial ones, i.e. P(C* ,(F,)) = {0,1}.

red
Proof. Choose p € M,,(C) ® C(X1,...,X,), such that p = p* and

1

le = p(@r,. 2l < ¢

Put ¢ = p(z1,...,2,). By |Da, Proposition 2.1] the Hausdorff distance between the

spectra o(e) and o(q) is at most [le — ¢||. Hence o(q) €] — 5, 5[U]E, 3[.
Choose ¢ € C°(R) such that 0 < ¢ <1, (bh*i’i[ = 0 and ¢|]%7%[ = 1. ¢(q) is a projection,
and i

l6(g) —all < 3
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Consequently,

lo(a) —ell < 3 <1

implying that ¢(q) is equivalent to e. In particular,

(Tt ® T)e = (Tt ® 7)é(q).

For each n € N, let an), ..., X!™ be stochastically independent random matrices from
SGRM(n, 1), and put

n

We know from Theorem 6.5 that there is a P-null set N C 2 such that for all w € Q\ N,
P(Quw) Cola) + ]-42[ € =42 [U ]33]

holds eventually as n — oo.

In particular, when w € Q \ N, there is an N(w) € N such that ¢(Q,(w)) is a projection
for all n > N(w), and therefore

(Tr, ® Tr,)o(Qn(w)) € Z. (7.1)

Put
Zyp(w) = (try ® tr,)9(Qn(w)) — (trm @ T)P(q), (W € Q).

According to Theorem 6.1, E{Z,} = O(#) Moreover, since ¢ vanishes in a neighbour-

hood of o(q), we get, as in the proof of Theorem 6.2, that
V{Zn} = V{(trn ® tr)0(Q0)} = O (7).
As previously noted this implies that
P(|Z,| < n~3, eventually asn — o0) = 1.
Hence, we may assume that
(Tt ® Trn)$(Qn(w)) = 1(Trm © 7)(q) + O(n”7), (7.2)

holds for almost all w € Q\ N as well.

Now choose w € 2\ N and ny € N such that (7.1) and (7.2) hold when n > ny. Take
C' > 0 such that for all n € N,

=

(Tt ® Tr)$(Qn(w)) — n(Trn © 7)(q)] < C 073
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Then
dist(n(Tr,, ® 7)¢(q),Z) < C - ns,
dist((n + 1)(Tr,, @ 7)(q), Z) < C - (n+1)75,

and hence by subtraction,

dist((Tr,, ® 7)(q), Z) < C(n~7 + (n + 1)~%)

for all n > ng. This implies that (Tr,, ® 7)¢(q) € Z.

The last statement of Theorem 7.1 follows from this and the fact that C*,(F,) has a
unital trace-preserving embedding into Ay = C*(14,2;...,z,) (cf. [HT, Lemma 8.1]).

7.2 Remark. The last statement of Theorem 7.1 was originally proved in [PV] by ap-
plication of methods from K-theory, and also the first statement of Theorem 7.1 may be
obtained using K-theory. Indeed, in |V3] it was shown that Ky(Ag) = Z[1]o, where
Ao =C*(Lg, 21, ..., 2,).

8 Gaps in the spectrum of q.

As in the previous sections, consider a semicircular system zi,...,z, in (A, 7). Take
p € M, (C)®C(Xy,...,X,), such that p = p* and put

q= p<x17 s 7‘r7’)-
The following is an easy consequence of Theorem 7.1:

8.1 Proposition. o(q) is a union of at most m disjoint connected sets, each of which is
a compact interval or a one-point set.

Proof. R\ o(q) is a union of disjoint open intervals. If R\ o(¢q) had more than m + 1 con-
nected components, one could choose m+1 non-zero orthogonal projections eq,...,e,41 €
M, (C*(14,21,...,2,)). Since

(Tr,, ® T)ej € {1,...,m}, (1<j<m+1),

we would get that

m+1
m=(Tr, ®7)(1,®1) > Z(Trm ®T)e; >m+1

=1

— a contradiction. Consequently, R\ o(q) has at most m + 1 connected components, and
o(q) is a union of at most m disjoint non-empty compact intervals. [
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Now, for each n € N, let X{n) ..., X™ pe stochastically independent random matrices
from SGRM (n, 1), and put

n

r

8.2 Theorem. Let ¢y denote the smallest distance between disjoint connected com-
ponents of o(q), let J be a connected component of o(q), let 0 < & < %60, and let
ttq € Prob(R) denote the distribution of q w.r.t. tr,, ® 7. Then p,(J) = £ for some
ke {l,...,m}, and for almost all w € ), the number of eigenvalues of Q,,(w) in J+|—¢, €[
is k - n, eventually as n — oc.

Proof. Take ¢ € C(R) such that 0 < ¢ < 1, @|g4)—c ) = 1, and @|r\(g4]—2c,2:p) = 0. Then,
o(q) € M, (C*(1 4,1, ...,2,)), and hence, by Theorem 7.1,

te(d) = (try, @ 7)15(q) = (tr,, @ T)(q) = %

for some k € {1,...,m}.
As in the proof of Theorem 7.1 there is a P-null set N C Q) such that for all w € Q\ N,

o(Qn(w)) Colg)+]—¢¢],

eventually as n — oo, and
k 4
(try, @ try)o(Qn(w)) = - +O0(n"3). (8.1)

In particular, for all w € Q\ NV there exists N(w) € N such that ¢(Q,(w)) is a projection
for all n > N(w).

For w € Q\ N and n > N(w) take k,(w) € {0,...,m - n} such that

kn(w) '

(trm @ tr)P(Qn(w)) =
Note that k,(w) is the number of eigenvalues of @, (w) in J+] — ¢, ¢[. (8.1) implies that
ka(w) = k -0+ O(n73),

and hence k,(w) = k - n for n sufficiently big. [

9 The real and symplectic cases.

In the sections 9 and 10 we will generalize the results of section 4-6 to Gaussian random
matrices with real or sympletic entries. The case of polynomials of degree 1 was treated
by the second named author in [S].
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The sympletic numbers H can be expressed as
H=R+ jR+ kiR + [R,
where j2 = k? =[? = 1 and

jk=—kj=1, ki=-lk=3j, 1j=—jl=F.

H can be realized as a subring of My(C) with unit ((1) ?) by putting

. i 0 0 1 0 i
j—(o —i)’ /{:—(_1 O)’ and l—(i O)'

By this realization of H, the complectification of H becomes H® = H+iH = M,(C).

Following the notation of [S] we will consider the following random matrix ensembles:

(i) GRM®(n,0?) is the set of random matrices Y: Q — M,(R) fulfilling that the
entries of Y, Y,,, 1 < u,v < n, constitute a set of n? i.i.d. random variables with
distribution N (0, 0?).

(ii) GRM™(n, o) is the set of random matrices Y — M, (H) of the form
V=10YY +ijoY? +keY® +igy®W
where Y, Y®) Y)Y are stocastically independent random matrices from GRM ¥(n,

(iii) The ensemble GOE (n,d?) (resp. GOE*(n,¢?)) from [S] can be described as the set
of selfadjoint random matrices, which have the same distribution as

(Y +Y), @%pi%w—yw

Sl

where Y € GRM¥(n, 02).

(iv) The ensemble GSE (n, 0?) (resp. GSE*(n,c?)) from [S| can be described as the set
of selfadjoint random matrices having the same distribution as

1 . 1 .
E(Y+Y ), (resp. m(Y—Y )

where Y € GRM"(n, 0?).

We shall prove the formulas (1.2), (1.4), (1.5), (1.6) for selfadjoint polynomials of arbitrary
degree in r + s stocastically independent selfadjoint random matrices

Xl(n),...,Xﬁi)s, (r,s >0, r4+s>1),
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where in the real case

XML XM e GOE(n, Ly, XU, X e GOE*(n, 1), (9.1)
and in the symplectic case

XM XM eGSE(n,, L), X, ..., X" e GSE*(n,, ). (9.2)

The symplectic case of (1.2), (1.4), (1.5) and (1.6) can easily be reduced to the real case
by use of the methods from [S, Section 7]|. Therefore, in the following we will only consider
the real case.

Let r, s € Ny with r+s > 1, and for each n € N, let Xl(”), . ,Xf’fr)s be independent random
matrices such that X\, ..., X" € GOE(n, 1) and xW, . x"W e GOE*(n, 1), As
in the previous sections, we let p € (M,,(C) ® C(Xy,...,X,1s))se and define random
matrices (Q,)5, by

Qn(w) = pX{" (W), ..., XD (),  (weQ) (9.3)
With d = deg(p) we may choose my, ..., mgr1 € N with m = m; = mgy; and polynomials
Uj € My, im; . (C)@C(Xy, ..., Xy ps) of first degree, j = 1,...,d, such that p = ujuy - - - ug.
For each n € N define random matrices u§"),j =1,...,d, by

u” (W) = w (X[ (W), .., X)), (weQ).

Since @, (w) is self-adjoint, A® 1, —Q,(w) is invertible for every A € M,,(C) with ImA > 0.
Then, according to Proposition 2.3, the random matrix

A®1, —ul” 0 0 e 0
0 1,®1, —ul’ 0 . 0
(n)
0 0 1,.®1, —u e 0
An(A) = . . 0 o . . (9:4)
0 0 0 o gy, @1, —Uiﬁ)l
—ul 0 0 e 0 1, ®1,
is (point-wise) invertible in M;(C), where k = 327 m,.
Choose ag, ..., a,4s € M;(C) taking the form
0 a, 0 - 0
0 0 as - 0
P S 7
0 0 0 ai,
a, 0 0 0
such that with .
S, =ay®1, + Zai ® Xi(n)7
i=1



and A = \® 1,_,, we have:
A, N)=A®1, —S,.

As in section 6 put
O ={X € M,,(C) | ImA is positive definite }
For A € O we put
H,(\) = (id; @ tr,)) [(A ® 1,, — Sp) 7] (9.5)

and
Gu(N) = E{H.(V)}. (9.6)
By [S, Lemma 6.4], Lemma 3.1 also holds in the real case, possibly with new constants

C1, and Cy,,. Hence, G,,()) is well-defined and it is easy to check, that A — G,,()) is an
analytic map from O to My(C).

As in [S], we will let A~* denote the transpose of the inverse of an invertible matrix A.

9.1 Theorem. There is a constant 51 > 0, such that for every n € N and for all A € O,

5 GaNasGa0) + (a0 — NG + 1+ LR £ a4 a9, 07
where

r4+s

Z Z g;a;¢ME{(id,@tr,)[(A®1, - S,) " ePa,;®1,)(A®1,—S,) 7]}, (9.8)

7j=1 u,w=1

gj=11<j<rande;=—-1,r+1<j<r+s.

Proof. We may assume that

n 1 n n)* .
XJ():E(YJ()_FY]'()% (1<j<r),
1 .
X o (v oy ™) 1< <r+s),
J Z\/_( j ) ( >7 > )
where Yl(”), cee K,(fg are r+s stocastically independent random matrices from GRM R(n, %)
Then
r+s .
j=1
where

bi = c.

-1,
i = ¢ = 5B%

1<j<n),
. (9.9)

J
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Following now the proof of [S, Theorem 2.1] we get that

r+s

E{ (a0 — V() + 3 (0 Ha(Nes V) + ¢ Ha(\bs Ha (V) + 1} = —%Rn()\), (9.10)

where
r+s
R,(\) = Y Z bieWE{(id,, @ tr,) A ® 1, — Sp) (Wb, @ 1,) A @ 1, — S,) 71}
.
+ Z Z ¢j€ qu{(ldm ® trn)()‘ ® 1, — Sn) ( Cun C] ®1 )()‘ ® 1, - Sn)_l}
7j=1 u,v=1

Hence by (9.10),

r+s
1
E{((a0 — \)Ha(A) + > ajHy(Na;Hy(N) + 15} = —~Ry(M) (9.11)
j=1
where

r+s

S5 Y B (o)A 1= S (B0 E LA 1, —S,) T} (012

7j=1 u,w=1

and wheree; =1, 1 <j<rande; = —1,r+1 < j <r+s. Now, combining the method
of proof from [S, proof of Theorem 2.4] with the proof of Theorem 4.3 of this paper, one
finds that

ZCL]GTL<)\)CL]G”(>\) + (CLO - )\)Gn(A) + ]-k + %Rn(A)H S %((71,4 + 0274H(IH1)\)71H4)

for some constant C >0 depending only on aq,...,a,. Hence (9.7) holds with C, =
C- (CL4 + 0274). |

9.2 Corollary. There is a constant 52 > 0, such that for every \ € O,

D a;Ga(Na;Gu(N) + (ag — A)Gy(N) + 1| < %(1 + [ TmA) ).

J=1

Proof. By (9.12) and Lemma 3.1 (for the real case)
r+s
IRV < kQ(z Haj!l2>E{H(A © 1, — 517}
j=1

r+s
k?(z ||aj||2) (Can + Cas | (Tm\)1[2)

j=1

< C(1 A [[(ImA) %)

(9.13)

IN
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for a constant C” depending only on ay,...,a,. Hence by Theorem 9.1,

r4+s
C// B O B
(1 + [|(TmA) %) + n—§<1 +{[(ImA) %)

Y @GN aiGa(A) + (ag = A)Gn(N) + L] <

n

Cy _
< (14 [[(ImA) iy,
for a constant 52 > 0. [
Let (z1,...,%.4s) be a semicircular system in a C*-probability space (A, T), where 7 is a
faithfull state on A. Put .
s:ao®1ﬂ+2aj®xj, (914)
j=1
G\ =({d, @ T)[(A®1,4—5)71], (A€ 0), (9.15)
and put B
G(p) = (idy @ 7)[(n® La—s)7] (9.16)

for all p € My(C) with p® 14 — s is invertible.

9.3 Theorem. There is an N € N and a constant CN’3 both depending only on ay,...,a,
such that for all A € O

1Gn(A) = G < %(1 + A + (1 (TA) =7,
where G(\) is definded by (9.15).

Proof. 'This follows from Corollary 9.2 exactly as Theorem 5.6 followed from Theorem 4.3.
One just has to replace n? by n in the proofs in Section 5. ]

9.4 Remark. From the proof of Theorem 9.3, i.e. from section 5 with n? replaced by n
(cf. the formulas (5.18) through (5.33) and Lemma 5.5), it follows that there exist positive
constants Cy, C3 and Cy such that when V,, denotes the set

C
Vo= (e o[ S e+ a0+ ey <1} @)
then for all A € V,, G,,(\) is invertible and the following estimate holds:

IGR () < Co(1+ AN + (| (TmA) ). (9.18)

Moreover, if one defines A, () by

7+

An(N) =ag+ Y a;Gu(Na; + G(N)7, (9.19)
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then for \ € V,,,

C _
[80(0) = A< 200+ AN+ [ ), (9.20)
and ]
AN — Al < , 9.21
W)= A= aem ) 21
where C” is the constant from Lemma 5.2. Finally, G(A,())) is well-defined, and
G(A(N) = Gu(N),  (AEV,). (9.22)
As above, consider a semicircular system xi,..., 2z, in a C*-probability space (A,7),
where 7 is a faithful state. It is no loss of generality to assume that
A=C"(x1,...,Trss)-
Note that the random matrices Xl(n), - ,Xr(n) € GOE(n, %) are symmetric, whereas

Xﬁﬁ)l, . ,Xﬁi)s € GOE*(n, %) are skew-symmetric. This is the reason for the following

choice of “transposition” in A and M (A).

9.5 Lemma. (1) There is a unique bounded linear map a — a' of A onto itself such
that

(a’) J}'»:.fj, (1S]§T),
= —Zyj, (T+1SJST+S>;
(c) (ab)' ='d, (a,be A).

Moreover, (a')! = a and ||a*|| = ||a|| for all a € A.

(2) Define a map a — a* of My (A) onto itself by

((a’uv)ﬁ,vzl)t = (aiu)g,vzl

Then (ab)t = b'a', (a,b € My(A)). Moreover, (a')" = a and ||a'|| = ||a|| for all
a € Mk(./q,)

Proof. (1) By the proof of [S, lemma 5.2(ii)| the is 7-prepreserving *-automorphism v of
A =C*(xy,...,2,,1), such that

r

j<r+s

Moreover, by [S, lemma 5.2(i)], there is a canjugate linear *-isomorphism ¢ of A such that
Top="7and o(z;) =z;, 1 <j<r+s. Put now

' =pop(a), a€A
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Then it is clear, that a — a' satisfies all the conditions of (1). Also a — a’ is unique by
boundedness and (a), (b), (c).

(2) It is elementary to check that the map on M (A) defined in (2) is involutive and
reverses the product. Hence it is a *-isomorphism of My (A) on the opposite algebra
M. (A)°P, in particular it is an isometri. |

For an invertible element a € My(A) we let a~* denote the operator (a™!)! = (a')7.
In analogy with (9.8) we can now put

r+s

RO =) gjael) (e @ T)[(A® 14— ) "(ell)a; @ 1) (A @ 14— 5)7"] (9.23)
j=1
Note that by lemma 3.2

IRV < C"(1+ |(ImA)7Y?),  AeO (9.24)
for a constant C” > 0.

9.6 Theorem. There is a constant 54 > 0 such that for all A € O and all n € N,

[ (X) = R < %(1 + [ (TmA) ).

Before proving Theorem 9.6 we will show how the main result of this section (Theorem 9.7
below) can be derived from Theorem 9.6 and the previous results of this section.

As in [S, section 4] we put
L) = (idp, @ T)[A®@ 14— 5) H(RANGN) '@ 10)A®1,4—5)71].

9.7 Theorem. There is a constant 55 > 0 such that for all A € O and all n € N,

1 C _
|G = G + 2| < S+ AN + (1 EmA) 7).
for all A € O and all n € N.
Proof. The proof follows the proof of [S, Theorem 4.4]. As in Remark 9.4 we put
C _ _
Vo= {X €0 S0+ AN+ [ @mn)P)(+ | amn) ) < 1},

and we let A, (\) be given by (9.19). Then by Theorem 9.1 and (9.18), for all A\ € A,,,

— ” (ZajGn(A)ajGn(A) + (a0 — N)Gn(N) + 15, + %RM) Gn(A)_lH

J=1

An(N) — A+ %RH(A)G,L()\)*H

S (4 AL+ 1)), (9.25)

=3
n2

IN
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for some constant Cs > 0. By Lemma 5.2,
IGI < C" @+ [ImA) T, (A€ 0) (9.26)
Moreover, by Lemma 5.2, G(A) is invertible and

r4+s

GV ' =A—ao— ) aiG(Na. (9.27)
Hence, by (9.26),
IG)T < 'O+ DA+ [@mN) T, (A€ 0) (9.28)

for some constant C’ > 0. Applying Theorem 9.3, (9.18) and (9.28), we have for A € V,,
[Gn(A) ™ = G| |Gn(A)THG(A) = Gu(A)G(N) |
C f B
2(1+ AN+ [[(TmA) )

n

<

for a constant Cg > 0. Combining this with Theorem 9.6 and (9.13), we now have
IR, N G = RGN < [BIHIGRN) ™ = G+ 1B (X) = ROVIG) ]

ST AP ) )

for a constant C; > 0. Hence by(9.25),

for a constant Cy > 0. By lemma 5.2 and (9.21), we have for A\ € V,,
[(A®1q—s)7H < C'(1 + [[(TmA) ), (9.30)
[(An(N) ® 14 = 8)7H| < 2C7(1 + [|(TmA) 7)) (9.31)

Proceeding as in [S, (4.24) and (4.25)], one now gets, using (9.20), (9.22), (9.24) and the
above estimates, that

<

M) = A+ RGO < S A+ a1 (929)

Gu(X) — GO) — L) < 51+ X Pa(TmA )

for a polynomical P; of degree 17. Finally, if A € O\V,,, then one obtains exactly as in [S,
proof of Theorem 4.4] that

1 _
|G = G0 = L] < (1 + NPl amn) )
for a polynomial P, of degree 13. Put P = P, + P,. Then P is of degree 17, and
1 _
|Ga) = G0y = 2| < @+ AP ) )

for all A € O. This proves Theorem 9.7. [

We now return to the proof of Theorem 9.6. The proof will be devided into a series of
lemmas. The first lemma is a simpel but very useful observation:

48



9.8 Lemma. Let A be a unital algebra, and let x,z € GL(A) and y € A. Then

ry
0 z
is invertible in My(A) with inverse
R I
0 21 '
Let A € O and = € My (C) and as usual put

A0
a5,

Moreover, we put

(A x) = ( 0 Aol - Sn) , (9.32)
H,(\x) = (idgy ® tr,)[m(\, 2)7 1, (9.33)
G,(\x) = E{H,(\2)}, (9.34)
and
_ At X 1A — St X ]-A
T\ x) = ( 0 A9 1qes) (9.35)
G\ ) = (dy@7)[r(\z)7! (9.36)
Finally, we put
~ (st 0
= \o s
and B
G(n) = (idox ® T) (1 ® 1 = 3)7") (9.37)
whenever 1 ® 14 — 5 is invertible in My (A). Note that
~ (A «x
G\x)=G <O A) . (9.38)

The idea is now to estimate ||G,(\,x) — G(\, x)|| by the methods of section 5 (with n?
replaced by n). The estimate we obtain in Lemma 9.15 below combined with Lemma 9.8
will then complete the proof of Theorem 9.6.

9.9 Lemma. (i) The R-transform of 5 with respect to amalgamation over My (C) is

r+s
R(z) = o+ Y _@;za;, 2 € My(C)

=1

where

. at 0 :
ai—(o ai), (i=0,...,7+s).
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(ii) Let p € Moy (C). If u is invertible and ||p~| < then G(u) is well-defined and

] ) [El 5 (K
invertible. Moreover,

r+s

a + Zaoé(ﬂ)ai + G = p.

(iii) Let p € Moy (C). If p is invertible and if
1

(@ D) <

for some choice of block diagonal matrices R and T of the form

R = diag(rllml, 7“21m2, Ce ,Td]_mk),
T = diag(tllml,tglm, e ,tdlmk),

where r1,...,7q,t1,...,tq € C\{0} satisfy
Tltg = T2t3 =...= Td—ltd = T’dtl = 1,

then G(p) is well-defined and invertible and satisfies

r+s

a0+zaz CL2+G ) = .

Proof. Observe, that with R and T as in (iii),

T 0\. (R 0\ ((RaT) 0\
o rR)%\o 7))~ 0 Ra,T) ~ %

for i =0,...,r+ s because Ra,T = a; by (5.14). The rest of the proof of Lemma 9.10 is
a straightforward generalization of the proof of Lemma 5.1. ]

Let B denote the open unitball in M (C) i.e.
B ={z € My(C) | ||=| < 1}.
9.10 Lemma. There is a constant C depending only on ay, ..., a,.s, such that:
(i) Forall \€ O and x € B
lr(\,2) M| < C(L+ [|(ImA) 7).

Moreover, for all such A and x, G(\, x) is invertible, and
ao + zr:aG(A 2)a; + G\, z) !t = AT
0 — % 9 % ) 0o A/
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(ii) Let (A\,xz) € O x B and assume that p € My, (C) satisties

U e

Then y ® 1,4 — § is invertible, and

I(p® 1a = 8) 7| < 2C(L+ || (TmA)~2]).

Moreover, é(,u) is invertible and

r+s
ap + Z a;G(p)a; +G(p) ™ = p
=1
Proof. Since a +— a' is an isometry of M(A) and since (a7 !)! = (a')7!, when a is

invertible, we have that
(A" ®@1a—s) =A@ 1a—s)7"|.
Hence for A € O and x € B, we get by Lemma 9.8 and Lemma 3.2 that

(At®1ﬁ—st ;E@].A )_1

—1 _
||7T()‘7I> || - ‘ 0 A®1A—S

< A La— )7 +I(A@La—s)7 |||
< Oy + o I(ImA) 7 + Oy + G| (TmA) 72

< C(1+/(ImA7)?)

for a constant C depending only on C7j ;,

1,7 =1,2. Put

={ €0 | A7 < min{1, (2]s])~}},

1 1
a=|rx17< min{l, —} .
2]|sl

(ri,...,ra) = (@ Ha® 2 ... 1),

(t1,...,tg) = (L, a4 a4 . .. al),

and for a fixed A € O put

Next, let

and
R = diag(rilm,,...,7alm,),

T = diag(tllml, c. ,tdlmd).
Then, as in the proof of Lemma 5.2, we get that

1

RAT) Y =a < ——
I(RAT)™ TR
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Hence by Lemma 9.8, we have for x € B that

(R

RAT

|| (RAT)! Tt ><T)‘1

< N@RAT)TH + [(RAT) T PIT | ]
L A
20lsll -~ 4llsl®

Moreover, || T]| = o=@ < a=? = ||\7Y|7L. Thus, if ||z|| < 2||s|| [|X7!||?, then

T 0\ (A 2\ (Rt 0\ 1
0o RJ\o A)J\o T s’
so by (9.38) and Lemma 9.10 (iii),
r t
a0+2aiG(A,x)ai+G(A,x)—1:(% i) (9.39)
=1

Since
{(\x) e 0" x B = < 2|Isll INIP}

is a non-empty open subset of O x B, we can use uniqueness of analytic continuation as
in the proof of Lemma 5.2 and obtain that G(\, z) is invertible for all (z,\) € O x B
and that these all satisfy (9.39). This proves (i). The proof of (ii) is a straightforward
generalization of the proof of Lemma 5.2 (ii). u

For A € O and z € M(C) we let m,(\, z), H,(\ z) and G, (A, ) be given by (9.32),
(9.33) and (9.34), respectively. Moreover, we put

=3 > aelPE{(idy @ tr) [ (2, \) " (el s @ L) ma (2, A) 7} (9.40)

=1 u,u=1

9.11 Lemma. There is a constant 61 > 0 only depending on ay, ..., a.,s, such that for
all A€ O and all x € B,

r+s
. Az 1
HZaz (A, 2)a,G (/\,x)+<a0—(0 A))Gn(A,x)+1n)+ﬁRn(A,x)||

~

< L+ ) )
(9.41)

Proof. This is a fairly straightforward generalization of the proof of Theorem 9.1. The
master equation (9.11) now becomes

{§ a;H,(\ x)a; Hy (X, ) + (&0 — (/(\)t i)) H,(\ z)+ 1n} = —%Rn(/\,x). (9.42)
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Since ||z|| < 1, we get from Lemma 9.8 and Lemma 3.1 that

_ p
AN®1, —s r®1 !
—1 p o n n n
EWMMw>H}——E{|( T e
E{(JJA ® 1, — sl + [[A ® 1,, — 50]|*)P}
2PE{HA ®1, — Sn”p + HA ® 1, — SnH2p}
2°(C1p 4 Cop||(ImA) 7HIP + Cgp + Ca ]| (TmA) ~H|?P)

C(1+ [[(ImA) =),

IN

(9.43)
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for a constant Cj which only depends on the constants Cj;, i = 1,2, j = p,2p. Ap-
plying now (9.43) for p = 4, Lemma 9.11 follows from (9.42) exactly as in the proof of
Theorem 9.1. [ ]

9.12 Corollary. There is a constant 62 > 0, such that for all A € O and all x € B,

<= Atz
Zal N\, z)a;G (A,x)+(do—(0 A))Gn()\,a:)+1n

Proof. By (9.40) and (9.43) (for p = 2), we have that

<

0 )P

| Ra(A )l < C"(1+ || (TmA) 1Y),

for some constant C” > 0. The corollary now follows immediately from Lemma 9.12 (cf.
the proof of Corollary 9.2). n

Note that by (9.33), (9.34) and (9.43),

1Ga(A )| < G(L+ [(ImA) M), ((A,z) € 0 x B), (9.44)
and by (9.36) and Lemma 9.11 (i),

G 2)[| < COL+ MmN 'P), ((Az) € 0 x B). (9.45)

Proceeding now as in (5.18)-(5.23) with n? replaced by n (see also Remark 9.4), one finds
that after suitable changes of the exponents, that there exists positive constants Cs, C3, Cy
and Cjg, such that when V,, denotes the set

~ C
U= e o] Sas e+ ey <1} 046
then for (A, z) € V,, x B, G,,(\, ) is invertible and

IGA (V)M < Co(L + AN+ 1 TmA)~HJ*). (9.47)

Moreover, if one defines A, (\, z) by

r4s

A\ —ao—l—Z:aZ (A, 2)a; + Gn(A, )7 (9.48)
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then for (\,z) € V, x O,

and

An(N z) — CS (L AL+ [[(TmA) '), (9.49)
Atz 1

‘A”“"”’) - (0 ilE 260+ () E)

where C is the constant from Lemma 9.10 (ii). Hence by Lemma 9.10 (i), An(X,2)®14—38
is invertible, and

(9.50)

[(An (A7) @ 14 = 8)7H| < 2C(L+ || (TmA) ). (9.51)
Moreover, G(A, (X, z)) is well-defined, invertible and

r4s

o + Z a;G(An(\ 1)) + G(Au (N 2)) 7 = Ap(\, ). (9.52)

Recall that for A € O,
G.(\) = E{(idy ® tr,) (A ® 1, — 5,)" 1) }.

9.13 Lemma. There is a constant Cs > 0, independent of A\ and n, such that when \ € O
and |[(ImA)~Y|| < 1, there exist R, S € GL(k,C), such that

IRG,(Na; R < Cs||(ImA) !4, (9.53)

and )
15a;G(A)S™H| < Cs || (TmA) 1|4, (9.54)

formeNand1<i<r+s.
Proof. Lemma 3.1 holds in the real case too (possibly with change of constants). Therefore

Lemma 5.4 also holds in the real case, which proves (9.54). Moreover, by the proof of
Lemma 5.4, the matrix S given by

S = diag(Blm,, 21y, - - -, Bm,), (9.55)
where 8 = ||(Im\)~!||z > 1, satisfies (9.54). As in the proof of Lemma 3.1, write

A®1,-S) '=C,+BYA®1, —Q,)"

n

Then by (5.5) and the positions of the non-zero entries of C,,, we get, that G,,(\)a; is a
d x d block matrix of the form

*
=)
*
*
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Let
R = diag(81m,, Blmy, B2 Loy, - -, B ), (9.56)

where as before 3 = ||(ImA)~!||"2. Then the map G,(\)a; — RG,(\)a;R~" multiplies
the upper diagonal entries of [G,,(\)@i]uww, 2 < u < v < d, by f*7¥ and it multiplies the
entries [Gp,(N)ailu1, 2 <u < d by 47174 Thus,

RGN aiR™ |l < B7H[Ga(Nai]uo

for all u,v € {1,...,d}. The rest of the proof of (9.53) is now a simple modification of
the proof of Lemma 5.4. [ ]

9.14 Lemma. There is a positive integer N, such that for all n > N,

G(A,(M\2) = Go(Nz), (AeV,, z€B).

Proof. Let (A, z) € V,, x B, and at first assume that ||(ImA)~!|| < 1. Put

z=Gp(\ ) and w=G(A,(\ x)). (9.57)

By (9.48) and (9.52), z and w are invertible, and

r+s r+s
> azai+zt =Y awa; +w (9.58)
=1 =1
Put ,
R 0
T = < 0 5) : (9.59)

where R, S € GL(k,C) are the matrices from Lemma 9.13 given by (9.55) and (9.56). We
will show that if ||(ImA\)~!|| and ||z|| are sufficiently small, then

r+s
> lwaITa=T-")| < 1, (9.60)
i=1

and thus, by the proof of Lemma 5.3, it follows, that z = w.

By Lemma 9.8 we have for A € O and x € B that

B . AN@l, -85  a®1, \
G\ z) = E{(1d2k®trn) ( ; A®1H_SH) ]}

: (9.61)
_ (Gn(A)t Ko (A, x))
0 Gn(N)
where
K,(\z) = -E{(idy @ tr,))[N @1, — s£) Nz @ 1,)(A®@1, —s,)"']}. (9.62)
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With R, S and T as above we have that

Ta,G(\, 7)) = ((RGn(/\)aiRl)t RtaﬁKn(A,x)Sl)

0 Sa;G,(N)S™1
Hence, by Lemma 9.13,
TG (A )T < Cs | ()[4 + || R llat Ko (A, ) 1[5
By (9.55) and (9.56), |[R7'|| = [|S~'|| = 4 < 1. (9.62) and Lemma 3.1 imply that
(X, @) < (Crz + Copl[(ImA)~H[) ||z

Hence

TG (A )T < Cs | (ImA) |7 + [l il (Cr1 + Coal| (lmA) 7). (9.63)
Moreover, by (9.37) and (9.51),

|G @) < 2C(1 + [ (Ima) 1, (9.64)

By (9.62) and (9.63), there is a 6 € (0,1), such that when |[(Im\)~}|| < § and ||z]| < 4,

then for all n € N,
r4+s

DG ) TG (3 )T < 1

That is, (9.60) holds, and therefore z = w, which shows that G,(\,z) = é(An(A,x))
when (\, z) belongs to the set

U, ={\ e ‘771 | [[(TImA) Y| < 6} x {z € Mi(C) | ||z]| < 6}.
Exactly as for the sets V,, in section 5, we can prove that ‘771 is connected and that there

exists N € N, such that {\ € V, | ||[(ImA\)~!|| < 0} is non-empty for all n > N. Lemma 9.14
now follows by uniqueness of analytic continuation. [

9.15 Lemma. There is a constant Cg > 0 such that for A € O, x € B and n € N

1Gn (A 2) = GA )| < %(1 H{IAID X+ [ TmA) ).

Proof. At first assume that \ € I7n Put

t
Hn = An(/\a CL’) and n = (/é /xx) :
According to Lemma 9.14 and (9.38) we then have that
G(p) = Gu(\2)  and  G(n) = G(\2),
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Hence,
1Gu(A2) =G\ @) = G ln) = G(p)]
< (e ®@1a=38) " = (n@1a—38)7Y . (9.65)
< N ®1a =) i — pllll (2@ 1a— )71

By Lemma 9.10 (i),
1@ 1a = 8) 7 = llw (X, 2) "M < C(1 + [|(TmA)~H]?),
and by (9.51) and (9.49),
(0 @ 14 = 8) 71 < 20(1 + [|(TmA) 7 |*),

and c
| ttn — ] < 73(1 + IAD (@ 4 [[(TmA 1),

Inserting these estimates in (9.65) we get that
Cg 1
1Ga (A 2) = GO 2) | < = =1+ AN+ [[(ImA) =)
for some constant Cél) > 0. If A ¢ V,,, then by (9.46),

1< H L AN 0mA) )+ [ mA) ),

Therefore

= %(1 + AN @ A+ [ (TmA) 7)1+ [[(Im) TP (|Ga(A, 2) | + (|G, 2)]).

Taking (9.44) and (9.45) into account we then get the estimate

@
1Gn (A 2) =GN, 2) || < %(1 + AN+ [[ma) =)

for a constant Céz) > 0. This proves Lemma 9.15 with Cs = max{Cél), C’éz)}. n
Proof of Theorem 9.6 Let A € O and x € B. By (9.61) and (9.62),

Guth) = (CO T

where K, (A, x) is given by (9.62). Similarly,

o= (%01 ).
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where

KA\z)=—(1d @ T)[(A'®@ 14— ) 2@ 14)(A@1,4—5)"" (9.66)
Hence, by Lemma 9.15,

[0 (A7) = KA, 2) < %(1 + AN+ [ TmA) ).

But K,(\, z) and K (A, z) are well-defined for all z € M;(C). Moreover, since they are
linear in x, it follows that

[Kn (A 2) = KA 2| < %(1 AN+ [ TmA) =) ] (9.67)

for all A € O and all z € My (C). By (9.12) and (9.23),

r+s

E E (%)
EJCZ] uv )\7€uv )
=1 u,v=1
and
r+s
E E e®q
&T]CLJ uv 7 Cuw @ )
7j=1 u,v=1

Hence by (9.67)

[Rn(X) = R < %(1 + MDA+ [(ImA) =)

for same constant 54 > 0. [ |

10 The spectrum of (), — the real case.

With the same notation as in the previous section, x1,..., %, is a semicircular system in
a C*-probability space (A, ) with 7 faithful, X 1("), . ,XT(ZLF)S are stocasticly independent
random matrices, for which,

XM x™ e GOE(n, %) and X" X" € GOE* (n %)
Let p € M,,,(C)® C < Xy,...,X,4s > and put
a=pler o), Qu=p(XT",. X,
Moreover define ¢, g, : C\ R — C by
g\ = (trn @ 7)[(AL, ®1a—q)7Y],  (A€C\R),
9n(AN) = E{(trp ® tro)[(A1n ® 1, = Q) ']}, (AEC\R).
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Let £ =1,, ® Ok_,,, € Mi(C). Then for A € C\ R, we have
k
g(A) = Etrk(EG(/\lm>E>’

and .
gn(A) = - trp(EG, (A1) E).

Now, define [ : C\ R — C by
I(\) = %trk(EL()\lm)E), (A e C\R).

Then [ is analytic, and applying Theorem 9.7 we find that there is a constant C' > 0 such

that
90 = 0a(N) + 10| € S0+ P+ [TmA ) (10.1)

when ImA > 0. Moreover, by arguing as in the proof of [S, Theorem 4.5] the inequality
(10.1) also holds when ImA < 0.

10.1 Lemma. There is a distribution A € D/(R) with supp(A) C o(q), such that for
any ¢ € C(R),

A(¢) = lim — [ ¢(x)[l(z +iy) — l(z — iy)]dz. (10.2)

y—0t+ 2 R

Proof. At first we prove that [ has an analytic continuation to C\ o(q). We know that for
any A € C\ o(q), A\1,, ® 14 — ¢ is invertible. Thus with A = (A\1,,) @ 15_,,, € My(C) we
know from lemma 3.2 that A® 14— s is invertible. But then A'®1 4 — st is also invertible.
It follows that A — R(A1,,) and A\ — G(A1,,) have analytic continuations to C\ o(q).
Moreover, G(\1,,) is invertible for all A € C\ (). Indeed, C\ o(q) is connected, and we
have seen that for all A belonging to some open non-empty subset of C\ o(q), the identity

(ao + i @G\ a; — A)G()\lm) +1, =0. (10.3)

=1

holds. Then, by uniqueness of analytic continuation, (10.3) must hold for all A € C\ o(q).
In particular, G(A\1,,) is invertible for such A\. We conclude that [ is well-defined and
analytic in all of C\ o(q).

The next step is to prove that [ satisfies (a) and (b) of [S, Theorem 5.4]. Let A € C\ R,
and put A = (A\1,,) ® 1j_,, € M;(C). According to the proof of lemma 3.2,

(A®14—3s)""=C+ B\,

where (Q ® 14)C =C(Q ®14) =0, and
B < Co1|(ALn @ 1 — ¢) 7| < Cy [TmA[
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Moreover, if |A| > ||¢||, then

Ca
1BV < e
Al = [lll

Now,

EL(\1,,))E = (idy®@7)[(E®214)(A®14—5) " (R(A1,)G (M) " '@14)(A®14—5) " (E®1,)],

implying that

and if || > ||¢||, then

2
[EL(AL,)E| < <ﬁ> IR(A1,,)G(AL,) 7. (10.5)
We have seen that
r+s
IRAL) | < B> flasl*l[(A® 1a— )7, (10.6)
i=1
where
IA @1 —5)7| < Cpy + ChltmA| ™, (10.7)
and if |A] > ||q||, then
C51
H(A@lﬁ—s)*lﬂ <Ol 4+ — (10.8)
U=l
Also, there is a constant C7 > 0 such that
r+s
IGOAL) T < AL+ llaoll + ) laslIGOL) 1 as] (10.9)
i=1
r+s
< A+ llaoll + D Hlaillll(A @ 14 — s)7][|al] (10.10)
i=1
< Oy(1+ AN+ [ImA] ), (10.11)
and if [A| > ||q||, then
1
IGAL) 7Y < Ci(1+]A]) (1 + m). (10.12)
(10.5), (10.6), (10.8) and (10.12) imply that
1
{(N)] <O — A . 10.13
N <O(r5) as A= o0 (10.13)
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Combining (10.4), (10.6), (10.7) and (10.11) we find that for some constant Cy > 0,
I\ < [|EL(AL,)E|| < Co(1+ [A)(JImA| 7% + [ImA|~?). (10.14)
Choose a,b € R, a < b, such that o(q) C [a,b]. Put K =[a—1,b+ 1] and
D = {X € C|0 < dist(\, K) < 1}.
By (10.14), there is a constant C3 > 0 such that for any A € D,
I(A)] < O3 - max{1, (dist(\, K))°} = C3 - (dist(\, K)) 7.

(10.13) implies that [ is bounded on C\ D. Therefore C3 may be chosen such that for all
AeC\o(g)
I(\)] < Cs - max{1, (dist(\, K))°}. (10.15)

By (10.13) and (10.15), I satisfies (a) and (b) of [S, Theorem 5.4], and the lemma follows.
[

Knowing that (10.1) holds we are now able to prove:

10.2 Theorem. Let ¢ € C°(R). Then
Bt @ t1,)0(Qu)} = (i1 ®7)6(0) + - A(0) +0( ).

Proof. The result follows from a simple modification of the proof of [S, Theorem 5.6].
[

10.3 Lemma. Let n € N, and let X,, € GOE(n, +) U GOE*(n, +). Then

1
(i) for all e > 0, P(| X,,[| > v2(2+¢€)) < 2n exp ( - ”7)

ii) there is a sequence of constants not depending on n, (v'(k))72,, such that for all
i k=1
keN,

n

E{1x.1>3v2) 1 X ]1F} < o/ (k)ne .

Proof. We may assume that X, = %(Yn +Y)or X, = ﬁ(Yn —Y) for some Y, €

SGRM(n, %) Hence, by [S, Proof of Lemma 6.4],
ne?
P(IXal > V2(2 +€)) < P(IYa]| > 2+4¢) < 2n exp (- =)

holds for all € > 0. Then by application of the proof of Proposition 6.4 to the random
variable %HXHH we get that

0 i (1)) < 0

Hence (ii) holds with 7/(k) = 25/2+(k). ]
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10.4 Lemma. Let A € D.(R) be as in Lemma 10.1. Then A(1) = 0.

Proof. With d = deg(p), o = 14, and Xén) = 1, we may choose ¢;, ;. € M, (C),
0<i4y,...,0qg <1 —+s,such that

q:p(:cla"'?x?”rs): Z Ciy,..., id®xi1”'xid
0<21,...,0g<7r+S5
and
Qn :p(X{n)7er(*7+L)s) = Z Ciq,..., ld®XZ(1n)XZ(:)
0<i1,..,2q<7r+s
Put
R=3v2)" Y el
0<i1,...,ig<r+s
Then
r+s
Q>R S D> enalIX-- 11X > R) € | JUIX™] > 3v2),
0<i1,uyig<r+s i=1

implying that
P(|Qnll > R) <7 - P(| X[ > 3V2) + 5 - P(| X", > 3v2).
Now, by Lemma 10.3,

POXM | >3v2) < 2meexp (= 5), (=1, +s),

and thus

P([|Qul > R) < 2(7"—|—S)n-exp<— 5).

Consequently,

E{@mn®tnﬁh_mdmﬂ&m(Qnﬂ@§}%HQHH>>R)§ixr%—$n-exp<——g>. (10.16)

Now, let ¢ € C°(R) such that 0 < ¢ <1 and ¢|_gr = 1. Then ¢(z) =1 for all z in a
neighbourhood of (q) D supp(A). Hence A(¢) = A(1), and we have that

E«um®uwmgw}=1+%Auy+oC%)

where

E{(trm © trn)¢(Qn)} = 1+ E{(tr, @ tr,)(¢ — 1)(Qn)}
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and

|E{(trm, @ tr,) (¢ — 1)(Qn) }H < E{(trm, ® tr,)1)—ao, iR, (@n) } < 2(r + 5)n - exp ( — g)

Altogether we have that

E{(tr,, © tr,) (¢ — 1)(Q,)} = %A(l) + 0(%), (10.17)

where the left hand side is of the order n-exp(—%) = O <n—12> Hence, the %—term appearing
on the right hand side of (10.17) must be zero. [

10.5 Proposition. Let ¢ € C°(R,R) such that ¢ is constant outside a compact subset
of R. Suppose that

supp(¢) Na(q) = 0.

Then
V{(trm ® trn)¢(Qn)} = O(n_4),

and

(S

P([(trm @ trn)¢(Qn)| < n~

, eventually as n — o0) = 1.

Proof. Taking Lemma 10.3 (ii) into account this result follows as in the complex case (cf.
proof of Theorem 6.2). n

Taking Theorem 10.2, Lemma 10.4, Proposition 10.5 and Proposition 6.3 into account,
we find, as in Section 6:

10.6 Theorem. Let ¢ > 0. Then for almost every w € (2,
o(@n(w)) S olg)+] —¢,¢],
eventually as n — oo.
10.7 Remark. By [S, Section 7| and the remarks in the beginning of section 9, Theo-

rem 10.2, Proposition 10.5 and Theorem 10.6 can easily be generalized to the symplectic

case i.e. to the case where an), e ,X,ETS are stochasticly independent random matrices

for which

1 1
XM XM e GSE(n, E> and X" X" e GSE (n 5).

63



11 Gaps in the spectrum of ¢ — the real case

In this section we shall prove that Theorem 8.2 holds in the GOE U GOE*-case as well.
That is, if p € (M,,(C) @ C(X1,...,Xr1s))sa, if Z1,..., T4 is a semicircular system
in (A,7), and if for each n € N, Xl(n), . ,Xﬁ’fr)s are stochastically independent random
matrices from GOE (n, ) UGOE*(n, ) as in Section 9, then with ¢ = p(z1,...,z,+;) and

Qn =p(x{", ... ,Xfi)s) we have:

11.1 Theorem. Let g denote the smallest distance between disjoint connected com-
ponents of o(q), let J be a connected component of o(q), let 0 < ¢ < %50, and let
1tq € Prob(R) denote the distribution of q w.r.t. tr,, ® 7. Then p,(J) = £ for some
ke {l,...,m}, and for almost all w € €2, the number of eigenvalues of Q,(w) in J+]—¢,¢[

is k - n, eventually as n — oc.

Proof. Take ¢ € C°(R), such that ¢jg4)—cc = 1 and @r\(g4]-2¢,2c) = 0. Then ¢(q) is a

non-zero projection in M,,(C*(14,21,...,x,)) and hence, by Theorem 7.1,
k
1q(d) = / pdug = (trm @ T)(q) = — (11.1)
R m

for some k € {1,...,m}. By Theorem 10.6 there is a P-null set N C €, such that for all
we NN

7(Qn(w)) € a(q)+] —&,¢,
eventually as n — oo. In particular, for all w € Q\N there exists N(w) € N such

that ¢(Q,(w)) is a projection for all n > N(w). For w € Q\N and n > N(w) take
K,(w) €{0,...,m-n}, such that

Kn(w)

(tr,, @ tr,)p(Qn(w)) = p— (11.2)

Let A: C*(R) — C be the distribution from Lemma 10.1, and put

2= (b1 ® t5,)0(@0) — (b1 ® 7)0(0) — ~ A(9).

Then by Theorem 10.2, E(Z,) = O(5). Moreover, since ¢ vanishes in a neighbourhood
of o(q), we get as in the proof of Theorem 6.2 that

and \
Z, =0(n"3) almost surely.

Hence there exists a P-null set N’ C N, such that
1
(trn ® tr)$(Qu(@)) = (trm ® T)0(0) + ~A(9) +O(n"3)
holds for all w € 2\ N'.
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Taking (11.1) and (11.2) into account, we get after multiplication by mn that for w € Q\ N
and n > N(w),

Ky (w) = nk +mA(p) + O(n™35), (11.3)
Therefore there exists C' > 0 such that dist(mA(p),Z) < Cn~3 for all n > N(w), which
implies that mA(y) € Z.

We next use an argument based on homotopy to show that A(p) = 0. By definition

Qn=p(X,..., X"

where X ... X" € GOE(n, 1), XMoo x e GOE*(n, ) form a set of r + s

independent random matrices. We may without loss of generality assume that there exist
v Y™ € GOE*(n, 1) and V.7, ..., V") € GOE(n, 1) such that X, ... X,
Yl("), . ,Y}(fi form a set of 2(r + s) independent random matrices. For j =1,...,7 + s
put

X]m)(t) = cost X](") +sint Yj(n), 0<t< 7).
It is a simple observation that if Z € GOE(n, +) and W € GOE*(n, =), then %(Z—FW) €
SGRM(n, +). Hence

(@), X (), (0<t<)
defines a path which connects the given set of random matrices X 1("), e ,Xr(z)s (at t =0)
with a set of r 4 s independent SGRM (n, +) random matrices (at ¢ = T). Put
Qu(t) = a(X{"(8),.... X)), (0<t<F).
Let x1,...,%r4s,Y1,---,Yrsrs be a semicircular system in a C*-probability space (A,T)

with 7 faithful. Put
x;(t) = cost x; +sint y;, (0<t < 7).

Since an orthogonal transformation of a semicircular system is again a semicircular system
(cf. [VDN, Proposition 5.12|), z1(t), ..., 7,4(t) is a semicircular system for each ¢ € [0, F].
Hence the operators

qt) = q(z1(1),. .., xras(t)), (0<t<

)

form a norm continuous path in A for which o(q(t)) = o(q). Moreover

INE

(AMt) — (A, @14 —q(t)! (11.4)

is norm continuous on (C\c(q)) x [0, 7. For t € [0, ], @n(t) can be expressed as a polyno-
mial in X 1("), . ,Xfi)s, Yl(”), . ,1@,(12, and ¢(t) can be expressed as the same polynomial
in ry,...,%4s,Y1,---,Yr+s. Hence, by Lemma 10.1 and Theorem 10.2, there exists for

each t € [0, §] a distribution A;: C°(C) — C, such that for all ¢ € C°(R):

E{ (10 © tr)0(Qu(0)} = (11 © 7)(a(0)) + A1) + O(%).

65



Since o(q(t)) = o(q), 0 <t < 7, we get by the first part of this proof that

where ¢ is the function chosen in the beginning of the proof. Moreover, by Theorem 6.1,

E{(trm @ tra)o(Qn(F)} = (trm @ T)9(q(F)) + O(52),

which implies that
Awsali) = 0. (116
We next prove that ¢ — Ay(p) is a continuous function:

Let
1

60 =2(5=). (A eC(@)

be the Stieltjes transformation of A;, 0 <t < 7 (cf. [S, Lemma 5.4]). By a simple
modification of the proof of [S, Lemma 5.6], we get that

N [ i (11.7)

where JR is the boundary of the rectangle
R = (3 + {_578]) X [_17 1]

with counter clockwise orientation. Since (X, t) — (A1, ®1,4—¢q(t))"! is norm continuous
on (C\o(q)) x [0, %], it is obvious from the explicit formula for the Stieltjes transform
€(N) (cf. (10.2)) that (A, %) — £,()) is a continuous function on (C\o(q)) x [0, 7]. Hence
by (11.7), Ai(y) is a continous funtion of ¢ € [0,F]. Together with (11.5) and (11.6)
this shows that A(¢) = Ag(¢) = 0. Hence by (11.3) we have for all w € 2\ N and all
n > N(w) that

Kp(w) =nk + O(n"3),

and since K,(w) € N, it follows that k,(w) = nk eventually as n — oo. O

11.2 Remark. Using again [S, Section 7|, Theorem 11.1 can also be generalized to the
symplectic case (cf. remark 10.7).
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